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We develop a geometrical optimization technique for the projection-after-variation (PAV) scheme
of the recently refined projected Hartree–Fock (PHF) as a fast alternative to the variation-after-
projection (VAP) approach for optimizing the structures of molecules/clusters in symmetry-adapted
electronic states at the mean-field computational cost. PHF handles the nondynamic correlation effects
by restoring the symmetry of a broken-symmetry single reference wavefunction and moreover enables
a black-box treatment of orbital selections. Using HF orbitals instead of PHF orbitals, our approach
saves the computational cost for the orbital optimization, avoiding the convergence problem that
sometimes emerges in the VAP scheme. We show that PAV-PHF provides geometries comparable to
those of the complete active space self-consistent field and VAP-PHF for the tested systems, namely,
CH2, O3, and the [Cu2O2]2+ core, where nondynamic correlation is abundant. The proposed approach
is useful for large systems mainly dominated by nondynamic correlation to find stable structures in
many symmetry-adapted states. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4978050]

I. INTRODUCTION

One of the most fascinating and challenging themes in
quantum chemistry is to enable the treatment of an electronic
state with strong correlation such as an assembly of dissoci-
ating molecules and biradical species. The correlation energy,
defined as the difference between the Hartree–Fock (HF) and
full configuration interaction (FCI) energies, can be classi-
fied into the contributions of the dynamic and nondynamic
correlation effects.

Dynamical correlation arising from instantaneous elec-
tron collisions is usually described by many excited deter-
minants with relatively small amplitudes compared to the
weight of the reference of HF wavefunction. For the ground
state predominated by a single Slater determinant, a qual-
itative description of dynamic correlation is recovered by
the use of a single-reference (SR) correlated method, e.g.,
many-body perturbation theory (MBPT)1 and coupled clus-
ter (CC) theory.2 In contrast, the nondynamic correlation
effects, arising from the degeneracy or quasi-degeneracy,
can be described by employing multi-determinants of equal
importance for the states. Multi-configuration self-consistent
field (MCSCF)3 is a useful means for this purpose, if an
appropriate active space is chosen. The complete active
space (CAS) is frequently employed for MCSCF, i.e.,
CASSCF.4

Despite the potential ability of CASSCF for describing
nondynamic correlation, its applications to larger molecules
and clusters are hindered by the computational cost that

a)Author to whom correspondence should be addressed. Electronic mail:
tenno@garnet.kobe-u.ac.jp. Tel: +81-78-803-6125. Fax: +81-78-803-6125.

increases combinatorially with respect to the numbers of elec-
trons and orbitals in the active space. The recent advances
of density matrix renormalization group (DMRG)5,6 have
somewhat mitigated this situation, enabling the treatment of
multinuclear transition-metal complexes.7

Broken-symmetry unrestricted HF (BS-UHF) and Kohn–
Sham have been used more routinely for large molecules
with strong correlation as these methods account for the vast
amounts of nondynamic correlation at the mean-field com-
putational costs.8,9 A symmetry-breaking lowers the total
energy because of the increase in the variational param-
eters. Nevertheless, the ambiguous electronic structure of
such a broken-symmetry scheme often leads to qualita-
tively incorrect optimal geometric structures and molecular
properties.

It has been well-known that the proper symmetries of a
BS wavefunction can be restored by the symmetry projec-
tion prescriptions,10–18 many cases of which are limited to the
spin symmetry projection based on the projector suggested
by Löwdin.10 Since this projection operator is expressed as a
product of N spin-flip excitations from a UHF wavefunction,
for the number of electrons N, the resulting equation becomes
extremely complicated to deal with. To relieve this difficulty,
approximate truncations have been often employed. However,
such truncations sometimes spoil the essence of projection,
enhancing the relative weights of contaminants, that cannot be
eliminated completely.

Another PHF approach with a different projection oper-
ator, that is widely used in nuclear physics, has been
recently introduced in quantum chemistry by Scuseria and
coworkers.19 This approach requires much less computa-
tional cost for the exact symmetry adaptation, retaining the
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description of nondynamic correlation. Among the possi-
ble symmetry projections, the spin-projected unrestricted
Hartree–Fock (SUHF), which restores spin-symmetry exactly
from a single spin-unrestricted Slater determinant, is espe-
cially promising. The variational optimization of the projected
determinant, viz., the VAP-SUHF scheme, has been adopted
to overcome the ill behavior of spontaneous symmetry break-
ing originating from the transition between degenerate/non-
degenerate electronic states.19 Approaches to incorporating
dynamic correlation into the PHF wavefunction and obtain-
ing excited states have been developed in a similar manner to
the post HF theories. Time-dependent projected Hartree–Fock
(TD-PHF)20 provides single electron excitation energies from
a VAP wavefunction. Extended Møller–Plesset perturbation
(EMP) theory21 and extended configuration interaction single
and double (ECISD)22,23 treat the dynamic correlation missing
in PHF.

For locating a stable molecular geometry in a pure spin
symmetry, the use of PHF is preferable to BS-UHF or BS-
KS. The analytic energy gradient of VAP-SUHF has been
developed by Schutki et al.24 The VAP scheme sometimes
fails to converge in the self-consistent field (SCF) proce-
dure or to find the most stable solution for large molecules
with the direct inversion of iterative subspace (DIIS) proce-
dure25 because of the presence of small eigenvalues in the
Hessian elements that often appear in SUHF. A quadrati-
cally convergent SCF appears to circumvent this difficulty at
the expense of additional computational cost. Alternatively, it
is expected that a qualitatively correct wavefunction can be
obtained from the PAV scheme when BS-UHF captures the
nondynamic correlation effects sufficiently. The PAV approach
is computationally more affordable than VAP, and therefore
it has an advantage in practical use for geometrical opti-
mization. In this paper, we explore this alternative route and
develop the analytic energy gradient of SUHF in the PAV
scheme.

This paper is organized as follows. The derivation of
the energy gradient of PAV-SUHF is presented in Section II.
We also present the projection for the point group symmetry
briefly. The computer implementation is discussed in detail
in Section III. The PAV-SUHF geometrical optimization is
applied to CH2, O3, and the [Cu2O2]2+ core. Section IV
presents the results of the PAV-SUHF in geometrical optimiza-
tion compared with those of UHF, VAP-SUHF, and CASSCF.
Finally, our conclusion of the PAV-SUHF optimization is
provided in Section V.

