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We discuss the realization of conformal invariance for Wilson actions using the formalism of the
exact renormalization group. This subject has been studied extensively in the recent works of
0. J. Rosten. The main purpose of this paper is to reformulate Rosten’s formulas for conformal
transformations using a method developed earlier for the realization of any continuous symmetry
in the exact renormalization group formalism. The merit of the reformulation is simplicity and
transparency via the consistent use of equation-of-motion operators. We derive equations that
imply the invariance of the Wilson action under infinitesimal conformal transformations which
are non-linearly realized but form a closed conformal algebra. The best effort has been made to
make the paper self-contained; ample background on the formalism is provided.

Subject Index B30, B32, B39

1. Introduction

The study of conformally invariant field theories (in dimensions D > 2) was initiated long ago by
J. Wess [1] with the hope that conformal invariance constrains a theory more than scale invariance,
since the latter is implied by the former. The requirement for conformal invariance seemed much
stronger than that for scale invariance at first sight, but the difference turned out to be subtle. In the
seminal work [2], J. Polchinski showed the equivalence of conformal invariance to the vanishing of
the trace of the energy—momentum tensor; scale invariance requires the vanishing of only its integral.
The question of whether scale invariance implies conformal invariance has attracted much attention
lately, and we would like to refer the reader to a recent review by Y. Nakayama [3] and references
therein.

The subject of this paper is realization of conformal symmetry using Wilson actions [4]. This was
recently taken up by O. J. Rosten [5], and also by Delamotte, Tissier, and Wschebor [6]. Rosten has
extended his work further in Refs. [7,8]. It is the recent works of Rosten (especially [5] and [8]) that
we wish to improve upon by using the method of symmetry realization developed and reviewed in
Ref. [9]. We aim to add simplicity and transparency to the structure of conformal transformations in
the exact renormalization group (ERG) formalism.

Wilson actions come with a finite momentum cutoff, and it is generally accepted that only the
physics at scales below the cutoff is effectively described by Wilson actions. This is indeed the
case with a generic Wilson action, but there are exceptions. Those Wilson actions flowing out of a
fixed point under the renormalization group transformations correspond to a continuum limit, and the
physics at all momentum scales are described by the Wilson actions. (In Ref. [4], these Wilson actions
form a finite-dimensional space S(c0).) Hence, if the continuum limit of a theory has symmetry, we
can realize the symmetry using its Wilson action. Now, a fixed point of the renormalization group
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transformation is a continuum limit. If the limit possesses conformal symmetry, its Wilson action
must realize the symmetry, too.

The method of Ref. [9] has recently been applied to the construction of the energy—momentum
tensor in Ref. [10]. Our expression of special conformal transformation (15d) was in fact first derived
there from the assumption of a vanishing trace. We summarize this derivation in Appendix C.

We organize the paper as follows. In Sect. 2 we introduce infinitesimal conformal transformations
of the elementary scalar field in D-dimensional Euclidean space. In Sect. 3, we quickly review
how to express continuous symmetry of a Wilson action in terms of equation-of-motion composite
operators. Then, in Sect. 4, we construct equation-of-motion composite operators for the conformal
symmetry, and subsequently in Sect. 5 we construct the products of the infinitesimal transformations
to show the closure of the algebra. Sections 4 and 5 constitute the main part of this paper. In Sect. 6,
we rewrite the invariance of the Wilson action as that of the associated generating functional and
one-particle irreducible (1PI) action. In Sect. 7 we construct the 1PI action of a Wilson—Fisher fixed
point in D = 4 — € dimensions to first order in €. We extend the conformal transformation to the
scalar composite operators in Sect. 8, before we conclude the paper in Sect. 9.

We have kept the main text reasonably short by relegating the technicalities to five appendices.
This has been done to make this technical paper an easy read; the first reading of the main text is
best done without referring to the appendices. We have adopted the notation

D

_ [ 4% _ (9 \Ds(D) o -y
= d(p)=Q2n) 8" (), p-9=puqu = Pudn (D
p

Q2m)P’
n=1
to simplify the formulas.

