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We study the diffusion-driven destabilization of a spatially homogeneous limit cycle with large

amplitude in a reaction-diffusion system on an interval of finite size under the periodic boundary

condition. Numerical bifurcation analysis and simulations show that the spatially homogeneous

limit cycle becomes unstable and changes to a stable spatially nonhomogeneous limit cycle for

appropriate diffusion coefficients. This is analogous to the diffusion-driven destabilization (Turing

instability) of a spatially homogeneous equilibrium. Our approach is based on a reaction-diffusion

system with mass conservation and its perturbed system considered as an infinite dimensional

slow-fast system (relaxation oscillator). Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4978924]

The diffusion-driven destabilization (Turing instability)

is a fundamental principle for generating spatially nonho-

mogeneous patterns. In the same way as an equilibrium

case, we consider the diffusion-driven destabilization of a

spatially homogeneous limit cycle, which leads to a spa-

tially nonhomogeneous limit cycle. We present a new

method for constructing a spatially nonhomogeneous

limit cycle with large amplitude in reaction-diffusion sys-

tems. In simple terms, our procedure is summarized as

follows. First, we consider a 2-component ODE (ordinary

differential equation) system in which the sum of the

two components is conserved, i.e., _u ¼ fðu; vÞ and

_v ¼ �fðu; vÞ. Next, by adding perturbation terms, we

construct a limit cycle of the perturbed ODE system by

means of the theory of finite dimensional slow-fast sys-

tems, which are used for studying relaxation oscillations;

two families of stable equilibria of the original ODE sys-

tem are on this limit cycle. Third, by adding diffusion

terms, we obtain a reaction-diffusion system considered

as an infinite dimensional slow-fast system; the fast PDE

(partial differential equation) system has a family of spa-

tially unimodal stable equilibria induced by the diffusion-

driven destabilization. Thus, to be discussed in detail

later, from an analogy of the theory of finite dimensional

slow-fast systems, we find that the reaction-diffusion sys-

tem exhibits a spatially nonhomogeneous limit cycle with

large amplitude, which is induced by the diffusion-driven

destabilization. We explain these steps through a concrete

example using numerical bifurcation analysis and

simulations.

I. INTRODUCTION

Reaction-diffusion systems provide a theoretical frame-

work for studying the mechanisms of biological pattern

formation. In fact, they have been successfully applied to a

wide range of developmental and ecological systems, see the

textbooks.23,24 This framework originates in a famous paper

by Turing,29 which shows that a spatially homogeneous equi-

librium of a reaction-diffusion system becomes unstable for

appropriate values of diffusion coefficients, although the

equilibrium is stable in the corresponding ODE (ordinary

differential equation) system without diffusion terms. This is

called the diffusion-driven destabilization (Turing’s instabil-

ity) of an equilibrium. Many studies have been concerned

with the diffusion-driven destabilization of a spatially homo-

geneous equilibrium because the mathematical analysis of

this destabilization can be easily performed using the Fourier

series expansion and transformation.

As in the case of equilibrium, we can consider that a spa-

tially homogeneous limit cycle of a reaction-diffusion system

becomes unstable for appropriate values of diffusion coeffi-

cients, although the limit cycle is stable in the corresponding

ODE system without diffusion terms. In fact, Refs. 13 and 19

independently investigated the diffusion-driven destabiliza-

tion of a spatially homogeneous limit cycle in a reaction-

diffusion system defined on the whole real line. Although

their methods are different from each other, their essential

idea is explained as follows. Let /ðtÞ be a stable limit cycle

of an ODE system. Then, we see that 1 is an eigenvalue

(Floquet multiplier) of the monodromy matrix (Poincar�e
map) of the linearized ODE system around /ðtÞ, and that

its associated eigenvector is given by _/ð0Þ ¼ _/ðtÞjt¼0.

Moreover, the absolute value of the other eigenvalues of this

matrix is less than 1. For a reaction-diffusion system obtained

from the ODE system by adding diffusion terms, we consider

its linearization around /ðtÞ and apply the Fourier decompo-

sition with respect to the spatial variable x. Then, we obtain a

family of ODE systems with periodic coefficients, which is

parameterized by the wavenumber k; each ODE system deter-

mines the growth of the amplitude of the corresponding

Fourier mode. We note that 1 is an eigenvalue of the mono-

dromy matrix of the ODE system corresponding to k¼ 0,
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because this system is the same as the linearization of the

original ODE system around /ðtÞ. Therefore, the monodromy

matrix of an ODE system corresponding to a sufficiently

small wavenumber can have an eigenvalue whose absolute

value is greater than 1 for appropriate diffusion coefficients.

This leads to a sufficient condition for the instability of a spa-

tially homogeneous limit cycle in a reaction-diffusion system.

For example, we can derive the Benjamin-Feir instability cri-

terion of a spatially homogeneous limit cycle of the complex

Ginzburg-Landau equation.4,14 Their approach does not

require any other conditions except that the spatial domain

defined on reaction-diffusion systems is the whole real line.

The instability of a spatially homogeneous limit cycle

indicated by the aforementioned approach of Refs. 13 and 19

is considered as a long wavelength instability, because the

wavelength of a Fourier mode corresponding to a sufficiently

small wavenumber is very long. In contrast, the instability

determined by the growth of the amplitude of a Fourier

mode corresponding to a general wavenumber can be cap-

tured under certain conditions. For example, the instability

of a spatially homogeneous limit cycle with small amplitude

near a Hopf bifurcation point can be investigated by asymp-

totic expansions (see Ref. 30 and the references therein). In

particular, Ref. 26 showed the diffusion-driven destabiliza-

tion of such a limit cycle near a Turing-Hopf bifurcation

point in reaction-diffusion systems defined on a finite inter-

val under the Neumann boundary condition.

The purpose of this paper is to investigate, from a differ-

ent perspective, the diffusion-driven destabilization of a spa-

tially homogeneous limit cycle with large amplitude in a

simple reaction-diffusion model on a finite interval under the

periodic boundary condition. The limit cycle is constructed

by the theory of slow-fast ODE systems, which are used for

studying relaxation oscillations.1 The significant feature of

slow-fast ODE systems is that their dynamics has two differ-

ent time scales (see Fig. 4 in Section III). The van der Pol

model for limit cycle behavior in the voltages and currents

of electrical circuits, the FitzHugh-Nagumo model for peri-

odic neuron firing of nerve action potential, and the Field-

Noyes model for sustained periodic oscillations of cerium

ions in Belousov-Zhabotinskii reaction are well-known

examples of slow-fast ODE systems. See, for instance, the

textbooks.12,23,28 Our results show that the spatially homoge-

neous limit cycle becomes unstable and changes to a stable

spatially nonhomogeneous limit cycle for appropriate diffu-

sion coefficients. This is analogous to the diffusion-driven

destabilization (Turing instability) of a spatially homoge-

neous equilibrium. It should be emphasized that the spatially

nonhomogeneous limit cycle with large amplitude cannot be

captured using the previous approaches.13,19,26 Our approach

is based on a reaction-diffusion system with mass conserva-

tion and its perturbed system considered as an infinite dimen-

sional slow-fast system. We note that these systems originate

from conceptual models for understanding cell polarization

related to the directional movements of cell10,20,25 and asym-

metric cell division.17,18 Although our approach is presented

through a concrete example with the aid of numerical bifur-

cation analysis and simulations, our primary aim is to present

a new method for constructing a spatially nonhomogeneous

limit cycle with large amplitude, which is induced by the

diffusion-driven destabilization.

