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Simplified models of transport in mesoscopic systems are often based on a small
sample connected to a finite number of leads. The leads are often modelled using the
Laplacian on the discrete half-line N. Detailed studies of the transport near thresholds
require detailed information on the resolvent of the Laplacian on the discrete half-
line. This paper presents a complete study of threshold resonance states and resolvent
expansions at a threshold for the Schrodinger operator on the discrete half-line N with a
general boundary condition. A precise description of the expansion coefficients reveals
their exact correspondence to the generalized eigenspaces, or the threshold types. The
presentation of the paper is adapted from that of Ito-Jensen [Rev. Math. Phys. 27,
1550002 (2015)], implementing the expansion scheme of Jensen-Nenciu [Rev. Math.
Phys. 13(6), 717-754 (2001) and Rev. Math. Phys. 16(5), 675-677 (2004)] in its full
generality. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4982957]

. INTRODUCTION

Simplified models of transport in mesoscopic systems are often based on a small sample con-
nected to a finite number of leads. The leads are often modelled using the Laplacian on the discrete
half-line N. Detailed studies of the transport near thresholds require detailed information on the
resolvent of the Laplacian on the discrete half-line. For an example, see the work of Cornean-Jensen-
Nenciu' and references therein. The results in this paper allow one to obtain more detailed information
on the adiabatic limit studied in the work of Cornean-Jensen-Nenciu.'

Let Hy be the positive Laplacian on the discrete half-line N={1,2,...}, i.e., for any sequence
x:N — C, we define the sequence Hpx : N — C by

(Hox)[n] = —(x[n + 1] + x[n — 1] — 2x[n]). (1.1)

The definition (1.1) is incomplete without assigning a boundary condition or a boundary value x[0]
for each sequence x : N — C. In this paper, we focus on the Dirichlet boundary condition,

x[0]=0. (1.2)
In other words, we set for any sequence x : N — C
(Howln] = { 2x[1] - x[2] forn=1, 13
2x[n] —x[n+ 1] —x[n—-1] forn>2.

The restriction of Hy to the Hilbert space H = £?(N) is bounded and self-adjoint, and its spectrum

is
o (Ho) = 0ac(Ho) = [0, 4]. (1.4)
The points 0, 4 € o-(Hy) are called the thresholds. The purpose of this paper is to analyze the threshold
behavior of a perturbed Laplacian H = H( + V on the discrete half-line N. We compute an asymptotic

DEJectronic mail: ito-ken @math.kobe-u.ac. Jjp
Electronic mail: matarne @ math.aau.dk

0022-2488/2017/58(5)/052101/24/$30.00 58, 052101-1 Published by AIP Publishing.

@ CrossMark
eclinkte


http://dx.doi.org/10.1063/1.4982957
http://dx.doi.org/10.1063/1.4982957
http://dx.doi.org/10.1063/1.4982957
mailto:ito-ken@math.kobe-u.ac.jp
mailto:matarne@math.aau.dk
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4982957&domain=pdf&date_stamp=2017-05-08

052101-2 K. Ito and A. Jensen J. Math. Phys. 58, 052101 (2017)

expansion of the resolvent R(z) = (H — z)”! at the threshold z = 0, and, in particular, describe a
precise relation between the expansion coefficients and the generalized eigenspaces. The generalized
eigenspace considered here is the largest possible one and includes the threshold resonance states as a
part of it. These investigations are done in the same manner as in the work of Ito-Jensen,? employing
the expansion scheme given in the work of Jensen-Nenciu.>* The technique used in the work of
Ito-Jensen? to treat the threshold 4 can be applied here. Hence we discuss only the threshold zero.

The starting point of our analysis is the free resolvent kernel discussed in Section II. The main
results of the paper will be presented in Section III. Actually general boundary conditions are included
in our setting as specific forms of perturbations of the Dirichlet Laplacian. We will see this in
Section IV. Section V is devoted to an analysis of the generalized eigenspace. After a short preliminary
presentation in Section VI, the proofs of the main theorems will be provided in Sections VII-X
according to each threshold type. There we will repeatedly use the inversion formula from Jensen-
Nenciu,? adapted to the case at hand. As a reference we will quote the formula in the form, given in
the work of Ito-Jensen,? in the Appendix.

There are a large number of papers on discrete Schrodinger operators. However, as far as we are
aware, the complete threshold analyses and the resolvent expansions presented here are new.

Il. THE FREE LAPLACIAN

In this section, we discuss properties of the free Dirichlet Laplacian H( on the discrete half-line
N defined by (1.1) and (1.2), or by (1.3). The properties presented here may be considered as a
prototype of our main results for a perturbed Laplacian. They will be employed repeatedly both in
stating and in proving the main theorems.

Let H = L*(0, ), and define the Fourier transform F: H — H and its inverse F* 1 H — H by

(Fx)(O) =+2/x Z x[n] sin(nd),
n=1

(FHlnl=+2/n / i £(0)sin(nd) do.
0

Then we have a spectral representation of Hy,
FHoF* =2 — 2 cos 0 =4sin’(0/2). 2.1

This in fact verifies (1.4). Using expression (2.1), or antisymmetrizing the kernel of resolvent on the
whole line Z, see, e.g., Ito-Jensen,” we can compute the kernel of resolvent Ry(z) = (Ho — z)~': For
z€C\ [0,4] with z ~0, we have

Ro(z)[n,m] = 7

i ipln—-m| _ idp(n+m) N 22
n¢(e e ), n,meN. (2.2)
Here the variable z € C \ [0, 4] is related to ¢ through the correspondence

z=4sin*(¢/2), Im¢ >0.

Using expression (2.2), we can explicitly compute the expansion of Ry(z) around z = 0. Before stating
it, let us introduce the notation employed in this paper.

Notation. In expansions, we change the variable from z € C \ [0, c0) to . These variables are
related as

k=-ivz, Imz>0, Im+vZz>O0. 2.3)

We freely write R(z) as R(k), etc. We use the notation

n Am=min{n,m}, nV m=max{n,m}.
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For s € R, we let

L5 =¢"5(N)
={x: N->C,
lelliy = Y (1 +n?)"2|x[n]] < oo},
neN
(LX)* — gDO,—S(N)
={x: N->C;
l1x[lo.—s = sup(1 + n*)™/?|x[n]| < co}.
neN

We denote the set of all bounded operators from a general Banach space K to another K’ by B(IC, K'),
and abbreviate B(K) = B(/C, K). In particular, we write

B =B(LS, (L%)").
We replace B by C when considering the corresponding spaces of compact operators. Define the
sequences n € (£")* and 1 € (L£0)* by
n[ml=m and 1[m]=1, meN, 24

respectively. Throughout the paper, we frequently use the pseudo-inverse A" of a self-adjoint operator
A. For this concept, we refer to the Appendix.

Proposition I1.1. Let N >0 be any integer. As k — 0 with Re k > 0, the resolvent Ro(k) has the
expansion,

N
Ry(x)= Y KGoj+ OGNy in B2, (2.5)
=0
with Gy € B! for j even, and Gy, € B for j odd, satisfying
HoGoo = GooHo=1,
HoGo,1 =Go,1Hy=0, (2.6)
HyGyj =GojHy=—-Gojo forj=2.