2. Conformal algebra

We consider a real scalar field theory in D-dimensional Euclidean space. We first consider the field
in coordinate space. Infinitesimal conformal transformations act on the field as follows [1]:

1
Dy () = ~ 0, (), (2a)
DR o) = (xudy — x,0) $(x), (2b)
s D-2
DPop(x) = (xuau + — + y) ¢ (x), (2¢)
DEpe) = - <xuxvav Pt (? 4 y) xu) (), (2d)

where l% + y is the full scale dimension of the scalar field, including the anomalous dimension

y. We have chosen the superscript T for translation, R for rotation, S for scale transformation, and
K for the special conformal transformation that results from the succession of inversion, transla-
tion, and inversion. The algebra of the differential operators is closed, and is called the conformal

algebra [1]:
[DL.Dy] =0, (3a)
| D25, D5 = 84, DEs — 84sDE, — bay Dfs + 80D, (3b)
[Dﬁng] = _(S,uoth + 81)0{D£3 (30)
2/19
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[D°,D]] =D, (3d)
[DS>D§v] =0, (3e)
[Df.Df] =0, (1)
[DX, DI = D%, + DR, (3g)
[fo ,D{;ﬁ] — 5D — 8,5DK, (3h)
[Df . D°] = -DFk. (3)

We formulate the Wilson action in momentum space; it is more convenient to rewrite the above
transformations in momentum space. Denoting the Fourier transform of the scalar field by

$(p) = / dPx e (x), )

we obtain
D} ()¢ ®) =pud @), (5a)
D00 = (g~ ) o). (sb)
Do) = (pug = 5 +7) o). (50

DX (p) )—(— o . > +<_ﬂ+ )i) ) (5d)
M(p¢(p B pvapuapv zpﬂapvapv 2 4 apﬂ *@)-

The above D(p)’s obey the same conformal algebra as Eq. (3); for example, we obtain
[Df (), DY ()] = D° (08, + Dy, () (6)

3. Invariance of a Wilson action

The infinitesimal conformal transformations are linear transformations of the scalar field. There is no
guarantee, however, that they are realized as linear transformations for the Wilson action. Suppose
that the Wilson action S[¢] is “invariant” under an infinitesimal transformation A¢ (p) of the field
variable ¢ (p). Since the exponentiated Wilson action 3 is the measure of functional integration, the
invariance of the theory under the infinitesimal transformation amounts to

5S )
A —t+——A =0, 7
/p< V5o T e ‘“”)) @
where the second term comes from the Jacobian. This can be written as
)
— (A 5) = 0. 8
L5¢@)(¢@)6) (8)
In the ERG formalism we choose
Ag(p) = K(p)O(p). )

3/19
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K (p) is a positive momentum cutoff function: it depends only on p?, is nearly 1 for momenta low
compared with the cutoff p = 1, and decreases rapidly for p > 1. O(p) is a composite operator (i.c.,
a functional of ¢) with momentum p. Using the above A¢, we obtain the invariance as

/K(p)% Op) &) = (10)

This is the general form of the equation of motion in the ERG formalism. The equation of motion
implies the Ward—Takahashi identity for the correlation functions:

D @) O@) - d(pa)) =0, (11)

where the ith ¢ is replaced by O. Note that we use (---) for the continuum limit of correlation
functions. We refer the reader to Appendices A and B, where we give technical details on the ERG
formalism such as modified correlation functions and equation-of-motion composite operators.

4. Conformal invariance

For infinitesimal conformal transformations, we choose O(p) of the previous section as D(p) P (p),

. T R S K . . . .
where D(p) is one of the D), (p), D), (p), D” (p), or Dy, (p) introduced in Sect. 2. ® (p) is a composite
operator defined by

Pp)=e <¢(p) (12)

kp) 8 ) s
Ko ’

p? 56 (—p)

where S is the Wilson action, and K, k are cutoff functions. ® (p) has the same correlation functions
as the elementary field ¢ (p):

(PP 1) - ¢ ) = (d@)PP1) - ¢ (Pn)) . (13)

See Appendix A for the precise definition of both sides. Hence,

(D)2 PP (1) -+ d(pn)) = D) (P(P)PP1) - - - (Pn))
=Dp) (¢ P1)--- ¢ (pn)) . (14)

We now introduce the following the equation-of-motion composite operators:

nl = —e_S/K(p)&;m (Do) ), (15a)
wh=— [ P50 (PR OOP ). (15b)
5= —e—Spr(p)W (DS (p)ed), (15¢)
k= —e—S/pK(p)(w% (DE @) e’). (15d)

These carry no momentum. The conformal invariance amounts to the vanishing of the above
operators:

=3k ==z =0 (16)
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Substituting these into the correlation functions, we obtain the following Ward—Takahashi identities:

fDﬁ(po (p(p1) -+ d(pn) =0, (17a)
i=1
éD,’L(p» (p(1) -+ d(pn)) =0, (17b)
fDS@» @1 ¢pa)) =0, (17¢)
i
iDﬁ(po (p(p1) -+ B (pn)) =0. (17d)

i=1

Note that the scale invariance, given by £5 = 0, is nothing but the ERG differential equation for
a fixed-point Wilson action, which is usually given in the form [4]

o—/(— aan(p)+l£— + >¢(p) 0 s
=/, p- 3 y+p-dp 550)
k() )k(p)l 52 s
L9, In ——2 _ 2 — . 18
+/p(p PR o? ) R 256 € (18)

This rewriting is explained in Appendix B of Ref. [10].

