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Abstract We measured Young’s modulus, fracture toughness, and compressive strength of ice and of
ice-0.25-μm hard silica bead mixtures in controlled systematic experiments to determine the effect of
silica on the ductile-to-brittle transition. Unconfined compressive strength was measured in a cold room
at �10°C under a constant strain rate ranging from 10�5 to 6 × 10�1 s�1 of mixtures with silica volume
fraction f of 0, 0.06, and 0.18. In the brittle regime, the compressive strength σpeak was a maximum at
the transitional strain rate and then decreased with increasing strain rate. In the ductile regime, the σpeak
increased exponentially with increasing strain rate _ε as _ε ¼ B ∙ σpeakn. The stress exponent n for f = 0.06 and
0.18 was ~6, twice as large as the value of pure ice, n ~ 3. The transitional strain rate increased with
increasing silica volume fraction; 10�3–10�2 s�1 for pure ice, 10�2–10�1 s�1 for f = 0.06, and >6 × 10�1 s�1

for f = 0.18. Fracture toughness and Young’s modulus were measured over the range 0 ≤ f ≤ 0.34. Fracture
toughness scaled as f 0.5, while Young’s modulus increased linearly with f. Finally, a theoretical model of the
transitional strain rate proposed by Schulson (1990) and Renshaw and Schulson (2001) was compared to
the measured transitional strain rates. Model predictions were in accord with measured transitional strain
rates for pure ice but somewhat higher than observed for ice-silica mixtures. Large model uncertainty was
due to high sensitivity of the transitional strain rate to the stress exponent n.

1. Introduction

Water ice is one of themost commonmaterials on the surfaces of Earth, Mars, andmany icy bodies such as icy
satellites of jovian planets, comets, and Edgeworth-Kuiper-belt objects. In many cases it is mixed with rocky
debris. For example, in glacial and periglacial environments of Earth, water ice is mixed with up to nearly 1%
rocky debris [Moore, 2014]. The dwarf planet, Ceres, is thought to have a crust composed of an ice-rockmixture
with the mass fraction of H2O ice estimated to be approximately 17–30% [McCord and Sotin, 2005; De Sanctis
et al., 2015]. Assuming a rock density of ~3000 kg m�3, the equivalent volume fraction of rocky materials of
Ceres is 53–66%. The densities of icy satellites, as revealed by several spacecraft and ground-based observa-
tions, also indicate the presence of debris. For example, the densities of small-to-middle Saturnian icy satellites
(diameter < 800 km) determined by the Cassini spacecraft range from 340 to 1640 kg m�3, suggesting that
they are mixtures of ice, rock, and porosity [Thomas, 2010]. On Earth and elsewhere various landforms related
to the flow and the fracture of ice-rock mixtures are found. Examples include glaciers and ice sheets on Earth,
various fretted terrains such as lobate debris aprons on Mars [e.g., Squyres, 1989], relaxed craters and global
ridge, and trough terrains such as grooves on Ganymede and bands on Europa. To clarify the formation pro-
cesses and structures of these andother tectonic features, it is necessary to understand the rheological proper-
ties of ice-rock mixtures over a range of physical and environmental conditions.

The rheological properties of water ice such as compressive strength, viscosity, and the flow law have been
studied extensively in relation to engineering, glaciology, and planetary science. Recently, the flow law of ice-
rock mixtures has been studied through laboratory experiments, field observations, and numerical models,
under both terrestrial conditions (at temperatures higher than �20°C and under 1 atm) as summarized in
the paper ofMoore [2014 and references therein], and also under extraterrestrial conditions (at very low tem-
perature and/or under high confining pressure) [e.g., Durham et al., 1992; Mangold et al., 2002]. In these
works, investigators used various rocky materials of different sizes and shapes and found that the compres-
sive strength and the viscosity increased with an increase in rock content.
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In contrast, thebrittlebehavior of ice-rockmixtures, andparticularly theductile-to-brittle transition, is less clear.
This transition strongly affects the behavior of the sea ice cover on the Arctic Ocean [Schulson, 2004] and the
tectonic style, flow features, and fracture patterns on the surfaces of icy bodies [e.g., Nimmo, 2004; Dombard
and McKinnon, 2006]. Schulson [1990] proposed a theoretical model for the strain rate corresponding to the
ductile-to-brittle transition by considering the competition at the tips of cracks between stress relaxation via
creep and stress concentration. He showed that the theoretical transitional strain rate predicted by this model
matched that obtained in laboratory experiments on freshwater ice. Themodel andexperimental observations
indicate that the critical transitional strain rate depends on a number of factors including grain size [Batto and
Schulson, 1993], temperature [Qi and Schulson, 1998; Arakawa and Maeno, 1997], and confining pressure
[Durham et al., 1983; Kirby et al., 1985]. Subsequently, Renshaw and Schulson [2001] showed that the model
accounts aswell for the ductile-to-brittle transition in a variety of rock andminerals loaded under confinement.

In the case of ice-rock mixtures, there are only a few studies on the ductile-to-brittle transition.Mangold et al.
[2002] performed compression experiments on ice-quartz sand mixtures with a sand diameter of 0.05–2 mm
under a constant stress of 14.0-20.9 MPa and constant temperature of �10°C under a confining pressure of
12 MPa and found that the ductile-to-brittle transition occurred at the sand volume fraction of 0.65–0.75; at
higher sandvolumefractions,brittle failureoccurred.Durhametal. [2009]performedcompressionexperiments
on ice-sandmixtures under a constant stress of 11–53MPa and constant temperature of�50 or�30°C under a
confining pressure of 60–200MPa and found that the volume fraction of sand that marks the ductile-to-brittle
transition corresponded to themost closely packed arrangement of sandparticles in themixture, independent
of both temperature and confining pressure. In these previous works, the critical sand content marking the
ductile-to-brittle transitionwas determined under the condition of constant stress. Unclear, however, is the cri-
tical transitional strain rate under constant sand content. The only existing such study for ice-rock mixtures is
that by Yasui and Arakawa [2008]. They performed compression experiments on mixtures of ice-1-μm-silica
beadswith silica volume fraction of 0 to 0.63, at constant strain rate from 9 × 10�7 to 3 × 10�3 s�1 and constant
temperature from�25 to�10°C. Yasui and Arakawa [2008] found that the critical transitional strain rates,
_εD=B, for high silica volume fractions of 0.29 and 0.63 were essentially the same, irrespective of silica volume

fraction, and that it could be expressed as _εD=B s�1
� � ¼ AD=B exp �ED=B=R

0
T

� �
, where R0 is the gas constant

and T is the temperature and AD/B and ED/B are constants (AD/B=1.62 × 10
15 s�1 and ED/B=95.6 kJmol�1), giving

ε̇D=B ¼1.6 × 10�4 s�1 at �10°C. However, they did not find the transitional strain rate for lower silica volume

fractions. When strained at rates up to 3 × 10�3 s�1, the low-silica mixtures exhibited ductile behavior. Here
we report the transitional strain rate ε̇D=B of ice at�10°C over a lower range of silica content (0–18%).

Specifically, we carried out compression experiments on ice-silica mixtures with silica volume fraction lower
than 0.2 over a range of strain rate wider than that explored by Yasui and Arakawa [2008]. The principal objec-
tive was to investigate the effect of silica content on the transitional strain rate. To provide a framework for
interpreting the results, we compare the experimentally observed transitional strain rates to predictions of
the model proposed earlier [Schulson, 1990; Renshaw and Schulson, 2001].