The coefficients Goj have explicit kernels, and the first few are given by

Gooln,ml=n A m, 2.7
Go[n,m]=-n-m, 2.8)
Goaln,ml=—4(n A m)

+aAm? +in-m-(nvm), (2.9)
Go3[n, m] :25—4n'm—én3~m—%n‘m3. (2.10)

Proof. Expansion (2.5) with expressions (2.7)—(2.10) follows directly from (2.2), cf. Ref. 2
(Proposition 2.1). To see the identities in (2.6), it suffices to note that for any rapidly decreasing
sequence ¥ : N — C, we have

(Ho + K2)Ro(K)¥ = Ro(k)(Ho + KXY =¥

for Re x > 0. The details of the computations are omitted. O

We note that the sequence n € (£L')* is a generalized eigenfunction for Hy, and the coefficient
Go.1 is a generalized projection onto it,

Hon=0, Go1=-[nXn|.
On the other hand, the sequence 1 € (£%)*, which with n forms a basis of the generalized eigenspace

for the Laplacian on the whole line Z, is not a generalized eigenfunction on N. It does not appear in
the above expansion coefficients, either.
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lll. THE PERTURBED LAPLACIAN

Now we consider the perturbed Laplacian H = Hy + V on N, and state the main theorems of the
paper. These theorems reveal a precise relation between the generalized eigenspace and the expansion
coefficients of the resolvent at threshold.

The class of interactions considered here is from Ito-Jensen.” It is general enough to contain non-
local interactions, but is formulated a little abstractly. We refer to Ref. 2 (Appendix B) for examples.
We note that this class of interactions is closed under addition, see Ref. 2.

Recall the notation defined right before Proposition II.1.

Assumption I1I.1. Let V € B(H) be self-adjoint, and assume that there exist an injective operator
veB(K, LP) n C(K, L) with B =1 and a self-adjoint unitary operator U € B(K), both defined on
some Hilbert space /C, such that

V =vUv* € BALPY, Py ncuchH, £h.
Under Assumption III.1, we let
H=Hy+V, R()=H-z7""

The operator H is a bounded self-adjoint operator on H with oess(H) = [0, 4]. Using Mourre’s method
(see Ref. 5), one can show that os.(H) = 0. For local V other conditions for os.(H) = are given in
Ref. 6.

Let us consider the solutions to the equation H'Y = 0 in the largest space where it can be defined.
Define the (generalized) zero eigenspaces by

E={Ye(LPY|HY =0}, 3.1
E=EN(Cle® LP?), (3.2)
E=£n P2 (3.3)

These spaces will be analyzed in detail in Section V. Here we only quote some of the results given
there: Under Assumption III.1 with 8 > 1, the generalized eigenfunctions have specific asymptotics,

EcCnoCle LP2, (3.4)
and their dimensions satisfy
dim(E/E) + dim(E/E)=1, 0<dimE < co.

We introduce the same classification of the threshold as in the work of Ito-Jensen? (Definition 1.6).

Definition I11.2. The threshold z = 0 is said to be

a regular point, if £=E ={0};

an exceptional point of the first kind, if £ 2 E = {0};

an exceptional point of the second kind, if £=E 2 {0};
an exceptional point of the third kind, if £2 E 2 {0}.

el NS

It would be more precise to call a function in Ea generalized eigenfunction, that in £ a resonance
function, and that in E an eigenfunction, but sometimes all of them are called simply eigenfunctions.
In particular, we call ¥, € € a canonical resonance function if it satisfies

VPeE (¥, ¥.)=0, and ¥, -1elF2
We remark that the latter asymptotics for ¥, € £ is equivalent to
(Vn,¥.)=-1.

We will prove this equivalence in Proposition V.1.

We now state the resolvent expansions in the four cases given in Definition II1.2. We impose
assumptions on the parameter 8 from Assumption III.1 in each of the four cases. For simplicity we
state the results for integer values of 8. The extension to general  is straightforward but leads to
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more complicated statements of the results and requires a different approach to the error estimates in
the theorems below. Let us set

My=U + U*Ggyov K- K,

and denote its pseudo-inverse by Mf , see the Appendix.

Theorem IIL.3. Assume that the threshold 0O is a regular point, and that Assumption IIl.1 is
fulfilled for some integer 3 > 2. Then
-2
R =Y KG+OuP™y inBP2 (3.5)
J

=

Il
(=)

with G; € B*! for j even, and Gje B for j odd. The coefficients G; can be computed explicitly. The
first two coefficients can be expressed as

Go = GO,() - Goyongv*Go,(), (3.6)
G =~ NFl, 3.7)

where Y. € £ is a generalized eigenfunction with asymptotics

m_lq’c[m] -1 asm— oo,

Remark I11.4. Under the assumption of Theorem III.3, the operator M is actually invertible:
Mg =M, 1 The operators I + GooV and I + VG are also invertible, and we have the expressions

I - GoguM[v" = (I +GooV) ™, (3.8)

I - UMJU*GO’O = (I + VG(),())_I. (39)

We will verify that these right after the proof of Theorem III.3.

Theorem IIL5. Assume that the threshold O is an exceptional point of the first kind and that
Assumption I11.1 is fulfilled for some integer B > 3. Then

B4
R(k) = Z KGj+OP3)  inB! (3.10)

j=1

with G; € B+ for jeven, and Gj € B*? for j odd. The coefficients G; can be computed explicitly. The
first two coefficients can be expressed as
G- =Y XYel, (3.11)
Go=Gop — (Goo — [P)nl)oMv* (Goo — [)(Pel)
= [I¥e = 1II” + 2Re(1, We — 1) = 3] IWeX(Fel
= [WeX(n| = [m){(Fel, (3.12)

where Y, € £ is the canonical resonance function.

Theorem IIL.6. Assume that the threshold 0 is an exceptional point of the second Kind and that
Assumption I11.1 is fulfilled for some integer B > 4. Then

B-6
R(k) = Z G+ Oy inBP? (3.13)

j=—2
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with Gj € B*3 for j even and Gje B*2 for j odd. The coefficients G; can be computed explicitly. The
first four coefficients can be expressed as

G_, =Py, (3.14)
G, =0, (3.15)
Go=(I - Po)(Gop — Go,ongU*Go,o)(l - Po), (3.16)

G1 = - Po)(I - GoouMv™) G,
X (I = vM[v"Goo)(I - Po)
— PyGoovMv*Go,uM; v* GooPo, (3.17)

where Py is the projection onto E.

Theorem IIL.7. Assume that the threshold O is an exceptional point of the third kind and that
Assumption I11.1 is fulfilled for some integer B > 4. Then

B—6
R(k) = Z KGj+OP)  inB2 (3.18)
j=—
with G; € B for j even and G; € B™** for j odd. The coefficients G; can be computed explicitly. The
first two coefficients can be expressed as

G2 =Py,
Goi =Y (Wel,
where Py is the projection onto E and ¥, € £ is the canonical resonance function.
By Theorems III.3-IIL.7, if 8 >4, the resolvent R(«) always has an expansion of some order,

and its threshold type can be determined by the coefficients G-, and G_;. We also state as a corollary
certain identities satisfied by the coefficients.