The remainder of this paper is organized as follows. In

Section II, we propose a simple slow-fast ODE model with a

stable limit cycle. This model is obtained by a perturbation to

an ODE system, where the sum of components is conserved.

We present the essential idea of our approach through the

finite dimensional ODE model. In Section III, we propose a

two-component reaction-diffusion model by adding diffusion

terms to the ODE model presented in Section II. This model is

an infinite dimensional slow-fast system obtained by a pertur-

bation to a reaction-diffusion system, where the total mass of

the components is conserved. We demonstrate numerically

that the spatially homogeneous limit cycle constructed by the

ODE model in Section II becomes unstable and changes to a

stable spatially nonhomogeneous limit cycle for appropriate

diffusion coefficients. Here, we use a numerical scheme in

Ref. 15 by adding a small white noise to prevent numerical

solutions of our PDE (partial differential equation) system

from dropping into the ODE dynamics. The effect of the white

noise on numerical results is discussed in the Appendixes.

Moreover, applying a numerical bifurcation analysis in Ref. 6,

we explain the mechanism for generating such a spatially non-

homogeneous limit cycle in terms of the bifurcation structure

of the unperturbed reaction-diffusion system. Concluding

remarks are presented in Section IV.

II. CONSTRUCTION OF A SPATIALLY HOMOGENEOUS
LIMIT CYCLE

Let us consider a slow-fast ODE system given by

_u ¼ f ðu; vÞ þ egðu; vÞ
_v ¼ �f ðu; vÞ þ ehðu; vÞ;

(
(2.1)

where e> 0 is sufficiently small, which implies that g and h
are perturbation terms. By setting e¼ 0, (2.1) is reduced to

_u ¼ f ðu; vÞ
_v ¼ �f ðu; vÞ;

(
(2.2)

which is the unperturbed system of (2.1). Notice that (2.2)

satisfies the conservation property

uþ v ¼ s; (2.3)

where s denotes a constant. It is easy to see that (2.2) gives

the first stage of the dynamics of (2.1). In fact, a solution of

(2.1) with an initial value ð~u0;~v0Þ moves along the line

defined by uþ v ¼ ~u0 þ ~v0 with a speed of O(1), and

approaches a family of stable equilibria of (2.2) given by

C ¼ f ðu; vÞ j f ðu; vÞ ¼ 0; fuðu; vÞ < fvðu; vÞ g: (2.4)

For example, when

f ðu; vÞ ¼ ðuv� aÞðu� bÞ; 0 < b <
ffiffiffi
a
p

(2.5)

we have C ¼ C1 [ C2 [ C3, where

C1 ¼ fðu; vÞjv ¼ a=u;
ffiffiffi
a
p

< ug; (2.6)
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C2 ¼ fðu; vÞju ¼ b; 0 < v < a=bg; (2.7)

and

C3 ¼ fðu; vÞjv ¼ a=u; 0 < u < bg: (2.8)

This dynamics is called the fast dynamics of (2.1). For f(u, v)

given by (2.5), the flow of (2.2) on the first quadrant of the

uv plane is shown in Fig. 1, which enables us to understand

the fast dynamics of (2.1).

Once the solution of (2.1) reaches a neighborhood of the

manifold C, it slowly moves along C following the dynamics

defined by

_s ¼ eðgðuðsÞ; vðsÞÞ þ hðuðsÞ; vðsÞÞÞ; ðuðsÞ; vðsÞÞ 2 C;

where s ð¼ uðsÞ þ vðsÞÞ gives a parametrization of C. This

dynamics is called the slow dynamics of (2.1). For example,

when

gðu; vÞ ¼ l and hðu; vÞ ¼ �qðu� bÞ2 (2.9)

with

l < qð
ffiffiffi
a
p
� bÞ2; (2.10)

we have

_s ¼ eðl� qðu� bÞ2Þ < 0 on C1 (2.11)

and

_s ¼ el > 0 on C2; (2.12)

where C1 and C2 are manifolds defined by (2.6) and (2.7),

respectively. When f(u, v), g(u, v), and h(u, v) are given by

(2.5) and (2.9), we see that (2.1) admits a stable limit cycle

shown in Fig. 2.

We can also capture this limit cycle using the bifurca-

tion structure of (2.2). Noting the conservation property

(2.3), we rewrite (2.2) as

_u ¼ f ðu; s� uÞ; (2.13)

where s is a bifurcation parameter. Then, we can obtain the

bifurcation diagram of (2.13) with respect to s, as presented

FIG. 1. The flow of (2.2) on the first quadrant of the uv-plane when f(u, v) is

given by (2.5). Here, the horizontal and vertical axes indicate u and v,

respectively. The equilibria are given by v¼ a/u or u¼ b. The solid line rep-

resents a family of stable equilibria C given by (2.4). On the other hand, the

dashed line represents that of unstable equilibria.

FIG. 2. A stable limit cycle of (2.1) on the first quadrant of the uv-plane

when f(u, v), g(u, v), and h(u, v) are given by (2.5) and (2.9), respectively.

This is indicated by the bold closed curve, and the dashed arrows around the

closed curve indicate the direction of the flow on the limit cycle. C1 and C2

are given by (2.6) and (2.7), respectively. Here, the horizontal and vertical

axes indicate u and v, respectively.

FIG. 3. The bifurcation diagram of (2.2) (equivalent to (2.13)) with respect

to s when f(u, v) is given by (2.5). Here, the horizontal and vertical axes indi-

cate s and u, respectively. The solid line indicates stable solutions, whereas

the dashed line indicates unstable ones. The dashed arrows indicate the

dynamics of (2.1) when f(u, v), g(u, v), and h(u, v) are given by (2.5) and

(2.9), respectively. Those in the vertical direction indicate the fast dynamics

given by (2.2), which drives the jump from C1 (resp. C2) to C2 (resp. C1).