2. Experimental Methods
2.1. Sample Preparation

Following the procedure described elsewhere [Yasui and Arakawa, 2008], samples were prepared by mixing
ice grains/seeds with commercial silica beads, in a cold room at �10°C in the Ice Research Laboratory,
Dartmouth College. Ice grains/seeds were produced by crushing pure freshwater ice that was produced by
freezing deionized water and then by sieving to select the grains smaller than 850 μm in diameter. The silica
beads were a high-purity synthesis of spherical silica (>99.8% SiO2; Admatechs Company Ltd.), with a narrow
particle size distribution to exclude possible effects of bead size and shape: the bead diameter corresponding
to the peak of size distribution is 0.25 μm. The density of the silica bead is 2200 kg m�3.

We varied systematically the silica volume fraction of the sample, f. For the compression experiments to
examine the ductile-to-brittle transition, wemademixtures of f = 0, ~0.06, and ~0.18. For three-point bending
tests to examine the fracture toughness and for ultrasonic velocity measurements to examine the elastic
properties, we made mixtures of f = 0, ~0.06, ~0.12, ~0.18, and ~0.34. In this paper, we term the mixture of
ice and silica beads “silica ice” to distinguish it from silica-free ice which we term “pure ice.” The porosity of
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all samples before testing was below ~5%, as determined from measurements of volume and mass:
5.0 ± 1.7% for pure ice, 2.2 ± 1.1% for f = 0.06, 2.4 ± 0.9% for f = 0.12, 3.9 ± 2.1% for f = 0.18, and
0.7 ± 0.7% for f = 0.34. The number before the “plus-minus sign” means the median value of all samples
having same silica volume fraction, and the number beyond “plus-minus sign” means the difference
between the median value and the maximum (or the minimum) value.

The samples were made as follows: For the lower silica mixture (f ≤ 0.18), ice grains/seeds were homoge-
neously mixed with silica beads in a plastic bag, and then a small quantity (a few grams) of this mixture
was put into a cylindrical mold of inside diameter 30 mm and of height 60 mm. The mold was then filled with
a little distilled water at a temperature of 0°C to fill spaces and to reduce porosity as much as possible. This
process was repeated (>15 times) until the contents filled the mold in order to assure homogenous distribu-
tion of silica beads. Subsequently, freezing occurred over a period of 1 day in a cold room set at �10°C. For
themost silica-rich samples (f = 0.34), silica beads were first suspended in distilled water and then the suspen-
sion was frozen. These two preparation methods are same as those of Yasui and Arakawa [2008].

2.2. Microstructure

The microstructures of silica ice and pure ice were observed by using a scanning electron microscope (SEM),
XL-30 ESEM-FEG (SEMTech Solutions) at the Electron Microscope Facility of Dartmouth College. Installed in
the SEM was a cryogenic stage that operated at a temperature of �140 ± 2°C to reduce the sublimation of
the surface. The specimen was made by using a microtome and a razor blade to create a fresh surface.
Figure 1 shows SEM images of pure ice and silica ices with f = 0.06, 0.18, and 0.34. In pure ice (Figure 1a),
ice grains of a few hundreds of microns in diameter are evident along with long thin pores distributed along
the ice grain boundaries. The distilled water that was added to fill the space between the grains served, upon
freezing, to consolidate the seeds. In the case of silica ices with f = 0.06 and 0.18 (Figures 1b and 1c), two areas
of different tone are observed. The darker-toned area indicates ice from the seed grains, while the lighter-
toned area indicates a fine mixture of silica beads and ice (Figure 1d) that formed upon freezing the distilled
water that was used to fill the spaces between the seed grains and the beads. This fine mixture tends to form

Figure 1. SEM images in BSE mode. (a) Pure ice. The small white jagged clusters on the surface of ice grains are frost
generated by the vacuum in the SEM sample room. The long black areas indicate pores. (b) Silica ice with silica volume
fraction f = 0.06. (c) Silica ice with f = 0.18. (d) Enlarged image of white area in Figure 1c. (e) Silica ice with f = 0.34. The black
areas and white areas in Figures 1b, 1c, and 1e indicate ice grains and fine composite matrix composed of silica beads and
frozen water, respectively. (f) Size frequency distribution of ice seed analyzed by using SEM images.
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a matrix of silica ice, particularly for the higher silica contents of f = 0.18 (Figure 1c) and f = 0.34 (Figure 1e).
The white area in Figure 1e is assumed to possess amicrostructure similar to that of the finemixture shown in
Figure 1d. Silica ices for f = 0.12 had a similar microstructure to that for f = 0.06, but the white area was more
extensive. In other words, the microstructural role of silica beads, as introduced in the manner in which we
prepared our silica ices, is to form for low silica volume fraction (f ≤ 0.12) a partial network-like silica/ice
fine mixture surrounding some of the consolidated and matrix-forming ice seed grains. For higher silica
contents (f ≥ 0.18) the role of the silica beads is to form a matrix composed of the fine mixture of silica
beads and ice in which the ice seed grains are distributed.

We measured the size of the ice grains/seeds (black areas in Figure 1) in from SEM images by using the sam-
ple without deformation and the software ImageJ. Each ice grain was fit by elliptic approximation and the
length of major axis was measured. We measured 27 seeds in pure ice, 115 for f = 0.06, 35 for f = 0.12, and
67 for f = 0.18. The average lengths of the major axes with standard deviation were 0.36 ± 0.14 mm for pure
ice, 0.30 ± 0.10 mm for f = 0.06 and 0.12, and 0.24 ± 0.12 mm for f = 0.18. Figure 1f shows the normalized size
frequency distribution of ice seeds. In Figure 1f, the lengths of major axes corresponding to the peak of the
frequency distribution were 0.3–0.4 mm for pure ice and f = 0.12, 0.2–0.3 mm for f = 0.06, and 0.1–0.2 mm for
f = 0.18. Both lengths, the average length of the major axis and the length of major axis corresponding to the
peak of the frequency distribution in Figure 1f, decreased gradually with increasing silica volume fraction.

2.3. Elastic Properties

The elastic properties, Young’s modulus, E, Poisson’s ratio, ν, and Shear modulus, G, were determined by mea-
suring the ultrasonic velocities of both longitudinal and shear waves, using an ULT-100 ultrasonic velocity test
system (GCTS Testing System). Measurements were made in a cold room at�10°C. The specimens had a dia-
meter of 30 mm and a length of 55–61 mm. The specimens were put between two platens that included six
sensors and the longitudinal and/or shear signals were run about 50 times between two platens so the aver-
age signal wave for the 50 waveforms was obtained. Each signal wave has a high level of acoustic noise, so a
band-pass filter was set for both longitudinal and shear waves; the frequency range of the band-pass filter
was 12 to 466 kHz for the longitudinal wave, and it was 39 to 347 kHz for the shear wave.

Young’s modulus, E; Poisson’s ratio, ν; and shear modulus, G, were determined from the relationships:

E ¼ ρV s
2 3V l

2 � 4Vs
2

V l
2 � Vs

2 ; (1)

ν ¼ 1
2
V l

2 � 2V s
2

V l
2 � Vs

2 ; (2)

G ¼ ρVs
2; (3)

where ρ is the specimen density and Vl and Vs are the longitudinal wave and the shear wave velocities,
respectively.