Corollary 111.8. The coefficients G; from Theorems I11.3-111.7 satisfy
HG;=GH=0 forj=-2,-1,
HGy=GoH =1 - Py,
HG;=GH=-Gj, forj>1,

where Py is the projection onto E.

Proof. The assertion is verified by Theorems III.3—II1.7 and the identities
(H + K)R(K)Y = R(k)(H + k)Y =¥
for any rapidly decreasing function ¥ : N — C and any « ~ 0 with Re x > 0. O

We shall prove Theorems II1.3-II1.7 following the procedure given in the work of Ito-Jensen.”

The proofs will be given in Sections VII-X with preliminaries in Secs. V and VL.

IV. GENERAL BOUNDARY CONDITIONS

In this section, we comment on discrete analogues of general boundary conditions at the origin
of the half-line, such as the Neumann and the Robin conditions. In particular, we introduce specific
potentials that allow us to deal with such a general boundary condition as a perturbation of the
Dirichlet condition.

On the discrete half-line, a boundary condition is realized simply by assigning a value to x[0]
for each function x : N — C, as in (1.2). The natural realization of the Neumann boundary condition
is to assign the difference there to be 0, i.e.,

x[1] =x[0]=0 or x[0]=x[1].
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Similarly, a more general Robin condition is realized by setting
ax[0] + b(x[0] = x[1]D=0; (a,b)+#(0,0).

Here we may take a # —b. Otherwise it reduces to the shifted Dirichlet condition x[1] = 0.
Let us remark that there is yet another realization of the Dirichlet boundary condition,

x[0] = —x[1], “.n

which models functions vanishing at n = 1/2. In other words, (4.1) may be understood as arising
from sampling a continuous function f at the points n + 1/2: x[n] = f(n + 1/2). In such a model, the
Neumann condition is given by

x[1] = x[0] =0,

and the Robin condition by
a(x[0] +x[1])/2 + b(x[1] = x[0]) =0, (a,b) #(0,0).
In any case, all the above boundary conditions are unified as
x[0]=ax[1], a€R.
Denote the corresponding Laplacian by H,, i.e., for any sequence x : N — C,
Hooi] = { (2 — a)x[1] - x[2] forn=1, “2)

2x[n] —x[n+1] —x[n—1] forn>2.

We note that the operator H,, is in fact bounded and self-adjoint on H = £(IN).
Lete; =(1,0,0,...) be the first canonical basis vector and define the potential
Vo =—aler){ey]. “4.3)
Then, comparing definitions (1.3) and (4.2), we see that
Ho =Hy + V. (4.4)

The potential V,, satisfies Assumption III.1 with IC=C and
v=+laller), v'=+lalle;l, U=-sgna. 4.5)

Actually V,, is a multiplication operator. We can directly compute
£=C((1 -a)n+al), E={0}.

Note that these eigenspaces can also be computed by applying the results of Section V to (4.5). The
above description of the eigenspaces implies the following:

Lemma IV.1. The threshold 0 for the operator H, is

1. aregular pointif a #1, and
2. an exceptional point of the first kind if a =1.

We can construct the Fourier transform associated with H, and compute its expansion coefficients
explicitly, which of course coincide with those computed from Theorems II1.3-II1.7 and Lemma IV.1.
We remark that we may choose the Neumann Laplacian as the free operator, instead of the Dirichlet
Laplacian, and formulate our main results for its perturbations. However, then the proofs get much
more complicated since its threshold 0 is an exceptional point of the first kind, which otherwise is
regular.

V. GENERALIZED EIGENSPACES

In this section we write down the eigenspaces using subspaces of IC and then derive some useful
properties. In particular, we reveal the relation between invertibility of intermediate operators and
threshold types. Compared with the full line discussed in Ito-Jensen,? the half-line has a very clear
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correspondence between them, and the threshold structure is much simpler. This is because the free
resolvent on the half-line does not have a singular term, and hence that of the perturbed resolvent
comes only and directly from those intermediate operators.

To state the main results of this section, let us introduce some notation. Let

Mo=U +v*Gogv, M;=0v"Gopiv=—|v"n)v n|, 5.1
and Q, S € B(K) be the orthogonal projections onto Ker M, Ker M, respectively. Then we set
mo=QM,Q =—|Qv"n)Quv n|. (5.2)

The operators Mo and mq are, so to say, the intermediate operators in the terminology of Ito-
Jensen? for the half-line case. They actually appear as expansion coefficients of certain operators in
Secs.VII-X, but at least here we can define them independently of these expansions. They are well
defined for any 8 > 1 in Assumption IIL1. In addition, we also define the operators w € B((LP)*, K)
and z € B(KC, L) by

w=Uv*, z=|lv"n||”*(Mov*n,-)n - Gy v, (5.3)

where a' denotes the pseudo-inverse of a € C, see (A2).

Proposition V.1. Suppose that B > 1 in Assumption I1l.1. Then the eigenspaces are expressed as

E=z(KerS M) ® (Cn N Kerv*), (5.4)
& =1z(Ker My), 5.5)
E = z(Ker My N Ker M) = z(Ker My N Ker my). (5.6)

In particular, the generalized eigenfunctions have the special asymptotics (3.4), and, also, a function
¥ € & has the asymptotics ¥ — 1€ LP% if and only if (Vn, ¥)=—1.
Corollary V.2. Suppose that > 1 in Assumption III.1.

1. The threshold 0 is a regular point if and only if My is invertible in B(K). In addition, if the
threshold 0 is a regular point,

dim(£/E)=1, dim(E/E)=dimE =0.

2. The threshold 0 is an exceptional point of the first kind if and only if M is not invertible in
B(K) and my is invertible in B(QIC). In addition, if the threshold 0 is an exceptional point of
the first kind,

dim(€/6)=0, dim(E/E)=1, dimE=0.

3. The threshold O is an exceptional point of the second kind if and only if M is not invertible in
B(K) and mo = 0. In addition, if the threshold 0 is an exceptional point of the second kind,

dim(€/E)=1, dim(E/E)=0, 1<dimE < oo.

4.  The threshold 0 is an exceptional point of the third kind if and only if My and mg are not
invertible in B(K) and B(QK), respectively, and mg # 0. In addition, if the threshold 0 is an
exceptional point of the third kind,

dim(€/E)=0, dim(E/E)=1, 1<dimE < oo.

Corollary V.3. Suppose that > 1 in Assumption I1I.1, and that V is local. Then
dimE=1, dimE=0, (5.7)

i.e., the threshold 0 is either a regular point or an exceptional point of the first kind.

In the remainder of this section, we prove Proposition V.1, and Corollaries V.2 and V.3, using a
sequence of lemmas given below.
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Lemma V4. Forany x € L°, s > 1, the sequence Goox € L" is expressed as

(Goox)[n] =(m,x) — Z(m —n)x[m] forneN. (5.8)

m=n

In particular, Ggox € L£57% if and only if (n,x)=0.