The other dashed arrows around C1 and C2 indicate the slow dynamics given

by (2.11) and (2.12), respectively, where C1 and C2 are given by (2.6) and

(2.7), respectively.
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in Fig. 3, which suggests the existence of the stable limit

cycle of (2.1). As seen in Sec. III, an essential idea is that a

conserved quantity of an unperturbed differential equation

can be regarded as a bifurcation parameter. Once we have

obtained the bifurcation diagram of the unperturbed equa-

tion, such as in Fig. 3, we investigate the dynamics of solu-

tions moving along stable branches in the bifurcation

diagram, which is driven by perturbation terms.

Finally, we demonstrate the stable limit cycle indicated

by Figs. 2 and 3 numerically. By setting the values of the

parameters as

a ¼ 4:0; b ¼ 1:0; l ¼ 0:1; q ¼ 0:15; (2.14)

and e¼ 0.01, we obtain the stable limit cycle shown in Fig. 4

by using Mathematica (ver. 9).

III. DESTABILIZATION OF A SPATIALLY
HOMOGENEOUS LIMIT CYCLE

In this section, we consider a two-component reaction-

diffusion system that is obtained by adding diffusion terms

to (2.1), i.e.,

_u ¼ Duuxx þ f ðu; vÞ þ egðu; vÞ
_v ¼ Dvvxx � f ðu; vÞ þ ehðu; vÞ

ð0 � x � 2pÞ
(

(3.1)

under the periodic boundary condition. We suppose that the

diffusion coefficients Du and Dv are positive constants

satisfying

Dv � Du: (3.2)

Hereafter, following the previous section, our numerical

bifurcation analysis, simulations, and calculations are per-

formed by using the concrete expressions of f(u, v), g(u, v),

and h(u, v), which are given by (2.5) and (2.9).

The limit cycle presented in Sec. II is a spatially homo-

geneous limit cycle of (3.1). We investigate the diffusion-

driven destabilization of the spatially homogeneous limit

cycle of (3.1) which can be regarded as an infinite dimen-

sional slow-fast system. Moreover, we are concerned with

nonnegative solutions of (3.1). Furthermore, we use the

parameter values given by (2.14) in our numerical simula-

tions and bifurcation analysis. The same results can also be

obtained near the specific parameter values given by (2.14).

A. Fast dynamics

We consider the fast dynamics of (3.1) given by

_u ¼ Duuxx þ f ðu; vÞ
_v ¼ Dvvxx � f ðu; vÞ;

(
(3.3)

which is obtained from (3.1) by setting e¼ 0. This unper-

turbed system is called a reaction-diffusion system with

mass conservation becauseð2p

0

ðuðx; tÞ þ vðx; tÞÞdx �
ð2p

0

ðuðx; 0Þ þ vðx; 0ÞÞdx (3.4)

holds for any (smooth) solutions. Such systems were origi-

nally proposed in Refs. 10 and 25 for understanding cell

polarization related to the directional movements of cell.

FIG. 4. The stable limit cycle of (2.1) with (2.5) and (2.9) for e¼ 0.01 when a¼ 4.0, b¼ 1.0, l¼ 0.1, and q¼ 0.15. This limit cycle is a relaxation oscillation

with two different time scales. (a) Time evolution of u and v. The values of u and v rapidly change in the fast dynamics, whereas these values slowly change in

the slow dynamics. (b) The trajectory of the stable limit cycle on the first quadrant of the uv-plane.
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First, we consider the (in)stability of spatially homoge-

neous equilibria of (3.3), which are stable in (2.2), the corre-

sponding ODE system without the diffusion terms. Let

ðu�; v�Þ 2 C defined by (2.4). By applying a standard linear

stability analysis, it is easy to see that (u*, v*) is stable if

Dv f �u � Du f �v < 0;

where f �u :¼ fuðu�; v�Þ and f �v :¼ fvðu�; v�Þ satisfy f �u < f �v . On

the other hand, (u*, v*) is unstable if

Dv f �u � Du f �v > 0;

and the wavenumber of the unstable Fourier mode eikx

satisfies

0 < k2 <
Dv f �u � Du f �v

DuDv
; (3.5)

where k 2 N. When f(u, v), g(u, v), and h(u, v) are given by

(2.5) and (2.9), noting (2.10) and (3.2), we see that Cs
1; C2,

and C3 are families of stable equilibria, where C2 and C3 are

defined by (2.7) and (2.8), respectively, and

Cs
1 ¼ fðu; vÞj v ¼ a=u;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dva=Du

p
< ug � C1

by virtue of (3.2). On the other hand, an equilibrium on Cu
1

can be unstable, where

Cu
1 ¼ fðu; vÞj v ¼ a=u;

ffiffiffi
a
p

< u <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dva=Du

p
g � C1:

We note that Cs
1 and Cu

1 are manifolds parameterized by

s(¼uþ v), i.e.,

Cs
1 ¼ fðuðsÞ; vðsÞÞj s > s�g

and

Cu
1 ¼ fðuðsÞ; vðsÞÞj 2

ffiffiffi
a
p

< s < s�g;

where s� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aDv=Du

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aDu=Dv

p
. Moreover, we note that

Cu
1 ¼1 if Dv¼Du, which suggests that the spatially homo-

geneous limit cycle of (3.1) in Sec. II is stable if Dv¼Du.

From the above stability analysis, we expect that (3.3)

has a family of spatially nonhomogeneous stable equilibria

for Dv>Du. In fact, our numerical simulations show that sol-

utions with initial values near Cu
1 eventually converge to a

simple unimodal pattern (spike) for Dv>Du (Fig. 5). Noting

the conservation property (3.4), we see that (3.3) has a fam-

ily of unimodal stable equilibria C4 parameterized by

s ¼ 1

2p

ð2p

0

u xð Þ þ v xð Þð Þdx (3.6)

for Dv>Du.

Remark 1. Concerning the dynamics of reaction-diffusion

systems with mass conservation in Refs. 10 and 25, solutions

with initial values near Cu
1 eventually approach a single spike, as

presented in Fig. 5, after exhibiting long transient dynamics.

Here, spatial patterns consisting of spikes appear and the number

of spikes decreases. The number of spikes appearing at the first

stage of the dynamics mainly depends on the value of Du. We

choose Du¼ 0.2 such that the number is equal to one. On the

other hand, the amplitude of these mainly depends on Dv/Du.

Remark 2. For appropriate functions f such as f ðu; vÞ ¼
v� u=ðu2 þ cÞ with c> 0, it was proved in Refs. 11, 21, and

22 that every stable equilibrium of (3.3) must be constant or

unimodal under the periodic boundary condition.

Next, we demonstrate numerically that the bifurcation

diagram of (3.3) contains a structure which generates a spa-

tially nonhomogeneous limit cycle of (3.1). Let w¼ uþ v.

