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Numerical approximation of the basic reproduction number
for a class of age-structured epidemic models

Toshikazu Kuniya?®

%Graduate School of System Informatics, Kobe University, 1-1 Rokkodai-cho, Nada-ku, Kobe 657-8501, Japan

Abstract

We are concerned with the numerical approximation of the basic reproduction number Ry, which is the
well-known epidemiological threshold value defined by the spectral radius of the next generation operator.
For a class of age-structured epidemic models in infinite-dimensional spaces, Rg has the abstract form and
can not be explicitly calculated in general. We discretize the linearized equation for the infective population
into a system of ordinary differential equations in a finite n-dimensional space and obtain a corresponding
threshold value Ry, which can be explicitly calculated as the positive dominant eigenvalue of the next
generation matrix. Under the compactness of the next generation operator, we show that Ry, — Ro as
n — +oo in terms of the spectral approximation theory.
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1. Introduction

In the field of mathematical epidemiology, the age-structure of population has been regarded impor-
tant since most infectious diseases such as childhood diseases and sexually transmitted diseases have age-
dependent characteristics. Age-structured SIR epidemic models, in which the population is divided into
three subpopulations called susceptible, infective and recovered, are one of the most basic epidemic models
and have attracted much attention of researchers for decades [1-8]. In [3], Greenhalgh conjectured that the
spectral radius of a certain linear integral operator would play the role of a threshold value for the existence
and stability of each equilibrium in an age-structured SIR epidemic model. In [5], Inaba proved his conjec-
ture: if the threshold value is less than one, then the disease-free equilibrium is globally asymptotically stable
and there exists no endemic equilibrium, whereas if it is greater than one, then the disease-free equilibrium is
unstable and the locally stable endemic equilibrium uniquely exists under some additional conditions. The
threshold value is nowadays called the basic reproduction number R, and its epidemiological meaning is
the expected value of secondary cases produced by a typical infective individual during its entire infectious
period in a fully susceptible population [9].

Ry is not only mathematically but also epidemiologically important for assessing the disease burden of
infectious diseases. However, for age-structured epidemic models in infinite-dimensional spaces, Ry can not
be explicitly calculated in general since it has the abstract form as the spectral radius of the linear integral
operator, called the next generation operator. If we discretize the model into a finite dimensional space, then
the corresponding threshold value can be explicitly calculated as the positive dominant eigenvalue of the
nonnegative irreducible matrix, called the next generation matrix. We can expect that the corresponding
threshold value converges to R¢ as the step size of the discretization decreases. However, the convergence
of the eigenvalues with preservation of the algebraic multiplicity is not trivial and we need the spectral
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approximation theory [10] to show it mathematically rigorously. In this study, in terms of the spectral
approximation theory, we show that the corresponding threshold value Rg, in the n-dimensional space
converges to Ry as n — 400, provided the next generation operator is compact. The compactness holds
under relatively weak conditions. By using the demographic data in Japan, we give a numerical example
to illustrate the theoretical result. For other studies of age-structured epidemic models from the numerical
viewpoints, see [11-14]. Although these studies focused on the convergence of numerical solutions, our focus
in this paper is on the convergence of the spectral approximation for the computation of Ry. For another
study of the spectral approximation for age-structured population models, see [15]. For another study of
the approximation of Rg for epidemic models in time periodic environment, see [16].

2. Main result

We consider the following equation for the infective population, which is linearized around the disease-free
steady state.

(% + %) I(t,a) = S°(a) /OaT Bla,0)I(t,0)do — (u(a) +v(@)I(t,a), t>0, a€ (0,ay),

(2.1)
I(t,0)=0, t>0, 1(0,a)=Io(a), ae€ (0,a),

where I(t,a) denotes the infective population of age a at time ¢, S°(a) denotes the susceptible population
of age a in the disease-free steady state, a; > 0 denotes the maximum age, B(a,o) denotes the disease-
transmission coefficient, p(a) denotes the force of mortality, y(a) denotes the recovery rate and Ip(a) denotes
the initial age distribution of the infective population. Note that the vertical transmission is excluded since
I(t,0) = 0 for all t > 0. We assume that S°, 8, u and 7 are continuous, strictly positive and uniformly
bounded on [0, a;]. We define the following two linear operators on X := L'(0, at).