As for the special conformal invariance X ;If = 0, an equivalent formula was first derived by Rosten
as (3.25) in Ref. [5]. The particular form Zl{f given by Eq. (15d) was first obtained in Ref. [10]. (This
is briefly explained in Appendix C.) Rosten has rewritten his result as (2.79b) in Ref. [7]. We will
explain how to derive (a formula similar to) his (2.79b) by rewriting our Eff = 0 in Appendix E.

5. Realization of the conformal algebra

So far we have only discussed the invariance of the Wilson action under infinitesimal conformal
transformations. The conformal transformations form a closed algebra, and the algebraic structure
must be realized on the Wilson action.

For realization of the algebra, we need the product of two infinitesimal transformations. Let D; (i =
1,2) be two of the infinitesimal transformations DT DR DS, DK and we denote

3%
5 = —SfK@W (D)) eS). (19)
We construct the product as
T Y= —e_S/K(p)— Di(p) [®(p)=1] €8}, (20)
1 2 A 56 () { 1 2 }

where

k(p) 6%

PPl =d(p)X
[2@)T2) = OE)T2 + s =

21
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is a composite operator corresponding to the product of ® (p) and X, (see Appendix A). Using

([0@IZ29@D - 6@D - 9P) = (S20G1) - G (pw) (22)

(where the hat above ¢ (p;) implies omission), we obtain

(X1 X20(P1) -0 (pa))

=> " Dip) (@) - [ PP 2]+ ¢ (pn))

i=1

=) Dip) (Z20(1) - d ()

i=1

=2 D) Y _Dapp (b (1) -+ b (pw)

i=1 j=1

=> | Di@D2i) + D Di@dD2) | (1) - P (Pw)) - (23)
i=1 J#i
Therefore, we obtain

n

(B1% 22— Za % 21) ¢(p1) -+ b)) = Y _[D1(p), D2(p)] (¢ (1) -+~ P (pw)) - 24)

i=1

This implies that

)
D% - Tk = —e / K)o (D10 D2 0) ). (25)
P

Hence, the algebra of the D’s translates into the algebra of the X°s.
The higher products of the ¥’s can be defined recursively as

8
21*22*---*21E—/K(p)w{Dl(p)[q)(p)zz*---*E[] el (26)
p

so that

(X1 xZox-- %Xy (p1) - d(pn))
=Y "Di(pi) Y_ Dalpi) -+ Y_ Di(pip) (¢ (1) -+ ¢(pw)) - 27)

i1=1 =1 ir=1

6. Conformal symmetry for the generating functional and 1PI action

We wish to rewrite the equation-of-motion composite operators (15) in terms of the generating
functional W[J] of connected correlations and the 1PI action I'[®] associated with the Wilson
action S[¢]. The Wilson action results from the integration of the field with momenta above p = 1;
the field with momenta below p = 1 has not been integrated for the generating functional W [J]
and 1PI action I'[®]. W[J] and I'[®] depend only on a particular combination of the two cutoff
functions,

p2

= k—(p)K(p)z, (28)

R(p)
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which is non-vanishing (if not divergent) at p = 0, and decreases rapidly for p > 1. (R(p) is often
called a scale-dependent squared mass in the ERG literature.)
Formulas necessary for rewriting conformal invariance of S[¢] as that of W[J] have been
summarized in Appendix B:
R() SW1J]

=% e

Similarly, the formulas

1
— (@), W= S[e]+ / o PP 09

B ST[®] 82WIJ]
J0) = —ROIOD) + 55157 57 = Oral @l (30)

B %pr(P)‘I’(P)CD(—p) =WiJ1- [,J@2(-p),

which are necessary for rewriting the conformal invariance of W[J] as that of I'[®], are also sum-
marized in Appendix B. Assuming the rotational invariance of R(p) and R(—p) = R(p), we obtain
the following results:

(1) T (translation invariance)

SWIJ]

T oYl
[P 50 =0, G1a)
T SI'[D] _
/pDM(p)GD(p) o0 = 0. (31b)
(2) R (rotation invariance)
r SWIJ1
/pD,uv(P)J(P) : W =0, (32a)
r ST[®]
/pDuv(p)q>(p) : M =0. (32b)
(3) S (scale invariance)
SWIJ]
J(=p)D’ 33
/p PO (332)

82WIJ] SWIJ] sW[J] } _0

1
—p -0 2—2v)R(p) - =
+ fp (=P 3 +2=2y) R(p) 2{8J(p)8J(—p)+ aJ(p) 5J (—p)

59 (p)

where the integrals with R have been simplified by partial integration.

