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ABSTRACT

Large margin distribution machines (LDMs) maximize the margin mean and minimize the margin vari-
ance, and show good generalization performance compared to support vector machines (SVMs). But
because two additional hyperparameters are necessary, model selection needs more time. In this paper
we propose unconstrained large margin distribution machines (ULDMSs). In the ULDM, the objective
function is the sum of the margin mean (a linear term), the margin variance (a quadratic term), and
the weighted regularization term (a quadratic term), and constraints are not included. Therefore, the
solution is expressed by a set of linear equations with one hyperparameter for the regularization term.
Theoretical analysis proves that the decision boundary between two classes passes through the mean
of all mapped training data if the numbers of training data of both classes are the same. The case where
the numbers are different is analyzed for a one-dimensional input and how the decision boundary is
determined is clarified. Using benchmark data sets, we show that the generalization performance of
ULDMs is comparable to or better than that of SVMs.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction nels, which calculate the kernel value according to the Maha-
lanobis distance between the associated two argument vectors
In a support vector machine (SVM) the separating hyper{7, 8, 9, 10, 11].
plane is determined so that the minimum distance between the The central

hyperplane and the training_data are maximized [1, 2]. _The dis'in, has been influenced to improve generalization performance
Fance betweer! the separating .hyperplane and the trammg d_ f other classifiers such as neural networks, fuzzy systems,
IS lcl:aged margl;ln. The'sepharatlnglj hyperzlgne thusdobtglned Bnd multiple classifier systems. Especially for AdaBoost [12],
called optimal separating hyperplane and is proved to be optj; nic is 4 typical multiple classifier system, the margin distri-
mal under the assumption that the data obey unknown but fix tion, instead of the minimum margin, has been known to be

distributi_on_. o _ of importance to improving the generalization ability [13, 14].
If a priori knowledge on the distribution is available, the op- |, [14], the margin mean and the margin variance are shown to

Flmal separating hyperplane may nqt be optimal. For INStance,q 4y important statistics to define the margin distribution.
if data of one class have a large variance but those of the other

class have a small one, it may not be good to place the hyper- There are several approaches to control the margin distribu-
plane at the equal distances from the data of opposite classestion in SVM-like classifiers [15, 16, 17, 18, 19, 20]. In [15], for
To cope with this problem, several approaches have been prgach data point, a cost function is defined, in which exponen-
posed. One way is to use the Mahalanobis distance, insted@ Weights are assigned for misclassified data, and the objec-
of the Euclidean distance. There are two ways to incorpotive function that is the sum of the cost functions is minimized
rate the Mahalanobis distance into SVMs; one is to reformuby the gradient descent method. In [16], instead of maximiz-
late SVMs so that the margin is measured by the Mahalanob#d the minimum margin, the margin mean for the training data

distance [3, 4, 5, 6], and the other is to use Mahalanobis kefS maximized without slack variables. In [17], game theory is
used to optimize a trade-dietween maximizing the minimum

margin and maximizing the margin mean. In [19, 20], in ad-
**Correspondinguthor: Tel..+81-78-994-3432; faxz81-78-994-3432; diFiO_n to maximizing the _mar_gin mean, the marg_in V?‘ria_mce_ is
e-mail: abe@kobe-u. ac. jp (Shigeo Abe) minimized and the classifier is called large margin distribution

idea of SVMs, maximizing the minimum mar-
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machine (LDM). The LDM is formulated based on the soft mar-Class 1 and-1 for Class 2. The margin of;, §;, which is the

gin SVM, namely the slack variables are introduced to penalizelistance from the hyperplane, is given by

the training data that are misclassified. Thus, two additional hy-

perparameters are introduced compared to the SVM. This is a i = Yi F(xi)/lIwll. (2

serious problem in model selection. According to the computer . ) _

experiments in [19], the generalization ability of the LDMis the ~ Leté be the minimum margin among (i = 1,..., M), and

best among the SVM and the classifiers proposed in [15, 16, 1ASsume that|jw|| = 1. Then maximizing is equivalent to min-

for the benchmark data sets tested. imizing ||w||, andx; must satisfyy; f(x;) > 1 so that the margin
In this paper, we reformulate the LDM and propose a unconfor i is Iarg(_ar than or equ_al to 1. _Allowing misclassification,