2.4. Fracture Toughness

Fracture toughness was measured using the method of three-point bending (mode-I loading), following
ASTM-E399 [ASTM E399, 2009]. The specimens were shaped by cutting the original cylindrical silica ice and
pure ice by a band-saw and a microtome. The specimens had a rectangular parallelepiped shape with the
specimen base, b, of 12–19 mm and the specimen height, h, of 10–18 mm, as illustrated in Figure 2. We initi-
ally varied the specimen length between either ~30 mm or ~60 mm to examine whether the loading span, l,

Figure 2. Schematic illustration for specimen dimension of three-point bending (mode-I loading) tests.
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affects the fracture toughness. The fracture toughness did not change with l. Thus, l was set to be 23–25 mm
for the shorter specimens and 50–55 mm for the longer specimens. For samples with silica volume fractions
from 0 to 0.18 the notch was made by cutting at the center of basal surface between two loading points with
a razor blade having the thickness of 0.15 mm. The blade was very thin so the notch was sharp. In the case of
f = 0.34, the notch was made with a knife having the thickness of 1 mm, resulting in a notch of included angle
<15°. The initial notch length, a, was changed from 3 to 8 mm. Thus, the ratio, a/h, was changed from 0.3 to
0.7. This ratio did not systematically affect the derived value of fracture toughness. The experimental
conditions for each sample are shown in Table 1.

Three-point bending test is one of the standard tests to measure mechanical properties such as fracture
toughness. The specimen was placed on two supporting bars (a set span of l), and a force was loaded at
the center of top surface of specimen until the specimen broke. In our experiments, a string connected to
a bucket was hung up from the above specimen andwater was poured into the bucket until specimen failure.
To calculate the load at failure, we measured the weight of water poured into the bucket. We performed the
bending tests for specimens with the same silica volume fraction at 4–6 times to determine reproducibility.

The specimens were loaded in a cold room at the temperature of �10°C at a constant loading rate. We mea-
sured the time required to pour the water into the bucket and calculated the loading rate from this pouring
time and the weight of the water. To eliminate contributions from creep deformation, the loading rate at
�10°C shouldbe>0.3–10kPam1/2 s�1 for pure ice [NixonandSchulson, 1987]. In thecaseof silica ice, the critical
loading rate is unclear, but given that silica ice creeps more slowly than pure ice, the limit is expected to be
lower than that of pure ice. In theexperiments reportedhere, the loading rate always exceeded10kPam1/2 s�1.

Fracture toughness was computed from the relationship [ASTM E399, 2009]:

K lc ¼ Pl

bh3=2
f dð Þ; (4)

where P is the load at failure and f(d) is a function including the term of a/h and is given by the relationship:

f dð Þ ¼ 3
ffiffiffi
d

p 1:99� d 1� dð Þ 2:15� 3:93d þ 2:7d2
� �

2 1þ 2dð Þ 1� dð Þ3=2
; (5)

where d = a/h.

Table 1. Experimental Conditions and Results From Three-Point Bending Tests

Run Number Silica Volume Fraction f a hb (mm) bb (mm) l (mm) ab (mm) KIc (kPa m
1/2)

20160913-2 0 0 16.1 (0.2) 16.0 (0.2) 51 6.5 (0.03) 94.9
20160913-3 0 17.8 (0.2) 17.7 (0.1) 51 6.4 (0.4) 114.2
20160913-4 0 15.0 (0.2) 15.5 (0.2) 24 5.5 (0.3) 114.3
20160913-5 0 16.3 (0.1) 15.8 (0.2) 25 6.1 (0.1) 75.6
20161101-1 0.06 0.058 15.0 (0.1) 14.6 (0.04) 23 6.1 (0.1) 190.5
20161101-2 0.058 15.0 (0.1) 13.1 (0.1) 23 5.7 (0.4) 275.7
20161101-3 0.061 13.6 (0.1) 14.3 (0.1) 55 3.9 (0.5) 180.4
20161101-4 0.058 14.9 (0.1) 14.8 (0.03) 55 4.3 (0.3) 247.7
20161101-5 0.12 0.120 14.3 (0.1) 14.2 (0.1) 55 4.1 (0.4) 343.5
20161101-6 0.123 13.9 (0.1) 13.7 (0.1) 55 4.3 (0.1) 303.0
20161101-7 0.127 13.5 (0.1) 13.5 (0.1) 52 4.8 (0.2) 302.0
20161102-1 0.121 13.3 (0.1) 13.6 (0.03) 24 5.5 (0.1) 329.2
20160916-1 0.18 0.186 10.3 (0.1) 14.3 (0.4) 23 7.3 (0.3) 370.8
20160916-2 0.184 11.3 (0.02) 12.4 (0.01) 23 7.0 (0.1) 270.5
20160916-3 0.190 11.9 (0.1) 17.3 (0.2) 23 6.0 (0.02) 204.8
20160919-1 0.190 11.9 (0.2) 16.4 (0.1) 23.5 6.0 (0.02) 307.9
20160919-2 0.192 12.4 (0.2) 19.2 (0.01) 23.5 6.1 (0.1) 375.7
20160919-3 0.184 16.9 (0.03) 12.2 (0.1) 23.5 8.2 (0.01) 337.0
20161101-8 0.34 0.336 13.1 (0.4) 13.4 (0.3) 53 7.1 (0.03) 225.5
20161101-9 0.336 13.9 (0.3) 13.0 (0.5) 55 6.6 (0.4) 474.6
20161101-10 0.336 12.4 (0.3) 11.9 (0.2) 50 6.9 (0.1) 404.4
20161101-11 0.336 12.6 (0.2) 13.1 (0.4) 50 6.4 (0.1) 483.2

aLeft side: silica volume fraction used in the text. Right side: silica volume fraction measured before each test.
bThe numbers in parentheses give the standard deviation.
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2.5. Compressive Strength and Ductile-to-Brittle Transition

We conducted unconfined uniaxial compression experiments under constant strain rates by using in uniaxial
mode a multiaxial servo-hydraulic testing machine (MTS Systems Corp.) situated in a cold room in the Ice
Research Laboratory at Dartmouth College. The room temperature was set to be �10°C. The strain rate ran-
ged from 10�5 to 6.0 × 10�1 s�1. The samples had a cylindrical shape with a diameter of 30 mm and a height
of 60 mm for the strain rates of 10�5–10�1 s�1; for the highest strain rate of 6.0 × 10�1 s�1, the sample length
was reduced to 30 mm. The experimental conditions for each sample are shown in Table 2. Prior to testing,
the specimens were milled to improve the degree of parallelism of the ends. To reduce friction, thin polyethy-
lene sheet was placed at the ice/platen interface.

Schulson [1990] and Renshaw and Schulson [2001] created a physical model of the ductile-to-brittle transi-
tion that accounts for the effects of strain rate, temperature, grain size, etc., in terms of the competition
between stress buildup and stress relaxation via creep at the tips of cracks [see Schulson and Duval, 2009,
Chapter 13]. The model incorporates the assumption that stress-relaxation occurs via power law or dislo-
cation creep, as is appropriate for bodies deformed at relatively high homologous temperatures under
relatively high stresses. Under such conditions, the ductile-to-brittle transition, when expressed in terms

Table 2. Experimental Conditions and Results From Uniaxial Compression Tests

Run Numbera Silica Volume Fraction f b Porosity (%) Strain Rate (s�1) Peak Stress (MPa)
Deformation