II. THEORY
A. The energy expression of PHF

In order to make the current work as self-contained as
possible, here we describe the PHF method. The projection
of reference BS state |Ψ〉 onto the symmetry adapted (SA)
state vector characterized by the quantum numbers j and m is
expressed as

| jm〉 =
∑
m′

f j
m′P̂

j
mm′ |Ψ〉, (1)

where P̂ j
mm′ denotes the projection operator for arbitrary

groups. Note that P̂ j
mm′ with m , m′ is not a projection opera-

tor but is often used to incorporate the missing components of
degenerated states.

The projection for spin symmetry is defined by

P̂ j
mm′ =

2j + 1

8π2

∫
dωD j∗

mm′(ω)R̂(ω), (2)

where R̂(ω) and D j
mm′(ω) respectively indicate the spin rotation

operator and the Wigner matrix for spin rotation of j-spin state
with the spin rotation angleω. Since a UHF wave function is an
eigenfunction of Sz with an eigenvalue m, the spin projection
operator for BS-UHF can be expressed by the spin rotation
only in the y-axis,

P̂ j
mm =

2j + 1
2

∫ π

0
dθ sin θ d j∗

mm(θ)R̂(θ), (3)

where d j
mm(θ) represents the Wigner small matrix.

To restore the spatial symmetry, we also use the point
group symmetry projection operator P̂Γγγ′ , where Γ denotes
the irreducible representation, and γ and γ′ indicate respec-
tively row and column for the representation matrix DΓ. The
combination of the spin and point group symmetries is simply
represented by P̂ j

mm′P̂
Γ
γγ′ . In this paper, we call this type of

PHF, e.g., C23SUHF, for a molecule belonging to C23 .
Defining the projected Hamiltonian H and overlap matrix

N,

H j
mm′ = 〈Ψ|ĤP̂ j

mm′ |Ψ〉, (4)

N j
mm′ = 〈Ψ|P̂

j
mm′ |Ψ〉, (5)

the expectation value of projected energy Ej is obtained by
solving the eigenvalue problem∑

m′
H j

mm′ f
j
m′ = Ej

∑
m′

N j
mm′ f

j
m′ . (6)

A single determinant is assumed for the reference BS state |Ψ〉,
represented by molecular orbitals (MOs)

|ψp〉 =
∑
µ

Cµp |µ〉, (7)

where µ and Cµp are atomic orbitals and spin dependent MO
coefficients, respectively.

For numerical calculations, the transform regarding the
continuous group is discretized as

2j + 1

8π2

∫
dωD j∗

mm′(ω)R̂(ω) ≈
∑

g

4gD j∗
mm′(R̂g)R̂g. (8)

The overlap between bare and rotated determinants is defined
as

Mg = 〈Ψ|R̂g |Ψ〉, (9)

to yield the projected Hamiltonian and norm elements

H j
mm′ =

∑
g

4gDj∗
mm′(R̂g)MgEg, (10)

N j
mm′ =

∑
g

4gDj∗
mm′(R̂g)Mg. (11)

Eg is the transition energy at each quadrature point
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Eg =
〈Ψ|ĤR̂g |Ψ〉

〈Ψ|R̂g |Ψ〉
=

1
2

∑
µν

(hµν + Fg,µν)ρg,νµ, (12)

where ρg is the transition density matrix between the bare and
rotated determinants

ρg,µν =
∑
pq

〈Ψ|ĉ†qĉpR̂g |Ψ〉

〈Ψ|R̂g |Ψ〉
C∗νqCµp. (13)

hµν and Fµν,g stand for the matrix elements of the core Hamil-
tonian and transition Fock matrix, respectively. The latter is
defined by

Fg,µν = hµν +
∑
λσ

〈µλ| |νσ〉ρg,σλ. (14)

B. Energy gradient of PHF in the VAP scheme

Schutski et al. derived the energy gradient for a VAP
wavefunction from the Lagrangian24

LVAP[f j, C, ε ] := WPHF[f j, C] − E j(f j†N jf j − 1)

−
∑
pq

εpq([C†SC]pq − δpq), (15)

by imposing the normalization condition on the state vectors,∑
mm′

f j∗
m f j

m′N
j

mm′ = 1, (16)

∑
µν

C∗µpSµνCνq = δpq, (17)

where Sµν are overlap integrals of atomic orbitals, and WPHF

stands for the energy functional for PHF,

WPHF[f j, C] = f j†H jf j. (18)

The stationary condition leads to

∂LVAP

∂f j
m′

=
∑

f j∗
m H j

mm′ − Ej
∑

m

f j∗
m N j

mm′ = 0, (19)

∂LVAP

∂Cµp
=
∂WPHF

∂Cµp
− Ej

∑
mm′

f j∗
m f j

m′
∂N j

mm′

∂Cµp

− [εC†S]pµ = 0. (20)

The first condition is equivalent to Eq. (6). Eq. (20) is the PHF
equation that is in the matrix form,

C†FPHF = εC†S, (21)

where FPHF is the effective Fock matrix for PHF,24 and all
εpq = 0 when the self-consistency is achieved. Therefore, the
energy gradient for the VAP wavefunction, which does not
contain εpq, is given by

dEj(VAP)

dx
=

dLVAP

dx
= WPHF(x) − E jf j†N j(x)f j. (22)

The derivative of the energy for the PHF energy functional
is

WPHF(x) =
∑
mm′

f j∗
m f j

m′

∑
g

4gD j∗
mm′(R̂g)Mg ×

(
E(x)

g

+ EgTr[Sxρg] − Tr[FgρgSxρg]
)

, (23)

where the superscript x represents the derivative with respect
to x, and (x) means the same yet with the Cµp dependence
frozen. Therefore, Eg

(x ) is defined as

E(x)
g :=

∑
µν


hx
µν +

1
2

∑
λσ

〈µλ | |νσ〉x ρg,σλ


ρg,νµ. (24)

The matrix product of the second term on the right side of
Eq. (22) is expressed as

f j†Nj(x)f j =
∑
mm′

f j∗
m f j

m′

∑
g

4gD j∗
mm′(R̂g)MgTr[Sxρg]. (25)

Therefore, the derivative of the energy for the VAP scheme is
given by

dEj(VAP)

dx
=

∑
mm′

f j∗
m f j

m′

∑
g

wgDj∗
mm′(R̂g)Mg

×
{
E(x)

g + (Eg − Ej)Tr[Sxρg] − Tr[FgρgSxρg]
}

.