Proof. By (2.7), we can write

n—1 o0
(Gopx)[nl = Z mx[m] + Z nx[m],
m=1 m=n
which immediately implies (5.8). Noting that
D42 Y = x| < Cllals < o,
n=1 m=n

we can deduce that the second term on the right-hand side of (5.8) belongs to £*~2. Then by the fact
that 1¢ £°72 for s > 1, we can verify the last assertion. O

Lemma V.5. The compositions HyGoo and GooHy, defined on L' and CneCl1e L', respec-
tively, are expressed as

HoGoo=1p1,  GooHo=1I,

where I1:Cn ® Cl ® L' - C1 @ L' is the projection.

Remark V.6. Lemmas V.4 and V.5 in particular imply that for any s > 1,
Cle L CGoo(L)cCle L2 (5.9)

Proof. By direct computation, employing the expression (5.8), we can verify that for any x € £!,
HoGopx = GooHox =x.

We can also compute
H()ll = 0, G()’()Hol =1.

Then the assertion follows by the above identities. O

Lemma V.7. For any ® € KerSMy and ¥ € g,

wz®@=0, zw¥el. (5.10)
In addition,
z_l(ézKerSMo, £n Kerw =Cn N Kerv”, (5.11)
77 1(&) = Ker My, ENKerw = {0}, (5.12)
7 Y (E)=Ker My N Ker M, E nKerw ={0}. (5.13)

Proof. Step 1. We prove the first assertion of (5.10). Let ® € Ker SMy. Then, using v*Go v =
My — U, we can compute

wz® = Uv*[[|lo™n|*" (Mov™n, @)n — Go v ®|
=U( - S)Mo® — UMy® + @
= 0.
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Step 2. Before the second assertion of (5.10) we prove (5.11). We first note that by Lemma V.5
and v*Goov =Mp — U for any e K,
Hz® = (Ho + vUv")[lv*nl*"(Mov*n, ®)n — Go,ov®]
=—0vd
+[lo*n||* (Mov*n, @ Uv*n — vU(My — U)D
= —0USMy®. G.14)

Then, since vU is injective, it follows that zD € £if and only if ® € KerSMo, which implies the first
identity of (5.11). As for the second, we first note that for any ¥ € £ N Kerw,

HQ‘PZO, 'Y =0.

Since the first identity Hy'W = 0 can be rephrased as ¥ € Cn, we obtain ¥ € Cn N Kerv*. The inverse
inclusion is almost obvious, and hence the second identity of (5.11). _
Step 3. Now we prove the second assertion of (5.10). Let W € £. Then by reusing (5.14) and
noting Mo = U + v*Go v and Lemma V.5,
HzwY¥ =—vUS©" + 0" GooV)¥
=-0 USU*GO’O(HO +V)¥Y
=0,
which implies zw'¥ € £
Step 4. Let us prove (5.12). Let ® € K. By Lemma V.4 we can write

z®[n] = [lv*n]|* (v n, Mo®)n[n] - (v*n, ®)1[n]
+ Z(m — n)(w®)[m].

m=n

(5.15)

As in the proof of Lemma V.4, the last term in (5.15) belongs to £°~2. This fact combined with the
first identity of (5.11) implies that z® € £ if and only if

®eKerSMy, |lv*n||* (v n, My®) =0.

Hence the first identity of (5.12) is obtained. As for the second one we can proceed as in Step 2, and
it is almost obvious.
Step 5. The assertion (5.13) can be shown similarly to Step 4, and we omit the details. O

Proof of Proposition V.1. From (5.10) and the first identity of (5.11) we can deduce that the

restrictions _ _
Z|Ker sM, - Ker SMy — &, w|€ : € — Ker SMy

are injective and surjective, respectively. Hence, the asserted isomorphisms (5.4)—(5.6) are direct
consequences of (5.11)—(5.13), respectively. We note that the last inequality of (5.6) is obvious by
the definitions (5.1) and (5.2).

The asymptotics (3.4) follows immediately by (5.3), (5.4), and (5.9). Next, for any ¥ € £ we let
O =w¥ =Uv*"Y € Ker My. Then, since ¥ =z®0 = -Goov®P, Lemma V.4 implies that ¥ — 1 € LP2if
and only if (n, —v®) = 1, which in turn is equivalent to (Vn, ¥) = —1. Hence we are done. O

Proof of Corollary V.2. We first claim that

dim(/€E) <1, dim(E/E)<1, dimE <co. (5.16)

The first and second inequalities of (5.16) are obvious by (3.4), (3.2), and (3.3). For the last inequality
of (5.16) we note that Uv*Gg v € C(K). Then

dim E < dim € = dim KerM,
=dim Ker(1 + Uv* Gy yv) < co.
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Hence the claim follows.
Now we prove the assertions 1—4 of the corollary. We note that the former parts of 14 are
obvious by Proposition V.1, and hence we may discuss only the latter parts.

1. Let the threshold O be a regular point. Then by definition we have
dim£=dim E=0.
If v*n =0, then, since S= Iy, we have by (5.4) that £=Cn. Otherwise, noting that My is
invertible, we have by (5.4) that £=CzM ~1y*n. In either case, we can conclude that
dimE=1.
2. Letthe threshold 0 be an exceptional point of the first kind. Then by definition and claim (5.16),
dim€&=1, dimE=0.

Let us show that £= &. Since QK is nontrivial and my = —|Quv*n){Quv*n| is invertible there, it
follows that
Ov'n#0. 5.17)

Now it suffices to show that Ker SM, c Ker My. Let ® € Ker SMy. Since S is the orthogonal
projections onto the kernel of M given by (5.1), there exists ¢ € C such that
My® =cv™n.

Apply QO to both sides above, then by (5.17) it follows that ¢ = 0. Hence ® € Ker My, and the
latter assertion is verified.
3. Let the threshold 0 be an exceptional point of the second kind. Then by definition and claim
(5.16),
dim(§/E)=0, 1<dimE<oco.

If v'n=0, then S = Iy, and hence by (5.4)

E= z(KerMp) ® Cn= & & Cn.
Otherwise, since my = —|Quv*n){Quv*n| =0, we have

0+#v*n e (Ker My)* =Ran M,

and hence we can find ®@ € IC \ {0} such that My® =v*n. Such ® is unique up to Ker My, and
then by (5.4), _
E=z(KerMy @ CO)=E & CzD.
In either case, we obtain _
dim(&/E)=1.
4. Let the threshold 0 be an exceptional point of the third kind. Then by definition and claim

(5.16),
dim(E/E)=1, 1<dimE <.

Now it suffices to show that €= &, but this can be proved exactly the same manner as in the
proof of the assertion 2 above. Hence we are done. O

Proof of Corollary V.3. Tt suffices to show that E ={0}. Let ¥ € E. Then it follows by Lemma
V.7 that ¥ = zw". This equation can be rephrased as

Pln] = Z(m — n)V[m]¥[m] (5.18)

m=n

by Lemma V.4 and the asymptotics of ¥ as n — co. Since V € £P, we can choose large ny > 0 such
that

(e8]

Z nlVinl <. (5.19)

n=ngy
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By (5.18) and (5.19), we obtain

[P[n]| < 1 sup |¥[m]| for n>no
mz2ng

or
Y[n] =0 for n > ny.