Behaviorc

20160510-1* 0 0 3.7 9.99 × 10�6 2.51 D
20160510-2 0 3.7 1.00 × 10�4 4.70 D
20160516-1* 0 4.1 1.00 × 10�4 4.93 D
20160517-1 0 4.2 9.98 × 10�6 2.56 D
20160527-1* 0 3.9 1.00 × 10�3 6.30 D
20160527-2 0 4.6 1.00 × 10�2 7.66 B
20160627-2 0 4.7 1.02 × 10�1 3.56 B
20160706-1 0 4.4 5.66 × 10�1 3.63 B
20160706-2* 0 5.1 5.89 × 10�1 2.96 B
20160706-3* 0 6.7 9.98 × 10�2 4.95 B
20160706-4* 0 3.4 1.01 × 10�2 11.04 B
20160707-1 0 3.5 1.00 × 10�3 7.26 D
20161110-1 0.06 0.054 1.9 1.01 × 10�2 9.42 D
20161110-2* 0.057 1.4 1.01 × 10�2 14.48 D
20161110-3 0.057 2.1 1.01 × 10�1 9.53 B
20161110-4* 0.060 1.1 1.01 × 10�1 16.52 B
20161111-1* 0.055 3.1 5.05 × 10�1 9.53 B
20161111-2 0.055 3.1 5.49 × 10�1 5.80 B
20161123-1* 0.056 1.8 1.00 × 10�3 8.82 D
20161123-2* 0.057 1.7 1.00 × 10�4 6.33 D
20161123-3* 0.053 2.0 1.00 × 10�5 4.06 D
20161201-1 0.054 2.4 1.00 × 10�3 8.96 D
20161201-2 0.055 1.9 1.00 × 10�4 6.35 D
20161201-3 0.057 2.1 1.00 × 10�5 4.12 D
20160518-1* 0.18 0.169 2.3 1.00 × 10�5 4.80 D
20160518-2* 0.172 2.3 1.00 × 10�4 6.32 D
20160527-3* 0.170 2.3 1.00 × 10�3 8.59 D
20160602-1 0.178 3.9 1.01 × 10�2 12.09 D
20160627-1* 0.190 2.2 1.02 × 10�1 18.20 D
20160701-1* 0.187 5.9 5.99 × 10�1 22.68 D
20160701-2 0.187 1.8 5.71 × 10�1 27.39 D
20160707-2 0.175 2.9 1.00 × 10�3 7.95 D
20160707-3* 0.183 3.7 1.01 × 10�2 11.73 D
20160708-1 0.183 2.9 1.00 × 10�5 4.72 D
20161205-1 0.188 4.6 1.00 × 10�4 5.32 D
20161205-2 0.190 3.7 1.02 × 10�1 12.95 D

aAsterisk (*) indicates the results shown in Figures 3 and 4.
bLeft side: silica volume fraction used in the text. Right side: silica volume fraction measured before each test.
c“D” means ductile behavior, and “B” means brittle behavior determined from the stress-strain curve (Figures 3 and

S1), the macroscopic appearance of deformed sample (Figure 4), and the peak stress behavior (Figure 5).
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of a critical transitional strain rate, ε̇D=Bcal , defined under compressive loading as follows [Schulson and

Duval, 2009]:

ε̇D=Bcal ¼ nþ 1ð Þ2 3ð Þ n�1ð Þ=2BK Ic
n

n
ffiffiffi
π

p
1� Rð Þ � μ 1� Rð Þ½ �cn=2 μ < 1ð Þ; (6)

where KIc is the fracture toughness, μ is the coefficient of kinetic friction, c is the half length of the initial crack
within the material, R is the ratio of two principal compressive stresses, σ3/σ1 (σ1 is the highest and σ3 is the
least compressive stress, where compressive stress is taken to be a positive quantity), and B and n are con-
stants in the power law relationship that describes creep, ε̇ ¼ B ∙ σn (σ is the effective stress and ε̇ is the strain
rate). In this study, we performed uniaxial compression tests, so σ3 = 0 and R = 0. Thus, equation (6) can be
written as

ε̇D=Bcal ¼ nþ 1ð Þ2 3ð Þ n�1ð Þ=2BK Ic
n

n
ffiffiffi
π

p
1� μð Þcn=2 μ < 1ð Þ; (7)

We applied themodel in the recent study not as a test of its validity, but as a framework for understanding the
observations. In applying it, the fracture toughness, KIc; creep coefficient, B; and stress exponent, n, were all
determined independently for the different silica ices.

In this study, we did not measure the coefficient of kinetic friction. The μ for most of materials ranges from 0
to 1. For example, the μ of granular water ice ranges from 0.02 to 1, depending on the sliding velocity and
temperature; for review see Schulson [2016]. From equation (7), the sensitivity to μ is small compared to,
for example, the sensitivity to KIc, n, and c.

3. Results
3.1. Stress-Strain Curve and Deformation Behavior

The ductile-to-brittle transition has been variously defined as, e.g., the loss of load bearing ability, the onset of
dilatancy, or the localization of deformation along a fault. Here the deformation behavior, ductile or brittle,
under compressive loading is characterized by the shape of the stress-strain curve and by the macroscopic
appearance of the deformed material. In the case of ductile behavior of ice, the stress linearly increases with
the strain at first, and then the slope of the curve gradually decreases, becomes zero, and then becomes
negative; that is, the stress exhibits a rounded peak. After the negative sloped segment following the peak,
the slope of the curve tends to level off and approach zero and the stress tends to become constant.
Correspondingly, although internally damaged microscopically at the level of the grain size, cracks do not
propagate and so macroscopic cracks do not develop. In the case of brittle behavior, the stress first increases
linearly with the strain accompanied by some small stress drops, reaches a sharp peak, and then drops sud-
denly after terminal failure. Correspondingly, the ice fractures macroscopically.

Figure 3 shows the stress-strain curves for both pure ice and silica ices with f = 0.06 and 0.18 examined in this
experiment. The other curves not shown in Figure 3 are shown in Figure S1 in the supporting information. As
the strain rate increases, the stress-strain curves indicate a change from ductile behavior to brittle behavior as
described in the preceding paragraph. At lower strain rates, all samples show ductile behavior, i.e., at strain
rates lower than 10�4 s�1 for pure ice,<10�3 s�1 for f = 0.06, and<10�2 s�1 for f = 0.18. At higher strain rates,
pure ice and silica ice with f = 0.06 show brittle behavior, i.e., at strain rates >10�2 s�1 for pure ice and
>10�1 s�1 for f = 0.06. However, the stress-strain curve at the strain rate where the deformation behavior
changes shows combined ductile and brittle character; the stress increases linearly at first and then reaches
a maximum, but after the peak the stress decreases abruptly but does not drop suddenly to zero. This dual-
like character is seen in the stress-strain curve for pure ice at 10�3 s�1, for silica ice with f = 0.06 at 10�2 s�1,
and f = 0.18 at 10�1 and 5.7 × 10�1 s�1. In the case of f = 0.18, the stress-strain curves remained ductile-like for
all strain rates smaller than 6 × 10�1 s�1. We did not strain at rates above this level owing to limitations in
actuator velocity.

On stress-strain curves, the strain at the peak stress in the ductile regime and that in the brittle regime (the
strain at failure) seems to be different in the case of pure ice from two previous works: the strain at the peak
stress in the ductile regime was about 0.01 to 0.04 obtained by Yasui and Arakawa [2010] while that in the
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brittle regime was<0.003 [e.g., Schulson, 1990]. In the case of our pure ice, the strain at the peak stress on the
stress-strain curve at the strain rate of 10�5 and 10�4 s�1, which showed ductile character, was obtained to be
0.023–0.025, and it decreased to 0.007–0.008 at the strain rate of 10�3 s�1. The strain at the peak stress at
>10�2 s�1, which showed brittle character, was obtained to be 0.002–0.009, and it was smaller than that
at the strain rate of <10�4 s�1, similar to previous works. On the other hand, in the case of silica ice for
f = 0.06, the strain at the peak stress was almost consistent, irrespective of strain rate, 0.011–0.023. For
f = 0.18, we could not observe the brittle behavior on stress-strain curves, but the strain at the peak stress
was also consistent, irrespective of strain rate, 0.011–0.035. This behavior was different from that for pure ice.