SI[D
f 1Dy <p)+f(—p p+2-29) Rp) - 3Gy p[®1 =0, (330
P

(4) K (special conformal invariance)

NN 4%
/,, JPDE Q) (34a)
1 0 52W[J] SWIJ] sWIJ]
+5/p(_p +2-2)Re) 5 {8J<p)8J( o SIp) 5](_@}‘
STI®] 1G_p (0]
_/acp(p) Di ()@ (p) + - /p(—p-3p+2—2y)R(p)‘$‘ =0, (34b)
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where g is set equal to p only after the derivative is taken. The integrals with R have been simplified
by partial integration. This step is explained in Appendix D.

The first two types of invariance are free of the cutoff function R. In fact, the invariance of the Wilson
action under translation and rotation can also be written without R [10]:

55191
DT — = 35
4 L0005 0 0. (352)
55191
DR —=0. 35b
A 500 0 (35)

On the other hand, the invariance under the scale and special conformal transformations depends
non-trivially on the cutoff function R.

As for the special conformal invariance, Eq. (34b) for I was obtained by Rosten as (4.16) in
Ref. [8]. A similar expression was also derived as (10) in Ref. [6].

7. Wilson-Fisher fixed point to order €

As a concrete example, we consider the Wilson-Fisher fixed point in D = 4 — ¢ dimensions, and
construct a conformally invariant 1PI action I" to first order in €. Assuming y = 0 at this order, we
obtain the following equations from Egs. (33) and (34):

(1) Scale invariance

D+2 ST (@]
[,(T” p)<I>(p) @+f(2—p-8)R(p) Gp—pl®]=0.  (36)

(2) Special conformal invariance

/( 92 1 92 +D+2 ] ) o). INEY
Pvi— — 3P o
p \ Opudpy 2 “apuapu 2 opyu adup>

+/(2—P'3 )R(P) i G—pq q>]‘ 0. (7
p

We will solve these equations with the ansatz

1
o) =3 [ (2 +m) 00reem 1z [ @@ 000sp +tpw. 3D

P4

where m?2, A are both of order €. Note that this is automatically invariant under translation and rotation.
The high-momentum propagator G, 4[®] is now defined by

A
(/Gw¢¢]0f+wF+R@»6@—r»+5/’ ¢@o¢@ﬁMm+pz—q+w)
q P1,P2
=5(p—n). (39)

and it is obtained as
5(p—q) " sp—g)
P+rRp) LT T R T

! 11
— A | @@ePE)s@I +pr—p+ 40
P*+R(p) c12+R(q)2/m2 POPP)IP1+p2—p+q) (40)

G_pqgl®] =

up to first order in €.
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7.1.  Scale invariance

Substituting Eq. (38) into Eq. (36), we obtain two equations, one quadratic in ® and the other quartic
in ®. The latter is given by

4

A D-2

- Q(p1) - D(pa) E <T +pi- ap,-> S§(p1+---+ps)=0. (41)
i=1

!
4! Pl P4
This gives

A@4-D)=0, (42)

which is trivially satisfied to order €. We are now left with

. A [ (2—=q-0)R(q)
pr () (p){( P W) 3 | S E R )
This is solved by
2=_&/M 44
" 4); (@P+R@)? ()

7.2.  Special conformal invariance
Substituting Eq. (38) into Eq. (37), we obtain two equations, one quadratic in ® and the other quartic
in @. The latter is given by
A
a S(p1+ -+ pa)
*JpLps

4

xZ(p ®¥ 1, D20 ) B - D) =0.  (45)
2 o). o0 = 0.
P Y opindpin 27" dpindpiv 2 Opiu

Using

d d
— @1+ +ps) =—38p1 4+ +pa) (46)
3Pm apl,u

(independent of i), we obtain

]
o Q(p1) - Ppa)(D —4) Sp1+---+ps) =0, (47)
4! D1y P4 8plu
which gives Eq. (42) again. The equation quadratic in & is given by
32 1 32 D+2 3
@ (—p) 2+m2)( — + >d> )
f oo P pipn 2 opiips 2 opa) O
xlf( ¥ +2) R(p) : 1/ O (p1)®(2) i §(p1 +p2) =0. (48)
—Az | (—P- iV By S 1 2 1+p2)=0.
2Jp ? (P> + R(p))*2 PL.p2 p1pu
Integration by parts reduces this to
d 1 2—q-94)R(q)
/—cp(p).cp(—p) 2m2+,\—f( 2q ) 2" = 0. (49)
p 0Pu 2J)y @ +R(©@)
9/19
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Hence, we obtain Eq. (44) again. We have thus seen that scale invariance automatically leads to
conformal invariance.
We need a second-order calculation to fix A to order €. (It turns out that G )2 = £ [4])

8. Conformal transformation of composite operators

Let O(p) be a scalar composite operator of scale dimension —y with momentum p. (In coordinate
space the scale dimension is —y + D.) Translations and rotations act on O(p) the same way as on
# (p); we only need to generalize DS (p) and Dllf (p) as

