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We study the evolution of photon polarization during the photon-axion conversion process with focusing
on the magnetic field configuration dependence. Most previous studies have been carried out in a
conventional model where a network of magnetic domains is considered and each domain has a constant
magnetic field. We investigate a more general model where a network of domains is still assumed, but each
domain has a helical magnetic field. We find that the asymptotic behavior does not depend on the
configuration of magnetic fields. Remarkably, we analytically obtain the asymptotic values of the variance
of polarization in the conventional model. When the helicity is small, we show that there appears the
damped oscillating behavior in the early stage of evolution. Moreover, we see that the constraints on
the axion coupling and the cosmological magnetic fields using polarization observations are affected by the
magnetic field configuration. This is because the different transient behavior of polarization dynamics is
caused by the different magnetic field configuration. Recently, [C. Wang and D. Lai, J. Cosmol. Astropart.
Phys. 06 (2016) 006.] claimed that the photon-axion conversion in helical model behaves peculiarly.
However, our helical model gives much closer predictions to the conventional discontinuous magnetic field
configuration model.

DOI: 10.1103/PhysRevD.96.043519

I. INTRODUCTION

It is widely known that the dark matter problem is an
important issue in cosmology. A psuedoscalar field, the so-
called axion, has been a candidate of the dark matter. The
axion was originally introduced to resolve the strong CP
problemofQCD(QCD-axion) [1–4]. In this case, themass of
the axion is related to the axion coupling constant. Theories
beyond the standard model of particle physics, such as string
theory, also predict pseudoscalar fields (axionlike-particles)
for which there is no relation between the mass of axion and
the axion coupling constant [5,6]. In this paper, we do not
distinguish them, and we call general pseudoscalar fields
axions. There are interesting cosmological and astrophysical
phenomena associated with the axion which can be used to
constrain the axion mass and the coupling constant.
Another important issue in cosmology is the primordial

magnetic fields. In fact, there are several evidences for the
existence of magnetic fields on cosmological scales, i.e.,
intergalactic magnetic fields (IGMF). The Faraday rotation
measurements and observations of the cosmic microwave
background radiations give the upper limit jBIGMFj ≲
10−9 G [7,8]. Moreover, the measurements of γ-ray give
the lower limit jBIGMFj≳ 10−16 G [9]. Theoretically, it is
not straightforward to explain the primordial magnetic
fields with the cosmological coherent length. Although
several mechanisms including the generation of magnetic

fields during inflation are suggested, it is fair to say there
exists no convincing mechanism for producing cosmologi-
cal magnetic fields.
It is well known that the axions can be converted to

photons and vice versa in the presence of magnetic fields
[10,11]. Therefore, the photon-axion conversion might
shed light on the above two issues. Indeed, cosmological
consequences of this mechanism have been widely inves-
tigated [12–33]. It was suggested that the dimming of
supernovae can be explained by mixing with axion
[12–16]. Mixing can also increase the transparency of high
energy photon [17–26]. In addition, the astrophysical and
cosmological consequences have been studied from various
points of view [27–30]. Conventionally, one assumes that
the universe is made by patches of coherent domains, each
with a uniform magnetic field and that their direction varies
randomly from domain to domain. However, it is possible
for magnetic fields to have more general configurations.
Indeed, if the cosmological magnetic fields are generated
during inflation in the presence of parity violating terms,
the resultant magnetic field can be helical [7,8]. Hence, it is
worth studying the photon-axion conversion process in
more general magnetic field configurations. In this paper,
we study the magnetic field configuration dependence of
the photon-axion conversion process with a model where a
network of magnetic domains are assumed, each has a
helical magnetic field, and its helicity randomly changes
from domain to domain. Recently, Wang and Lai [33]
claimed that the photon-axion conversion in helical model
behaves peculiarly. However, as we will see in Sec. III B,
we find that our helical model gives much closer
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predictions to the conventional discontinuous magnetic
field configuration model. Moreover, we give the detailed
analysis of the evolution of polarization of photons.
We also consider implication of our results for the

astronomical and cosmological phenomena. As a demon-
stration, we compare our theoretical analysis with the
polarization measurements of gamma-ray bursts (GRBs)
to constrain model parameters. As is well known, GRBs,
the brightest events in the universe, occur a few times per a
day. After the γ-ray emission, they have also broadband
long-lasting radiation in the X-ray, optical, and radio
wavelengths ranges, which is called afterglow. The meas-
urement of polarization covers the energy range from about
10 keV to 100 keV. The standard model of afterglows is the
synchrotron emission which can produce the linear polari-
zation of photons. Indeed, all the observations show that the
circular polarization of GRBs is less than 1% [34]. Since
the photon-axion conversion in magnetic fields can produce
the circular polarization, we can constrain the strength of
magnetic fields so as not to exceed the observational limit.
In this paper, we discuss the configuration dependence of
constraints on the axion coupling constant and the strength
of IGMF.
The paper is organized as follows. In Sec. II, we review

the conversion mechanism by assuming a single domain.
Then, we discuss conversion probability in the conven-
tional model where a constant magnetic field is assumed in
each domain of a network of domains. Interestingly, we
succeed in analytically deriving asymptotic values of the
variance of polarization, which show a good agreement
with numerical results. In Sec. III, we investigate evolution
of photon polarization in the photon-axion conversion pro-
cess with a helical magnetic field in each domain. As a
demonstration, we give constraints on the model parame-
ters. We also discuss the effects of the magnetic field con-
figuration. The final Sec. IV is devoted to the conclusion.