Ap(a) = fdiaap(a) — (pu(a) +v(a)) ¢(a), D(A):= {(p € X : ¢ is absolutely continuous on [0, at],
. %w € X and ¢(0) = 0},
Fo(a) := So(a)/o B(a,0)p(o)do.

Using A and F, we can rewrite (2.1) into the following abstract Cauchy problem in X.
4
dt

It is easy to see that the positive inverse (—A) ™! is defined as (—A) ¢ := e~ Jo i +yvm)dn o (6)do, ¢ €

X and the next generation operator K is defined as follows (see, for instance, [5]).

I(t) = AI(t) + FI(t), I(0)=I, € D(A). (2.2)

Kla) = F(-A)ola) = $°@) [ Blaso) [ 00D 0(0dp do, e X.
0 0
Following the definition in [9], we define the basic reproduction number Rg by r(K), where r(-) denotes the
spectral radius of an operator.

Since Ry = r(K) has this abstract form, we can not explicitly compute it in general. To overcome
this issue, we discretize (2.2) into a system of ordinary differential equations in X,, := R®, n € N. Let
Aa := at/n, ay == kAa, SY := S°(a), Br; := Blak,a;), wr := p(ag) and vy, = y(ay), k,j = 1,2,--- ,n.
The abstract Cauchy problem (2.2) can be discretized into the following system.

%I(t) — ALI(8) + FuI(t), 1(0) = Io € X,
where I(t) and Iy are n-column vectors and A,, and F), are n-square matrices defined as follows.
1
T 0 e 0
1 B 1 . S{B1iAa - SYBinAa
A, = Aa —H2 =72~ R : F, = : - ;
L 0 L S?lﬂ’l’llAa ce SS/BnnAa
0 e MmO T Rg



In this setting, the next generation matrix K, is given by F,,(—A,) ™" and the threshold value Ry, := r(K,),
which corresponds to Ry, can be explicitly computed. Note that since —A,, is a nonsingular M-matrix,
(—A,)~! is positive and hence, it follows from the Perron-Frobenius theorem [17] that Ro, = r(K,) is
the positive dominant eigenvalue with algebraic multiplicity 1. The purpose of this study is to show the
convergence Ro,, — Ro as n — +oo in terms of the spectral approximation theory [10].

To apply the spectral approximation theory, we define the following two bounded linear operators P, :
X — X, and J, : X, — X (see, for instance, [18, Section 4.1]).

1 Ok
(Prp)k := E/ pla)da, k=1,2,...,n, @p€eX,
g —1

(Ja)(@) = D VrX(ap_1ax1(@); = (1,02, %n)" € Xn,

k=1

where the subscript k implies the k-th entry of a vector, x4(z) denotes the indicator function which equals
to 1if z € A and otherwise 0, the superscript T" implies the transpose of a vector and ag = 0. We define the
norm ||| in X, as [y = Aad 0y [kl ¥ = (1,90, )T € X,,. Using [10, Propositions 2.2,
2.3 and 2.11], we prove the following proposition.

Proposition 2.1. If K is compact and lim,_, y ||Jn Kn Py — K|y =0 for all ¢ € X, then Ro,n — Ro
as n — +oo, preserving algebraic multiplicity 1.

