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THE LAW OF THE ITERATED LOGARITHM FOR
SUBSEQUENCES: A SIMPLE PROOF

ABSTRACT. We give a simple proof for the law of the iterated
logarithm for subsequence of sums of i.i.d.

2000 Mathematical Subject Classification. 60F15.
Key words and phrases. Law of the iterated logarithm.

1. RESuLT

There are various studies [2, 3] on the asymptotic behavior of subse-
quences of sums of i.i.d. The following result given by Weber [4] deter-
mined the speed of divergence of every subsequences.

Theorem 1. Let 11 < 15 < --- be an increasing sequence of natural
numbers and {X,} be an i.i.d. with EX, =0 and EX, = 1. We have

limsup (X; +---+ X,,) / V20;A(1;) =1 a.s.
j—00
where p, = #{m < n | {y;} n (271, 2m] £ 0} and A(k) = logp, if
ke (2071 9m).

Although Weber’s proof consists of intricate and delicate long chaining
arguments, we show that it can be proved very easily by modifying the
short proof for Hartman-Wintner theorem given by de Acosta [1].

2. PROOF
Put S, = X; + -+ X,,. For k € (2771, 27], put ®(k) = ((2" —
E)YA2™ 1) + (K — 2" 1A(2")) /2", Then ®(2") = A(2") and |®(k) —
A(k)| < |A(2") — A(2"71)|, and hence by A(2")/A(2"1) — 1, we have

1> ®(k)/A2™) = ®(k)/A(k) > A" /A(R") — 1.
Put a, = \/2n®(n), b, = \/n/®(n). We prove limsup; S, /a,, =1

a.s.
{b,} is increasing for large n. Actually, for k € (2771, 2"], we have
0 < k(®(k) —®(k—1)) < 2"(logp, — logp,_1)/2"! < 2/logp,_1, and
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hence

(bg — b—1)P(k)P(k — 1) = ©(k) — k(P(k) — @(k — 1))
> logpp — 2/pn—1 > 0.

We can prove the next two lemmas by replacing LLj by ®(j) and
rewriting the proofs of lemmas 2.2 and 2.3 of de Acosta [1]. The original
proof uses the fact that y/j/LL j is increasing, and in our case b; plays
its role.

Lemma 2. Let {Y,,} be a sequence of independent random variables with
EY, =0,V =sup EY? < oo, |Y,| < 7b,, for all n and some T > 0. Put
T,=Yi+---+Y,. Then for alla >V, t>0 andn € N,

P(T,/a, > t) < exp(—(t/a)*(2 - exp(\/fa_QT))CI)(n)).

Lemma 3. Let {X,} be an i.i.d. with EX, = 0 and EX,, = 1. Let
7> 0 and put Z; = X;j1x,j>r,. Then Y  E|Z;|/a; < oo and (Z1+---+
Zn)/an — 0, a.s.

In the proof of Lemma 2, the estimate 1/a; + --- + 1/a, = O(b,)
is used. In our case, we can verify it as follows. First take m(n) as
Prm(n)—1 < %pn < Pimgny- For k€ (2"71,2"], by pny1 — pn = 0, 1, we have
n—m(n) > pn — Pmm)—1 — 1 > pp/2 —1 and hence m(n) <n—p,/2+ 1.
We divide Z?Zl 1/a; into two parts and estimate as follows:

om(k)—1

1
Y = =02"W2) = 0(2¢*27 /) = O(by,)
— /2] ’
Jj=1

om(k)—1
S
- 4

1

IN

IN

U 1 i 1 O(Vk)
— < — < ———L— =0(by).
j:2m%):_1+1 a; — /2log(pr/2) j:2m%):—1+1 Vi = /21og(pr/2) (bx)

PutY; = X;— Z;— E(X;—Z;) and T), = Yi+---+Y,. By S E|Z;|/a; <
oo and EX, = 0, we have ) |E(X; — Z;)|/a; < oo and E?:1E(Xj —
Z;) = o(ay), and hence we have S,, — T, = o(ay,).

By the central limit theorem, T}, /a,, converges to 0 in probability, and
hence miny,, P(|Tn — Tl < san) > 1/2 > 0 for large n. By Ottaviani’s
inequality we have P(max}_, |T}| > (1 4 2¢)a,) < 2P(|T,| > (1 +
5)an). By Lemma 1, the right hand side is bounded from above by
2exp(—(1+¢)*(2 —exp(v/1+€27))®(n)). If we take 7 small enough, it
is less than 2e7%A(") where some 6 > 1. By this esitmate, denoting by
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>~" the summation for all n satisfying p, = p,—1 + 1, we have

G nti/l x >
; jZOPCQIIIcl:alX] |Ty| > (1+25)a[2n+j/11> < C’l; pl = Cl;n_e < 00.
By Borel-Cantelli Lemma, for large n and for k € ([2r+0=D/1 [2n+i/1]],
we have |T;| < (14-2¢)agn+sm < (1+2¢)(14-0(1))2" ay,. Hence by letting
[ — oo and ¢ | 0, we have limsup,_, T,,/a,;, < 1 as. This together
with S,, — T}, = o(a,), we have the upper bound part of conclusion of our
Theorem.

To have the lower bound part, we use the next lemma of [1].

Lemma 4. Let {X,} be an i.i.d. with EX, = 0 and EX,, = 1. Put
Sp=Xi++X,. Letmy, € N, oy, > 0, a,/my, — 0, and ai /my, — oo.
Then for every b € R, € > 0,

ligninf(mk/ai) 10g P(|Spmy/ar — ] < &) > —b*/2.
For n satisfying p, = p,—1+1, denote by p,,, the largest v; € (2771 2"].

If up € (271,2], then p; = k and ®(uy) < A(p;) = logk. We see that
o/ i, > 27771 Putting

My = fk — Hik-1), Ok = \/2(/% — tie-1))®(uk), and b=1-2¢,
and applying the above lemma, we have

P(Su, — S

Hi(k—1)

> (1—2e)ax) > exp(—(1—e)@(uw)) > (Ik)~°,

where 6 < 1. Because of Y, (lk)~% = oo, by Borel-Cantelli Lemma and
by upper bound estimate [Sy,,_, |/a., < (1+¢)y/1/271 fe., we have

S/ Ay > (1= 26)y/T— 1/25T — (1 +¢)y /1271 io.

By letting [ — oo and € | 0, we have the lower bound part.
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