II. PHOTON-AXION CONVERSION
IN CONVENTIONAL MODEL

In this section, we provide an overview of photon-axion
conversion. We calculate the conversion rate in a uniform
magnetic field. Next, we consider the conventional model,
namely, many coherent domains, each with a uniform
magnetic field, but the field changes randomly from
domain to domain. We explain how to obtain asymptotic
averaged values of intensity of the axion and the photon.
We show averaged polarization vanishes, and obtain the
variance of polarization analytically.
We consider the following photon-axion system

S ¼
Z

d4x
h
−
1

2
ð∂μa∂μaþm2

aa2Þ

−
1

4
FμνFμν −

1

4
gaγγaFμν

~Fμν
i
; ð1Þ

where a is an axion field with massma, Fμν ≡ ∂μAν − ∂νAμ

is the field strength of the electromagnetic field Aμ, ~Fμν ≡
1
2
εμνρσFρσ is its dual, and gaγγ is a coupling constant with

the dimension of inverse energy. One can divide electro-
magnetic field into constant external magnetic field B and
the propagating photon field Aμ ¼ ð0;AÞ. Hereafter we
choose radiation gauge ∇ · A ¼ 0, and we write A and a as
plane waves

Aðz; tÞ ¼ i

0
B@

A1ðzÞ
A2ðzÞ
0

1
CAe−iωt; aðz; tÞ ¼ aðzÞe−iωt; ð2Þ

provided that magnetic fields vary in space on scales much
larger than photon or axion wavelength. As is illustrated in
Fig. 1, (1,2) denotes ðx; yÞ or ð∥;⊥Þ. We consider a
monochromatic light beam traveling along the z-direction.
BT denotes the projection of B in the x-y plane and A∥, A⊥
denote components of the photon field parallel and
perpendicular to BT respectively.
Let us show how the photon and the axion convert each

other. The photon-axion conversion is sensitive to the
magnetic field structure. However, we assume that the
direction of external magnetic field is constant, and its
strength is homogeneous. In fact, the photon-axion con-
version in the constantmagnetic field is a good starting point.
From the action (1), we can derive the Klein-Gordon

equation

ð□ −m2
aÞa ¼ 1

4
gaγγFμν

~Fμν; ð3Þ

and Maxwell’s equation

∂μFμν ¼ −gaγγ ~Fρν∂ρa: ð4Þ

One can divide these source terms of equations into
background magnetic field BT and the propagating
photon A. The dispersion relation is assumed to be
ω≃ k. We can obtain linearized equations of motion

FIG. 1. Coordinate system.
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8>><
>>:

½ðωþ i∂zÞ − m2
a

2ω�a ¼ − 1
2
gaγγBTA∥;

ðωþ i∂zÞA∥ ¼ − 1
2
gaγγBTa;

ðωþ i∂zÞA⊥ ¼ 0;

ð5Þ

where we used □¼ðωþi∂zÞðω−i∂zÞ¼ðωþi∂zÞðωþkÞ≃
2ωðωþi∂zÞ. Now, we introduce Ψ

Ψ≡
0
B@

aðzÞ
A∥ðzÞ
A⊥ðzÞ

1
CAe−iωz:

Then, we obtain Schrödinger-like equation

i
d
dz

Ψ ¼

0
B@

m2
a

2ω − 1
2
gaγγBT 0

− 1
2
gaγγBT 0 0

0 0 0

1
CAΨ: ð6Þ

In reality, we need to take into account the Euler-
Heisenberg effective Lagrangian which gives the first
quantum correction to the Maxwell equations

LEH ¼ 1

90m4
e

�
e2

4π

�
2h
ðFμνFμνÞ2 þ 7

4
ð ~FμνFμνÞ2

i
; ð7Þ

where me is the electron mass, e is the electron charge and
we choose natural Lorentz-Heviside units. We also need to
consider the plasma effect and the Cotton-Mouton effect in
general. The resultant equation reads

i
d
dz

Ψ ¼ MΨ;

where the mixing matrix M can be defined as follows:

M ≡
0
B@

Δa ΔM 0

ΔM Δ∥ 0

0 0 Δ⊥

1
CA≡

�
M∥ 0

0 Δ⊥

�
;

M∥ ≡
� Δa ΔM

ΔM Δ∥

�
: ð8Þ

Now, the photon can have an effective mass Δ� ð� ¼ ∥;⊥Þ
due to additional effects

Δ� ¼ ΔQED þ ΔCM þ Δplasma:

Here, ΔQED is the effect of vacuum polarization with

Δ∥
QED ≡ −

7

2
ωρB2

T; Δ⊥
QED ≡ −2ωρB2

T;

ρB2
T ≡ 4

45m4
e

�
e2

4π

�
2

B2
T ¼ 1

45π

�
e2

4π

�
2
�
BT

Bcr

�
2

;

Bcr ≡m2
e

e
¼ 4.42 × 1013 G; ð9Þ

and Δplasma denotes plasma effect

Δplasma ¼
ω2
p

2ω
;

ω2
p ≡ e2

ne
me

; ð10Þ

where ne is the electron density. The Cotton-Mouton effect
ΔCM will be ignored in this paper.