(26)

C. Energy gradient of PHF in the PAV scheme

Since the PAV energy does not fulfill the variational
condition with respect to the orbital coefficients, the orbital
dependent part ∂C/∂x has to be taken into account. To
this end, it is necessary to solve the coupled perturbed
HF (CPHF) equation. Handy and Schaefer proposed the Z-
vector technique,26 which avoids solving the CPHF equations.
We formulate the energy gradient of PAV-SUHF using this
technique.

In a similar manner of Furche and Ahlrichs27 for ana-
lytic energy gradient of TDDFT, we define the Lagrangian
which becomes stationary at the convergence with respect to
all parameters, f j, C, z, and w,

LPAV[f j, C, z, w] := WPHF[f j, C] − Ej(f j†N jf j − 1)

+
∑

ai

[ziaFRef
ai + zaiFRef

ia ]

−
∑
pq

4qp([C†SC]pq − δpq), (27)

where FRef
ai and FRef

ia are the occupied-virtual and virtual-
occupied parts of the Fock matrix for the reference BS wave-
function, respectively. For SUHF,FRef is the UHF Fock matrix.
The Lagrangian multipliers f , z, and w fulfill the conditions

∂LPAV

∂f j
m′

=
∑

f j∗
m H j

mm′ − Ej
∑

m

f j∗
m N j

mm′ = 0, (28)

∂LPAV

∂zai
= FRef

ai = FRef
ia = 0, (29)

∂LPAV

∂4pq
= [C†SC]pq − δpq = 0, (30)

where (28) again corresponds to Eqs. (6) and (29) is the Bril-
louin condition. The Lagrangian derivatives with respect to the
transpose of the multipliers are also null. The multipliers z and
w are determined from the stationary condition with respect
to the MO coefficients,

∂LPAV

∂Cµp
=
∂LPAV

∂C∗µp
= 0, (31)
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resulting in the equations for z,

(εRef
i − εRef

a )zia = FPHF
ia +

∑
bj

(zjb〈bi| |ja〉 + zbj〈ji| |ba〉),

(ε Ref
i − εRef

a )zai = FPHF
ai +

∑
bj

(zjb〈ba| |ji〉 + zbj〈ja| |bi〉),
(32)

and for w,

4ij =
∑
ak

zak〈ki| |aj〉 +
∑
ak

zka〈ai| |kj〉,

4ai = zaiε
Ref
i , 4ia = ziaε

Ref
i , 4ab = 0.

(33)

Eq. (32) is the so-called Z-vector equation. We obtain z order-
by-order for z(n) as

z(0)
ai = 0,

z(n+1)
ai =

FPHF
ai +

∑
bj(z
∗(n)
bj 〈ba| |ji〉 + z(n)

bj 〈ja| |bi〉)

εRef
i − εRef

a
, (34)

until z(n) converges. Once z, w, f j, and C are obtained, the
gradient of the projected energy is given by

dEj(PAV )

dx
=

dLPAV

dx
= WPHF(x) − Ejf j†Nj(x)f j

+
∑

ai

[
ziaFRef(x)

ai + zaiFRef(x)
ia

]

−
∑
pq

4qp[C†SxC]pq. (35)

Finally, with the relaxed and energy-wighted relaxed density
matrices

(ρz)µν =
∑

ai

(zaiC
∗
νaCµi + ziaC∗νiCµa),

(ηz)µν =
∑
pq

4qpC∗νqCµp,
(36)

we obtain the energy gradient for the PAV wavefunction,

dEj(PAV )

dx
= Tr[ρzF

Ref(x)] − Tr[ηzS
x]

+
∑
mm′

f j∗
m f j

m′

∑
g

4gD j∗
mm′(R̂g)Mg

{
E(x)

g

+ (Eg − Ej)Tr[Sxρg] − Tr[FgρgSxρg]
}

. (37)

Note that the point group projection requires some additional
procedure because the derivative operator with respect to the
nuclear coordinate ∂/∂x does not commute with that for the
point group symmetry projection. The detailed derivation is
described in the Appendix.

III. COMPUTATIONAL DETAILS

In this section, we apply the analytic energy gradient
of PAV-SUHF to methylene, ozone, and the [Cu2O2]2+ core,
in which the nondynamic correlation effects play important
roles for their molecular structures. The geometrical opti-
mization was performed starting from the initial geometry
optimized at the restricted HF (RHF) or restricted open-
shell HF (ROHF). By projecting the BS-UHF wavefunc-
tion, we extracted pure singlet and triplet states for Sz = 0.
There are two possible triplet states by obtained project-
ing the low-spin BS-UHF (Sz = 0) and the high-spin UHF

(Sz = 1) wavefunctions. We use the notation, e.g., PAV-
SUHF (Sz = 0) for the spin projected triplet states of
BS-UHF (Sz = 0). PAV-SUHF and its gradient are implemented
into our GELLAN program.28 The Z-vector equation was
solved using the DIIS25 procedure.

We also performed CASSCF optimizations for compar-
ison. We employed Dunning’s correlation-consistent double-
zeta basis sets, cc-pVDZ29–32 for all applications. The Gauss–
Legendre quadrature was used for the numerical integration
with six quadrature points for spin-projections of BS-UHF.

IV. RESULTS AND DISCUSSION
A. Methylene

One of the most notable successes of quantum chemistry
is to predict the bent structure of methylene (CH2), that is, the
simplest carbene. Although the structure of this molecule was
believed to be linear from the early experiment of Herzberg,
the ab initio calculation pointed out that it actually has a bent
structure, with H–C–H angle of 133.84◦.33 Now, the ground
state of methylene is a radical with two unpaired electrons
X3B1,33 described by a configuration of

(1a1)2(2a1)2(1b2)2(1b1)(3a1).