Then, (3.3) can be rewritten as

_w ¼ Dvwxx þ ðDu � DvÞuxx

_u ¼ Duuxx þ f ðu;w� uÞ:

(
(3.7)

By using AUTO,5 a software package used for studying the

bifurcation structure of ODE systems, we investigate the

bifurcation structure of an ODE system that is obtained by

the finite Fourier series approximation for (3.7).

It should be noted that the linearized operator of (3.7)

around any equilibrium has zero eigenvalue owing to its

translation invariance for solutions under the periodic bound-

ary condition. This fact implies that AUTO cannot trace

branches of bifurcating solutions of an approximate ODE

system for (3.7). Indeed, the Newton method for numerically

capturing equilibria cannot converge because the linearized

operator of the approximate ODE system around an equilib-

rium has (almost) zero eigenvalue. Therefore, we consider

(3.7) under the boundary condition

FIG. 5. The dynamics of the solution of (3.3) with an initial value near Cu
1 when f(u, v) is given by (2.5). The values of u(x, t) (on the left) and v(x, t) (on the

right) for 0� x� 2p and 0� t� 100 are represented by a 3D graph. Here, we translate these graphs in the x-direction in such a way the position of the peak of

u is identical to x¼p. In this numerical simulation, the values of the parameters are given by a¼ 4.0 and b¼ 1.0, and those of the diffusion coefficients are

given by Du¼ 0.2 and Dv¼ 0.6. Moreover, the initial value is given by ð2:1þ e1ðxÞ; 1:9þ e2ðxÞÞ, where e1(x) and e2(x) are independent uniform pseudoran-

dom numbers in [�0.005, 0.005) for each x 2 [0, 2p].
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wð0; tÞ ¼ wð2p; tÞ;
wxð0; tÞ ¼ wxð2p; tÞ ¼ 0;

uð0; tÞ ¼ uð2p; tÞ;
uxð0; tÞ ¼ uxð2p; tÞ ¼ 0;

8>>><>>>: (3.8)

which does not satisfy the translation invariance for solu-

tions. We seek approximate solutions for (3.7) with (3.8) as

wðx; tÞ
uðx; tÞ

 !
¼
XN

n¼0

wnðtÞ
unðtÞ

 !
cos nx: (3.9)

Substituting (3.9) into (3.7) and comparing the coefficients

of cos nx for each n, we obtain an ODE system for w0, u0,

w1, u1;…;wN , and uN. For example, when f(u, v) is given by

(2.5) and N¼ 2, we have

_w0 ¼ 0;

_w1 ¼ �Dvw1 � Du � Dvð Þu1;

_w2 ¼ �4Dvw2 � 4 Du � Dvð Þu2;

_u0 ¼ u2
0 þ

1

2
u2

1 þ
1

2
u2

2

� �
w0 þ

1

2
2u0u1 þ u1u2ð Þw1 þ

1

2
2u0u2 þ

1

2
u2

1

� �
w2

� u3
0 þ

3

2
u0u2

1 þ
3

2
u0u2

2 þ
3

4
u2

1u2

� �
� au0 � b u0w0 þ

1

2
u1w1 þ

1

2
u2w2

� �
þb u2

0 þ
1

2
u2

1 þ
1

2
u2

2

� �
þ ab;

_u1 ¼ �Duu1 þ 2u0u1 þ u1u2ð Þw0 þ u2
0 þ

1

2
u2

1 þ
1

2
u2

2

� �
w1 þ

1

2
2u0u2 þ

1

2
u2

1

� �
w1

þ 1

2
2u0u1 þ u1u2ð Þw2 þ

1

2
u1u2w2 � 3u2

0u1 þ 3u0u1u2 þ
3

2
u1u2

2 þ
3

4
u3

1

� �
�au1 � b u1w0 þ u0w1 þ

1

2
u2w1 þ

1

2
u1w2

� �
þ b 2u0u1 þ u1u2ð Þ;

_u2 ¼ �4Duu2 þ 2u0u2 þ
1

2
u2

1

� �
w0 þ

1

2
2u0u1 þ u1u2ð Þw1 þ

1

2
u1u2w1

þ u2
0 þ

1

2
u2

1 þ
1

2
u2

2

� �
w2 þ

1

4
u2

2w2 � 3u2
0u2 þ

3

2
u0u2

1 þ
3

2
u2

1u2 þ
3

4
u3

2

� �
�au2 � b u2w0 þ

1

2
u1w1 þ u0w2

� �
þ b

1

2
u2

1 þ 2u0u2

� �
:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Notice that the above system is the suspension of an ODE

system for w1, w2, u0, u1, and u2 with a bifurcation parameter

w0. Moreover, we note that w0 corresponds to the conserved

quantity of (3.3) defined by (3.6). Therefore, for large N, the

ODE system for w1;…;wN; u0; u1;…; uN given by

_w1 ¼ �Dvw1 � Du � Dvð Þu1

..

.

_wN ¼ �DvN
2wN � Du � Dvð ÞN2uN

_u0 ¼ u2
0sþ 1

2
u2

1sþ � � �

_u1 ¼ �Duu1 þ 2u0u1sþ u1u2sþ � � �
..
.

_uN ¼ �DuN2uN þ 2u0uNsþ u2
0wN þ � � �

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

(3.10)

can provide an approximation for (3.7) with (3.8), where s is

a bifurcation parameter corresponding to the conserved

quantity of (3.3) defined by (3.6).

We investigate the bifurcation structure of (3.10) with

N¼ 30. We choose N¼ 30 with a margin for numerical

errors although we confirm that the bifurcation structure of

(3.10) does not depend on N for N> 20.

Fig. 6(a) shows that the bifurcation diagram of (3.10)

with respect to s for Du¼Dv¼ 0.2 contains the same struc-

ture as in that of (2.2), which is presented in Fig. 3.

Moreover, notice that the set consisting of bifurcating

branches of stable solutions in Fig. 6(a) is included in the

bifurcation diagram of (3.10) with respect to s for Du¼ 0.2

and Dv¼ 0.6, as presented in Fig. 6(b). Fig. 7 provides a

magnification of the rectangular region [4.3, 4.8]	 [7.5, 9.5]

in Fig. 6(b). Here, a subcritical pitchfork bifurcation occurs

as the bifurcation parameter s decreases. The bifurcating

branch recovers its stability at a fold point, and a family of

stable equilibria on this branch corresponds to a family of

unimodal solutions of (3.3).