strained LDM (ULDM), whose number of hyperparameters isthe L1 SVM is formulated in the primal form as follows:

the same as that of SVM. As in the LDM, the margin mean is

M
maximized and the margin variance is minimized. Because the minimize  Q(w,b, &) = }WTW + CZ& (3)
objective function is expressed by the weighted sum of the mar- 2 i1
gin mean in a linear term and the margin variance in a quadratic subjectto vy f(x)=1-¢& for i=1,...,M, (4)

term, the solution is given by solving a set of linear equations
and the weight works as a scale factor of the hyperplane. Ther&thereQ(w, b, £) is the objective functionC is the margin pa-
fore, the change of the weight value does not change the dediameter that controls the tradé-between the training error and
sion boundary. Thus, determination of the weight value is nothe generalization ability; (> 0) are the slack variables far,
necessary. To control the generalization ability of the ULDM,and¢ = (1, ....¢ém)"-

we introduce a quadratic regularization term. Thus, one hyper- Usually we solve the following dual form, instead of solving
parameter associated with the regularization term is introduce@) and (4):
into the ULDM.

M M
To clarify the characteristics of the ULDM, we analyze the maximize  Q(a) = Za‘ _1 Z @i Yi ViK%, X;)  (5)
decision boundary when the numbers of training data of both ) 2 i
classes are the same. For the case where the numbers are dif- M
ferent, we analyze the decision boundary for a classificationsypject to Zy‘ ai=0,0<q<Cfor i=1..M, (6)
problem with one-dimensional input. =)

We evaluate the proposed ULDM for two-class and multi- h L itioli iated wi d
class problems and compare performance of the ULDM with" ere, i aie agfaﬁge multipliers associated with an
that of the SVM. K(x,x") = ¢'(X) ¢(xX’) is a kernel function. Using a kernel func-

In Section 2, we summarize L1 SVMs, LS (least squaresfion’ we can avoid treating the feature space directly.
SVMs. and LD’MS And in Section 3 V\;e propose variants One of the advantages of the L1 SVM is that the solution
of LDMs: LS LDMs and ULDMs, and discuss the decision 'S SParse, 1.€., Some mfihare Ter_o and only non-zew are
boundary of ULDMs. In Section 4, we compare performanceneCessary to represent the solution.

of the proposed ULDMs with that of L1 and LS SVMs using We use the following radial basis function (RBF) kernels,
two-class and multiclass problems. which are often used for pattern classification:

K(x,X') = exp(yllx — X'[|?/m), @)

2. Support Vector Machines and Large Margin Distribu- ] ] o
tion Machines wherem is the number of inputs for normalization apds to

control a spread of a radius.
In this section we summarize the L1 SVM, one of its variants,

the LS SVM, and the LDM. 2.2. Least Squares Support Vector Machines
. The LS SVM [21] is a variant of the L1 SVM. The linear sum
2.1. L1 Support Vector Machines of slack variables in (3) is changed to the square sum and the

In the SVM, nonlinear separation is realized by using thdnequality constraints in (4) are changed to equality constraints
nonlinear vector functiop(x) that maps then-dimensional in- ~ as follows:
put vectorx into thel-dimensional feature space. In the feature 1 c M
space, we determine the decision function that separates Classminimize Q(w,b,&) = zw'w + = Zg,z (8)
1 data from Class 2 data: 2 2 i=1
subjectto y; f(xj)) =1-§ fori=1,...,M 9)
f(x) =w'@(x) + b, Q)

Solving the equation in (9) fof; and substituting it to the
wherew is thel-dimensional vectory denotes the transpose of objective function in (8), we obtain the unconstrained optimiza-
a vector (matrix), anth is the bias term. tion problem:

Assume that we hav# training input-output pairs$x;, yi} M
(i=1,...,M), wherex; arem—dlmensm_nal training inputs and minimize Qw,b) = }WTW+ c Z(l_Yi f(x;))2. (10)
belong to Class 1 or 2 and the associated labely;atel for 2 2 &~
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The solution of the LS SVM can be obtained by solving a set Solving the equation in (17) faf and substituting it to the
of linear equations and generalization performance is known tobjective function in (16), we obtain
be comparable to the L1 SVM [2]. One of the disadvantages M
of the LS SVM is that unlike the L1 SVM, the solution is not Q(w, b) = }WTW — 16+ }/123+ ¢ 2(5‘ -1 (18)
sparse. 2 2 2 o