On the other hand, the lowest lying electronic excited state is
ã1A1, arising from the closed-shell configuration

(1a1)2(2a1)2(1b2)2(3a1)2,

while the contribution of the double excitation from 3a1 to 1b1

is importantly large.34 The triplet state is energetically more
favorable than the lowest lying singlet state, so that methy-
lene is a typical case of the RHF instability. The small gap
between the singlet and triplet states requires a multirefer-
ence description, and highly accurate calculations have been
performed such as multireference CI (MRCI),34–39 multiref-
erence CC (MRCC),40–42 and CC singles, doubles, and triples
(CCSDT).34,43

We carried out the PAV-SUHF geometry optimization of
methylene in the singlet and triplet states, to quantify the non-
dynamic correlation effect by comparing their geometries with
those of UHF, CASSCF, and VAP-SUHF. The frontier 1b1

and 3a1 orbitals were taken as the active orbitals with two
electrons for the CASSCF(2,2) calculation and four valence σ
orbitals, 2a1, 1b2, 4a1, and 2b2 were further included for the
CASSCF(6,6) calculation.

The optimized structures and their energies are presented
in Table I. We found that the total energies of PAV-SUHF,
CASSCF(2,2), and VAP-SUHF are very close to each other
within the difference 7 mEh. In addition, the optimized struc-
tures of the singlet state using these three methods are almost
the same, in agreement with the experiment. On the other
hand, the optimization at the BS-UHF level apparently over-
estimates the H–C–H bond angle compared with the exper-
iment, although the energy for BS-UHF is lower than those
of CASSCF(2,2) and PAV-SUHF. This is explained by the
contamination of the stable triplet state in the BS-UHF.

The projection technique is helpful because it clarifies the
symmetry-adapted (SA) components. As a result of projection,
it is revealed that the BS-UHF state contains two SA states
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TABLE I. Optimized structures and energies of methylene in the singlet (1A1)
and triplet (3B1) states.

rCH (Å) aHCH (deg) E (a.u.)

1A1

RHF 1.107 102.75 �38.8811
BS-UHFa 1.093 115.62 �38.9030
CAS(2,2)b 1.109 102.08 �38.9025
CAS(6,6)c 1.139 99.94 �38.9415
PAV-SUHF 1.107 102.86 �38.8980
VAP-SUHF 1.107 103.98 �38.9051
VAP-C23SUHF 1.135 98.64 �38.9569
Expt.d 1.107 102.4
3B1

ROHF 1.081 129.17 �38.9218
UHFe 1.081 131.45 �38.9268
CAS(6,6)c 1.101 130.98 �38.9606
PAV-SUHF (Sz = 0) 1.080 131.85 �38.9232
PAV-SUHF (Sz = 2) 1.081 132.24 �38.9296
VAP-SUHF (Sz = 0) 1.083 129.22 �38.9268
VAP-SUHF (Sz = 2) 1.081 132.24 �38.9326
VAP-C23SUHF (Sz = 0) 1.102 127.44 �38.9629
VAP-C23SUHF (Sz = 2) 1.090 135.25 �38.9603
Expt.d 1.075 133.93

aMixed state of the 1A1 and 3B1 components.
bActive space: 3a1, 1b1.
cActive space: 2a1, 3a1, 4a1, 1b1, 1b2, 2b2.
dReference 44.
eMixed state of the 3B1 and 5B1 components.

of equal importance: |BS-UHF〉= 0.7700|1A1〉 + 0.6373|3B1〉.
This is consistent with the spin-squared expectation value of
〈S2〉 = 0.8157. Since the irreducible representation of the pure
singlet in BS-UHF is only A1, the PAV-SUHF projection pre-
cisely coincides with the PAV-C23SUHF one for this system.
As shown in Table I, the X3B1 methylene has a large bond angle
around 130◦. Therefore the mixed triplet state gives rise to the
large-angle structure. Thus the optimization using BS-UHF is
inferior when the contamination is large.

The further energy-lowering from the SUHF level is
attained by violating the spatial symmetry of the reference
wavefunction and restoring it, namely, by using the VAP-
C23SUHF method. The energy of the optimized structure for
VAP-C23SUHF is 154 mHartree lower than that for the full-
valence CASSCF(6,6) method. The bond length and angle only
slightly differ between the VAP-C23SUHF and CASSCF(6,6)
approaches; by 0.004 Å and 1.3◦, respectively.

The natural orbitals (NOs) for CASSCF(2,2), PAV-, and
VAP-SUHF are depicted in Fig. 1. These three give different
occupation numbers for 3a1 and 1b1 NOs, but in principle,
they have similar orbital shapes and have a similar pair-like
correlation in the occupation numbers between the 3a1 and
1b1 orbitals. The similarity is also found in the more accu-
rate CASSCF(6,6) and VAP-C23SUHF calculations, as shown
in Fig. 2. While CASSCF(6,6) and VAP-C23SUHF seem to
offer the same quality of results at a glance, there are ener-
getically high-lying 17 NOs that have fractional occupations
over 0.001 in the VAP-C23SUHF calculation, suggesting that
the additional correlation effect is gained. This accounts for
the lower energy of the VAP-C23SUHF method than that of
CASSCF(6,6).

FIG. 1. Natural orbitals for 1A1 state at the CASSCF(2,2), PAV-SUHF, and
VAP-SUHF levels of theory. Orbital energies are presented with occupation
numbers that are given in the parentheses.

For the triplet state, the optimized bond lengths and angles
little depend on the computational methods. The optimized
structure using the UHF method and its energy are quite similar
to those using ROHF. This is because the spin symmetry of the
UHF wavefunction is not violated significantly, as indicated by
the spin projection result: |UHF〉 = 0.9980|3B1〉 + 0.0624|5B1〉.
The PAV approach does not improve the result drastically as
long as the spin contamination is small. Actually, the energy
and optimized structure of PAV-SUHF are quite similar to
the UHF one, and both reproduce the experimental bond
length and angle. The VAP scheme provides the total energy
lower than PAV by ca. 30 mEh. The total energy for VAP-
C23SUHF with Sz = 0 is the lowest and is comparable to that
of CASSCF(6,6) in the triplet state.