The difference of the deformation behavior is also seen in the recovered samples after the test. Figure 4
shows photographs of samples recovered after compressing, either to an axial strain of 0.1 or 0.2 or to failure.
The photographs correspond to the stress-strain curves of Figure 3. In the case of ductile behavior, the sam-
ple deformed either like a barrel where the central section was bulged or like a foot where the upper or lower
part was bulged. These features are similar to those described by Yasui and Arakawa [2008, 2010]. The cause
of barrel/foot heterogeneity was unknown in this study and was independent of sample setting method and
sample preparation method. Furthermore, we performed duplicate compression tests under the same con-
ditions. Bulges developed at different sites between different samples, although the stress-strain curves for
the duplicate tests were almost identical, implying that the bulges did not affect the macroscopic compres-
sive behavior. In the case of brittle behavior, the sample broke into many long pieces, owing to the

Figure 3. Stress-strain curves of (a) pure ice, (b) silica ice with silica volume fraction f = 0.06, and (c) silica ice with f = 0.18.
The number on the upper right of each curve shows the strain rate. The curves on each figure is lined up in order of strain
rate: themajor division showing the grey line indicates the strain of 0.1 or 0.2, and theminor division showing the short line
indicates the strain of 0.01, respectively. Three types of deformation (ductile, ductile-to-brittle transition, and brittle) show
on the upper of each figure.
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development of macrocracks aligned along the axis of compression (i.e., due to axial splitting). At the
transitional strain rate, that is, when the stress-strain curve shows the feature of both ductile and brittle
behavior, large cracks were observed, but the sample did not break completely. These cracks were
observed on the side surface of sample, and no cracks were observed in the center. For example, in the
case of silica ice with f = 0.18, many large cracks were observed on the sample surface at 6 × 10�1 s�1, but
no cracks were found in the central part.

We thus found three types of deformation behavior from the obtained stress-strain curves and the recovered
samples—ductile, transitional, and brittle. To identify the ductile-to-brittle transition more quantitatively, we
used the criterion to distinguish between ductile and brittle behavior proposed by Synder et al. [2016]. They
termed behavior to be brittle when the stress dropped to below one-half of the peak stress within an inelastic
strain increment of 10�3 or smaller after the strain corresponding to the peak stress. When we used this cri-
terion, the samples showing the transitional character were classified as ductile behavior, consistent with
their remaining largely intact. The deformation behavior shown in Table 2 was determined from this criterion.
We describe the results of peak stress in the next section in detail.

3.2. Peak Compressive Stress

Figures 5a–5c show the relationship between the peak stress and the strain rate. In the case of pure ice
(Figure 5a) and silica ice of f = 0.06 (Figure 5b), the stress change with the strain rate was similar. At
strain rates lower than the ductile-to-brittle transition, the peak stress increased by a power of 1/n with
increasing strain rate. In this ductile region, the compressive strength can be described by the power law
relationship, ε̇ ¼ B ∙ σpeakn . The values for the constant B and the stress exponent n, as derived from
Figure 5, are listed in Table 3. The values for pure ice were obtained by our results at strain rate smaller
than 10�3 s�1 and the results by Yasui and Arakawa [2008]. The stress exponent, n, for f = 0.06 was
approximately 2 times larger than that of pure ice. At the strain rate around the ductile-to-brittle transi-
tion, the slope decreased. At strain rates greater than the ductile-to-brittle transition, the peak stress
decreased with increasing strain rate. The peak stress became larger as silica volume fraction increased.
That the peak stress for silica ice with f = 0.06 reached a maximum at the ductile-to-brittle transition is
similar to the behavior of pure ice [Schulson and Duval, 2009]. In the case of silica ice with f = 0.18
(Figure 5c), the peak stress continued to increase with increasing strain rate, because silica ice of this
concentration did not show brittle behavior over the range of strain rate explored in this study. The
values for the constant B and the stress exponent n for f = 0.18 are also listed in Table 3, and the n

Figure 4. Images of recovered samples. The length of bar on each box indicates 50 mm.
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was almost constant with that for
f = 0.06. Our results were compared
with those obtained by Yasui and
Arakawa [2008] (shown in Figure 5,
labeled YA08). They also used pure
ice and silica ices made using the
same preparation method we used,
but they used silica beads with a
diameter of ~1 μm, 4 times larger
than those used in this study. In
the case of pure ice, their data and
our new data are generally consis-
tent with each other. In the case
of silica ices, the silica volume frac-
tions, f, of our silica ices differ
somewhat from those of Yasui and
Arakawa [2008]. Below we compare
our results with those for f = 0.04
and 0.15, compared to our silica
volume fractions of f = 0.06 and
0.18. In making this comparison,
we found that the peak stress in
the present study was about twice
as large as that reported by Yasui
and Arakawa [2008]. Furthermore,
the stress exponent, n, is also larger,
as listed in Table 3, particularly for
the low-silica mixtures.

From Figure 5, the transitional strain
rate, _εD=Bmeas , from our compression

tests could be determined and values
are listed in Table 4. We found that
the _εD=Bmeas increased with an

increase in silica volume fraction.

3.3. Fracture Toughness and
Elastic Properties

Figure 6 and Table 5 show the rela-
tionship between the fracture tough-
ness, KIc, and the silica volume
fraction. The average fracture tough-
ness, KIc_ave, for pure ice in this study
was 99.8 kPa m1/2. This value is close
to those of freshwater ice obtained
in previous studies at �10°C [Timco
and Frederking, 1986; Nixon and
Schulson, 1987; Wei et al., 1991] and
serves as a validation of the proce-
dure we used. As expected for a het-
erogeneous material, the values of
KIc for each silica ice vary more than
the fracture toughness of pure ice,
yet the data shows clearly that KIc

Figure 5. Peak stress versus strain rate for (a) pure ice, (b) silica ice with silica
volume fraction f = 0.06, and (c) silica ice with f = 0.18. The “cross” symbols
showing YA08 in each figure show the results of Yasui and Arakawa [2008].
The lines are fitted by ε̇ ¼ B ∙ σpeakn according to the least squares method,
and that in Figure 5a is fitted by using our results in a ductile regime (strain
rate smaller than 10�3 s�1) and the results of Yasui and Arakawa [2008].
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increases with silica volume fraction. We fit these data by a power function and obtained the best fitting
equation (solid line, Figure 6):

K Ic kPa m1=2
h i

¼ 99:3 ± 32:2ð Þ þ 474:4 ± 107:0ð Þf 0:44±0:15: (8)

Thus, we can say that the fracture toughness increases with increasing the silica volume fraction according to
approximately the square root of silica volume fraction; i.e., KIc∝ f

0.5. The relationship between KIc and f is
further discussed in section 4.1.

Figures 7a and 7b show the relationship between Young’s modulus, E, and silica volume fraction for pure ice
and silica ices. Young’s modulus was calculated by using equation (1) and the average values of longitudinal
and shear velocities, Vl and Vs, shown in Table 6. All data are shown in Table S1 in the supporting information.
The E of our pure ice was 8.7 GPa, a little smaller than typical Young’s modulus of 9.3 GPa for polycrystalline
granular ice at �10°C [Schulson and Duval, 2009]. This difference is likely caused by the small amount of por-
osity that was present. Gibson and Ashby [1988] defined the relationship between Young’s modulus, E, and
the density, ρ, for snow as Esnow/Eice = (ρsnow/ρice)

2. Furthermore, Yasui and Arakawa [2010] also examined
the dependence of E on porosity, ϕ, in pure ice and obtained the empirical equation, E [GPa] = 9.1� 0.19ϕ,
for pure ice (0 ≤ ϕ [%] ≤ 20). Our pure ice had a porosity of 3–5%, indicating a Young’s modulus of our pure
ice specimens to be 8.4–8.8 GPa from the relationship of Gibson and Ashby [1988] and 8.2–8.5 GPa from the
empirical equation of Yasui and Arakawa [2010]. These calculated values are very close to our experimentally
obtained value, 8.7 GPa.