D¥(p)Op) = <_Puai —y) O®), (50a)

’ + ! G 9 )O(p) (50b)
dpudpy zplt dpyopy yapﬂ '

DE@Op) = (—pv

The invariance under scale and special conformal transformations is now given by
DS (p)O@) — ¢S f K(q)(sq;% (D@ [OP®@)] &) =0, (51a)
DE@)O@) - e / KW)&W (DK@ [0P)@(@)] &) = (51b)

where the product of composite operators is defined by

k(g) 80(p)
Op)® =0(p)® . 52
0@ = 0P + o (52)
Equations (51) imply
D) (O@) (1) -+ d)) + Y _ D3 (p) {OP) ¢(1) -+~ d(P)) =0, (53a)

i=1

DK@{O@d@D @) + Y DX@) (0@ ¢(p1) - d(p)) =0.  (53b)

i=1

For completeness, let us rewrite Eq. (51) interms of W[J]and I'[®]. Regarding O (p) as a functional
of J, we obtain

D+2 s0(p)
(—p-ap—y)o(p)+/qJ(q)<—‘1'aq_ 2 +y> 8J (q)

SWIJ180(p) 1 820(p) }
—q-3,+2—-2v)R(@q) - 5 =0, >4
+ /q (—q -84+ v) R(@) {8](—(]) 8J(q) +28J(—q)8J(q) Gt

$O0(p)
8J(—q)
D ( 820(p) N SW 80(p)+ SW 5(9(q))‘
dgu \8J(—=q)8J(q") ~ 8J(—q)38J(q")  8J(q")8J(—q)

DE@Oow + [sap@ P+ [ (—a-a,+2-27) R
q q

= 0. (54b)
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Alternatively, regarding O(p) as a functional of ®, we obtain

D+2 80
(23, -000 - [ (~a-0,- 232 47 ) 00 320

g 5®(q)
1 820(p) _
+ /q (—q-9;+2-2y)R(g) - 3 fr’s Gq,_rm@,_q =0, (55a)
K YN 30(@)
Piwow - [ ke Gl

! 0G_qr  5°O(p) B
+§/q(_q'8q+2_2”)R(‘”'/,,s 90, 30 el = (55b)

It is most straightforward to obtain the above results by varying either W or I' infinitesimally by
O(p) in Egs. (33) and (34).
A concrete example is

1 1
[5¢2(P)] = 5/ S(p)P(P2)d(p1 +p2 —p) +k28(p) (56)
P1,P2

at the Gaussian fixed point in D > 2. With y = 2, both of Eq. (51) are satisfied if the constant «; is
chosen as

Ky = (57)

o /(2—p-8p>R(p>
20-2) J, P +RE)?

9. Conclusion

The main purpose of this paper is to reformulate the recent results of Rosten [5,7,8] using the method
of equation-of-motion composite operators advocated in Ref. [9]. The Wilson action of the continuum
limit of a theory has all the symmetry intact despite the presence of a finite momentum cutoff. We
hope that we have convinced the reader that a finite UV cutoff does not stand in the way of making
a Wilson action invariant under conformal transformations.

Note added: Rosten extends his work further in a recent article [11].
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Appendix A. Quick summary of the ERG formalism

The purpose of this and the following appendices is to give a reader without a working knowledge
of ERG just enough to follow the flow of the present paper. For further details we recommend [12]
and the references cited therein.

As in the main text, we use the dimensionless notation in which dimensionful quantities are
measured in units of an appropriate power of the momentum cutoff. Hence, the momentum cutoff
becomes 1 in this convention.
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The renormalization group flow of the Wilson action S;[¢] is given by the exact renormalization
group equation [4]

D+2 8 oS

- 1 K - oMt
( nK()+ =5 = kP - >¢(p) 550

o K 2 k(p) 1 82

v ( ®? _ 2%) ®) s

P

P M k) P 286(—p)sp(p)

ateS’ =

(A1)

where ¢ is the logarithmic scale factor. This is a generalized version with two cutoff functions
K(p), k(p) [13]: K(p) approaches 1 as p — 0, and decreases rapidly for p > 1, and k(p) vanishes
at p = 0. In the popular adaptation by Polchinski [14], k£ (p) is taken as

k(p) =K(p) (1 —K(@p)). (A.2)

To obtain S;1 A from S;, we first integrate over the field with momenta between 1 and e~ 2! We then
rescale the momentum by the factor e®/ to restore the cutoff at 1, and renormalize the field so that,
for example, the kinetic term is canonically normalized. It is remarkable that this whole procedure
can be expressed as a functional differential equation.