Since the equation HY¥ = 0 is a difference equation, the above initial condition at infinity yields ¥ =0,
and hence E = {0}. Hence we are done. O

VI. THE FIRST STEP IN RESOLVENT EXPANSION

This section gives a short preliminary computation for the proofs of Theorems II1.3-II1.7 given
in Secs. VII-X. These computations are common to all the proofs.
Define the operator M(x) € B(K) for Re k > 0 by

M(k)=U +v*Ry(k)v. 6.1)

Fix ko > 0 such that z = —«> belongs to the resolvent set of H for any Re « € (0, ko). This is possible
due to the decay assumptions on V.

Lemma VI 1. Let the operator M (k) be defined as above.
1. Let Assumption III.1 hold for some integer B >2. Then

B-2
M@)= ) ©¥M;j+O0uP™"y inBK) (6.2)
Jj=0
with M; € B(K) given by
Mo=U +0v"Goov, M;=v"Gojvforj>1. (6.3)
2. Let Assumption I1I.1 hold with B > 1. For any 0 < Re k < kq, the operator M (k) is invertible in
B(K), and
M) =U - Uv*R(x)U.
Moreover,

R(x) = Ro(k) — Ro(K)vM (k)" 0* Ry(x). (6.4)

Proof. 1. This result follows from Assumption III.1 and Proposition II.1.
2. The assertion is verified by direct computations, see the work of Ito-Jensen’ (Prop-
osition 1.13). |

Note that the operators M, and M coincide with those defined in Section V.

By Lemma VI.1.1, the operator M (k) has an expansion, and by Lemma VI.1.2 and Proposi-
tion II.1 an expansion of R(«x) is reduced to that of the inverse M (K)_l. If the leading operator M|
€ B(K) is invertible, or by Proposition V.1, if the threshold 0 is a regular point, we can employ the
Neumann series to compute the expansion of M(k)~'. Otherwise, we shall employ an inversion for-
mula introduced in the work of Jensen-Nenciu® in a way similar to that of Ito-Jensen.> We note that
we are also going to use the pseudo-inverse several times. For reference we present the inversion

formula and the pseudo-inverse in the Appendix.

Vil. REGULAR THRESHOLD

In this section, we prove Theorem III.3. In this case the leading operator M in the expansion
(6.2) is invertible by Corollary V.2. Hence the inversion formula in the Appendix is not needed.
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Proof of Theorem I11.3. By the assumption and Corollary V.2, it follows that M is invertible in
B(K). Hence we can use the Neumann series to invert (6.2). Let us write it as

B-2
M) = Z KA+ OGP, A e BK). (7.1)
Jj=

The coefficients A; are written explicitly in terms of the M;. The first two terms are
Ao=M;", Ar=-M;'MM;". (7.2)
We insert expansions (2.5) with N = 8 — 2 and (7.1) into (6.4), and then obtain the expansion

B-2
R(x)= Y KG+ 0P,
Jj=0

Gi=Goj— Y, GojvApvGoys.
N jZ 10+J/22i?3d 21'20
This result and (7.2) in particular leads to the expressions
Go = Gop — GoooM;'v*Goy,
G1 =Go,1 — Go. oMy 'v* Goy
+ G(),UUM(;IMIM(;IU*GO,O - Go,()vMo_lv*Go,l
=(I = GoovMy ' v*)Go 1 (I — vMy 'v*Goy).
The expression (3.6) is obtained. The expression (3.7) follows by noting
- Go,ovM(;lv*)n =Y,
which can be verified with ease by (5.4). O
Verification of (3.9). The first identity in (3.9) follows by
(I + GooV)U = GopoMy'v*)
=1 — GogvMy "' v* + GopV — GooVGoooM 'v*
=1 - GoooU(U +v*Gopv)My'v* + GooV
=1,

(I = GopoMy"v* )T + Go V)
=1- G()’()I)M(;llfk + G(),()V - G(),OvM(;IU*G(),()V
=1- G(),OUM(;I(U + 0" Goov)Uv™ + Go oV
=1.

The second identity is verified analogously. O

Vill. EXCEPTIONAL THRESHOLD OF THE FIRST KIND

In this section we prove Theorem IIL.5. In this case the leading operator My € B(K) in (6.2) is not
invertible, and we need the inversion formula given in the Appendix to invert the expansion (6.2).

Proof of Theorem I11.5. By the assumption and Corollary V.2, the leading operator M from
(6.2) is not invertible in B(XC), and we are going to apply Proposition A.2. Let us write the expansion
(6.2) as
)

M) =Y K Mj+OKP™") =My + kM, (x). 8.1)

J

=

Il
(=}
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Let Q be the orthogonal projection onto Ker M), cf. Section V, and define

m()= Y (~1Y ¥ QM (1) [(M] + QM1 ()] Q. (8.2)

Jj=0
Then by Proposition A.2 we have
M) =M ) +0)!
+ %(M(x) +O) 'm0 M)+ Q)7 (8.3)

Note that by using (8.1) we can rewrite (8.2) in the form

B-3
m(k)= " kim; + OF2);  m; e BOK). (8.4)
=0

We have the following expressions for the first four coefficients:

mo=QM,Q, (8.5)
mi = QM0 — QM (M) + QM) Q. (8.6)
my = OM3Q — OMy(M{ + Q)M>Q

- OMy (M| + QM1 Q

+OM (M} + QM (M + Q)M Q, (8.7)
ms = QM40 — OMy(M]} + QM0

— OMy (M + QOMaQ — OM5(M[ + Q)M Q

+OM (M} + QM (M + Q)M>Q

+OM (M} + QM (M + QM1 Q

+OMy (M + QM (M + Q)M Q

- OM(M} + QM(M[| + QM (M + Q)M Q. (8.8)

Then by the assumption and Corollary V.2 the coefficient mo = QM Q is invertible in B(Q/C). Thus
the Neumann series provides the expansion of the inverse m(k)'. Let us write it as

-3
m(k)" = Z KA;+ O(P™), (8.9)
=0
Ag=m}, A;eBOK).

The Neumann series also provide an expansion of (M (k) + 0)~', which we write as

B-2
M) +0) ' = Z KB + O(kP™h, (8.10)
j=0

where B; € B(K). The first three coefficients can be written as follows:
Bo=M/ + 0,
By =—(M} + QM(M] + Q).
By=—(M} + QMy(M] + Q)
+ (M + QM (M} + QM (M) + Q).
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Now we insert the expansions (8.9) and (8.10) into the formula (8.3), and then
B4
M@y =) WG+ 0P,
j=-1
J120,j220,j320

J1Hip+i3=i+]

with B_; = 0. Next we insert the expansions (2.5) with N = § — 3 and (8.11) into the formula (6.4).
Then we obtain the expansion

-4
R(x) = Z K G+ O(P),
j:_
Gj=Go, - Z GOJl”sz*GOJ3,
J12042=-1,j3>0

J1i2 43

with Go -1 = 0. This verifies (3.10).
Next we compute G_;. By the above expressions, we can write

G_l = —Go,ovc_l U*Go,o = _GO,OUmgU*GO,O,
and by (2.8)
mo=0M;Q =—|Qv*n){Qvn|. (8.12)

The expression (8.12) implies that my is at most of rank 1, but by the assumption and Corollary V.2
it is also invertible in B(QK). Hence it follows that

Ov'n#0, dimKerMy=dim QK =1.