In the above objective function, the last term is the variance

2.3. Large Margin Distribution Machines of margins around 1, i.e., around the minimum margin. There-
In the LDM, the margin mean is maximized and the marginfore, it works ASimilarly to the variance of margin around the
variance is minimized. margin meang. Similarly, the first term is the reciprocal of
As in [19], instead of (2), we consider the following relation the square minimum margin and the second term is the mar-
as the margin: gin mean. Therefore, by this formulation, maximization of the
i = yi F(x). (11) minimum margin and the margin mean and minimization of the

_ _ _ . _ variances around 1 and around the margin mean are mixed and
Then the margin mea# and margin variancé are given, re-  their trade @ is determined by selecting the parameter values

spectively, by of 11, 42, andC. This is not a good formulation because very
M similar measures are mixed in the model. Therefore, in the fol-
5 = %Z(Si’ (12) lowing we consider a simpler model.
.;1 M 3.2. Unconstrained Large Margin Distribution Machines
A 1 2 1 - i : ; .
5 = o (5i - g) = Z 62 - 52, (13) Deleting the first and the fourth terms in (18), we obtain:
i=1 i=1

L - 1 .
minimize Q(w,b) = -6 + = Ag 9, (19)
According to [19], the LDM is formulated based on the L1 2
SVM given by (3) and (4) as follows: whereJy is a trade-€ parameter between maximizing the mar-

gin mean and minimizing the margin variance.

As will be shown later, becausss linear and is quadratic,
Ao works as a scale factor of the decision function and does not
control the generalization ability. Thus to control the general-
ization ability, we add a regularization term to (19). But to do

where; and, are parameters to control maximization of the tiS, first we derive the solution of (19). _ _
margin mean and minimization of the margin variance, respec- B€cause (19) is a quadratic optimization problem without in-
tively. Compared with the L1 SVM, in the objective function, equallty or equaht_y constraints, it can be trained by solving a
the second and the third terms are added. set of linear equations. N

According to the computer experiments in [19], the LDM is The codficient vectorw is in the empirical feature space
statistically better than or comparable to that of the L1 SvM.SPanned byg(xu), ..., ¢(xu)} [2]. Let{z,...,zv} be a subset
However, the LDM is at a disadvantage in sparsity and modeP! 1, ----Xu}, whereN < M and let{¢(z,),. .., ¢(zv)} span
selection. Because in the LDM, all the training data are used{1® €émpirical feature space. Themcan be expressed by
in calculating the margin mean and the margin variance, the N
solution is dense. In addition, because four parameter values w= Zai o(z), (20)
(including one kernel parameter value), instead of two, need i=1

to be determined by model selection, model selection require\%erwi are constants. If a linear kernel is used. ana i€ N

M
minimize Q(w, b, &) = %WTW — 16+ % 1,6+C Z & (14)
i=1

subjecttoy; f(xj) > 1 - & fori=1,..., M, (15)

more time. to improve sparsity, we use the following Euclidean coordi-
nates:
3. Variants of Large Margin Distribution Machines z = {1,0,...,0
In this section, first we formulate the LS LDM instead of the : (21)

L1 SVM based LDM and then reformulate the LDM to reduce Zn = {0,---,0,1},

the number of hyperparameters. , , i
and use the identity mapping(x) = x.

3.1. Least Squares Large Margin Distribution Machines Substituting (20) into (11), we obtain
L L . N

Similar to t.hg L.DM, the LS L!I)M that maximizes the margin 5 =i Z ; Kij +b], (22)
mean and minimizes the margin variance is given by =

whereKj; = K(x;,zj) = ¢"(xi) #(z;) andK(x,2) is a kernel

M
I 1 . -1 . C >
minimize Q(w, b, £) = SWw- Ao+ 2 420+ 2 leffi (18) " function. Expressing (22) in a vector form, we obtain
i=

subjecttoy; f(x) =1-&  fori=1,...,M. (17) S=yi(Ka+b)=y (K 1)p (23)



whereK; = (Kiy,...,Kin), @ = (@1,...,aN)"T,andB = (" b)".  We call (35) unconstrained LDM (ULDM).
Then, substituting (23) into (12) gives If we use the Euclidean coordinates given by (21) and the
identity mapping functionk; = x7, this is equivalent to solving
g_i M ( " 1) _(_y _> _h (24) (33) in the input space and= w.