Figure 7a shows the relationship between Young’s modulus, E, and silica volume fraction over the range of
f explored in these experiments. The values of E of silica ices are larger than that of pure ice, and further-
more, E increased approximately linearly with the silica volume fraction over the range explored here. The
data for E can fit by a linear function as E [GPa] = 9.3 + 25.1f (0 ≤ f ≤ 0.34). Figure 7b shows the same experi-
mental data in Figure 7a along with the data for amorphous silica glass (f = 1) at 20°C with a density
2200 kg m�3 [Pabst and Gregorová, 2013]. If we include this point in the overall picture, the variation in
E with silica volume fraction is bounded by the Voigt upper bound and by the Reuss lower bound of a
mixture of phases [e.g., Watt et al., 1976]. The Voigt model, MV, and the Reuss model, MR, are expressed
as follows:

MV ¼ ∑
N

i¼1
f iMi; (9)

1
MR

¼ ∑
N

i¼1

f i
Mi

; (10)

where fi is the volume fraction of the
ith constituent phase and Mi is the
elastic modulus of the ith constituent
phase. The average of the Voigt and
Reuss models, MVRH [Hill, 1952], is
expressed as follows:

Table 3. Constants B and n in the Power Law Describing Ductile Behavior, ε̇ ¼ B ∙ σpeakn

Silica Volume Fraction f B (s�1(MPa)�n) nc

0 (this study and YA08)a 9.33 × 10�7 3.31 (0.26)
0.06 (this study) 1.93 × 10�9 6.08 (0.74)
0.18 (this study) 9.14 × 10�10 6.48 (0.44)
0.04 (YA08b) 1.70 × 10�6 3.12 (0.18)
0.15 (YA08b) 3.11 × 10�8 6.05 (0.51)

aThe B and the n are obtained from combining our data in a ductile regime with those of Yasui and Arakawa [2008].
b“YA08” represents the data of Yasui and Arakawa [2008].
cThe numbers in parentheses give the standard deviation.

Table 4. Critical Transitional Strain Rate at Ductile-to-Brittle Transition
Determined From the Compression Tests, ε̇D=Bmeas, and From the
Calculation of Equation (7), ε̇D=Bcal
Silica Volume Fraction f ε̇D=Bmeas (s

�1) ε̇D=Bcal (s
�1)

0 10�3–10�2 2 × 10�3–4 × 10�2

0.06 10�2–10�1 2 × 10�1–4 × 102

0.18 >6 × 10�1 2 × 101–7 × 103
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MVRH ¼ MV þMR

2
; (11)

and describes the data reason-
ably well.

Poisson’s ratios, ν, which were cal-
culated by using equation (2), of
pure ice and silica iceswere almost
the same, irrespective of silica
volume fraction (Table 6). The
average value was 0.327 ± 0.019.
This value is also consistent with
that of the randomly oriented
polycrystalline granular ice at
�5°C, 0.33 [Schulson and Duval,
2009]. For reference, Poisson’s
ratio of f = 1, that is, of silica glass
is ν = 0.168 [Pabst and Gregorová,
2013], about one-half that of ice.
However, the Poisson’s ratio of
pure silica beads, rather than
intact silica glass, is unknown.

4. Discussion
4.1. Relationship Between Fracture Toughness and Elastic Properties

Fracture toughness, KIc, is related to Young’s modulus, E, and to Poisson’s ratio, ν, as follows:

K Ic ¼
ffiffiffiffiffiffiffiffiffiffi
Gc∙E

0
q

; (12)

where Gc is the critical value of the crack-extension force (or the strain energy release rate) for mode-I
loading and E0 is expressed as

E 0 ¼ E
1� ν2

: (13)

In section 3.3, we found that E increased linearly upon increasing the silica volume fraction; that is, E∝ f
and that ν was almost independent of silica volume fraction, ~0.33, over the range of f explored here.
From these results and equation (13), the parameter, E0, also increases upon increasing the silica volume
fraction; i.e., E

0
~ 1.1E∝ f. Thus, given equation (12), and assuming that the crack-extension force, Gc, is

relatively independent of silica volume fraction over the range of f explored, we expect fracture tough-
ness to scale with the square root of the silica volume fraction, KIc∝ f

0.5. This relationship is in good
agreement with the experimental observations (Figure 6), indicating that the increase in fracture tough-
ness with silica volume fraction primarily results from the linear increase in Young’s modulus with silica
volume fraction.

4.2. Microstructure and
Ductile Behavior of Ice-Silica
Mixtures

As described in section 3.2,
within the ductile regime, the
peak strengths for silica ices are
greater than that for pure ice
but are almost constant between
f = 0.06 and f = 0.18. The reason

Figure 6. Fracture toughness versus silica volume fraction. The solid line is fitted
by equation (8).

Table 5. Average Fracture Toughness, KIc_ave, for Pure Ice and Silica Ices

Silica Volume Fraction f KIc_ave
a (kPa m1/2)

0 99.8 (18.5)
0.06 223.6 (45.7)
0.12 316.1 (23.7)
0.18 311.1 (65.4)
0.34 396.9 (119.6)

aThe numbers in parentheses give the standard deviation.
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the peak stress for silica ices became lar-
ger than that for pure ice might be
explained by the difference in microstruc-
ture. As shown in Figure 1, in the pre-
sence of silica the ice grains tend to be
immersed within a relatively fine compo-
site matrix composed of silica beads and
frozen water. This composite, we expect,
is stronger than pure ice. This strengthen-
ing effect of the silica/ice composite is
also obvious from the results obtained
in Yasui and Arakawa [2008]; they found
that the peak stress was greater as silica
beads volume fraction increased over
the range of f from 0.04 to 0.63 in the duc-
tile regime. At a more fundamental level,
the silica-induced strengthening, particu-
larly of the finely structured ice/silica
matrix, might be explicable in terms of
dislocation-particle interactions, in an
Orowan manner (for a review of this
mechanism, see Brown and Ham [1971]).