B. Ozone

Ozone has been employed as a benchmark system exhibit-
ing a multireference character for the assessment of correlated
methods. Its triplet excited states have also been studied exten-
sively since the non-radiative singlet-triplet transition forms
a complicated triplet manifold in the near infra-red region,
the so-called Wulf band.45 The electronic structure of the
ground state of ozone is singlet, in which two unpaired π elec-
trons at the terminal oxygen atoms form the weakly bound
singlet state.46,47 This leads to the electronic ground state dom-
inated by the configurations, [core · · · ](4b2)2(6a1)2(1a1)2 and
[core · · · ](4b2)2(6a1)2(2b1)2. The contribution of these birad-
ical configurations gives rise to the first triplet excited state in
3B2, dominated by the π − π∗ excitation.

We discuss the performance of PHF on the equilibrium
geometry of ozone, by comparison with the results from UHF
and CASSCF. We performed the CASSCF calculations based
on the constructions of active spaces in the C23 point group
symmetry in Table II. The optimized structures of ozone using
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FIG. 2. Natural orbitals for 1A1 state at the CASSCF(6,6) and VAP-C23SUHF
levels of theory. Orbital energies are presented with occupation numbers that
are given in the parentheses.

the analytic gradient schemes of PHF along with other elec-
tronic structure methods are listed in Table III. RHF underes-
timates the O–O bond length due to the inability to describe
the biradical character. BS-UHF gives a bond length rela-
tively consistent with the experimental one, in contrast to the
situation for methylene. However, its bond angle is some-
what smaller than those from other correlated methods due
to the contamination of the 3B2 state, which tends to exhibit
a longer equilibrium bond length and a smaller angle than
those of 1A1. For comparison, the geometrical parameters of
ROHF for the 3B2 state are also listed. An analysis using
the spin projection reveals the composition of the BS-UHF
wave function, |BS-UHF〉 = 0.7272|1A1〉+ 0.4061|3B2〉. The

TABLE II. Active orbitals and electrons employed for the CASSCF calcula-
tions of ozone.

Method Orbitals and electrons

CAS(4,3) (1b1)2(1a2)2 (2b1)0

CAS(6,5) (1b1)2(6a1)2(1a2)2 (2b1)0(5b2)0

CAS(8,7) (1b1)2(4b2)2(6a1)2(1a2)2 (2b1)0(7a1)0(5b2)0

CAS(12,9) (4a1)2(1b1)2(5a1)2(4b2)2(6a1)2(1a2)2(2b1)0(7a1)0(5b2)0

TABLE III. Optimized structures and energies of ozone in the singlet (1A1)
and triplet (3B2) states.

Method rOO (Å) aOOO (deg) E (a.u.)

1A1

RHF 1.197 119.006 �224.2806802
BS-UHFa 1.290 111.692 �224.3560628
CAS(4,3) 1.244 115.665 �224.3659368
CAS(6,5) 1.240 116.314 �224.3844008
CAS(8,7) 1.290 114.805 �224.4848932
CAS(12,9) 1.290 115.407 �224.4943567
PAV-SUHF 1.260 114.705 �224.3745836
VAP-SUHF 1.275 114.560 �224.3958278
VAP-C23SUHF 1.269 116.092 �224.5018151
Expt.b 1.272 116.78
3B2

ROHF 1.316 108.801 �224.3376347

aMixed state of the 1A1 and 3B2 components.
bReference 48.

PAV optimization provides a reasonable geometry compared
with the experiment,48 due to the exclusion of the unfavor-
able triplet contaminant. The results from PAV-SUHF and
VAP-SUHF are similar to each other. PAV-SUHF gives the
state energy in the intermediate quality between CASSCF(4,3)
and CASSCF(6,5), providing an appropriate description of the
multireference character for this system. It appears that VAP-
C23SUHF recovers most of the nondynamic correlation effects,
providing the energy lower than that from CASSCF(12,9) and
reproducing the experimental structural parameters.

C. [Cu2O2]2+

To investigate the performance of the PAV optimiza-
tion for multinuclear transition-metal systems, we present
herein the interconversion profile of the bare [Cu2O2]2+ core,
which has been studied extensively with different theoretical
approaches.7,49–52 As shown in Fig. 3, the schemes µ− η2 :
η2− peroxodicopper(ii) (1a) and bis(µ-oxo)-dicopper(ii) (1b)
are experimentally identified [Cu2O2]2+ structures. The struc-
tures 1a and 1b are energetically close with a very low barrier
of interconversion.53–56 However, the multi-reference charac-
ter changes drastically during the isomerization, and its accu-
rate theoretical description is challenging. The former 1a is
a singlet biradical, where the nondynamic correlation effect
is important, while the latter 1b is even more strongly corre-
lated.52 Thus, studying the interconversion of [Cu2O2]2+ core
requires a method able to describe the electron correlation in
a balanced manner according to a varying degree of biradical
character along the isomerization coordinate. The isomeriza-
tion potential curve of the [Cu2O2]2+ core has been studied by

FIG. 3. D2h structures of µ-η2:η2-peroxodicopper(ii) (1a) and bis(µ-oxo)-
dicopper(ii) (1b) in the isomerization profile of the [Cu2O2]2+ core.
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using sophisticated theoretical methods like completely renor-
malized CC (CR-CC),49 restricted active-space second order
perturbation theory (RASPT2),50 and DMRG with strongly
contracted canonical transformation including only single and
double excitations (DMRG-SC-CTSD).7 A variety of PHF
methods has been applied to this system by Samanta et al.,51

and its extension of multi-reference few determinant theory
was used by Jiménez-Hoyos et al.52

We used the isomerization coordinate49 to describe the
potential energy curves (PECs). The nuclear configurations R
along the isomerization coordinate f are expressed as

R = f R1a + (1 − f )R1b, (38)

where R1a and R1b denote nuclear configurations of the model
isomers 1a and 1b, respectively. The Cu––Cu and O––O dis-
tances of 1a are 3.6 and 1.4 in Å, respectively, and those
of 1b are 2.8 and 2.3 in Å. The previous studies employed
the Stuttgart pseudopotential along with the associated basis
functions and the atomic natural orbital basis set for Cu and
O atoms, respectively. However, we here use the all-electron
cc-pVDZ basis set because the profile of the PEC does not
change qualitatively at CAS(8,8). The [Cu2O2]2+ core is eqnar-
rayed on the yz-plane so that the Cu atoms is on the z-axis,
and the eight orbitals mainly originating from Cu 3d and O
2p orbitals, i.e., 10ag, 11ag, 5b2u, 6b2u, 8b1u, 9b1u, 3b3g,
and 4b3g, are taken as the active orbitals. Note that the PEC
profile of CAS(8,8) is quite different from those of higher
level of correlated methods like DMRG-SC-CTSD,7 i.e.,
CAS(8,8) shows a minimum in the PES which is absent in the
results of high-level methods taking dynamic correlation into
account.