Then we can write
mg = =D)L, (8.13)

@, =—||Qv*n||">Quv*n € QK = Ker My, (8.14)
such that
G_1 =¥ NY,|, Y.=-GoovD.€E.
Let us to show that the above resonance function ¥, is canonical. We have
(Vn, W) ==*n, UMy — U)®.) = (v"n, D) = -1,

and hence we obtain (3.11).
Finally we prove (3.12). We first express Go by A, and B,, and then insert expressions for them,
Go =Gop — GoovC-10"Go,1 — Go1vC_1v"Goyp

—GoovCov*Goyp

= Go,0 — Go,0vAov"Go,1 — Go,1vA0v*Go
- G0,0U (B() + B()AoB] + BlA()B()

+BoAlBo)U*Go,o

=Gop — Go,ovmgv*Go,l - GO,IUmgU*GO,O

— Goov (M +Q - m{M\(M{ + 0)

— (M + QMym] — mimim{)v*Goy.
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We expand the terms in big parentheses and unfold m, noting momg = mgmo =0,

Go=Gop - Go,ovmgv*Goyl - Go,lvmgv*Go,o
— Goov (Mg — miM\M§ — M{Mym]
- mgMzm(T) + mngMng mg)v*G(),o
=Gy + Go,ovmgMzmgv*Go,o - G()‘()UmgU*G(),l
- Go,lvmgv*Go,o
— Goov (I = miMy)M (I = Mym})o*Goy.
Now we use (8.14) and the expressions M; =v*Go v, j > 1, and Go; = —|n)(n],

Go=Goo + [ )0 Dc, Gopv D Xl — [We)(m] — [m)(e|
= (Goo — ¥ )m)oMJv* (Goo — ImKEe)).
Hence it remains to compute the coefficient of the second term in the last expression. We have by
O, =UvY¥Y
WD, GopvD.) =(V¥¢, GopVV¥e) = (Ho¥e, GopHo,).
Here we remark that we cannot directly use Go2Ho = —Gy, since (2.6) holds as an extension from

rapidly decaying functions, while ¥, is not decaying. However, it suffices to subtract the leading
asymptotics as follows:

(v, Goov D)
=(Ho(¥: — 1), GooHo¥.) + (GopHo'¥o)[1]

—{(¥c = 1), GooHo'¥,)

+ (GopHo(Ye — D)[1] + (GopHoD)[1]
—((¥e = 1), GooHo(¥. - 1))

= (Goo(¥: - )[1]

— (Goo(¥: — 1) [1] + (Go2HoD)[1]

— 1%, — 1]|* - 2Re(Goo(‘¥. — D)[1]

+ (Go2HoD[1].

The last two terms are computed by using the explicit expressions (2.7) and (2.9). Then we obtain
(3.12). ]

IX. EXCEPTIONAL THRESHOLD OF THE SECOND KIND

Here we prove Theorem II1.6. For the first part of the proof, we can almost repeat the argument
of Sec. VIII, but the second part is rather non-trivial. In fact, we need the following lemma.

Lemma IX.1. Let x, € L4 v= 1, 2. Assume that
n,x)=0, v=12. 9.1
Then one has that Gopx, € L2, v=1,2, and that

(x1, Gox2) = —(Go0x1, Goox2). 9.2)

Proof. We extend the sequences x,, € L4, v = 1,2, antisymmetrically to the whole line Z by letting

Xy[n] =sgn[n]x,[|n]]l, neZ.
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Noting that the kernels Goo[n, m] and G 2[n, m] have the expressions
Gooln,ml==3(In—m| - (n+m)),
Gopln,ml= 3 (In—ml| = |n —m|?
—(n+m)+m+m)),

we also define operators 60,0 and 50,2 mapping antisymmetric functions on Z to themselves by the
integral kernels

Gooln,ml=—3|n—ml,

Goaln,m) = {5 (In—ml| = In = m/*), 9.3)
respectively. Then it is easy to check that for v=1,2,j=0,2and n > 1
(Gox)n] = (Go %)l = ~(Go %) —n]. ©.4)

The kernels (9.3) are the same as the convolution kernels in Ito-Jensen (Equation (2.5)). Hence
under assumption (9.1) Ito-Jensen (Lemma 4.16) can be applied. It follows that G ox, € € 1.2(Z) and
that

&1, Goo%a) = ~(Goo¥1, Gooxa). 9.5)
Then by (9.4) and (9.5) the assertion follows. |

Proof of Theorem I11.6. By the assumption and Corollary V.2, the leading operator M from (6.2)
is not invertible in B(KC). Write the expansion (6.2) in the same form as (8.1), let Q be the orthogonal
projection onto Ker M, and define m(«) by the same formula as (8.2). Then by Proposition A.2 we
have the same formula as (8.3). Again, m(x) defined by (8.2) has the same expansion (8.4) with the
same expressions (8.5)—(8.8) for its coefficients, but this time we actually have

mo=0, m=0MQ, my=0. 9.6)
In fact, by the assumption we have

mo=0M,Q =-|Qv'n)XQv'n| =0,
or Quv'n=0, 9.7)
and hence (9.6) follows by (6.3), (2.8), (9.7), and (8.5)—(8.8). Now we note that then the operator m;
has to be invertible in B(QK). Otherwise, we can apply Proposition A.2 once more, but this leads to

a singularity of order k7, j > 3, in the expansion of R(k), which contradicts the self-adjointness of
H. Hence the Neumann series provides an expansion of m(k)" of the form

B-5

m(0) = > KA+ O™, Aje BQK), 9.8)
j=—1
with, e.g.,
A= mT, Ag= —mJ{msz{,
A= —mim3m1' + mImzmImzmI.
These are actually simplified by (9.6) as
A= ml', Ap=0, A= —m{mgm{ (9.9)

The Neumann series also provides an expansion of (M (k) + 0)~! in the same form as (8.10) with the
same coefficients given there. Now we insert the expansions (9.8) and (8.10) into the formula (8.3),
and then
B—6
M@~ =) WG+ O,
j=

j120422-1,j320
J1Hiptiz=i+l
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with B_, = B_; = 0. We then insert the expansions (2.5) with N = 8 — 4 and (9.10) into the formula
(6.4). Finally we obtain the expansion
B—6
R()= ) K G+ O™

=
Gi=Goj= ), GojvCyv*Goj,

71204222320
J14243=]

with Go,—» = Gp -1 =0.
Next we compute the coefficients. We can use the above expressions of the coefficients to write
G_2 = —GO,()U C_QU*G()’(]
= —GO,ovaU*Goyo
=2(Qv*Go0Q) 7", 9.11)
By this expression we can see that

Ran G_, = (KerG_»)* c £=E.