In this paper we are not interested in #-dependent actions, but only in a fixed-point solution S[¢]

satisfying
9 D+2
0=/(—p InK@p)+———-v+p )¢(p) —S
A " op,. 2 " op. 8¢ (p)
d . K(p)? )k(p)l 82 s
—p,—1 -2 — , A3
+/p( P k) V) 5T 2se( o) € A3

where y is a constant anomalous dimension. This S has a UV cutoff p = 1, just like a generic bare
action with the same cutoff p = 1, but it corresponds to a massless continuum theory. The fields
with momenta p > 1 have already been integrated, and the Wilson action can provide the continuum
limit of correlation functions with only a little modification [13]:

1 1 [ k@) 82
(¢(p1)---¢(pn))=gK(pi) -<exp (—5/p 2 3¢(p)3¢(_p))¢(p1)-~¢(pn)> (A4)

k(p) 82 )
— dé] - b ().
HK(pl /[ ¢le exp( fp 2 56 pse(—py ) PEV @0

k(p) modifies the two-point functions trivially at high momenta, and K (p) corrects the normalization
of the field. As befits the continuum limit, the modified correlation functions are defined for arbitrary
momenta, and satisfy the scaling law

D+2
(6pie) - $(pe)) = exp (n (—% + y) t) (D) - D). (A.5)
Hence, the two-point function is given by
G@9@) = 550+ 9). (A6)
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We next introduce the concept of composite operators. (For more details than given here, see Sect. 4
of Ref. [9].) A composite operator O(p) is a functional of ¢, and it can be regarded as an infinitesimal
variation of the action. We define its modified correlation functions by

n

O ¢P1) - () = #-<O<p>ex (—1fk(") i )¢(p)---¢<p)>
1 v K@) P\T2 ), soase) O oa

(A7)
Note the absence of K(p) for the composite operator. There are two special composite operators
playing important roles in this paper. One is

1 k(p) &S )
d@p) = — —_— A.8
0= 5 (90 + P ) A
which has the correlation functions
(P@)Po(1) -+ P (Pn)) = (PP (P1) - d(Pn)) . (A.9)

® (p) is a composite operator, but it shares the same modified correlation functions as the elementary
field ¢ (p). The other is a special class of composite operators, called equation-of-motion composite
operators (a.k.a. redundant operators). They are given in the form

_ ___-S 8 S
So=—c /pK(p)—&P(p) (O@p)e’) , (A.10)

where O(p) is a composite operator. £» has the correlation functions

(Eodp1) - Ppn)) = Z (1) - O - ¢ (pn)). (A.11)
i=1
(Derivation) Using Eq. (A.7), we obtain

n

1
(Eop 1)+ d(pn)) = HK—W/K@)
v Jp

i=1

_s 8 s ( I/k(q) 52 ) >
) — (0@ —— Py ---o@n). (A12
X<e ( )5¢(p)( )e’) exp 2J)y @* $¢(@)dp(—q) o0 o). (A12)

Functionally integrating this by parts, we obtain

(Eodp1)---P(pn))

7! I (kg & ) 5 >
EK(Pi)fp (p)< (p)exp< Z/q 2 30@3p(—q ) spp) L@V @)

G G 1 [k 52 _
= HK N ZK(P/') <O(Pj) exp (—5/ @ >¢(p1) Q) - --¢(pn)>
i=1 V=1 q

9% 3¢(q)8p(—q)
=Y (0wrow 6@ -6 0n) (A.13)
i=1
where the hat above ¢ implies the omission. (End of derivation)
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Given two composite operators O (p), O2(q), their product O1 (p) D2 (q) is not necessarily a com-
posite operator. When one of them is @ (p), however, its product with an arbitrary O(g) is easy to

construct:
k(p) 60(q)
d(p)O =o(p)0O
[2P)O@)] = PPIO@ + s =
= ‘SL< ko) ¢ ) O(g)e’ A.14
o PO+ 50 ) (@) (A.14)
The product has the correlation functions
([PP)OW@] ¢(p1) - d(Pa)) = (0@ dP)G(P1) - P (pn) - (A.15)

Appendix B. Generating functional W[J] and 1PI action I'[ ®]

We can interpret a Wilson action S[¢] as a generating functional of the connected correlation functions
of the scalar field for which only the field with momentum higher than the cutoff p = 1 has been
integrated. Regarding

R
J(p) = K—gqs(p) (B.1)

as the source, we obtain the generating functional as

W) = S19] + fp ﬁJ(p)J(—p) , (B.2)
where
R(p) = iK(pﬂ (B.3)
k(p)

Recall that S[¢p] depends on two cutoff functions K and &, but W [J] and I'[®], to be defined shortly,
depend only on this R.