Remark 3. If (w(x), u(x)) is an equilibrium of (3.7)

with (3.8), then so is (w(x � p), u(x � p)). This fact implies

that two branches bifurcating from a pitchfork bifurcation

point cannot be distinguished in the bifurcation diagrams

presented in Figs. 6 and 7, because we used the L2-norm of

the u-component as the vertical axis in the bifurcation

diagrams.
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By combining the bifurcation analysis for (3.10) per-

formed using AUTO as described above with the linear sta-

bility analysis for spatially homogeneous equilibria of (3.3)

and the numerical simulations for (3.3), we see that the bifur-

cation diagram of (3.3) with respect to s defined by (3.6) for

Dv>Du contains the structure presented in Fig. 8. In fact,

the numerical bifurcation analysis for (3.10) performed using

AUTO can detect C1, C2, and C4. Moreover, with the aid of

the linear stability analysis for spatially homogeneous equi-

libria of (3.3), we find that a subcritical pitchfork bifurcation

primarily occurs on C1 as the bifurcation parameter s
decreases, and that the branches primarily bifurcating from

C1 can be approximated by the Fourier modes e6ix near the

subcritical bifurcation point. However, the numerical bifur-

cation analysis cannot guarantee the stability of C1, C2, and

C4 because (3.10) does not include the component approxi-

mated by the Fourier sine series expansion in the dynamics

of (3.3) under the periodic boundary condition. Therefore,

we confirm their stability using the standard linear stability

analysis for spatially homogeneous equilibria or by the

numerical simulations for (3.3) under the periodic boundary

condition.

The structure presented in Fig. 8 plays a key role in con-

structing a spatially nonhomogeneous limit cycle of (3.1). In

the same manner as for the ODE case treated in Section II,

we see that (3.1) can have a spatially nonhomogeneous limit

cycle consisting of the branches C1, C2, and C4, and the

jumps from C1 to C4, from C4 to C2, and from C2 to C1.

Here, these jumps are given by the fast dynamics (3.3), and

the dynamics around C1, C2, and C4 are given by the slow

dynamics explained in Subsection III B.

Remark 4. For f ðu; vÞ ¼ v� u=ðu2 þ cÞ with c> 0, it

was proved in Ref. 22 that in the bifurcation diagram of (3.3)

FIG. 6. The bifurcation diagrams of (3.10) with respect to s for (a) Du¼Dv¼ 0.2 and (b) Du¼ 0.2 and Dv¼ 0.6, where s corresponds to the conserved quantity

of (3.3) defined by (3.6). Other parameter values are given by a¼ 4.0, b¼ 1.0, and N¼ 30. The horizontal and vertical axes indicate s and the size (in the L2-

sense) of the u-component of solutions, respectively. The solid line indicates stable solutions, whereas the dashed line indicates unstable ones. The white and

black squares indicate the transcritical and pitchfork bifurcation points, respectively. Notice that the two branches bifurcating from a pitchfork bifurcation point

are piled up and are displayed in these bifurcation diagrams (see Remark 3).

FIG. 7. A magnification of the rectangular region [4.3, 4.8]	 [7.5, 9.5] in

Fig. 6(b). The type of pitchfork bifurcation is subcritical as the value of s
decreases.

FIG. 8. A conceptual picture of the bifurcation diagram of (3.3) with respect

to s. The solid line indicates stable solutions, whereas the dashed line indi-

cates unstable ones. The white and black squares indicate the transcritical

and subcritical pitchfork bifurcation points, respectively. Branches not pri-

marily bifurcating from C1 (corresponding to the unstable Fourier modes eikx

ðjkj � 2Þ) are omitted here. The dashed arrows indicate the dynamics of

(3.1). Those in the vertical direction indicate the fast dynamics given by

(3.3), which drives the jumps from C2 to C1, from C1 to C4, and from C4 to

C2. The other dashed arrows indicate the slow dynamics to be considered in

Subsection III B. This structure plays a key role in constructing a spatially

nonhomogeneous limit cycle of (3.1).
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a subcritical pitchfork bifurcation primarily occurs on a

branch consisting of spatially homogeneous equilibria as s
decreases.

B. Slow dynamics

We consider the dynamics of (3.1) around C1, C2, and

C4. Since these manifolds are parameterized by s, we have to

extract the dynamics of s from (3.1), where s is given by

(3.6). Adding the first and second equations in (3.1) and inte-

grating over [0, 2p], we have

_s ¼ e
2p

ð2p

0

g u; vð Þ þ h u; vð Þ
� �

dx (3.11)

by the periodic boundary condition. This equation provides a

good approximation for the dynamics around C1 and C2,

which are equivalent to those of (2.1), as given by (2.11) and

(2.12). In order to understand the dynamics around C4, we

numerically evaluate the value of the right hand side of

(3.11) for each (u, v) 2 C4.

Let

F s; Dvð Þ :¼ e
2p

ð2p

0

g u; vð Þ þ h u; vð Þ
� �

dx;

where (u, v) 2 C4 is parameterized by s. We can obtain the

graph of F(s; Dv) numerically for each Dv>Du by using

AUTO. For example, under the parameter values given by

(2.14) and Du¼ 0.2, the graphs of F(s; Dv) for Dv¼ 0.3 and

Dv¼ 0.6 are shown in Fig. 9. Consequently, we obtain the

following results.

• F(s; Dv) is a monotone decreasing function in s
• There exists D�v > 0 such that the following holds: (i)

F(s; Dv)< 0 holds for any s if Dv > D�v ; (ii) F(s; Dv)¼ 0

holds for some s if Du < Dv < D�v .

We numerically confirm D�v 
 0:463 under the parameter

values given by (2.14) and Du¼ 0.2.

From the above results, we expect that solutions of (3.1)

moving along C4 can reach the fold point at the left end of

C4 for Dv > D�v , which implies that (3.1) can have a spatially

nonhomogeneous limit cycle indicated by the structure in the

bifurcation diagram of (3.3) presented in Fig. 8. In contrast,

they cannot reach the fold point for Dv < D�v , which implies

that solutions of (3.1) converge to an equilibrium on C4, i.e.,

a spatially nonhomogeneous limit cycle cannot be observed.

C. Numerical simulations

We numerically solve (3.1) for various values of Dv

under the parameter values given by (2.14) and

e ¼ 0:01 and Du ¼ 0:2: (3.12)

The initial value (u0(x), v0(x)) is given by a small random

perturbation on the value (2.5, 1.6) 2 C1. Notice that the

small random perturbation is an indispensable factor in the

nonhomogeneous spatial pattern formation. The results pre-

sented below can also be obtained near the parameters and

initial values specified above.