We also compared our experimental
results with those of Yasui and Arakawa
[2008], who used ice-1-μm silica bead
mixtures with silica volume fraction of
f = 0, 0.04, and 0.15. We found that our
compressive strengths were higher than
those for Yasui and Arakawa [2008]. This
might also be explained by using
Orowan mechanism. Owing to their
mechanism, one possible explanation
for the greater strength in the present
material relates to the smaller bead size,
for that mechanism dictates that, for a
given volume fraction, particle-induced
strengthening is inversely proportional
to particle diameter. A rough calculation
based upon the bowing of dislocations
between particles leads to strengthening

given by the relationshipGb=L (where G is

shear modulus, b is dislocation Burgers
vector, and L is average spacing between
particles). As an example calculation, we

used b = 3 × 10�10 m [Fukuda et al.,
1987] and values of G from our ultrasound velocity measurements as shown in equation (3) (these values
are listed in Table 6 with the other elastic properties). If we assume that the particles are distributed homo-
geneously over a whole sample, then L equals (4π/3f)1/2r (where r is particle radius). In that case, the expected
strengthening would be around 0.6 MPa for f = 0.06 for 0.25 μm particles, 1 order of magnitude smaller than
the present observation. However, from Figure 1 it is clear that the silica beads in our silica ices are not dis-
tributed randomly, but rather dispersed as a fine composite in which pure ice is immersed. This means that
the interparticle spacing is smaller than estimated assuming that the particles are homogeneously distribu-
ted. If we assume that the effective value of L is of the samemagnitude as particle size, r, then we estimate the

Figure 7. Young’s modulus versus silica volume fraction. (a) The range
explored in this experiments. The solid line is fitted by the linear func-
tion at the silica volume fraction from 0 to 0.34. (b) The extended figure
of both axes to include the f = 1 data. The three lines represent the
functions determined by equations (9)–(11).
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strengthening to be around 5 MPa for f = 0.06 for 0.25 μm particles, in order-of-magnitude agreement with

the present observations. Furthermore, if we calculate the strengthening stress Gb=r for our silica ices of
f = 0.06 and 0.18, then we can explain their peak strengths being consistent with each other in the ductile

regime because the Gb=r is independent of silica volume fraction f when we assume L ~ r, i.e., that the par-
ticles are dispersed in a fine matrix. To more robustly clarify the nature of the difference between the earlier
and the present results, more work is needed using different silica bead sizes.

Furthermore, as already described in sections 3.1 and 3.2, we found that the experimental transitional strain
rate, ε̇D=Bmeas, increased with increasing the silica volume fraction. This might be caused by the microstruc-

ture of silica ices. As shown in Figure 1, in the silica ices the ice grains/seeds are surrounded by the fine com-
posite matrix composed of silica beads and frozen water. Because of the fine grain size, we expect that this
composite is strong compared with ice grains/seeds due to particle-induced strengthening and the inhibition
of the initiation of cracks.

4.3. Ductile-to-Brittle Transition of Pure Ice

We obtained from our experiments the transitional strain rate, ε̇D=Bmeas , of pure ice of 10�3–10�2 s�1. This

range is consistent with previous estimates. Arakawa and Maeno [1997] examined the transitional strain rate
of pure polycrystalline granular ice with ice grain size of 0.9 mm at temperatures from �10 to �173°C. They
determined the transitional strain rate at �10°C to be 10�2 s�1. According to compiled data by Gold [1977],
the transitional strain rate of pure polycrystalline ice at �10°C is 10�3 s�1. Arakawa and Maeno [1997] sug-
gested that their higher value of ε̇D=B compared with Gold’s value might be caused by confinement; their

samples were slightly confined at both ends due to their setting method, and this effect caused the enhance-
ment of transitional strain rate [Schulson and Buck, 1995]. Batto and Schulson [1993] examined the transitional
strain rate of columnar-grained freshwater ice at �10°C under unconfined compression loading. The speci-
mens were compressed across the columns. They found that the transitional strain rate for ice of grain size
of 3.5 mmwas 3 × 10�4 s�1, 1 order of magnitude greater than that (3–6 × 10�5 s�1) of ice with 15mmgrains.
They concluded that the transitional strain rate could be scaled as (grain size)�1.5. Using this scaling, Gold’s
value (10�3 s�1) for a grain size of ~1 mm is slightly smaller than that for Arakawa and Maeno [1997].
Golding et al. [2013] examined the transitional strain rate of columnar-grained freshwater ice with the ice
grain size of 3–6 mm at �10°C, and they obtained the transitional strain rate as 10�4 s�1, consistent with
the data interpolated by using the experimental function of Batto and Schulson [1993].

Our obtained ε̇D=Bmeas of pure ice with the ice grain size of 0.3–0.4 mm (section 2.2) is also consistent with the

value obtained by the interpolation of experimental function of Batto and Schulson [1993]. From these results,
we can say that the transitional strain rate of pure ice depends on the ice grain size and that transitional strain
rate is independent of the structure of ice, that is, whether the microstructure is granular or columnar.

4.4. Theoretical and Experimental Critical Transitional Strain Rate of Silica Ice

The transitional strain rate, ε̇D=Bcal, predicted by equation (7), as explained in section 2.5 requires the half

length of initial crack, c, and the coefficient of friction, μ. Here we estimate c as the average ice grain
radius within the sample [Schulson and Duval, 2009]. We used for c the half-length of the major axis cor-
responding to the peak of the frequency distribution. Thus, we used the values c = 0.23 mm for pure ice,
and c = 0.18 mm for f = 0.06 and c = 0.15 mm for f = 0.18. We did not determine the coefficient of fric-
tion experimentally, so we estimated it from previous work. The coefficient of friction is known to depend
on temperature and sliding velocity [e.g., Maeno et al., 2003; Schulson and Fortt, 2012; Golding et al., 2013;
Schulson, 2016]. For example, Schulson and Fortt [2012] reported that the value of μ (as determined from
the slope of curves showing shear stress versus normal stress during sliding and not from the ratio of
shear stress to normal stress) increased with increasing sliding velocity at lower sliding velocity while it
decreased at higher sliding velocity at temperature of �10°C. Here we chose the coefficient of friction
for pure ice from the results of ice-ice friction obtained by Schulson and Fortt [2012] at sliding velocities
estimated as ε̇D=Bmeas multiplied by the value of c, following Golding et al. [2013]. Specifically, we assume

that the μ of pure ice is 0.35–0.5 at sliding velocities of 2 × 10�7–2 × 10�6 m s�1. In the case of silica ices,
we used the μ between a block of ice-debris mixture and a rock block obtained by Zoet et al. [2013]. They
used a block of ice-debris mixture with a debris grain size less than 1.25 mm and a debris mass content
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of 0–50%, and the sliding velocity was 10�5 m s�1. From the calculation of sliding velocity by Golding
et al. [2013], the sliding velocity for f = 0.06 is 2 × 10�6–2 × 10�5 m s�1. In the case of silica ice with
f = 0.18 we could not obtain an accurate estimate ε̇D=Bmeas , so in this calculation, we approximated

ε̇D=Bcal using the highest strain rate, 6 × 10�1 s�1. Thus, for f = 0.18 the sliding velocity is

>9 × 10�5 m s�1. These sliding velocities for f = 0.06 and 0.18 are close to that by Zoet et al. [2013].
They did not measure the μ at �10°C, so we used their data at a temperature of �6°C, nearest our
experiments. From their data, the μ for f = 0.06 is 0.48 and that for f = 0.18 is 0.65. It should be noted
from equation (7) that the calculated value of the transitional strain rate depends on the term
1/(1 � μ) and so, over the range of friction coefficient just noted, is not highly dependent on the
value of this parameter. The other parameters needed to calculate ε̇D=Bcal are shown in Tables 3 and 5.

Summarized in Table 4 are the calculated values of transitional strain rate, ε̇D=Bcal , obtained by using

the equation (7) and by taking into account the standard deviations of n and KIc listed in Tables 3 and 5.

The calculated transitional strain rates, ε̇D=Bcal, increase with increasing silica volume fraction. This behavior

was consistent with that of ε̇D=Bmeas obtained in our experiments. Under the assumptions of the model, this

increase might be caused by the sensitivity of ε̇D=B to the stress exponent, n, and fracture toughness, KIc. That

is, both n and KIc increase with increasing silica volume fraction. In the case of f = 0.18, both n and KIc are 2.5–3
times larger than those of pure ice. The ε̇D=Bcal includes the term of KIc

n so this term significantly affects the

calculated increase of ε̇D=Bcal.