A. Single domain model

In this simplest case, the axion can mix with the only
parallel component A∥ and one can reduce the mixing
matrix to 2 × 2 matrix.

i
d
dz

�
aðzÞ
A∥ðzÞ

�
¼

� Δa ΔM

ΔM Δ∥

��
aðzÞ
A∥ðzÞ

�
: ð11Þ

Here, we evaluate the photon-axion conversion proba-
bility. To this end, we diagonalize M∥ in (11) and obtain
eigenvalues λ�

λ� ≡ ðΔ∥ þ ΔaÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔa − Δ∥Þ2 þ ð2ΔMÞ2

q
2

: ð12Þ

We introduce an orthogonalmatrixO, which diagonalizeM∥

OM∥O† ¼
�
λþ 0

0 λ−

�
; O≡

�
cosθ sinθ

− sinθ cosθ

�
; ð13Þ

where θ is themixing angle. Defining ~Ψ≡ OΨ, we can solve
(11) as

~ΨiðzÞ ¼ ~Ψiðz0Þe−iλiz: ð14Þ
Thus, we obtain

ΨiðzÞ ¼
X2
j¼1

O†
ij
~Ψj ¼

X2
j¼1

O†
ij½OΨð0Þ�je−iλjz; ð15Þ

where λ1 ≡ λþ, and λ2 ≡ λ−. Thus, we obtain

aðzÞ ¼ ðcos2θe−iλþz þ sin2θe−iλ−zÞað0Þ
þ cos θ sin θðe−iλþz − e−iλ−zÞA∥ð0Þ;

A∥ðzÞ ¼ cos θ sin θðe−iλþz − e−iλ−zÞað0Þ
þ ðsin2θe−iλþz þ cos2θe−iλ−zÞA∥ð0Þ: ð16Þ
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Assuming að0Þ ¼ 0 and A∥ð0Þ ¼ 1, we obtain the conver-
sion probability of photon into axion as

P0ðγ → aÞ ¼ ðsin 2θÞ2 sin2
0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔa − Δ∥Þ2 þ ð2ΔMÞ2

q
2

z

1
A:

ð17Þ

Here we introduce oscillation length Δ−1
osc

Δosc ≡ λþ − λ− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔa − Δ∥Þ2 þ ð2ΔMÞ2

q
: ð18Þ

Noticing the relation

sin 2θ ¼ 2ΔM

Δosc
;

we can rewrite conversion probability (17) as

P0ðγ → aÞ ¼ ðΔMzÞ2
sin2ðΔosc

2
zÞ

ðΔosc
2
zÞ2 : ð19Þ

The photon-axion conversion is most effective when the
strong coupling condition ΔM ≫ jΔa − Δ∥j is satisfied

tan 2θs ¼
2ΔM

Δa − Δ∥
≫ 1 ð20Þ

This corresponds to

θs ∼
π

4
; Δosc;s ∼ 2ΔM: ð21Þ

At this time, the conversion probability can be written in a
simpler form:

P0sðγ → aÞ ∼ ðΔMzÞ2: ð22Þ

Only one of photon components can mix with the axion,
so the photon-axion conversion can affect polarization of
the photon. The polarization is described by the Stokes
parameters ðI; Q;U; VÞ defined as

8>>>>><
>>>>>:

IðzÞ≡ A∥ðzÞA�
∥ðzÞ þ A⊥ðzÞA�⊥ðzÞ;

QðzÞ≡ A∥ðzÞA�
∥ðzÞ − A⊥ðzÞA�⊥ðzÞ;

UðzÞ≡ A∥ðzÞA�⊥ðzÞ þ A⊥ðzÞA�
∥ðzÞ;

VðzÞ≡ iðA∥ðzÞA�⊥ðzÞ − A⊥ðzÞA�
∥ðzÞÞ:

ð23Þ

Note that IðzÞ, VðzÞ are invariant under the coordinate
transformation, but QðzÞ, UðzÞ depend on the coordinate
system. Using the Stokes parameters, we can define the
degree of circular polarization

ΠC ¼ jVðzÞj
IðzÞ ; ð24Þ

and the degree of linear polarization

ΠL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðzÞ þ U2ðzÞ

p
IðzÞ ; ð25Þ

where IðzÞ is the intensity of the photon. They satisfy the
following condition:

I2ðzÞ ¼ Q2ðzÞ þU2ðzÞ þ V2ðzÞ:

In the later section, we focus on polarization induced by
the photon-axion conversion. For the sake of simplicity, we
assume Δ∥ ¼ Δ⊥ ¼ Δplasma. In this case the behavior of
polarization depends only on ðΔa − ΔplasmaÞ. The reason is
as follows. The Stokes parameters do not change when we
redefine the field as ΨiðzÞeiΔplasmaz. While the mixing matrix
is transformed as

M ¼

0
B@

Δa − Δplasma ΔM 0

ΔM 0 0

0 0 0

1
CA:

Thus, we can consider only the case Δplasma ¼ 0 without
loss of generality. The result in the case Δplasma ≠ 0 can be
obtained by replacing Δa with ðΔa − ΔplasmaÞ. We can
evaluate degree of circular polarization analytically,

ΠCðzÞ ¼
��� U0ðΔ2

M=ΔoscÞ
I0 − ðI0 þQ0ÞðΔM=ΔoscÞ2½1 − cosðΔosczÞ�

×
hsinðλþzÞ

λþ
−
sinðλ−zÞ

λ−

i���; ð26Þ

where I0, Q0, U0 represent the initial Stokes parameters
and we set V0 ¼ 0. We can also evaluate other variables
with the same assumption as