In addition, by Proposition V.1 for any ¥ € E we can write ¥ = z® = -G ov® for some ® € QK, so
that by Lemma IX.1,
(W, G2¥) =—(Go,ov®., Goov(Qu*Go200) ")
= [1¥113,-
Since G_; is obviously self-adjoint on E, this implies that G_;, coincides with the orthogonal projection
Py onto E, as asserted in (3.14).
As for G_;, we can first write
G_1 =—-GoovC_1v"Goyp
- G(),()UC,QU*G()J - G(),]UC,QU*G(),().
If we make use of the vanishing in (9.6), (9.7), and (9.9), we can easily verify (3.15) from this
expression. We omit the details.
Next, we compute G. Let us write, implementing ByA, =A.By =A.,
Go = Gop — Go,ovCov*Goyp
- Go,ng,lv*Go,l - GO,] UCL]U*G()’Q
— GoovC_r0"Gop — Go,1vC-20"Go 1
— G0,2vC_zv*Go,0
= Go,0 — Goov (B() +A| +A9B1 + B1Ay
+BlA,1B] + A,lBQ + BzA,] )U*G()‘o
- G()’()U(A() +A_1B; + B]A_l)l)*Gl
- G(),ll)(A() +A_1B1 + BlA_l)U*G(),()
- G(),(]UA_lv*G(),z - G(),l UA_l U*Go,l
- GQ,QUA_1 U*G(),().
Let us now use some vanishing relations coming from (9.6), (9.7), and (9.9),
Go =G — Goov (Bo+A; + B1A_1By
+A_1By + B2A_1)U*G0,o
— Go,0vA_1B1v"Go,1 — Go,1vB1A_1v"Gop
—GoovA_1v"Gop — GoavA_1v* Gy,
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and then insert expressions for A, and B, noting the kernels of operators and implementing (9.6) and
(9.7). We omit some computations, obtaining

Go= Go’o - GQOU(M(; +Q - m;rm3m;r

—m{My(M] + Q) = (M + QMom; v Goy
- Go,ovaU*Go,z - Go’zvaU*Go,o.

Next we unfold m3. We use the expressions mz = QM40 — QMZMSMQQ —mym; and QM,Q = m,
which hold under (9.7), and then

Go = Goo — Goov(I — m MM} (I = Mam)v* Gy

—Goov(Q+ mimlmlml
- m;rm1 - m1mDv*Go,0
- Go,ovaU*Go,z - Go,zvaU*Go,o
+ Gg,ovaM4mi'v*Go,0.
Now we note that by (9.11) we have
m! =-Uv*PouU 9.12)

and this operator is bijective as Q) — Q. Hence we have

Go=Gopo — (Goo +Po VGo,z)ngv*(Go,o +Go2VPo)
+P0 VG(),Z + G()QVP() + P()VGUAVP().

Furthermore, we make use of the identities VP = —HoPg, PoV = —PoHy, and HoGy; = Gy jHy
= Go,j_z forj>2,

Go =Gop — (Goo — PoGo,o)ngv*(Go,o - GooPo)
= PoGop — GooPo + PoGooPo
=(I = Py)[Gop
— Goov(U +0*Gov) v*Goo] (1 — Po).

This verifies (3.16).
The computation of G in this case is very long, and we do not present all the detail in this paper.

We only describe some of important steps. First we can write it, using only A, and B,,
G1=Go,1

—GoovA_1v"Go3 — Go1vA_1v* Gy

—GoavA_1v"Go,1 — Go3vA_1v"Gop

- Go’ov(A_lBl +BlA_1 +A0)U*G0’2

—Go1v(A_1B1 + B1A_; + Ag)v* Gy

—Gopv(A_1B1 + B1A_1 + Ag)v™ G

—Goov(Bo+A_1By +B1A_1B;
+BrA_1)v*Go 1

—Go,1v(Bo+A_1By + B1A_1B;
+B2A_1)U*GO’()

- G(),()U(Bl +A_1B3 + BlA_le
+ByA_1B| + B3A_; + AgBs + B1AyB;
+ByAg +A1By + BiA; + A2) v Goyp.
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Then we insert the expressions of A, and B.. If we implement some of vanishing relations coming
from (9.6), (9.7), and (9.9), we arrive at

G1 = G0,1 - Go7ovaU*G0,3 — G(),3UmJ1rU*G(),()
- G(),()U(Mg - m;erM(;r)U*Go,]
- G()gl v (M(') - MgMzm{)U*Go,o
— Goov [-M{MM;
+m! (~M3M] + MoM{M M)
+ (=M} M5 + M{M M Mo)m!
—mIm4m”v*Go,o.

If we insert (9.12) and m4 = QMsQ — OM>JM 30 — OM3JM,Q, which holds especially in this case
due to the vanishing relations noted above, we come to

G1=Go,1 + GooVPoVGos + Go3VPoVGoy

— Goo(vMv* + VPoVGo oM v") Gy,

= Go,1 (sMJv™ + vM]v" Gy 2 VPoV) G

- Goyp [—UMSU*GOJ ngv* + VPyVGo3 ngv*
- VPOVGo,vagv*GO,lngv*
+0Mjv*Go3VPoV
—uMv* Go,1oMv* Goa VPoV
— VPoVGysVPoV
+VPoVGo2uM]v* Go3VPoV
+ VP VGo30Mv* GoaVPoV | Goo.

Finally we use VPy = —HyPy, PoV = —PoH and (2.6), and then the expression (3.17) is obtained.
Hence we are done. O

X. EXCEPTIONAL THRESHOLD OF THE THIRD KIND

Finally we prove Theorem III.7. Compared with the proof of Theorem IIL.6, this case needs
one more application of the inversion formula, or Proposition A.2, and the formulas get much more
complicated.

Proof of Theorem I11.7. Let us repeat arguments of the previous section to some extent. We write
the expansion (6.2) in the same form as (8.1), let Q be the orthogonal projection onto Ker M, and
define m(k) by the same formula as (8.2). Then by Proposition A.2 we have the same formula as
(8.3), again. The operator m(«) defined by (8.2) has the same expansion as (8.4) with (8.5)—(8.8),
but without (9.6) or (9.7) by the assumption and Corollary V.2. Now we apply the inversion formula,
Proposition A.2, to the operator m(«). Write the expansion (8.4) in the form

m(k) =mg + kmy (k). (10.1)

The leading operator my is non-zero and not invertible in B(Q/K) by the assumption and Corollary
V.2. Let T be the orthogonal projection onto Kermy c QK, and set

q()= > (1Y KTy (k) [(m) + Ty ()T (10.2)
Jj=0
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Then we have by Proposition A.2 that
m(k)" = (m() + 1)

+ %(m(K) + ) q() (m(x) +T)". (10.3)
Using (8.4) and (10.1), let us write (10.2) in the form
p-4
q(k) = Z quj + O(K’B_3); q; € B(TK).
Jj=0

The first and the second coefficients are given as
qo=TmT, q=TmT — Tml(mg +T)mT. (10.4)

Here we note that the leading operator g¢ has to be invertible in B(TK). Otherwise, applying
Proposition A.2 once again, we can show that R(«) has a singularity of order ™/, j > 3 in its expansion.
This contradicts the self-adjointness of H. Hence we can use the Neumann series to write g(«)", and
obtain

=
A~

g =Y WA+ OUP3), AjeB(TK), (10.5)

Il
(=}

J
where
Ao=q), A= —48611613

We also write (m(«) + T)Jr employing the Neumann series as

B-3

(mx)+T) =Y ©WCj+OP?) (10.6)

j=0

with C; € B(QK) and
Co=m) +T, Cy=~(m +T)my(m} +T).