Proof. Under the above assumptions on the parameters, K is strictly positive, irreducible and compact.
Hence, it follows from [19, Theorem 3] and the Krein-Rutman theorem [20] that Ry = r(K) > 0 is an
eigenvalue of K. It is easy to see that ||P,|| < 1 and ||J,|| <1 for all n € N (see also [18, Section 4.1]). Since

1 — .o
Tt +1/Aa 0 0
1/Aa 1
(*A )71 _ (p1+v1+1/Aa)(pe+v2+1/Aa) u2+v2+1/Aa
n - 7
a/aa)™t (1/aa)"2 1
Iy (kk+vk+1/Aa) 07y (ke+vk+1/Aa) pn+yn+1/Aa

we have
n k

_ SOBA S8
1l = IFu(=A0) 0l < 80X 2200 S s <0 B2 o,

k=1 Bty j=1

where SO and 3 denote the finite upper bounds for S° and j, respectively, and x and ~ denote the positive
lower bounds for y and v, respectively. Hence, we see that || K, | < a;S°3/(u+) and thus, it follows from the
compactness of K that Upen (J, K, P, — K) B is a relatively compact set, where B := {¢ € X : || x = 1}
denotes the unit ball in X. Thus, the pointwise convergence lim,,_, o ||JnKnPry — K¢| y = 0 implies the
collectively compact convergence and therefore, it follows from [10, Proposition 2.11] that the approximation
{Jn K, P} is strongly stable in A\{R}, where A denotes the interior of a closed Jordan curve which isolates
Ro in C. From [10, Propositions 2.2 and 2.3], this implies that Ry, — Ro as n — +oo, preserving the
multiplicity 1. U

For the compactness of K, we make the following additional assumption.

}llirr%) 1S°(a + h)B(a+ h,o) — S°(a)B(a,0)|da = 0 uniformly for o € R, (2.3)
—%Jo

where the domain of S°3 is extended by S°(a)B(a,-) = 0 for all a € (—00,0) N (at,00). Under (2.3), K is
compact (see [5, Assumption 4.4]). On the pointwise convergence of J,, K,, P, to K, we prove the following
proposition.



Proposition 2.2. lim, o || /o KnPrp — K¢| v =0 for all p € X.
Proof. For any ¢ € X, we have
1Jn K Pap = Kllxc = || JnFu(=An) ™" Pagp = F(=A) o]
< || InFu(—An) " Pap = JnFu Pu(—A) M| + || JnFuPu(—A) "t — F(—A) Y|
< nll1Eall [[(=An) 7" Pap = Pu(=A) 0|l + [ FaPa(=A) " 0 = F(=A)"¢|
<apSOB|[(=An) T Pap = Pa(=A) ol [[InFuPa(A) o — F(=A) ol (24)

where note that ||J,,|| < 1 and ||F,|| < a+S°3 for all n € N. For the first term in the right-hand side of (2.4),
we have

[(=An) " Pap = Pu(=A) 0|l = [(=An) T Pu(=A)(=A) T — (= An) T (= An) Pa(=A) |
<A Pa(=A) (= A) 6 — (—An) Pa=A) ]
<at ||[Pa(=A)p — (—An)Padll x,
where ¢ := (—A)~tp € D(A) and note that H(—An)_lﬂ < ay since

n

k n n
1 1 ' 1
A0l < 800 3ol < A0 YL A0 3 sl = ar o,

k=15 k=1 j=1

for all ) = (1,99, ,1¥,)T € X,,. Hence, we have

|‘(—An)71Pn<p — Pn(—A)flgoHXn < aTAaE
k=1

I (0@ + (@) +(@)o(a) ) da

)

ﬁ f:kk—l ¢(a)da — ﬁ f:::; ¢(a)da _ HE Yk /ak #(a)da
Aa Aa ap_1

where ap = a_; = 0. By using the mean value theorem and the Taylor’s formula, we have
- - | d
[(=40) 7 Pugp = Pa(=A) o < ada Y| 2=00m) + () + () @(e)
k=1
1
— 2 (6(60) = B(En-1)) = G+ 10)B(Ge)|

<aida) <’%¢(nk) - d%d)(gk)
k=1

1) + A1) b) — (i + vk)cb(Ck)l)