Our simulations are based on a standard pseudospectral

method,7,8 and the numerical scheme is presented in

Appendix A. We add a small white noise to a standard

scheme to prevent numerical solutions from dropping into the

ODE dynamics given by (2.1) around C1 and C2. This small

white noise can be regarded as a round-off error, and its effect

on numerical results are discussed in Appendixes B and C. In

simple terms, the results are summarized as follows: (i)

Numerical solutions exhibit a spatially homogeneous limit

cycle as presented in Fig. 10(a) for 0:2�Dv�0:33, which is

the same one as in Fig. 4. (ii) Numerical solutions converge to

a unimodal equilibrium on C4 as presented in Fig. 10(b) for

0:34�Dv�0:47. (iii) Numerical solutions exhibit a spatially

nonhomogeneous limit cycle as presented in Fig. 10(c)

(Multimedia view) for Dv � 0:48, which is indicated by Fig.

8. Notice that the deviation from the estimate D�v 
 0:463

which distinguishes (ii) from (iii) should be considered to be

within the numerical error range.

Remark 5. The transition from the case (i) to (ii) as Dv

increases constitutes a delicate situation. When Dv
 0.2, no

numerical solutions can leave C1 within a relatively short

FIG. 9. The graph of F(s; Dv) for (a) Dv¼ 0.3 and (b) Dv¼ 0.6. Other parameter values are given by (2.14) and Du¼ 0.2. The horizontal and vertical axes indi-

cate s and the value of F(s; Dv), respectively.
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time because the effect of the diffusion-driven destabiliza-

tion is weak. Consequently, they can move along C1 and

reach the fold point at the left end of C1. This effect becomes

stronger as Dv increases. When 0:33�Dv�0:34, numerical

solutions either can jump from C1 to C4 near the subcritical

pitchfork bifurcation point on C1, or can move along C1. For

example, we may observe that a numerical solution

approaching the subcritical pitchfork bifurcation point for

the first time jumps from C1 to C4, but the numerical solution

approaching for the second time can move along C1. As Dv

increases further, all numerical solutions jump from C1 to C4

near the subcritical pitchfork bifurcation point on C1.

Remark 6. The positions of the peaks of unimodal pat-

terns that repeatedly appear at a certain period vary in the

case (iii). This reflects the fact that the definition of the sta-

bility of an equilibrium or periodic orbit of PDEs under the

periodic boundary condition allows the freedom of transla-

tion in the spatial direction.

Remark 7. When the amplitude of a white noise incor-

porated into our numerical scheme is too small, it occurs that

numerical solutions drop into the ODE dynamics given by

(2.1) even if Dv/Du is relatively large. In fact, a numerical

solution approaching the subcritical pitchfork bifurcation

point for the first time can jump from C1 to C4 because we

add a small random perturbation to its initial value on C1.

However, after passing through C2, the numerical solution

returning to the subcritical pitchfork bifurcation point for the

second time can pass through the subcritical pitchfork bifur-

cation point on C1, and can continue to move along C1.

Thereafter, the numerical solution continues to move along a

closed orbit, as given by Fig. 4. In this case, the numerical

solutions drop into the ODE dynamics around C2 that attracts

solutions strongly.

Remark 8. We consider (3.1) with small diffusion coef-

ficients. This is equivalent to the case of large system size by

rescaling spatial variables. Fig. 11 (Multimedia view) shows

an alternating repetition of complex dynamics and spatially

(almost) homogeneous oscillations for Du¼ 0.02 and

Dv¼ 0.24. This corresponds to a spatially nonhomogeneous

limit cycle as presented in Fig. 10(c), which shows an alter-

nating repetition of simple unimodal patterns and spatially

(almost) homogeneous oscillations. In this complex dynam-

ics, there appear spatial patterns consisting of spikes. The

number of spikes decreases, as observed in the dynamics of

FIG. 10. The diffusion-driven destabilization of a spatially homogeneous limit cycle in (3.1) with (2.5) and (2.9); (a) Dv¼ 0.3, (b) Dv¼ 0.4, and (c) Dv¼ 0.6.

Other parameter values are given by (2.14) and (3.12), and the initial value is given by (2.5þ e1(x), 1.6þ e2(x)), where e1(x) and e2(x) are independent uniform

pseudorandom numbers in [�0.005, 0.005) for each x 2 [0, 2p]. The values of u(x, t) on 0� x� 2p and 0� t� 5000 are represented by a 3D graph. The profile

of v(x, t) is omitted here because the amplitude and spatial variation of v(x, t) for each t are relatively small compared to those of u(x, t). As the value of Dv

increases, the spatially homogeneous limit cycle becomes unstable, and eventually changes to a stable spatially nonhomogeneous limit cycle. An animation

shows the behavior of the spatially nonhomogeneous limit cycle for 0� t� 5000. We recommend that the readers watch the animated movie file of how the

spatial pattern is changing; the green and yellow curves represent u and v, respectively. (Multimedia view) [URL: http://dx.doi.org/10.1063/1.4978924.1]
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(3.3). Although (3.5) suggests that the number of spikes gen-

erated at the first stage of the complex dynamics increases as

the values of Du and Dv decrease, we cannot predict this

number of spikes because the spike-generating dynamics

takes place far from the local dynamics indicated by the lin-

ear stability analysis around equilibria. We note that such an

alternating repetition as presented in Fig. 11 cannot be

treated by a rigorous mathematical analysis.

Thus, we have presented a simple two-component reac-

tion-diffusion model in which a spatially homogeneous limit

cycle becomes unstable and changes to a spatially nonhomo-

geneous stable limit cycle for appropriate diffusion coeffi-

cients. This constitutes the diffusion-driven destabilization

of a spatially homogeneous limit cycle, which is analogous

to the well-known case of an equilibrium. Our method of

constructing a spatially nonhomogeneous limit cycle of a

reaction-diffusion system would be valid from an analogy of

the theory of finite dimensional slow-fast systems.

IV. CONCLUDING REMARKS

In this paper, we have demonstrated that a spatially homo-

geneous limit cycle becomes unstable and changes to a spa-

tially nonhomogeneous stable limit cycle for appropriate

diffusion coefficients in a two-component reaction-diffusion

system that is defined on a finite interval under the periodic

boundary condition. To the best of our knowledge, this is a

clear new example of the diffusion-driven destabilization

(Turing instability) of limit cycles. In fact, previous studies

considered a limit cycle with small amplitude near a Hopf

bifurcation point or a limit cycle of the complex Ginzburg-

Landau equation, whose specific nonlinear terms allow us to

obtain a concrete expression of the limit cycle. Moreover, our

numerical bifurcation analysis by using AUTO indicates the

infinite dimensional dynamical picture of our reaction-diffusion

model, and supports the results of numerical simulations.