Fig. 4 shows PECs of RHF, CASSCF, BS-UHF, PAV-
SUHF, and VAP-SUHF. To analyze the BS-UHF wave-
function, we performed spin projections onto the SA states
with proper spin and point group symmetries in D2h. The

FIG. 4. Isomerization profile of the [Cu2O2]2+ core using the cc-pVDZ basis
set. f indicates the isomerization coordinate (38).

weights of SA components in the BS-UHF wavefunction 〈P〉
= 〈ΨBS |P̂s

mmP̂Γγγ |Ψ
BS〉 are depicted as functions of isomeriza-

tion coordinate in Fig. 5. It is found that the BS-UHF wave-
function at f = 0 consists of various SA components in singlet,
triplet, and quintet. Accordingly, RHF potentially ineligible
to include the necessary spin constituents shows inconsistent
PES profile with a high energy at f = 0. On the other hand, the
BS-UHF state in the f = 1 region is described by only two SA
state functions: 1/

√
2(|1Ag〉+ |3B3u〉), indicating that the nondy-

namic correlation effects are less pronounced than those in the
f = 0 region. The PEC of CAS(8,8) shows a minimum in accor-
dance with the previous study.49 The optimization numerically
with respect to the reaction locates the minimum at f = 0.657,
while the BS-UHF potential minimum is at f = 0.353. PAV-
SUHF provides a PEC in intermediate quality lying between
those of BS-UHF and CAS(8,8) with a minimum at f = 0.448.
The profile of VAP-SUHF PEC resembles the PAV one with
lower energies by 10–30 mEh and its potential minimum at f
= 0.466. This is a clear indication that the PAV optimization is
as useful as the computationally more demanding one of the
VAP scheme.

The multireference character can be measured by the von
Neumann entropy,57

S = −
1
2

∑
i

{ni

2
ln

(ni

2

)
+

(
1 −

ni

2

)
ln

(
1 −

ni

2

)}
, (39)

where ni denotes the occupation number of natural orbitals.
The rate of entropy S/SMax as a function of f is plotted in
Fig. 6, where the maximum of the entropy SMax is the value

FIG. 5. The weights of symmetry-adapted components from the spin pro-
jection of the BS-UHF wavefunction for the [Cu2O2]2+ core along the
isomerization coordinate.
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FIG. 6. The von Neumann entropy as a function of the isomerization
coordinate f for the [Cu2O2]2+ core.

of fully entangled state with either ni = 1 or 0. In contrast to
the uniform behavior of RHF (S = 0), the profiles of BS-UHF
resemble those of CAS(8,8) and SUHF methods, indicating
that the multireference character of this system is essentially
described by BS-UHF. The complexity of the electronic state
in the 1b region (f ≈ 0) is more pronounced than 1a (f ≈ 1).
Except for the RHF case, there are four natural orbitals that
possess occupations ranging between 0.2 and 1.8 at f = 0, while
this number decreases to two at f = 1. In this way, PAV-SUHF
accounts for the most of nondynamic correlation captured by
VAP-SUHF.

V. CONCLUSION

The analytic energy gradient of PHF in the PAV scheme
is developed as a fast and numerically stable alternative to the
VAP scheme. It is shown that the PAV-SUHF scheme pro-
vides optimized molecular structures similar to those from
VAP-SUHF for methylene, ozone, and the [Cu2O2]2+ core.
The Z-vector equation using the DIIS procedure attains a con-
vergence within 20 iterations in most cases, and this process is
much faster than the orbital optimization in the VAP scheme.
Therefore, the PAV-SUHF optimization is a useful method
with a reasonable computational cost and is likely applicable
to large systems where nondynamic correlation is important.
Nevertheless, one needs to bear in mind that the PAV scheme
leads to a trivial solution when RHF is stable. The dynamic

correlation effects sometimes become significantly important
in systems like multinuclear transition-metal clusters. We have
also developed the analytic energy gradient of the ECISD
approach to fulfill this requirement,22 albeit its application
is limited to small molecules due to the large computational
cost.
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APPENDIX: ENERGY GRADIENT FOR PROJECTED
HARTREE–FOCK METHOD IN TERMS OF POINT
GROUP SYMMETRY
1. Force operator

First, we review the definition of the force operator. The
force acting on an atom A is given by the gradient of energy
with respect to nuclear coordinate XAr(r = x, y, z),

FAr = −
∂E
∂XAr

. (A1)

The force is described by the combination of the Hellmann–
Feynman and Pulay forces

FAr = −
∂〈Ψ|Ĥ |Ψ〉
∂XAr

(A2)

= −

〈
Ψ

�����
∂Ĥ
∂XAr

�����
Ψ

〉
−

〈
∂Ψ

∂XAr

���Ĥ
���Ψ

〉
−

〈
Ψ

���Ĥ
���
∂Ψ

∂XAr

〉
.

(A3)

Therefore the force operator consists of the Hellmann–
Feynman and Pulay force operators,

F̂Ar = F̂(HF)
Ar + F̂(P)

Ar , (A4)

F̂(HF)
Ar := −

∂Ĥ
∂XAr

, (A5)

F̂(P)
Ar := −Ĥ

∂

∂XAr
− H. C.. (A6)

Since the force operator is a 1-rank tensor operator, it does not
commute with the point group (PG) symmetry projection oper-
ator. For this reason, the energy derivative for the PG projection
requires additional treatment.