It is straightforward to check that the composite operator ® (p), defined by Eq. (A.8), is obtained
as

W]
- 8J(=p)

() (B4)

The 1PI action I'[®] is now defined as the Legendre transform of the generating functional W[J] as

1
riel - 3 / R (P)D(—p) = W] — / J(p)®(=p). (B.5)
P P

Differentiating this with respect to ®(—p), we obtain

ST [P]

) = ROPP) = o=

(B.6)
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The high-momentum propagator, defined by

Gpo[®] = m (B.7)
P T 81 (@) '
is symmetric with respect to p and ¢, and satisfies
[ Grate <R<>6<—>— L) )—6 ) (B3
, Pt = S se ) =P T )
Consider the simplest example of the Gaussian fixed point:
= — —_— -p). B.
Solg] = /K(p)2+k(p)¢<p>¢< P (B.9)
We obtain
1 1
Wol/l = 5 / e PP, (B.10)
1
rol®]=— /p2<b<p)<b<—p). (B.11)
P
Hence, the high-momentum propagator is given by
1
Gpgl®] = 2R s+ 9. (B.12)
It is trivial to check that
24k
@) = LT+ g), (B.13a)
oy 1) P —— (<¢<p)¢( 0= “Psp+ ))
¢ K@K
1
=—=8p+9. (B.13b)
p

Appendix C. Derivation of (16) from the energy—momentum tensor

As has been shown in Ref. [2], conformal invariance is equivalent to the vanishing of the trace of the
energy—momentum tensor; scale invariance equivalent to the vanishing of its integral. It is therefore
natural that the author of Ref. [5] was led to consider the energy—momentum tensor in the realization
of conformal algebra for Wilson actions. In this appendix we wish to summarize how to derive
Eq. (16) from the relevant properties of the energy—momentum tensor. We will follow Ref. [10],
since we can obtain the particular form of the ¥’s given by Eq. (15) without any effort.

Now, in Ref. [10] we have assumed the invariance of the Wilson action under translations and

rotations,
T _ T
r, = /1)K(p)—5¢(P) (DL )¢ @) %) = (C.1a)
Sh=- _S/ (p)3¢(p) DR (¢ e’) =0, (C.1b)
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where Dg , wa are defined in Eq. (5). We have then shown the existence of the energy—momentum
tensor ©,, (p) satisfying

_ s 6 s
PuOn(p) = /q K@ s (04 0000 +0)¢%) (C.20)
®,uv(p) = ®vu(p)- (C2b)

It is straightforward to go backward, and derive Eq. (C.1) from Eq. (C.2). To obtain Eq. (C.1a), we
simply set p = 0 in Eq. (C.2a). To obtain Eq. (C.1b), differentiate Eq. (C.2a) with respect to p,,
antisymmetrize the result with respect to v and «, and set p = 0.

The invariance under scale and special conformal transformations is given respectively by

»5 = —e—S/K(p)M)‘Sm (DS@(p)e’) =0, (C3a)
P
_ 8
R =—e S/pk(p)m (DE @) e’) =0, (C.3b)

where DS, Dl[f are defined in Eq. (5). We wish to show how to obtain these from the trace condition:

_ _ (D=2 —s_9 s
®(P)=®W(p)—< 7 +)/)/qK(q)e 5@ (@ +9e’). (C.4)

In Ref. [10] it is shown that a fixed-point Wilson action, satisfying Eq. (C.3a), also satisfies Eq. (C.4)
at p = 0. Conversely, to obtain Eq. (C.3a) from Eq. (C.4), we differentiate Eq. (C.4) with respect to
Py, sum over v, and set p = 0.

Getting Eq. (C.3b) from Egs. (C.2) and (C.4) is a little more involved. (This was done in Sect. VI
of Ref. [10], where Eq. (C.4) is assumed up to a two-derivative term p,p, L, (p). For simplicity, we
have removed the two-derivative term by redefining ©,,, (p).) We apply

92 1 92
dpadpy 2 " dpgdpp

on Eq. (C.2a) and set p = 0. Using Eq. (C.4), we can write the left-hand side as

Coo)| = (750 +r) [Koet o (ewe) (©5)
— =—— e —— | — e ). .
v lp=0 2 P Se \oge 1
The right-hand side gives
F) 92 1 02 0
K(q)e™ {( - a——i—D—) @ )eS}. C.6
/q D¢ 5o |\ ogadqy 27 0qp0q5 *  9qa) (€6)

Equating the two sides, we obtain Ef =0.
In a recent work [7], Rosten regards Egs. (C.2) and (C.4) as fundamental equations from which he
attempts to construct a conformally invariant Wilson action.