We first insert the expansions (10.5) and (10.6) into (10.3):

B-5
m(x)" = Z Kij + OB,
j=-1 (10.7)
Dj =G+ Z CiiApCs.s
120,220,320

14 3=+

with C_; = 0. Next, noting that we have an expansion of (M (k) + 0)~! in the same form as (8.10),
we insert the expansions (10.7) and (8.10) into (8.3),
B—6
M) = Y WE + O,
j==2 (10.8)
E; =B+ Z B, D, Bjs,

J120,2-1,j320
jl+j2+j3=j+1

with B_, = B_; = 0. We finally insert the expansions (2.5) with N = 8 — 4 and (10.8) into (6.4), and
then obtain the expansion

B-6
R()= ) G+ OP™),
j=—2
Gi=Goj— Y, GojvEpv*Goy,
7120j22-2j320
J1ti2t3=)

with Gy 2 = Go,-1 =0.
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Next we compute the first two coefficients. Let us start with G_,. Unfolding the above expressions,
we can see with ease that

G2 =-GopvE_»0"Gop
= ~Goov (TMaT = TM (M + )M, T) "v* Goy.
Since
mo=QM;Q =—|Qv*n){Qv*nl, (10.9)

it follows that
Tv'n=TQv*n=0. (10.10)

Hence we have
G2 =~Goov(Tv*GovT) v*Goy,

and we can verify the identity G_; = Py in exactly the same manner as in the proof of Theorem III.6.
As for G_y, it requires slightly longer computations, and we proceed step by step. We can first
write, concerning A, B,, Cy, D,, E, only,

G_1 = —G()yovE_lv*G()!o — G()!()UE_QU*G()J
- GOJUE_QU*GO,()

= _GO,OU(BO(CO + CoA1Cy
+ C()A()C1 + C]A()C())Bo
+ BgCpAyCoB; + By C()A()C()B())U*G(),o

- G(),() UB() C()A() C()B()U*Go,l
- GO,I UB() C()A() C()B()U* G(),().

Next, we implement the identities ByC, = C.By=C, and CpA,. =A.Cy=A,, insert expressions of
A,, B., C,, and then use (10.10):

G-1==Gogv(Co+As +AgCy
+C1Ag + AoB1 + B1Ao)v* Go
—GoovAgv*Go,1 — Go1vAev*Go o
=—-Go,0v (mg +T - ququ - qgml(mg +T)
— (m} + Tymg;
— giMi(M] + Q) — (M + Q)Myg})v* Gog
~ Goovgv*Go, — Go,1vgiv" Goy.
==Gov (m(*) +T - qf)qqu) - qf)ml(mg +T)
- (mg + T)mlqg)v*Go,o.
We further unfold ¢; and m; and use (10.10),
G_1 =-Gopv (mg + T+ ngz(mg + T)qug
— qyMa(m{ + T) = (mg + T)M2q; )" Go
=~Gooo(I = ggMa)mi(I = Magd)v" Go
— Goov(l — qiM2)T(I — Mag})o* Goy.
Since TM>T = Tm T = qoT by (10.10), the last term can actually be removed,
G_1=-Gopv( — ngz)mg(I - qug)v*Go,o-
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Finally by (10.9) we can write
m} ==[1Qv*n[*|Qu*n)(Quv™n|,
and hence we obtain
Gy =W X(Wel,
¥, = 1Qu nl~*Gov( — qjv*Goo0)Qu m EE.

Let us verify that the above W, is in fact the canonical resonance function. For any W € E set ®
=wW¥ e TK. As in the proof of Theorem II1.6 we can verify that

(P, %) =—[Qvn|
X (Go,o0T®, Gov(l — gjv*Goo0)Qu"n)
=0.
We can also prove that
(Vn,¥.)=[Qu*n||
x (v, Goov(I - gv*Gov)Qu™n)
=|IQu*n||
x(Uv*n, (Mo — U)I = qjv*Go20)Qu*n)
== [1Qun|2(v"n, (I - gjv*Go2v)Qu*n)
=-1.

This concludes the proof. O
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APPENDIX: INVERSION FORMULA

In this appendix, we present an inversion formula needed in the proof of the main results of the
paper. The formula is quoted from the work of Ito-Jensen” (Section 3.1), which in turn was adapted
from the work of Jensen-Nenciu® (Corollary 2.2).

Let us argue in a general context.

Assumption A.1. Let K be a Hilbert space and A(k) a family of bounded operators on K with
k€D c C\ {0}. Suppose that

1. theset D c C\ {0} is invariant under complex conjugation and accumulates at 0 € C,
for each € D the operator A(«) satisfies A(k)* = A(k) and has a bounded inverse A(k)~! € B(K),
3. as k— 0 in D, the operator A(«) has an expansion in the uniform topology of the operators
at IC, _ _
A(k)=Ao + kA1(); A1) =0(1), (AD)

4. the spectrum of Ag does not accumulate at 0 € C as a set.

If the leading operator Ay is invertible in B(XC), the Neumann series provides an inversion formula
for the expansion of A7,

AW =) (1A (A 04y V.

Jj=0
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The inversion formula given below is useful when Ay is not invertible in B(/C).
We define the pseudo-inverse a' for a complex number a € C by

+_J O ifa=0,

a _{ a' ifa#0. (A2)
Let £’ c K be aclosed subspace. We always identify B(K") with its embedding in B(C) in the standard
way. For an operator A € B(K") c B(K), we say that A is invertible in B(K') if there exists an operator
A" e B(K')suchthat ATA=AAT =1 k> which we identify with the orthogonal projection onto K" ¢ K
as noted. For a general self-adjoint operator A on K, we use the notation A" also to denote the operator
defined by the usual operational calculus for the function (A2). The operator A" for a self-adjoint
operator A belongs to B(K) if and only if the spectrum of A does not accumulate at O as a set, and
in such a case the above two A’ coincide. In either case, we call AT the pseudo-inverse of A. The
reader should note that we always use the notation A* for the adjoint and the notation A" for the
pseudo-inverse.

Proposition A.2. Suppose Assumption A.1. Let Q be the orthogonal projection onto Ker Ag, and
define the operator a(x) € B(QK) by

a(k) = ¢l = QAW + 0 0)

= 3 1 oA )[4 + O 0] . (A3)
=0

~

Then a(k) is bounded in B(QK) as k — 0 in D. Moreover, for each k € D sufficiently close to 0 the
operator a(k) is invertible in B(QK), and

A = (A + Q)

1
+ =AW+ O la) A +0) 7" (A4)
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