< a? [w(¢',2Aa) +w(p + 7, Aa)w(p, Aa)] - 0 as n — +oo,

where w(f,r) denotes the modulus of continuity defined by sup,_, <, [f(z) — f(y)|. For the second term in
the right-hand side of (2.4), we have

”JnFnPn(_A)_1<P - F(_A)_ISDHX =[|JnFnPng — F¢Hx

n ay, n aj ay

=S [ [ ste [ sto)do— [ S @Bla0)ol0)do | da
k=1"%—1 |j=1 aj—1 0
n ak n aj

<SS I8t - 8" (@B(a,0)]16(0) doda
k=17 an—1 j=17aj-1

<a;w(S%, Aa)w(B,Aa)||¢]lx — 0 as n — foo.

Hence, from (2.4), we see that lim,, 4 o || Jn Kn P — K¢| x = 0. O

In conclusion, from Propositions 2.1 and 2.2, we establish the following main theorem.

Theorem 2.1. Suppose that the additional assumption (2.3) holds. Then, Ron — Ro as n — +oo,
preserving algebraic multiplicity 1.
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Figure 1: Parameters used in the numerical example.

3. Numerical example

In this section, we give a numerical example to illustrate Theorem 2.1. We consider a situation where
an emerging infectious disease invades a fully susceptible population. For S°(a), we use the population
estimates by age (5-year age group) in Japan, December 1, 2015 [21]. We determine S°(a) as the spline
curve interpolating the data (see Figure 1 (a)). For u(a), we use the 22nd complete life tables in Japan,
2015 [22]. Similar to S°(a), we determine u(a) as the spline curve interpolating the data (see Figure 1
(b)). Let the unit of time be a year. In this example, we do not specify the disease and assume the
invasion of an influenza-like disease, which R is in the range of 2 — 3 [23] and average infectious period
is 1 week = 1/52 year. Thus, v(a) = v = 52 since 1/ is the average infectious period. Under the
assumption that the disease transmission is more likely to occur between individuals with similar age, we
set f(a,0) = kJ(a — o), where k > 0 is a fitting parameter and J(x) is a normalized distance function
given by J(z) = 0.6 (—2? + 100%) x 1076 4-0.001, which integration fi?go J(z)dz is approximately equal to
1 (see Figure 1 (c)). In this setting, we can easily check that the assumption (2.3) holds. In fact, from the
continuity of S°(a), we have

|S°(a+ h)B(a+h,o) — S°(a)B(a, o)

< 0.6k x 107°|=S%(a+ h)(a+h —0)? + 5°(a)(a — 0)* + 100°(S°(a + h) — S°(a))| + 0.001k |S°(a + h) — S°(a)
< 0.6k x 10°°|(=S°(a + h) + 5°(a))(a — 0)* — S°(a + h)2h(a — o) — h*S°(a + h)| + 0.007k | S°(a + h) — S°(a)|
< (0.6k x 10~°w® + 0.007k) | S°(a + h) — S°(a)| + (2wh + h*) S* -0 as h — 0 uniformly for o € R,

and (2.3) holds. Hence, from Theorem 2.1, we can expect that Rg, — Rg as n — +oo. In fact, when
k =3 x 1075, we calculate Ry, for each n, and obtain Figure 2 and Table 1. In this example, we chose
Ro,10000 ~ 2.288887722281441 =: R* as a reference value for Ry, and we see that the error R* — Rg p
converges to zero as n increases. This implies that Rg ~ 2.288887722281441.

Remark. In the discretization in this study, we have employed the basic Euler method for the sake of
simplicity. To employ higher order schemes would make the convergence faster. For such schemes, the
proof of the pointwise convergence as in Proposition 2.2 would become more challenging. We leave it as an
important future work.
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Figure 2: Logarithmic plots of the threshold value Ro,, for the discretized
system (left) and the error R* — Ro,, with respect to the reference value Table 1: Numerical value (with 15 dig-
R* = 2.288887722281441 (right). its) of Ro,n.
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