P B= Y )B=hB. If N is small we can solve (33) by matrix inversion. Nfis
large, we can solve it by the coordinate descent method [22]
where because the céigcient matrix is positive definite.

The procedure of training the ULDM is as follows:

M
— — 1 _ 1
= y=— - K - — A
h=(K ). M _Zy' Ko ¥Y=w Zy" (25 1 Calculate in (27) andh in (25).
2. Settingdp = 1, solve (32) foB either by matrix inversion

Substituting (23) and (24) into (13), as in (33) or by the coordinate descent method.
N 3. Obtain the decision function (1) substitutibgn 8 andw
_ nRT
=B KB (26) given by (20) witha; in B into (1).
where
- - . 3.3. Analysis of ULDMs
2-KY KY KT-yKY
K = ( K - yKY 1-y? J (27) We analyze characteristics of the solution of the ULDM.
— 19 13
Kz = v Z KTKi, K = o Z K;. (28)  3.3.1. Relations between ULDMs and LDMs
i=1 i=1 We consider the relations between the ULDM given by (35)

and the LDM given by (14) and (15).

In the LDM, the bias term is not included [19, 20]. Usually,
kernel functions include a constant term, which works to gen-
erate an implicit bias term. Even if they do not, we can easily
add a constant term [2]. Although the implicit bias term is not
equivalent to the explicit bias term, in that they give the same
solution, the diference will not make a largeftérence in the
generalization performance.

whereC (> 0) is a margin parameter ang is theN x N unit In the ULDM givgn by (,35)’ beca'use the valqe(bfs sgt to
matrix. We use the sam@ as in L1 and LS SVMs. In the & small value as will be discussed in the following section, the

above formulation, a€ approaches zero, the accuracy for theS!ution is determined by the second and third terms.
training data set increases andalsecomes large, the accuracy 11€ LDM given by (14) and (15) is the combination of the

decreases. This is opposite to thatin L1 and LS SVMs. L1 SVM and the ULDM; If4; = 0 and4z = 0, the LD_M is
In Section 4. to normalize the value. we use equivalent to the L1 SVM, and the second and the third terms

are the same as the major terms of the ULDM.

Matrix K is positive semi-definite because 0.
To regularize the solution of (19) we add a regularization
term as follows:

minimize Q(B) %C,BTB—E + 3408, (29)

2
= %ﬂT(ClN-i-ﬂo K)ﬁ—hﬂ, (30)

C max Kily (31) Therefore, as the values #f andA, approach 0, the solution
i=1...N of the LDM becomes similar to that of the L1 SVM. Likewise,
instead oCly in (29). as the values oft; and A, approacheo, the solution becomes

By the introduction of the regularization term, the above op-Similar to that of the ULDM. When; and., have values no so
large and not so small, the solution is a combination of those of

timization problem always has the optimal solution by solving
the L1 SVM and the ULDM.

(Cln+1K)B=hT, (32) Thus, the performance ftiérence between the ULDM and
LDM is considered to be small.
namely

B=(Cly+2K)™th™. (33)  3.3.2. Analysisfoj=0
If we multiply the positive parameter to solutighthe separat-  Fory = 0 the following two theorems hold.
ing hyperplanef (x) = 0 does not change. ThereforeCf= 0, ) . o
the solution does not change even if we changelthealue.  1heorem L. If Kis nonsingular ang = 0, the decision bound-
a .
In addition, the solutions are the same if we change paramet& Of the ULDM passes throudk™ /(1 + C). Furthermore, if

values fixing the ratio of and.o values. Therefore, we can set © = 0, the decision boundary goes through the center of the
mapped training data in the empirical feature space.