IðzÞ ¼ I0 − ðI0 þQ0Þ
�
ΔM

Δosc

�
2

½1 − cosΔoscz�; ð27Þ

QðzÞ ¼ Q0 − ðI0 þQ0Þ
�
ΔM

Δosc

�
2

½1 − cosΔoscz�; ð28Þ

UðzÞ ¼ U0Δ2
M

Δosc

�
cosðλþzÞ

λþ
−
cosðλ−zÞ

λ−

�
: ð29Þ

B. Conventional model

It is known that the universe is magnetized. As we have
seen, the photon and the axion can mix with each other in
the presence of external magnetic field. The conventional
setup in the astrophysical cosmological application is as
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follows. One divide the line of sight into domains of equal
length s. Within each domain, the direction of magnetic
field is constant, but between domains its direction ran-
domly changes. The photon from cosmological distance
traverses these domains on its way to the earth. The
strength of magnetic field is assumed to be the same in
all domains. We refer to this scenario as the conventional
model in this paper. Here, we give the total conversion
probability and the variance of polarization after passingN-
domains in the conventional model [15].
We describe the length of one domain as s, so the

conversion probability within a single domain is

P0ðγ → aÞ ¼ ðΔMsÞ2
sin2ðΔosc

2
sÞ

ðΔosc
2
sÞ2 : ð30Þ

One can use any coordinate system whichever you want as
long as one pays attention to the invariant quantity, such as
I, ΠC, ΠL. Within a single domain, we have already known
the solutions (16). We define the n-th domain as
zn−1 < z ≦ zn. The angle between BT in the nth domain
and the x-axis in the fixed x-y coordinate is denoted as
0 ≦ φn ≦ 2π, and we set φ0 ¼ 0. Now, we can evaluate the
total conversion probability after passing N-domains. The
relationship between the (n − 1)th domain and nth domain
is given by

anðznÞ ¼ ðcos2θe−iλþs þ sin2θe−iλ−sÞaðzn−1Þ
þ cos θ sin θðe−iλþs − e−iλ−sÞ
× ðcos γnAn−1

∥ ðzn−1Þ þ sin γnAn−1⊥ ðzn−1ÞÞ; ð31Þ

An
∥ðznÞ ¼ þ cos θ sin θðe−iλþs − e−iλ−sÞaðzn−1Þ

þ ðsin2θe−iλþs þ cos2θe−iλ−sÞ
× ðcos γnAn−1

∥ ðzn−1Þ þ sin γnAn−1⊥ ðzn−1ÞÞ; ð32Þ

An⊥ðznÞ ¼ − sin γnAn−1
∥ ðzn−1Þ þ cos γnAn−1⊥ ðzn−1Þ; ð33Þ

where γn ≡ φn − φn−1. The intensity of the photon and the
axion at the end of the nth domain is represented by
quantities of the (n − 1)th domain

IðznÞ ¼ P0jaðzn−1Þj2 þ ð1 − P0cos2γnÞjAn−1
∥ ðzn−1Þj2

þ ð1 − P0sin2γnÞjAn−1⊥ ðzn−1Þj2 þ � � � ;
IaðznÞ ¼ ð1 − P0Þjaðzn−1Þj2 þ cos2γnP0jAn−1

∥ ðzn−1Þj2
þ sin2γnP0jAn−1⊥ ðzn−1Þj2 þ � � � ; ð34Þ

where the dots represent terms which are proportional to
cos γn, sin γn, or cos γn sin γn. We assume that the angles γn
are randomly chosen. Because of the randomness, cos2 γn
and sin2 γn can be replaced by their average value 1=2, and

the other terms are averaged to zero. Then we obtain the
recursion relation

�
IðznÞ
IaðznÞ

�
≡W

�
Iðzn−1Þ
Iaðzn−1Þ

�
; W≡

�
1− 1

2
P0 P0

1
2
P0 1−P0

�
:

ð35Þ

Now we evaluate the eigenvalues w� of the matrix W.

w� ≡ 1

2

��
2 −

3

2
P0

�
� 3

2
P0

�
: ð36Þ

Then, from Eq. (35), we can deduce the following

�
IðznÞ
IaðznÞ

�
¼ 1

3

0
B@ 2þ

�
1 − 3

2
P0

	
n

2 − 2
�
1 − 3

2
P0

	
n

1 −
�
1 − 3

2
P0

	
n

1þ 2
�
1 − 3

2
P0

	
n

1
CA

×

�
Iðz0Þ
Iaðz0Þ

�
: ð37Þ

We describe the length of one domain as s, so n ¼ z=s
gives a number of domains. Using the relation ex ¼
limn→∞ð1þ x=nÞn, we arrive at

�
1−

3

2
P0

�
n
¼
�
1þ−3

2
P0

z
s

z
s

�n

¼
�
1þ−3P0

2s z

n

�n

⟶
n→∞

e−
3P0
2s z:

Eventually, we obtain the following expressions

IðzÞ ¼ Iðz0Þ − Pγ→a½Iðz0Þ − 2Iaðz0Þ�;
IaðzÞ ¼ Iaðz0Þ þ Pγ→a½Iðz0Þ − 2Iaðz0Þ�; ð38Þ

with

Pγ→a ¼
1

3
½1 − e−

3P0
2s z�: ð39Þ

In the limit n ¼ z=s → ∞, the conversion probability
saturates so that on average one third of all photons
converts to axions. To find the same limit for other
quantities, we introduce density matrix and Stokes param-
eters ðI; Q;U; VÞ

ρðzÞ≡
0
B@

aðzÞ
A∥ðzÞ
A⊥ðzÞ

1
CA ⊗ ða�ðzÞA�

∥ðzÞA�⊥ðzÞÞ

¼

0
BBB@

IaðzÞ KðzÞ−iLðzÞ
2

MðzÞ−iNðzÞ
2

KðzÞþiLðzÞ
2

IðzÞþQðzÞ
2

UðzÞ−iVðzÞ
2

MðzÞþiNðzÞ
2

UðzÞþiVðzÞ
2

IðzÞ−QðzÞ
2

1
CCCA; ð40Þ
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where we defined 2aA�
∥ ¼ K − iL and 2aA�⊥ ¼ M − iN.

We can repeat the same analysis by including polarization
degrees of freedom. Then, we obtained the asymptotic
values