Our approach is based on a reaction-diffusion system

with mass conservation and its perturbed system. For each

FIG. 11. An alternating repetition of complex dynamics and spatially (almost) homogeneous oscillations in the dynamics of (3.1) with (2.5) and (2.9) for

Du¼ 0.02 and Dv¼ 0.24; (a) 0� t� 800, (b) 800� t� 1600, (c) 1600� t� 2400, and (d) 2400� t� 3200. Other parameter values are given by (2.14) and

e¼ 0.01, and the initial value is given by (2.5þ e1(x), 1.6þ e2(x)), where e1(x) and e2(x) are independent uniform pseudorandom numbers in [�0.005, 0.005)

for each x 2 [0, 2p]. The values of u(x, t) on 0� x� 2p and 0� t� 3200 are represented by a 3D graph. The profile of v(x, t) is omitted here because the ampli-

tude and spatial variation of v(x, t) for each t are relatively small compared to those of u(x, t). In this complex dynamics, there appear spatial patterns consisting

of spikes, and the number of spikes decreases. An animation shows the behavior of the alternating repetition for 0� t� 6400. We recommend that the readers

watch the animated movie file of how the spatial pattern is changing; the green and yellow curves represent u and v, respectively. (Multimedia view) [URL:

http://dx.doi.org/10.1063/1.4978924.2]
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set of diffusion coefficients in the unperturbed reaction-

diffusion system, the total mass is conserved. Varying the

total mass in the unperturbed system, we obtain a bifurcation

diagram regarding the total mass as a bifurcation parameter.

Upon adding perturbations, the total mass is no longer con-

served. Therefore, on the stable branches in the bifurcation

diagram, the perturbations induce slow dynamics. Combining

the slow dynamics induced on the total mass with the fast

dynamics generated by the original unperturbed systems, we

obtain a spatially nonhomogeneous limit cycle in the per-

turbed reaction-diffusion system for appropriate diffusion

coefficients. Thus, we can understand the diffusion-driven

destabilization of a spatially homogeneous limit cycle as the

creation of the spatially nonhomogeneous limit cycle due to

the appropriate transitions of slow-fast dynamic bifurcation

diagrams as the diffusion coefficients vary.

The critical factor in our approach is the choice of the

nonlinear term of a reaction-diffusion system with mass con-

servation, which determines the fast dynamics generating a

simple localized unimodal pattern. For this nonlinear term,

various functions have been proposed, see Refs. 10, 17, 18,

20, and 25. According to the mathematical analysis pre-

sented in Refs. 11, 16, 21, and 22, we expect that a certain

large class of functions induces such dynamics in reaction-

diffusion systems with mass conservation. Therefore, it is

likely to observe a spatially nonhomogeneous limit cycle

induced by the diffusion-driven destabilization in a reaction-

diffusion system that is obtained by adding diffusion terms

to a slow-fast ODE system, where the sum of components of

the fast ODE system is conserved. Thus, our method, which

was presented in this study through a concrete example, is

useful in obtaining a spatially nonhomogeneous limit cycle

induced by the diffusion-driven destabilization.

Recently, Ref. 3 proposed a condition for the instability of

limit cycles in diffusively coupled oscillators, which can be

regarded as a spatial discretization of reaction-diffusion sys-

tems. However, in contrast to the case of equilibria, there are

not enough studies on the diffusion-driven destabilization of

limit cycles. This reflects the fact that the existence and stabil-

ity of limit cycles in reaction-diffusion systems cannot be math-

ematically verified without specific assumptions. In this study,

we assume the mass conservation property of an unperturbed

reaction-diffusion system and consider the perturbed system

from the viewpoint of the theory of slow-fast systems. At the

present time, we do not know how to study the diffusion-

driven destabilization of a spatially homogeneous limit cycle

with large amplitude in general reaction-diffusion systems.
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APPENDIX A: NUMERICAL SCHEME

By applying the Fourier transformation, a reaction-

diffusion system in the real space

ut ¼ Duxx þ f ðuÞ (A1)

can be converted to an ODE system in the Fourier space

dbuk

dt
¼ �Dk2buk þ fk buð Þ; (A2)

where k denotes the wavenumber, and

fkðbuÞ ¼ ðdfðuÞÞk ¼ ðFðf ðF�1buÞÞÞk
with the Fourier transformation F and its inverse F�1. In

simple terms, the pseudospectral method for numerically

solving (A1) on (�L/2, L/2) under the periodic boundary

condition is a numerical scheme to solve (A2) by using the

Runge–Kutta method under the condition that the amplitudes

of high frequency Fourier modes e2pikx=L vanish; buk ¼ 0 ðk
2 Z; jkj � N=2Þ, where N ¼ 2m ðm 2 NÞ is the total number

of Fourier modes in the numerical computation (finite

dimensional approximation) with the aid of FFT.

Let vk ¼ buk expð�Dk2tÞ. Then, we have

dvk

dt
¼ fk buð Þexp Dk2tð Þ :¼ Gk v; tð Þ: (A3)

By applying the fourth order Runge–Kutta scheme to (A3),

we have

vkðtþDtÞ ¼ vkðtÞ þ ðh1þ 2h2þ 2h3þ h4ÞDt=6;

h1 ¼ Gkðv; tÞ ¼ fkðbuÞexpðDk2tÞ;bu01 ¼ fbukðtÞ þ h1 expð�Dk2tÞDt=2g expð�Dk2Dt=2Þ;
h2 ¼ Gkðvþ h1Dt=2; tþDt=2Þ ¼ fkðbu01Þ exp ðDk2ðtþDt=2ÞÞ;bu02 ¼ fbukðtÞ þ h2 expð�Dk2tÞDt=2g expð�Dk2Dt=2Þ;
h3 ¼ Gkðvþ h2Dt=2; tþDt=2Þ ¼ fkðbu02Þ exp ðDk2ðtþDt=2ÞÞ;bu03 ¼ fbukðtÞ þ h3 expð�Dk2tÞDtgexpð�Dk2DtÞ;
h4 ¼ Gkðvþ h3Dt; tþDtÞ ¼ fkðbu03Þ exp ðDk2ðtþDtÞÞ:

Thus, we obtain the following numerical scheme for (A2):

bukðtþ DtÞ ¼ bukðtÞ expð�Dk2DtÞ
þfh01 expð�Dk2DtÞ þ 2ðh02 þ h03Þ
	 expð�Dk2Dt=2Þ þ h04gDt=6

where

h01 ¼ fkðbuÞ; h02 ¼ fkðbu01Þ; h03 ¼ fkðbu02Þ; h04 ¼ fkðbu03Þ:
Although numerical schemes to solve PDEs by using the

pseudospectral method are rather more involved than stan-

dard finite difference schemes, they can provide precise

numerical results even if the PDEs satisfy (infinitely many)

conservation laws such as the KdV equation.7,8

In our simulations, we use the following numerical

scheme:
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bukðtþ DtÞ ¼ bukðtÞ expð�Dk2DtÞ
þfh01 expð�Dk2DtÞ þ 2ðh02 þ h03Þ
	 expð�Dk2Dt=2Þ þ h04gDt=6þ lkðtÞ;

where lk(t) is a small white noise that prevents numerical

solutions from dropping into the ODE dynamics without the

diffusion terms.