The ε̇D=Bcal of pure ice was in good agreement with the measured value ε̇D=Bmeas. For the silica ice of f = 0.06,

the ε̇D=Bcal was larger than the ε̇D=Bmeas , although the lower end of the calculated range was close to the

measured transitional rate. For the silica ice of f = 0.18, although a range of 3 orders of magnitude in strain
rate was calculated, comparison between calculated and measured values is difficult because a transition
was not observed at the highest strain rate (6 × 10�1 s�1) explored here. We caution that there is uncertainty
in these calculated values for the silica ices. The uncertainty arises from uncertainty in the c-values and from
the high sensitivity of the transitional strain rate to the exponent n. Unfortunately, in silica ice, owing to its
opacity, it is difficult to observe the initial crack length. In this calculation, we assumed that the c was equal
to the half-length of major axis of original ice grains/seeds. However, as the silica volume fraction increases,
the area of fine composite matrix surrounding original ice seeds increases and ice grains tend to separate
from each other as shown in Figure 1. Therefore, as the silica volume fraction increases, this matrix is
expected to play an increasing role as a framework in the silica ice, similar to columns in a building. It is
unclear how to adjust the effective c-value to account for this. The important point, though, is that even if
the range of standard deviation of KIc and n is small, the range of KIc

n/cn/2 will be large.

In previous work little attention has been given to the effect of hard particles such as silica beads on the
ductile-to-brittle transition. Yasui and Arakawa [2008] examined the transitional strain rate of ice-silica-bead
mixtures with silica volume fraction of 0.29 and 0.63 and found that it was rather low; i.e., ~2 × 10�4 s�1, much
smaller than our ε̇D=Bmeas of>6.0 × 10�1 s�1 for f = 0.18. Their result would thus appear to be in contradiction

with the results of this study where ε̇D=Bmeas was found to increase with increasing the silica volume fraction.

However, the resolution of this difference probably resides in the variation in the parameter, B, of

Table 6. Longitudinal and Shear Velocities, Vl and Vs, and Elastic Moduli (Young’s Modulus, E; Poisson’s Ratio, ν; and Shear
Modulus, G) of Pure Ice and Silica Ices (Average)

Silica Volume
Fraction f

Longitudinal Velocity
Vl
a (m s�1)

Shear Velocity Vs
a

(m s�1)
Young’s Modulus

Ea (GPa)
Poisson’s
Ratio νa

Shear Modulus
Ga (GPa)

0 3661.4 (218.4) 1950.3 (103.1) 8.71 (0.83) 0.30 (0.004) 3.34 (0.31)
0.06 4396.1 (23.2) 2132.6 (58.5) 11.72 (0.52) 0.35 (0.01) 4.35 (0.23)
0.12 4309.3 (3.0) 2094.9 (49.2) 12.32 (0.35) 0.35 (0.01) 4.58 (0.16)
0.18 4190.1 (59.8) 2117.8 (29.7) 13.28 (0.31) 0.33 (0.0001) 5.00 (0.12)
0.34 4344.0 (111.8) 2255.6 (18.7) 17.97 (0.19) 0.32 (0.009) 6.83 (0.03)
1b – – 72.2 0.168 –

aThe numbers in parentheses give the standard deviation.
bYoung’s modulus E and Poisson’s ratio ν of f = 1 are values of amorphous silica glass referred from Pabst and

Gregorová [2013].
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equation (7). Yasui and Arakawa [2008] concluded that B exponentially decreased with increasing the silica
volume fraction for f greater than 0.15. On the other hand, for f greater than 0.15, the stress exponent, n, while
higher than that of pure ice, remained almost constant at ~6–7 at silica volume fraction of 0.15–0.63. If these
relationships can be applied to the results of our silica ices, then ε̇D=Bcal first increases with increasing the silica

volume fraction owing to an increase in n and KIc, and then decreases for f > 0.18 as B decreases exponen-
tially with increasing the silica volume fraction. Therefore, it is expected that the critical transitional strain rate
reaches a maximum at an intermediate silica volume fraction.

We note again that we applied the Schulson-Renshaw model of the ductile-brittle transition only as a frame-
work for understanding the behavior of silica-rich ice, not as a test of its validity. For such material, as is now
apparent, the model works less well than it does for pure ice, possibly because it is incomplete (missing are
the primary and tertiary stages of creep) and possibly because it does not include the microstructural com-
plexity introduced by the presence of hard particles. So we have to include in the model a possible effect
of the distribution of ice seeds and silica particles versus the silica volume fraction.

From the perspective of the rheological behavior of icy planetary bodies, it is clear from the results of the pre-
sent study and of the earlier work of Yasui and Arakawa [2008] that silica dust plays a major role in the ductile
to brittle transition. Moreover, its effect is not a monotonic one, at least in relatively warm mixtures. Such
compacted behavior is expected to affect tectonic style that is reflected, for example, in both the grooved
light terrain and the heavily cratered dark terrain of Ganymede. Hopefully, the new results will be of use to
planetary modelers.

5. Summary and Conclusions

We performed unconfined compression experiments on ice-0.25-μm-silica bead mixtures with silica volume
fraction of 0, 0.12, and 0.18 at a temperature of �10°C and a strain rate from 10�5 to 6.0 × 10�1 s�1 to exam-
ine the effect of silica beads on the ductile-to-brittle transition. Furthermore, we measured the fracture
toughness and elastic moduli of the mixtures at silica volume fractions from 0 to 0.34. We summarize our
results and conclusions as follows:

1. Over the range of silica volume fraction considered (0 ≤ f ≤ 0.34), fracture toughness, KIc, measured by
three-point bending tests, was found to increase with increasing silica volume fraction, f, and it scaled
with the square root of silica volume fraction; i.e., KIc∝ f

0.5. Young’s modulus, E, increased linearly with
increasing silica volume fraction, E∝ f, while Poisson’s ratio, ν, was almost the same, ~0.33, essentially inde-
pendent of silica volume fraction over the range of f explored.

2. The transitional strain rate, ε̇D=Bmeas, was determined from the character of the stress-strain curve, from the
recovered sample appearance and from the peak stress on the stress-strain curve, and was found to be
10�3–10�2 s�1 for pure ice, 10�2–10�1 s�1 for f = 0.06, and >6 × 10�1 s�1 for f = 0.18. Over the range
explored in these experiments (0 ≤ f ≤ 0.18), the ε̇D=Bmeas increased with increasing silica volume fraction.

3. We analyzed our experimental results within the framework of the physical model of transitional strain
rate proposed by Schulson [1990] and Renshaw and Schulson [2001]. In the case of pure ice, the calculated
transitional strain rate was consistent with the measured value in our experiments. In the case of silica ices
for f = 0.06 and 0.18, the calculated transitional strain rate was larger than that measured in our experi-
ments and had significant uncertainty. Within the context of the model, this difference is attributed to
uncertainties in the initial crack length, c. As a result, we could not determine the transitional strain rate
of silica ices with certainty using the physical model. The transitional strain rate for f = 0.29 and 0.63,
obtained by Yasui and Arakawa [2008], was smaller than those of our silica ices for f = 0.06 and 0.18, owing
most likely to the exponential decrease of B with increasing silica volume fraction and implying that the
transition strain rate of ice-silica mixtures loaded under uniaxial compression at �10°C reaches a maxi-
mum at a silica volume fraction between 0.18 and 0.29.
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