Ia ¼
1

3
; I ¼ 2

3
; Q¼U ¼ V ¼K ¼ L¼M ¼N ¼ 0:

ð41Þ

Thus, the polarization vanishes on average. However, what
we need to evaluate is the variance of polarization. To this
aim, it is useful to notice that the density matrix obeys

i
dρðzÞ
dz

¼ ½M; ρðzÞ�:

If we define the transfer function Tðz; z0Þ with initial
condition Tðz0; z0Þ ¼ 1, then we can formally solve the
dynamics as

ρðzÞ ¼ Tðz; z0Þρðz0ÞT†ðz; z0Þ: ð42Þ

Remarkably, ρ2ðzÞ also obeys the same equation

ρ2ðzÞ ¼ Tðz; z0Þρ2ðz0ÞT†ðz; z0Þ: ð43Þ

This implies the corresponding components of ρ2ðzÞ have
the same limit values as those in (41). From the explicit
calculation

ρ2ðzÞ ¼

0
BB@

I2a þ K2þL2þM2þN2

4
cross terms cross terms

cross terms K2þL2þðIþQÞ2þU2þV2

4
cross terms

cross terms cross terms M2þN2þðI−QÞ2þU2þV2

4

1
CCA; ð44Þ

we obtain the asymptotic values

I2a þ
K2 þ L2 þM2 þ N2

4
¼ 1

3
; ð45Þ

I2 þQ2 þ U2 þ V2

2
þ K2 þ L2 þM2 þ N2

4
¼ 2

3
; ð46Þ

K2 þ L2 −M2 − N2 ¼ 0; ð47Þ

cross terms ¼ 0; ð48Þ

where we ignored average of the cross terms such as IQ
because of the statistical independence of these variables.
Assuming equipartition for I2a, Q2, U2, V2, K2, L2, M2, N2

and taking into account the relation I2 ¼ Q2 þ U2 þ V2,
we can conclude

I2a ¼
1

6
; I2¼ 1

2
; Q2 ¼ 1

6
; U2 ¼ 1

6
; V2¼ 1

6
: ð49Þ

We confirmed theses results numerically in Fig. 2.
Now, we can analytically calculate the degree of circular

polarization

ΠC ¼
ffiffiffiffiffiffi
V2

I2

r
¼ 0.577; ð50Þ

and the degree of linear polarization

ΠL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 þ U2

I2

r
¼ 0.816: ð51Þ

The latter shows a good agreement with numerical
result in [35].

III. PHOTON-AXION CONVERSION
IN HELICAL DOMAIN MODEL

The actual configuration of cosmological magnetic fields
is not well known. If we assume that magnetic fields have

FIG. 2. The evolution of mean-square values of the polarization
and intensity throughout 5000 domains for the conventional
model. We took the average of 100 times trial. Since the
average values of the polarizations are zero, Q2, U2,
and V2 are the variances. We set Δa ¼ 1.5 × 10−2 Mpc−1,
ΔM ¼ 3.0 × 10−2 Mpc−1.
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primordial origin, then the magnetic fields can have
helicity. Indeed, the equations of motion of photon-axion
conversion in helical single domainmodel have been already
analyzed [33]. However, there are several possibilities how to
connect its domain. First, we review equations of motion
within a helical domain. Next, we connect domain in a
different way fromWang andLaimodel [33] andwe perform
detailed analysis of the photon-axion conversion process in
our model and conventional model. Our motivation for this
study is to understand the magnetic field configuration
dependence on the dynamics of polarization in the pho-
ton-axion conversion process and obtain new constraints on
the model parameters by utilizing the results.

A. Helical single domain model

In the conventional model, the background magnetic
field is constant in each domain, namely,

BT ¼ BTê∥:

In the helical model, even within a single domain, the
direction of magnetic field changes in the fixed x-y
coordinate system

B̄T ¼ BT cosðαzÞêx þ BT sinðαzÞêy:

The linearized equations of motion are given by

8>>><
>>>:

h
ðωþ i∂zÞ−m2

a
2ω

i
a¼−1

2
gaγγωBT ½AxcosðαzÞþAy sinðαzÞ�;

ðωþ i∂zÞAx¼−1
2
gaγγBT cosðαzÞa;

ðωþ i∂zÞAy¼−1
2
gaγγBT sinðαzÞa;

ð52Þ

where we used□≃ 2ωðωþ i∂zÞ. Shifting the phase in the
same way as before, we arrive at the following equation:

i
d
dz

0
B@

aðzÞ
AxðzÞ
AyðzÞ

1
CA¼

0
B@

Δa ΔM cosðαzÞ ΔM sinðαzÞ
ΔM cosðαzÞ Δxx Δxy

ΔM sinðαzÞ Δyx Δyy

1
CA

×

0
B@

aðzÞ
AxðzÞ
AyðzÞ

1
CA; ð53Þ

with

Δxx ¼ Δ∥ cos2ðαzÞ þ Δ⊥ sin2ðαzÞ;
Δxy ¼ Δyx ¼ ðΔ∥ − Δ⊥Þ cosðαzÞ sinðαzÞ;
Δyy ¼ Δ∥ sin2ðαzÞ þ Δ⊥ cos2ðαzÞ:

Here, Δ� ð� ¼ ∥;⊥Þ represent additional effects as we have
already seen

Δ� ¼ ΔQED þ Δplasma;

and Δa, ΔM are defined similarly

Δa ¼
m2

a

2ω
; ΔM ≡ −

1

2
gaγγBT:

The QED effect should be modified in helical magnetic
fields. However, since the modifications, which come from
derivatives of sinðαzÞ and cosðαzÞ, are proportional to
α=k ∼ α=ω ≪ 1, we can neglect them at the leading order.
Hence, we can use the same form of ΔQED as that in the
constant magnetic field model.
We perform the unitary transformation U and change

coordinate basis

0
B@

aðzÞ
A∥ðzÞ
A⊥ðzÞ

1
CA ¼

0
B@

1 0 0

0 cosðαzÞ sinðαzÞ
0 − sinðαzÞ cosðαzÞ

1
CA
0
B@

aðzÞ
AxðzÞ
AyðzÞ

1
CA

≡ U

0
B@

aðzÞ
AxðzÞ
AyðzÞ

1
CA;

from x-y coordinate to ∥-⊥ coordinate. We can rewrite
Eq. (53) as

i
d
dz

0
B@

aðzÞ
A∥ðzÞ
A⊥ðzÞ

1
CA ¼

0
B@

Δa ΔM 0

ΔM Δ∥ iα

0 −iα Δ⊥

1
CA
0
B@

aðzÞ
A∥ðzÞ
A⊥ðzÞ

1
CA: ð54Þ

Thus, the mixing matrix in the continuous helical magnetic
field M̄ is deduced as follows:

M̄ ≡
0
B@

Δa ΔM 0

ΔM Δ∥ iα

0 −iα Δ⊥

1
CA: ð55Þ

B. Configuration dependence of polarization

We investigate the effect of the photon-axion conversion
on the polarization in the presence of helical magnetic
fields. In particular, we examine to what extent the result
depends on the configuration of magnetic fields. We
suppose that linearly polarized photons emitted by a source
at cosmological distance converts to the axion, and vice
versa, on their way to the earth. We again divide the line of
sight into domains of equal length s ¼ 1 Mpc. We assume
that α changes randomly from domain to domain, but the
magnitude of magnetic fields is fixed for simplicity.
Formally, we can obtain the transfer function in the same
way as in the conventional model. However, in the case of
the helical magnetic fields, the matrix Ōwhich diagonalizes
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the mixing matrix M̄ has a complicated dependence on the
parameters, so we have to resort to numerical calculations.
We take α as a random variable uniformly distributed

within a range. On the other hand, Wang ad Lai take φ as a
random variable, and connect them between domains
continuously [33]. Note that our model is completely
different from Wang and Lai model, though the dynamics
within a domain is the same. The point is that we select α
uniformly, but they do nonuniformly. Their choice of α is
specific. For example, if the direction of magnetic field of
the nth domain was π, then the (nþ 1)th direction is
determined in such a way as to satisfy α < 0. This is why
we try choosing α randomly. Our model changes the
coherent length, depending the range of α. Conventional
discrete model and Wang and Lai model have coherent
length in the order of Mpc. So we should choose α in the
range of −π ∼ π Mpc−1, when we compare our model with
theirs. As you can see in Fig. 3, the oscillations of Wang
and Lai disappear and the predictions are much closer to the
conventional discontinuous magnetic field configuration
model. The curious behavior of Wang and Lai model may
be caused by their specific configuration, but to clarify this
point is beyond the scope of this paper.
We solve Eq. (54) numerically, and examined the

evolution of various variables. In Fig. 4, we plotted the
evolution of the mean-square values for relevant quantities
for the range jαj ≤ π Mpc−1. The behavior of mean-square
values are quite similar to those in the conventional model,
as already seen in Fig. 3. Due to the large change of helical
configuration, the cancellation occurs and the mean-square
values converge to the asymptotic values in the same way
as conventional model where the direction of magnetic field
discretely changes. However, when we makes the range for
α small, the difference appears. In Fig. 5, we plotted the
evolution of the mean-square values for relevant quantities
for the range jαj ≤ π=36 Mpc−1. As you can see, the
convergence to the asymptotic values becomes slow and
there appears the damped oscillating behavior in the

early stage of evolution. Due to the small change of
helical configuration, the cancellation rarely occurs and
the mean-square values oscillate in the same way as the
case α ¼ 0. However, after traversing many domains, each
mean-square value ends up with the asymptotic value.
Thus, the converging behavior itself is universal. If we
further decrease the range of α, we can see the oscillation
lasts for a longer period. In short, this situation increases
the effective coherent length of the domains, so we see
the same oscillation as fixed magnetic field. However, its
oscillation accompanies a damping, since magnetic field is
not completely homogeneous.

FIG. 3. We plotted the evolution of mean values of the axion
intensity for Wang and Lai model, conventional model, and our
model. We used the same parameters as Wang and Lai paper, their
Fig. 2 in [33]; that is, we set Δa ¼ −7.83 × 10−2=30, ΔM ¼
4.63 × 10−3 and jαj ≤ π Mpc−1 and took the average of 30 times
trial. As you can see, our model has the same statistical behavior
as the conventional discreet model.

I2
a

V 2

Q2 + U2
I2

FIG. 4. The evolution of mean-square values of the polarization
and intensity throughout 5000 domains for the helical domain
model with jαj ≤ π Mpc−1. We took the average of 100 times
trial. Since the average values of the polarizations are zero, Q2,
U2, and V2 are the variances. We set Δa ¼ 1.5 × 10−2 Mpc−1,
ΔM ¼ 3.0 × 10−2 Mpc−1.