=1 34 . -
0 (34) Proof. From (32) the solution satisfies

Substituting (34) into (30), we obtain — o __
9 (34)into (30) (K2-K'KV+C)a+ (K -yK ) b=K' (36)

minimize  Q(8) = 2 47(C v+ K)B ~hp (35) (K-§K0) a+ (1-7+C)b=7 @7)



From(37), . 1 _
V- (K-yK)a a8) 0k —
= C 1 4444444444444
-y?+C 0.8 r Class2 +
If the numbers of training data for Classes 1 and 2 are the same, _Cl,a?a‘;’ ..... é .....
i.e',y_: 0, _ . 0.6 ' KT/(1+C) Y.
K <
b_—1+Ca. (39) 04l
If K is non-singular, the set of linear equations given by (36)
and (37) has a unique solution. Therefore, the solution satisfies 21 |
(39). The decision boundary is given by
oe ‘ ‘ ‘ i
T _ 0O 02 04 06 08 1
a' ¢+b=0, (40) X,
whereg = (¢7(z1),...,¢ " (zn))". Substituting (39) into (40),
K_T Fig. 1. Decision boundaries for the iris data set
(¢ - ) - (41)
1+C

Becauser is a unique, non-zero vector, the decision boundaryc|asses 2 and 3 with the me#nin between. As Theorem 1
passes througk"/(1 + C). If C = 0, it passes through the cen- shows, forC = 1076, which is near zero, the decision boundary
ter vector of the mapped training data in the empirical featur%asses througK. The angle betweem, which is orthogonal to
space® the decision function, anidy is smaller than 90 degrees, which
exemplifies Theorem 2.

In accordance with Theorem 1, the decision boundary goes
throughK/(1 + C) as theC value is changed to 0.1 and 1. For

Proof. Becausg = 0, K is the mean of Classes 1 and 2 meansC = 1 all the training data are classified into Class 2. There-

Multiplying 87 from the left-hand side of (32) with (34), we fore, in. fthe iris data set, a largeé value is inadequate. . The '
obtain recognition rates for the test data are 94% (3 data misclassi-

(42) fied), 92% (4 data), and 50% (25 data) @k 10°°,0.1, and 1,
respectively.

Theorem 2. Fory = 0, KY @ > Ois satisfied, where the equality
holds when C= 0 ande is in the null space oKY.

BT (K+CIyB=hg.
BecauseK is positive semi-definite an + C Iy is positive
definite forC > 0, 3.3.3. Analysis for a one-dimensional case
We discuss the case wheye: 0. To make discussions sim-

pler, we consider a one-dimensional case in the input space. We
assume that the decision function is given by

hB=Ka+yb=K/a>0. (43)

Theequality holds whel€ = 0 ande is in the null space oK.
|

We define the means of the mapped training data for Classes F0) = x+b. (45)
1 and 2, respectively, by This implies that the region for Class 1 satisfiesb > 0.
B LW Th'e margin forx is given bys; = y; (% + b) and the optimal
K,=-— Ki, Ki, (44)  bsatisfies
M. i:%;:l Ti= 1%::—1 dQ -
| . J+K-yK +(1-¥+C)b=0  (46)
whereM, andM_ arerespectively the numbers of training data db
for Classes 1 and 2, anldl, = M_. BecauseKy = (K, - Thereforeb is given by
K_ )/2, KY is the vector fromK_ /2 to K+/2 Therefore, the
above theorem means that the angle betw€eanda is less K — yKY -y
b=-—"5—7+~. (47)
thanrn/2. 1-y2+C
Example 1. We show the change of the decision boundary forselvingx + b = 0 for x, the boundary is given by
the change of th€ value using the iris data set, which consists _
of 150 data with 3 classes and 4 features [23]. For the illus- K-yKY-y
tration purpose, we use Classes 2 and 3 and Features 3 and 4. X==C V2+C (48)

For each class the first 25 data are used for training and the re- _

maining data are used for testing. We use linear kernels with As shown in Theorem 1, foy = 0, x = K/(1 + C). Assume

the Euclidean coordinates given by (21). thaty # 0 and the numerator of (48) is not zero. Then, as the
Figure 1 shows the decision boundaries@s# 10°°,0.1,1.  value ofC is changed from 0 too, the decision boundary goes

“Mean” denotes the line segment connecting the means fdio zero. Suppose the input of the training data are scaled into



anon-negative region. Then, as the value&Cdbecomes larger,

_ 16
data tend to be classified into the single class. Therefore, the L g;%g-z ...........
value ofC needs to be small. %I: 0.12 S
In the following we analyze the boundary f6r= 0, i.e., 0.8 _Clgig 3
TG v K'/(1+C) O
- ykKY y
X = — . 49 I 0.
1oy 1-y (49) X 08
Thefirst term in (49) reduces to 0.4
Ky 2T M 1 M 02| ]
1-y? 1+y M 1-y M . . . . .
1 - - 02 04 06 08 1
= 3 (Ky + KD), (50) Xs

which implies that the first term is the mean of the Classes 1

and 2 means. If the distribution of Class 1 is larger than tharig. 2. Decision boundaries for the iris data set with reduced training data
of Class 2, the boundary is nearer to Class 1, irrespective of the

numbers of data for each class.