Appendix D. Derivation of Eq. (34)

We wish to rewrite the special conformal invariance Eff = 0, where 25 is defined by Eq. (15d), in
terms of the generating functional W [J] and 1PI action I'[®]. (The content of this appendix overlaps
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with the main subject of Ref. [8]. Our Wilson action is more straightforwardly related to I', resulting

in a simpler derivation.) We first expand 25 as

20) |, oo 55(9)
/K(p) u @ <8¢( ) (p)6¢(q)) -

where we set ¢ = p only after the action of Dllf (p). Then, using

SWIJ] R(p) 1 / J(p)J (=p)
®(p) = , Jp) = —— S[lpl=wJ]— = | =/—/———=
®) 57 (—p) ) K(p)d)(p) (] [J] 2], Ro)

we obtain
S2wJ] wiJ] SWiJl  J(=p)
e oot (8-
w=") kP “(p)aJ@aJ(—p) “(p)w —» 57 ~ Ro)
(/]
= [ J(=p)D (p)
fp 6J( P)

—/R(p)DK(p){ 32W[J] +zSW[J] SW[J]}
L, 8T @s (—p) T ST @ 3T (-p) [ -

To transform the last integral, we use a formula of partial integration,

/R(p){ °_ 1, O }F( )|
A Pv op Py 21’# Apvapy Y20

q=p

——lf(D-i— -B)R(p)'iF(— )‘
- 2 p P app, P>q q:pa

P

which is valid for any symmetric F'(—p, q) satisfying

F(—=p,q) = F(q,—p).

We then obtain
SZW[J] SWIJ] sWIJ]
— [ R(p)DX { }
/p D\ s1sr ) TSI s | o,
d { 82W[J] SWIJ] SWIJ] }
Ppu

1
=5f<—p-ap+2—2y>R<p>-
P

Hence, Eq. (34a) is obtained:

SWJ]
8J(=p)

[s-pofe)
P

1 9 82wl SWIJ] SWI[J
+_/(_p.ap+2_2y)R(p)__{ /] /] []}
2 » pu

It is now easy to rewrite this in terms of I"; we substitute

J) = Rp)@p) — <ok L g EWI G e
3®(—p)  8J(-p) B VLTV AC ) B
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to obtain Eq. (34b):

LI 2 _
/3(I>(p) D,p)®@p) + 5 /(—p-8p+2—2y)R(p)-apMG,,,q[cb] q:p_o. (D.9)

Appendix E. Rewriting £% = 0 for §

In Sect. 4 we have written the invariance of the Wilson action S under the special conformal
transformation as

= fp @)W (DR @ (p)e’) = (E.1)

where @ (p) is given by Eq. (12):

k(p) 8S )

0= %0 <¢(p) p? 8¢ (—p)

%0 (E.2)

We wish to rewrite the invariance more explicitly in terms of S and ¢. Expanding XX, we obtain

3O (p)
—2K=f1<<p)< (P) ——— DE(p)® ) - —)
=, 8¢(q) lq 8¢ (p)

k(p) 828 )
= [ K@) | DX
/ (p)[ n @) <p2K(p) 5 (=p)od(q) / 4=

as ok (k@3S )} 5S] .
{D N (K(p)d’(p)) Pu®) (p2K<p>5¢<—p> op | &Y

where we have dropped the field-independent part. Using R(p) = 2 T (1(7[;) , we rewrite this as

K _ R 68
T Ee = / KD ») <K(p)¢(p)) 56 )

(p)< 52§ 8§ S )K(q)}
I . (E4
+/p » “(p){R(p) 8¢(—p)8¢(q)+8¢(—p) s¢(q@)) R(@) },—p 4

We can expand

o) 09 (p)
K (p)DX (p) ——= :DK 3 InK K(@)DX (p) —— E.5
) (p)K(p) o) +p-3p,nK(p) - ™ +K(p) (p)K(p) o). (ES)

Using Eq. (D.4), we can rewrite the second integral of —Ef as

3 K(p)( 828 58S 88 )K(q)}
0, —2+2y)R —_—
/ -3 =2+ 2r) Rp) - {R@) 56 —poo(@ | sb(—p) 3@ ) R |,

{ K(p))Z 9 { 528 S8S 88 }
1 b 2V Re). E.6
2/p(P p = 2+2y) R(p) <R(p) 9 |36 (p)3d@ | 56(—p) 36 (@) q=p( )
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(Note that K (p) and R(p) depend only on p?.) Hence, we can rewrite Ellf =0as
/ < DK 99 (p) ) 851¢]
Py K (p) 3¢ (p)

k(p) 9 { 828 88 5S}
3 InR 242
+2/p P9 RE) =242) 5\ S poa@ T 39 00@

(E.7)

This corresponds to (2.79b) of [7], which differs slightly from Eq. (E.7) due to a difference in the
choice of cutoff functions. The similar difference between (2.79a) of Ref. [ 7] and our ERG differential
equation (18) is explained in Appendix C of Ref. [12].
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