I2
a

V 2

Q2 + U2
I2

FIG. 5. The evolution of mean-square values of the polarization
and intensity throughout 5000 domains for the helical domain
model with jαj ≤ π=36 Mpc−1. We took the average of 100 times
trial. Since the average values of the polarizations are zero, Q2,
U2, and V2 are the variances. In this plot, we used the parameters
Δa ¼ 1.5 × 10−2 Mpc−1, ΔM ¼ 3.0 × 10−2 Mpc−1.
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From the theoretical point of view, several mechanism
for producing cosmological magnetic fields have been
suggested. For the scenario that the magnetic fields are
ejected from the galaxy through some process, the dis-
tribution of magnetic fields might be random. On the other
hand, in the case of inflationary generation of primordial
magnetic fields, there should be coherence over the
cosmological distances and the helicity of magnetic fields
might be nonzero. Furthermore, observations have not told
us the actual magnetic configuration. Therefore, we should
keep the configuration dependence in our mind when we
apply the photon-axion conversion to the astrophysics or
cosmology.

C. Astrophysical application

Now, we are in a position to apply our results to the
astrophysical situation. For the parameters corresponding
to the boundary between allowed and excluded regions, we
found the mean-square values do not reach the asymptotic
values. Rather, the transient regime is relevant. To see this,
we plotted the evolution in Fig. 6. As we make the range of
α broad, the degree of circular polarization becomes small.
This is because the polarizations are almost cancelled out
for a broad range of α, as in the case of the conventional
model. Therefore, for a broad range of α, the constraints on
the parameters tend to be weak.
The effects of polarization induced by the photon-axion

conversion has been widely investigated [35–46]. The large
scale alignment of polarizations from distant quasars may
be explained by conversion [37,39,40,41,42]. Using current
polarization data, one can derive a new constraint for
photon-axion coupling gaγγ [38,43–45]. Photon-axion

conversion also have another observable changes in polari-
zation photons [35,36,46].
In particular, a new constraint for axion coupling is

reported [43,45]. They obtained the constraint on the
parameter set ðΔa;ΔMÞ by taking into account the absence
of circular polarization in the observed data. This constraint
can be translated into the constraint on gaγγ or jBT jwhen we
fix one of them. We postpone comparing our model with
[43,45] and obtaining constraints for gaγγ or jBT j. Here, we
give a constraint on the parameter set ðΔa;ΔMÞ with the
helical domain model, provided the initial conditions
I0 ¼ 1, U0 ¼ 1, Q0 ¼ 0.

Let us recall the following relevant parameters

Δa ≡m2
a

2ω
¼ 7.8 × 1023

�
ma

1 eV

�
2
�
100 keV

ω

�
Mpc−1;

ΔM ≡ −
1

2
gaγγBT ¼ −1.5 × 10−2

�
gaγγ

10−11 GeV−1

��
BT

10−9 G

�
Mpc−1;

Δplasma ≡ ω2
p

2ω
¼ 1.1 × 10−4

�
100 keV

ω

��
ne

10−7 cm−3

�
Mpc−1

ΔQED ∼
ω

45π

�
e2

4π

�
2
�
BT

Bcr

�
2

¼ 4.1 × 10−16
�

ω

100 keV

��
BT

10−9 G

�
2

Mpc−1; ð56Þ

where we used the fact that 1 eV ¼ 1.57 × 1029 Mpc−1,
1 G ¼ 1.95 × 10−2 eV2. For the free electron number
density ne at present time, we use the value ne ¼
10−7 cm−3 throughout the paper. This number can be
obtained by assuming that all of the baryons in the universe
are ionized. We assume the mass of an axion has no relation
with the coupling constant. Absence of γ-rays from SN

1987A gives the strongest limit for the coupling constant
[47–49]. We must take the plasma effect into account
depending on the value of Δa. We consider only parameter
region where we can ignore the QED effect. The direction
of magnetic field changes as z varies, so the initial
condition of the direction might not have much importance
for constraints on physical parameters, as long as we

FIG. 6. The evolution of circular polarization for various ranges
of α is depicted. In these plots, we set Δa ¼ 7.8 × 10−5 Mpc−1,
ΔM ¼ −1.5 × 10−4 Mpc−1, and Δ∥ ¼ Δ⊥ ¼ 0 and took the
average of 30 times trial. As we make the range of α broad,
the circular polarization becomes small.
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consider photons from cosmological distances and α is not
too small. For concreteness, we set A∥ðz0Þ ¼ 1=

ffiffiffi
2

p
,

A⊥ðz0Þ ¼ 1=
ffiffiffi
2

p
.

Once we choose the range of α, the axion mass ma, and
the photon energy ω, then we can calculate how a linearly
polarized photon is affected by the photon-axion conver-
sion. If the conversion produces the sizable circular
polarization, it conflicts with observational results. So

we can determine the allowed region in Δa − ΔM plane
by the condition that ΠC of photon after going through
5000 domains of s ¼ 1 Mpc does not exceed 1%.
We plotted the constraints on ðΔa;ΔMÞ for the range

jαj ≤ π=180 Mpc−1 in Fig. 7. We took ω ¼ 100 keV to
give the constraints on the parameters. The reason can be
understood as follows. For a parameter set ΔM ≪ Δa, there
is no conversion. Hence, ΠC is small. For a parameter set

FIG. 7. Constraint on IGMF using 100 keV photons and jαj ≤ π=180 Mpc−1. The vertical line shows the strength of magnetic field
and the horizontal one the mass of axion. The hatching area shows a region with the plasma effect. We took the average of 30 times trial
in order to constrain the parameter set. A cross mark represents excluded parameter set, and a red circle represents allowed parameter set.