The second term in (49) is negativeNf, > M_, and non-
negative, otherwise. Therefore, M, > M_, the boundary
shifts toward_. The two-class data sets [24] used in our study is listed in Ta-

According to the above analysis, the first terms in (49) seble 1. In each row of the “Data” column, the numerals in the
the boundary in the middle of the means for two classes. Thparentheses list the numbers of inputs, training data, test data,
second term works to shift the boundary towakdsfor M, >  and data set pairs of a classification problem. Each data set pair
M_: the increase of the Class 1 data works to widen the Class donsists of the training data set and the test data set. We trained

4.1. Two-class Problems

region. classifiers using the training data set and evaluated the perfor-
mance using the test data set. Then we calculated the average
3.3.4. Analysis for a general case accuracy and the standard deviation for all the data set pairs. We

It is difficult to analyze the general case whgre 0 theo- determined the parameter values by fivefold cross-validation.
retically. In the following example, we show the change of theWe selected thg value from{0.01, 0.1, 0.5, 1, 5, 10, 15, 20,
class boundary for the change of fevalue using the iris data 50, 100, 200}. For th€ value, we selected fror0.1, 1, 10,
used in Example 1. The difference of the data set is that in th&0, 100, 500, 1000, 200@9r the L1 and LS SVMs, and for the
following example, only the first 10 training data are used forULDM, from {107'2,1071°,10°,10°%,10%,10°%,102,0.1}.

Class 3. Other conditions are the same as those in Example 1. For the ULDM, instead of selecting the independent data, we
used all the training data, namdiyin (20) is M.

Example 2. Figure 2 shows the decision boundaries @r= We trained the ULDM and LS SVM by matrix inversion. For

10,102,0.1. Unlike fory = 0, the decision boundary for the L1 SVM, we used SMO-NM [25], which fuses SMO (Se-

C = 10°° does not pass through the average of Classes 2 andg@iential minimal optimization) and NM (Newton’s method).

means. As the value @ is increased, the decision boundary  Tables 1 shows the average accuracies and their standard de-

moves upward, which is opposite to that for 0. viations of the three classifiers.

ForC = 0.1, all the training data are classified into Class 2. Among three classifiers the best average accuracy is shown
Therefore, in this case also a larGevalue is inadequate. The in bold and the worst average accuracy is underlined. The “Av-
recognition rates for the test data set are 90% (5 data misclassirage” row shows the average accuracy of the 13 average ac-
fied), 90% (5 data), and 50% (25 data) @r= 10°,102and  cyracies and the three numerals in the parentheses show the

0.1, respectively. numbers of the best, the second best, and worst accuracies in
the order. We performed Welch’s t test with the confidence in-
4. Performance Evaluation tervals of 95%. The “WI/L” row shows the results; W, T, and

L denote the numbers that the ULDM shows statistically better

According to the computer experiments in [19], LDM per- than, the same as, and worse than the LS (L1) SVM, respec-
formed best among SVM, MDO [15], MAMC [16], and KM- tively.
OMD [17]. From the standpoint of the average accuracy, SVM From the table, from the standpoint of the average accuracy,
performed the second best. Therefore, in this experiment, wiie ULDM performed best but from the standpoint of statistical
compare the ULDM with the L1 SVM and the LS SVM, whose analysis the three classifiers are comparable.
architecture is similar to that of the ULDM using two-class and We measured the average CPU time per data set including
multiclass problems. Because most of the benchmark data setsdel selection by fivefold cross-validation, training a classi-
used in [19] are not publicly available, we compared the ULDMfier, and classifying the test data by the trained classifier. We
with the LDM using some of the data sets that, we consider, arased a personal computer with 3.4GHz CPU and 16GB mem-
the same as those used in [19]. ory. Table 2 shows the results. In average, the LS SVM is the



Table 1. Accuracy comparison of the two-class problems for RBF kernels

Table 3. Selected parameter values for the multiclass problem(€, y)