APPENDIX B: THE EFFECT OF A SMALL WHITE NOISE

Considering a small white noise incorporated into a

numerical scheme as a round-off error, the fourth order

Runge–Kutta scheme for numerically solving an ODE sys-

tem du/dt¼G(u, t) is given by

vnþ1 ¼ vn þ ðh1 þ 2h2 þ 2h3 þ h4ÞDt=6þ ln;

where

h1 ¼ Gðvn; tÞ; h2 ¼ Gðvn þ h1Dt=2; tþ Dt=2Þ;
h3 ¼ Gðvn þ h2Dt=2; tþ Dt=2Þ;
h4 ¼ Gðvn þ h3Dt; tþ DtÞ

and ln denotes a small white noise. Under the assumption

that v0¼ u(0), a standard argument shows (e.g., Ref. 2) that

the error estimation

juðnDtÞ � vnj � CNððDtÞ5 þ lÞ

holds, where l ¼ maxjlnj; N ¼ T=ðDtÞ denotes the total

number of iterations, and C denotes a constant which is

independent of Dt, l, and N. It should be noted that the

above error estimation is given by the truncation error

CNðDtÞ5ð¼ CTðDtÞ4Þ if jlj ¼ 0. From the above estimation,

we can conclude that if jlj � ðDtÞ5, then the white noise

does not affect the numerical results obtained by the fourth

order Runge–Kutta scheme. In our numerical simulations,

we take Dt¼ 10�2 and l¼ 10�11 or 10�12. Hence, our

numerical results are valid. In other words, we need not

apply an error estimation based on the theory of SDEs,

which is useful if the randomness of a white noise signifi-

cantly affects the results of a numerical simulation.9

When l¼ 10�m(m� 13), it occurs that our numerical

solutions drop into the ODE dynamics, as mentioned in

Remark 7. In contrast, when l¼ 10�m(5�m� 10), we can

also obtain the same numerical results even though the

amplitude of the white noise is not smaller than the trunca-

tion error. In Appendix C, we provide a reason why rela-

tively large white noises do not affect our numerical results.

APPENDIX C: NON-DIVERGENCE OF THE
ACCUMULATION OF ERRORS IN NUMERICAL
COMPUTATIONS

In general, a PDE system is formulated as an evolution

equation on a Banach space. For example, our reaction-

diffusion system (3.1) is formulated as an evolution equation

dy

dt
¼ Ayþ F yð Þ (C1)

on L2ð0; 2pÞ 	 L2ð0; 2pÞ equipped with the usual L2-norm,

where y ¼ ðu; vÞ; A ¼ diagðDu@
2
x ;Dv@

2
x Þ and FðyÞ ¼ ðf ðu; vÞ

þegðu; vÞ;�f ðu; vÞ þ ehðu; vÞÞ. Let z be an approximate solu-

tion of (C1) such that if z(t0)¼ y(t0) holds for some t0� 0,

then

sup
t0�t�t0þT

jjzðtÞ � yðtÞjj < d (C2)

holds for some T> 0, where T depends on only d> 0. We

consider that z is a numerical solution of (3.1), which is

obtained by using our numerical scheme. We note that d
gives an upper bound on the accumulation of all errors on

the time interval [t0, t0þ T]. Therefore, the accumulation of

the effects of white noises in our numerical simulation is

included in d.

Theorem C. 1. Suppose that

jjy1ðtÞ � y2ðtÞjj � Ce�aðt�t0Þjjy1ðt0Þ � y2ðt0Þjj (C3)

holds, where y1 and y2 are solutions of (C1) and

L :¼ Ce�aT < 1. Then,

sup
0�t<1

jjz tð Þ � y tð Þjj < d
1� L

holds if z(0)¼ y(0).

Proof. By ~ys, we denote a solution of (C1) satisfying

~ysðsÞ ¼ zðsÞ. Let us take s>T arbitrarily. Noting that

s ¼ mT þ r; m 2 N; 0 � r < T;

we have

jjzðsÞ � yðsÞjj � jjzðsÞ � ~ys�TðsÞjj

þ
Xm�1

k¼1

jj~ys�kTðsÞ � ~ys�ðkþ1ÞTðsÞjj þ jj~ys�mTðsÞ � yðsÞjj

¼ jjzðsÞ � ~ys�TðsÞjj þ
Xm�1

k¼1

jj~ys�kTðsÞ � ~ys�ðkþ1ÞTðsÞjj

þ jj~yrðsÞ � yðsÞjj:

Since ~ys�T is a solution of (C1) satisfying ~ys�Tðs� TÞ
¼ zðs� TÞ, it follows from (C2) that

jjzðsÞ � ~ys�TðsÞjj < d:

Moreover, noting (C3), we have

jj~ys�TðsÞ � ~ys�2TðsÞjj � Ljj~ys�Tðs� TÞ � ~ys�2Tðs� TÞjj
¼ Ljjzðs� TÞ � ~ys�2Tðs� TÞjj < Ld

by virtue of (C2) because ~ys�2T is a solution of (C1) satisfy-

ing ~ys�2Tðs� 2TÞ ¼ zðs� 2TÞ. Similarly, we have

jj~ys�kTðsÞ � ~ys�ðkþ1ÞTðsÞjj < Lkd ð2 � k � m� 1Þ

and

jj~yrðsÞ � yðsÞjj < Lmd:
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Therefore, we have

jjz sð Þ � y sð Þjj � dþ Ldþ � � � þ Lmd ¼ d 1� Lmþ1ð Þ
1� L

<
d

1� L
:

Thus, we have

sup
0�t<1

jjz tð Þ � y tð Þjj ¼ max

�
sup

0�t�T
jjz tð Þ � y tð Þjj;

sup
t�T
jjz tð Þ � y tð Þjj

�
¼ max d;

d
1� L

� �
¼ d

1� L
: �

The above argument is an improved version of the

proof of Ref. 27, Theorem 5.5.1, which assumed the solv-

ability of evolution equations (ODEs) back in time. This is

not necessarily true for PDEs. As seen in Ref. 27, Section 5,

we can assume that (C3) holds near a stable object (e.g.,

equilibrium or periodic orbit) that exponentially attracts

solutions around it. Therefore, Theorem C.1 gives a mathe-

matical justification for our naive intuition that white noises

and truncation errors can be dissipated by an intrinsic stabi-

lization effect of evolution equations around stable objects

with exponential attractivity. Thus, we can conclude that

the effect of white noise in our scheme does not accumulate

during numerical computations.
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