2. Projection of point group symmetry

A PG projection operator onto irreducible representation
(irrep) Γ is defined as

P̂Γγγ′ = |Γγ〉〈Γγ
′ | (A7)

=
dim(Γ)
|G|

∑
R̂∈G

DΓ∗
γγ′(R̂)R̂, (A8)
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where |G| is the order of the point group G, and DΓ
γγ′ stands

for the element in the γth row and γ′th column of the repre-
sentation matrix DΓ, associated with symmetry operation R̂.
Strictly, P̂Γγγ′ with γ , γ′ is not a projection operator in the
mathematical definition but is usually called transfer operator.

In general, the expectation value of energy for the
symmetry-adapted (SA) wavefunction is given by

Ej
n =

∑
mm′

f j∗
m f j

m′〈Ψ|P̂
j†
nmĤP̂ j

nm′ |Ψ〉. (A9)

The energy Ej
n does not depend on n, so we can omit n as

Ej
n = Ej. True projection operators are commutable with

Hamiltonian [Ĥ, P̂ j
mm] = 0, Hermitian P̂ j†

mm = P̂ j
mm, and idem-

potent P̂ j
mmP̂ j

mm = P̂ j
mm. Likewise, we can derive [Ĥ, P̂ j

mn] = 0,
P̂ j†

mn = P̂ j
nm, and P̂ j

klP̂
j
mn = δlmP̂ j

ln using the great orthogonal-
ity theorem. These relations enable us to simplify the energy
expression as

Ej =
∑
mm′

f j∗
m f j

m′〈Ψ|ĤP̂ j
mm′ |Ψ〉. (A10)

In the case of the spin projection (j = s), the energy gradient is
also expressed as

∂Es

∂XAr
=

∑
mm′

∂f s∗
m f s

m′

∂XAr
〈Ψ|ĤP̂s

mm′ |Ψ〉

−
∑
mm′

f s∗
m f s

m′〈Ψ|F̂ArP̂s
mm′ |Ψ〉, (A11)

because the force operator is commutable with the projec-
tion/transfer operator [P̂s

mm′ , F̂Ar] = 0. However in the case
of the PG projection (j = Γ, m = γ′, m′ = γ′′, n = γ), we
should use two transfer operators

∂EΓ
γ

∂XAr
=

∑
γ′γ′′

∂f Γ∗γ′ f Γγ′′

∂XAr
〈Ψ|ĤP̂Γγ′γ′′ |Ψ〉

−
∑
γ′γ′′

f Γ∗γ′ f Γγ′′〈Ψ|P̂
Γ†

γγ′F̂ArP̂Γγγ′′ |Ψ〉, (A12)

because the force operator does not commute with the projec-
tion/transfer operators. Note that the energy gradient dEΓ

γ /dx
depends on γ although EΓ

γ does not depend on.

3. Wigner–Eckart Theorem

To calculate the energy gradient in the PG projection, we
have to use the two projection/transfer operators to act on bra
and ket vectors, but it costs great expense to carry out the
numerical integration. However, we can reduce the number of
projection/transfer operators to one, using the Wigner–Eckart
theorem. The force operator is decomposed into 1-rank SA
tensor operators

F̂Ar =
∑
αΓγ

T̂αΓ
γ uαΓγAr , (A13)

where uαΓγ denote normal modes and a set of {uαΓγ} forms
an orthonormal complete system∑

Ar

uαΓγ∗Ar uα
′Γ′γ′

Ar = δαα′δΓΓ′δγγ′ ,∑
αΓγ

uαΓγ∗Ar uαΓγBs = δABδrs.
(A14)

A set of normal modes are obtained by diagonalizing a Hessian.
The normal modes can be symmetrized by

uαΓγ =
dim(Γ)
|G|

∑
R̂∈G

DΓ∗
γγ(R̂)R̂(u), (A15)

where R̂(u) transforms normal modes according to the sym-
metry operation R̂. Using the SA normal modes, the force is
decomposed into the SA components

FΓγ;γ′γ′′

Ar = 〈Ψ|P̂Γ†γγ′F̂ArP̂Γγγ′′ |Ψ〉 (A16)

=
∑
αΓ̄γ̄

uαΓ̄γ̄Ar 〈Ψ|P̂
Γ†

γγ′ T̂
αΓ̄
γ̄ P̂Γγγ′′ |Ψ〉. (A17)

Now, we expand the projection/transfer operators,

P̂Γ†γγ′ T̂
αΓ̄
γ̄ P̂Γγγ′′ =

dim(Γ)dim(Γ)

|G|2

∑
R̂,R̂′∈G

DΓ∗
γ′γ(R̂)DΓ∗

γγ′′(R̂
′)R̂T̂αΓ̄

γ̄ R̂′.

(A18)

Since T̂αΓ̄
γ̄ is a 1-rank tensor operator, the transformation

according to the symmetry operation R̂ is represented by

R̂T̂αΓ̄
γ̄ R̂† =

∑
δ̄

DΓ̄

δ̄γ̄
(R̂)T̂αΓ̄

δ̄
. (A19)

Accordingly,

P̂Γ†γγ′ T̂
αΓ̄
γ̄ P̂Γγγ′′ =

dim(Γ)dim(Γ)

|G|2

∑
R̂,R̂′∈G

∑
δ̄

DΓ∗
γ′γ(R̂)DΓ̄

δ̄γ̄
(R̂)DΓ∗

γγ′′

× (R̂′)T̂αΓ̄
δ̄

R̂R̂′. (A20)

If we define R̂′ = ˆR−1R̂′′, the representation matrix for symme-
try operation R̂′ is represented by the matrix products

DΓ∗
γγ′′(R̂

′) =
∑
δ

DΓ∗
γδ( ˆR−1)DΓ∗

δγ′′(R̂
′′) (A21)

=
∑
δ

DΓ
δγ(R̂)DΓ∗

δγ′′(R̂
′′). (A22)

Therefore, Eq. (A20) is written as

P̂Γ†γγ′ T̂
αΓ̄
γ̄ P̂Γγγ′′ =

dim(Γ)dim(Γ)

|G|2

∑
R̂,R̂′′∈G

∑
δ̄δ

DΓ∗
γ′γ(R̂)DΓ̄

δ̄γ̄
(R̂)

×DΓ
δγ(R̂)DΓ∗

δγ′′(R̂
′′)T̂αΓ̄

δ̄
R̂′′. (A23)