Data ULDM LSSVM LISVM Data ULDM LSSVM LISVM
Banana (Z0G4900100) 89.12:0.69 89.1#066 89.170.72 Numeral (121(/81G'820) [2] 104,15 1000, 0.01 10,5
Breast cancer (20077/100) | 73.70:4.42  73.134.68  73.034.51 Thyroid (21/3/3,7723,428) [26] 109,50  2000,50 2000, 10
Diabetes (36§300100) 76.51+1.95  76.192.00 76.291.73 Blood cell (1312/3,0973,100) [2] 1012, 0.5 500,5  100,5
Flare-solar (866400/'100) 66.28:2.05  66.251.98 66.99:2.12 Hiragana-50 (5(B94,6104,610) [2] 101, 5 100,10  100,5
German (2070¢300'100) 76.12:2.30  76.162.10  75.952.24 Hiragana-13 (188/8,3758,356) [2] 101,10  2000,15 1000, 15
Heart (13170/100/100) 82.57+3.64  82.493.60 82.82:3.37 Hiragana-105 (10888,3758,356) [2] | 106,10  2000,15 10,10
Image (1813001,01¢20) 97.16:0.68 97.52:0.54  97.160.41 Satimage (366/4,43%2,000) [26] 1010, 5 10,200 10, 200
Ringnorm (2p40Q'7,000100) | 98.16:0.35 98.19:0.33  98.140.35 USPS (25@810/7,2912,007) [27] 10, 50 500,5 100, 10
Splice (6¢10002,17520) 89.16:0.53  88.980.70  88.820.91 Letter (1626/16,0004,000) [26] 10, 50 50,50 10, 200
Thyroid (5140'75/100) 95.15:2.27  95.082.55  95.35:2.44
Titanic (315(’205%100) 77.46:0.91  77.320.83  77.320.74
Twonorm (204007000100) | 97.410.26 97.42:0.27  97.380.26
Waveform (214004600100) | 90.18:0.54  90.050.59  89.76:0.66 Table 4. Accuracy comparison of the multiclass problems
Average 85.31(6/6/1) 85.23(4/5/4) 85.26 (43/6) Data ULDM LSSVM L1SVM
W/T/L — 0/130 111 Numeral 99.39  99.15  99.76

Thyroid 9557 9539  97.26
Blood cell 9461 9423  93.16
Hiragana-50 | 98.92 99.48 99.00
Table 2. Execution time comparison of the two-class problems (in seconds) Hiragana-13 | 99.90  99.87  99.79
Data ULDM LSSVM L1SVM Hiragana-105| 100.00 100.00 100.00
Banana 27.00 12.03 492 Satimage 9225 9195  91.90
B.cancer | 3.18 1.69 7.08 USPS 9542 9547  95.27
Diabetes 43.67 20.30 22.06 Letter 97.75 97.88 97.85
Flare-solar| 194.46 67.28  218.67 Average 97.09 97.04 9711
German 348.92 98.72  776.53 B/SW 4/3/2 432 3/2/4
Heart 1.94 112 1.75
Image 4347.34 1826.86  56.70
Ringnorm 27.71 13.15 12.57
Splice 1792.23 74076  30.71 Training of the ULDM by matrix inversion becomes slow
Thyroid 116 0.69 033 when the number of training data is large. To speed up training
Titanic 1.34 0.75 21.25 . ;
Twonorm 31.79 1333 1046 of the LDM, in [19], the coordinate descent method [22] was
Waveform | 31.08 1364 3561 used. Because the dtieient matrix of the ULDM is positive
B/SW 0/5/8 7/6/0 62/5 definite, the coordinate descent method is also applicable to the

ULDM. But because of space limitation we do not discuss it
here.

fastest and the ULDM the slowest. Because the ULDM and4 3. Comparison with LDMs

LS SVM were trained by solving the sets of linear equations, We compared the ULDM with the LDM using the two-class