FIG. 8. Constraint for IGMF by 100 keV photon for jαj ≤ π Mpc−1.
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Δa ≪ ΔM, the photon-axion conversion can occur effi-
ciently, but ΠC is small. This is because eigenvalues of
mixing matrix go as λþ ∼ jλ−j ∼ ΔM, and no phase differ-
ence appears between two photon components [11]. Thus,
the parameters satisfying Δa ∼ ΔM ∼ 1=Ns ∼ 10−4 Mpc−1

are most effective for generating the circular polarization.
Note that, once the condition Δa < Δplasma is achieved, ΠC

does not depend on Δa. Hence, it is possible to give the
strongest constraint when Δplasma ∼ 10−4 Mpc−1. That is
why we chose the energy of photon as 100 keV. The above
argument also implies that the constraints are the same for
ma ≲ 10−14 eV. The constraints in the helical domain
model with the range jαj ≤ π Mpc−1 can be seen in
Fig. 8. We found that the constraints in the conventional
model is also similar to this case. We can see the constraints
on the parameters are weak as is expected.

D. Discussion

In [43,45], they focus on the magnetic field in a galaxy or
a cluster of galaxies. Although they mentioned the pos-
sibility that field strength, coherence length, and orientation
can be rescaled, they fixed strength of galactic magnetic
field to be several μG and gave a constraint on the coupling
constant gaγγ.
On the other hand, we envisage that intergalactic

magnetic fields, which have only the upper and the lower
bound, cause the photon-axion conversion. Moreover, we
consider helical magnetic fields, provided that the origin of
cosmological magnetic field is primordial. The plausible
value for coupling constant gaγγ is also unknown, though
there are suggestions from astrophysics. Hence, we give a
constraint on either coupling constant gaγγ or BT by fixing
one of them.
If we fix the coupling constant gaγγ ≃ 10−11 GeV−1 and

use the photon with the energy 100 keV, then the constraint
on the parameter set ðΔa;ΔMÞ can be interpreted as a
constraint on the IGMF

BT < 10−11 G; for ma ≲ 10−14 eV:

Recently, the more stringent constraint on the coupling
constant gaγγ is claimed [49]

gaγγ ≲ 5.3 × 10−12 GeV−1; for ma ≲ 4.4 × 10−10 eV:

ð57Þ
In this case, the axis of magnetic field is rescaled, so our
result is modified as

BT < 10−10 G; for ma ≲ 10−14 eV: ð58Þ

Next, we constrain the coupling constant gaγγ . If we fix
the strength of the magnetic field to be nG and use the
photon with the energy 100 keV, then we can provide a
stringent constraint on the coupling constant

gaγγ < 10−13 GeV−1; for ma ≲ 10−14 eV: ð59Þ

Due to the lack of knowledge about intergalactic
magnetic fields, we do not know how to choose the range
of α, but as we have mentioned in III C, the significant
change of magnetic configuration seem to prevent the
growth of circular polarization in the early stage of
evolution. So when we choose jαj ≤ π=180 radMpc−1,
ω ¼ 100 keV, we can give the most stringent constraint for
Δa-ΔM plane.
There are several studies on photon-axion conversion in

helicalmodel [31–33]. However,wewant to stress again that
our helical configuration is different from all of them and our
configuration ismoregeneral. In this paper,we show that our
model becomes similar to conventional model, when we
make the range for α broad. In addition, we show that when
we make the range for α narrow, transient behavior of
polarization reflect configuration difference and it is relevant
to constraint for physical parameters.

IV. CONCLUSION

We studied the magnetic field configuration dependence
on the photon-axion conversion process. Although most
previous studies have been carried out in a simple model
where each domain of a network of domains has a constant
magnetic field, we studied a more general model where a
network of domains are still assumed, but each domain has
a helical magnetic field. Recently, Wang and Lai [33]
claimed that the photon-axion conversion in helical model
behaves peculiarly. As mentioned in Sec. III. B, we find
that our helical model gives much closer predictions to the
conventional discontinuous magnetic field configuration
model. Our model takes α as a random variable, but
Wang and Lai take φ as a random variable. Note that
how to connect domains affects photon-axion conversion in
helical model.
Moreover, we investigated the evolution of polarization

during the photon-axion conversion process. Remarkably,
we analytically obtained asymptotic values of the variance
of polarization in the conventional model. We found that
the asymptotic behavior does not depend on the configu-
ration of magnetic fields. While, when the helicity is small,
we showed the oscillation appears in the early phase of
evolution. Moreover, the constraints on physical parame-
ters obtained by the polarization observations depend on
the magnetic field configuration. This is because transient
behavior depends on the configuration.
We also presented phenomenological applications. More

precisely, taking into account that the degree of circular
polarization from GRBs must be smaller than 1% [34], we
constrained the parameter ΔM ¼ −ð1=2ÞgaγγBT so that
the photon-axion conversion does not contradict with the
observations. The constraint on ΔM can be translated to the
constraint on gaγγ or BT when we fix one of them to an
appropriate value. For the magnetic field configuration with
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the range jαj ≤ π=180 Mpc−1, we obtained the stringent
constraint on IGMF

BT < 10−11 G; for ma ≲ 10−14 eV;

under the assumption gaγγ ¼ 10−11 GeV−1. Alternatively, by
assuming themagnitude ofmagnetic field jBIGMFj ¼ 10−9 G,
we obtained the constraint on the coupling constant

gaγγ < 10−13 GeV−1; for ma ≲ 10−14 eV:

However, since the choice of the range of α affects the
circular polarization of photons, we need to be careful.

Indeed, we have to know the magnetic field configuration in
order to obtain the more precise constraint.
Admittedly, the models we have considered are still

restrictive. However, we believe the asymptotic behavior
revealed in this paper is universal.
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