Using the great orthogonality theorem∑
R̂

DΓ∗
γ′γ(R̂)DΓ̄

δ̄γ̄
(R̂)DΓ

δγ(R̂) =
|G|

dim(Γ)
〈Γγ |Γ̄γ̄Γγ〉〈Γ̄δ̄Γδ |Γγ′〉,

(A24)

Eq. (A20) is simplified to

P̂Γ†γγ′ T̂
αΓ̄
γ̄ P̂Γγγ′′ =

∑
δ̄δ

〈Γγ |Γ̄γ̄Γγ〉〈Γ̄δ̄Γδ |Γγ′〉T̂αΓ̄
δ̄

×
dim(Γ)
|G|

∑
R̂′′∈G

DΓ∗
δγ′′(R̂

′′)R̂′′ (A25)

= 〈Γγ |Γ̄γ̄Γγ〉
∑
δ̄δ

〈Γ̄δ̄Γδ |Γγ′〉T̂αΓ̄
δ̄

P̂Γδγ′′ .

(A26)
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We obtain a force formulated with one projection/transfer
operator,

FΓγ;γ′γ′′

Ar =
∑
αΓ̄γ̄

uαΓ̄γ̄Ar 〈Γγ |Γ̄γ̄Γγ〉
∑
δ̄δ

〈Γ̄δ̄Γδ |Γγ′〉

× 〈Ψ|T̂αΓ̄
δ̄

P̂Γδγ′′ |Ψ〉. (A27)

The matrix elements of the tensor operator is

〈Ψ|T̂αΓ̄
δ̄

P̂Γδγ′′ |Ψ〉 =
∑
Ar

uαΓ̄δ̄Ar 〈Ψ|F̂ArP̂Γδγ′′ |Ψ〉. (A28)

Finally, we have the force

FΓγ;γ′γ′′

Ar =
∑
αΓ̄γ̄

uαΓ̄γ̄Ar 〈Γγ |Γ̄γ̄Γγ〉
∑
Bs

∑
δ̄δ

uαΓ̄δ̄Bs

× 〈Γ̄δ̄Γδ |Γγ′〉FΓ;δγ′′

Bs , (A29)

where

FΓ;δγ′′

Bs = 〈Ψ|F̂BsP̂
Γ
δγ′′ |Ψ〉. (A30)

Thus we reduce the projection/transfer operators and decom-
pose the force into product of the Clebsch–Gordan coefficients
(CGCs) that only depend on the spatial symmetry and reduced
matrix elements. This result itself is the statement of the
Wigner–Eckart theorem.

4. Energy gradient for point-group-projected
Hartree–Fock method

To obtain the Z-vector, we use the Fock matrix of PHF
FPHF in Eq. (32), and this is expressed as a linear combination
of FPHF

Γ;γ′γ′′ ,

FPHF =
∑
γ′γ′′

f Γ∗γ′ f Γγ′′F
PHF
Γ;γ′γ′′ . (A31)

Since the Z-vector equation is linear, it is convenient to
decompose z into zΓ;γ′γ′′ as

z =
∑
γ′γ′′

f Γ∗γ′ f Γ
′

γ′′z
Γ;γ′γ′′ . (A32)

Then each zΓ;γ′γ′′ is obtained from FPHF
Γ;γ′γ′′ by solving Eq. (34).

The relaxed and energy-weighted relaxed density matrices are
also decomposed into

ρz =
∑
γ′γ′′

f Γ∗γ′ f Γγ′′ρ
Γ;γ′γ′′
z ,

ηz =
∑
γ′γ′′

f Γ∗γ′ f Γγ′′η
Γ;γ′γ′′
z .

(A33)

The relaxed force, which is correction for the PAV scheme,
and the force for the VAP scheme are similarly defined,

FRelax
Γ;γ′γ′′ = −Tr[ρΓ;γ′γ′′

z FRef(x)] + Tr[SxηΓ;γ′γ′′
z ], (A34)

FVAP
Γ;γ′γ′′ = −

∑
R̂g∈G

DΓ∗
γ′γ′′(R̂g)Mg

{
E(x)

g + (Eg − EΓ)Tr[Sxρg]

−Tr[FgρgSxρg]
}

, (A35)

where superscript x means Ar. Using Eq. (A29), we have the
energy gradients for the VAP and PAV schemes as follows:

dEΓ(VAP)
γ

dXAr
= −

∑
γ′γ′′

f Γ∗γ′ f Γγ′′
∑
αΓ̄γ̄

uαΓ̄γ̄Ar 〈Γγ |Γ̄γ̄Γγ〉

×
∑
δ̄δ

〈Γ̄δ̄Γδ |Γγ′〉(FVAP
Γ;δγ′′) · u

αΓ̄δ̄ , (A36)

dEΓ(PAV )
γ

dXAr
= −

∑
γ′γ′′

f Γ∗γ′ f Γγ′′
∑
αΓ̄γ̄

uαΓ̄γ̄Ar 〈Γγ |Γ̄γ̄Γγ〉

×
∑
δ̄δ

〈Γ̄δ̄Γδ |Γγ′〉(FVAP
Γ;δγ′′ + FRelax

Γ;δγ′′) · u
αΓ̄δ̄ .

(A37)

Considering the projection of an Abelian point group such
as C23 , all the dimensions for irreps are one. CGCs equal one
only when Γ̄ is totally symmetric irrep A1; otherwise they are
zero. Therefore, Eq. (A29) becomes

FΓ 1;1 1
Ar =

∑
α

uαA1
Ar FΓ;1 1

Ar . (A38)

This force is also obtained by projecting FΓ onto the totally
symmetric displacement using Eq. (A15). Therefore the
energy gradients for the VAP and PAV schemes are simply
given by

dEΓ(VAP)

dXAr
= −| f Γ |2

∑
α

FVAP
Γ
· uαA1 , (A39)

dEΓ(PAV )

dXAr
= −| f Γ |2

∑
α

(FVAP
Γ

+ FRelax
Γ ) · uαA1 . (A40)

In this article, we calculated the energy gradients on the basis
of Eqs. (A39) and (A40).
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51K. Samanta, C. A. Jiménez-Hoyos, and G. E. Scuseria, J. Chem. Theory

Comput. 8, 4944 (2012).
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