isal?i\(l)vr?:r:r:g':i?]% tt?]/ ;Zﬁ;gr?fsvg??hiul?nfa:ng;i;t?gzl.ex CaICu'data sets listed in Table 6, which are includgd in Table 1 of [19] ._
Because the other regular-scale data sets in the table were dif-
ferent in the number of data gfod the number of features from
the data sets available in the Internet, we did not use them. As
We evaluated the ULDM using nine multiclass data setdn [19], we randomly split the original data set into the training
listed in Table 3. For each problem, there is one training dataata set and the test data set with equal sizes and generated 30
set and one test data set. We trained the classifiers using fuzpirs.
pairwise classification [2]. The table lists the parameter values Table 7 lists the results using the RBF and linear kernels.
determined by fivefold cross-validation. For each problem, thé he accuracies in “LDM” and “SVM” columns were cited from
three classifiers took on the similavalues and the LS and L1 [19]. Because the average accuracies and their standard devia-
SVM took on the similaC values. TheC values forthe ULDM  tions were calculated using 30 files, thiéeet of diferent split
were small. on them is considered to be small. “SVM"” in the Table is the
Table 4 shows the accuracy of the three classifiers using RBEL SVM.
kernels. From the standpoint of the average accuracy the L1 From the last row of the table, the ULDM is slightly better
SVM was the highest and the ULDM was the second highesthan the L1 SVM or the SVM and comparable to the LDM.
But from the begsecond begivorst accuracies, the ULDM and Therefore, the simplification of the LDM architecture did not
the LS SVM were the best and the L1 SVM was the worst.  affect much on the generalization ability.
Table 5 shows the execution time of the three classifiers. The
time includes the cross-validation for the selegtedlue, train- 5 ~gnclusions
ing for the selected parameter values, and classifying the test
data. For all the cases, the L1 SVM was the fastest and the To reduce the number of hyperparameters of the large mar-
ULDM the slowest except one case. gin distribution machine (LDM), we proposed a unconstrained

4.2. Multiclass problems



Table 5. Execution time comparison of the multiclass problems (in seconds) Table 7. Accuracy comparison with LDMs (I: linear kernel, r: RBF kernel)

Data ULDM LSSVM L1SVM
Numeral 10.12 9.31 0.70
Thyroid 27497.00 14383.67 34.60
Blood cell 828.07 476.51 10.90
Hiragana-50 | 1517.76 1524.47 61.01
Hiragana-13 | 9028.28 6315.22 86.16
Hiragana-105| 12229.78 11762.44 225.58
Satimage 12018.75 6428.43 45557
USPS 33052.67 17212.67 728.87
Letter 114348.06 50594.73 11015.95
B/SW 0/1/8 0/8/1 90/0

Data ULDM L1 SVM LDM[19] SVM[19]
Austrarian (I) 85.95:1.11 85.2#41.11| 85.9+1.5 85.%1.3
Austrarian (r) 85.82:1.12 85.5%1.29 | 85. 414 85313
Breast-cancer (I) 73.19:2.56 71.992.41| 72.5:2.7 71.%3.3
Breast-cancer (r) 73.32.56 72.9%2.72 | 75.3:2.7 72.%3.0
Fourclass (1) 75.55:1.65 76.78:1.43 | 72.3x1.4 72.41.4
Fourclass (r) 99.92:0.30 99.820.16 | 99.8:0.3  99.&0.3
Sonar (1) 73.53:3.99 74.423.54| 73.6:3.6 72.%3.9
Sonar (r) 83.11+:2.96 83.884.17| 84.6:3.2 84.23.4
Average 81.31 81.34 81.21 80.56

W/T/L — 2/5/1 1/6/1 2/6/0

Table 6. Benchmark data specification for two-class problems for compar-
ison

El

Data Inputs Train Test Sets
Australian [28] 14 345 345 30
Breast-cancer [26 9 138 139 30 [10]
Fourclass [28] 2 431 431 30
Sonar [26] 60 104 104 30
[11]

LDM (ULDM) which has the same number of hyperparame-[12]
ters as the L1 SVM. As in the LDM, the ULDM maximizes the
margin mean (linear term) and minimizes the margin variance j
(quadratic term). Optimizing the objective function, which is
the weighed sum of the linear and quadratic terms results in
solving a set of linear equations and the weight works as sca[—“]
ing and does not change the separating hyperplane. [15]
We showed that the decision boundary of the ULDM passes
through the mean of the mapped total training data if the numtt6l
bers of the Classes 1 and 2 data are the same. We also derived
the decision boundary for a one-dimensional input. [17]
According to the computer experiments using two-class and
multiclass problems, we showed that the ULDM trained by mat g
trix inversion has comparable generalization ability with the L1
SVM and LS (least squares) SVM. But because matrix inver{19]
sion is slow for a large number of training data, we need to
speed up training for large problems. 20]

[21]
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