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Abstract

This paper proposes a focused information criterion (FIC) for variable selection
in partially linear models. Our criterion is designed to select an optimal model for
estimating a focus parameter, which is a parameter of interest. We estimate the
model by the series method and jointly select the variables in the linear part and
the series length in the nonparametric part. A Monte Carlo simulation shows that
the proposed FIC successfully selects the model that has a relatively small mean
squared error of the estimator for the focus parameter.
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1 Introduction

The partially linear model (PLM) is one of the most popular semiparametric models
in econometrics and statistics. It retains the nice interpretability of linear models and
flexibility of nonparametric models while avoiding the curse of dimensionality. The first
application of the PLM was reported by Engle et al. (1986), who investigated a rela-
tionship between electricity sales and temperature. Since then, many estimation and
inference methods have been advocated by Chen (1988), Robinson (1988), Speckman
(1988), Donald and Newey (1994), Liang et al. (1999), and Zhang et al. (2011). Hérdle
et al. (2013) included many recent applications of the PLM in their study.

This paper proposes a new model selection criterion for a PLM that is estimated
by the series estimator of Donald and Newey (1994). We develop a criterion for jointly
selecting variables in the linear part and the series length in the nonparametric part. We
introduce the local misspecification framework of Claeskens and Hjort (2003) and derive
a focused information criterion (FIC) that allows us to select an optimal model depending
on a specific parameter of interest.

FIC has attracted increasing attention in recent model selection literature. In regres-
sion, standard selection criteria, such as the Akaike information criterion (AIC; Akaike,
1973), the Bayesian information criterion (BIC; Schwarz, 1978), and Mallows C, (Mal-
lows, 1973), are designed to select a model with a good fit or a good prediction prop-
erty. However, rather than being interested in finding a model with a good fit, applied
researchers in econometrics often focus on identifying a model that estimates a few pa-
rameters with specific economic implications. FIC is designed to select an optimal model
for estimating the specific parameter of interest, which is called the focus parameter. Our
goal is to select the model that attains the smallest mean squared error (MSE) of the
estimator for the focus parameter. The FIC is derived as an approximately unbiased
estimator for the MSE.

Our setup is different from that of existing FIC in that our full model is misspeci-
fied. In the FIC framework, there is a full (largest) model that nests the other candidate
submodels. It is assumed that the full model is correctly specified and that the other
submodels are misspecified (underspecified). Although misspecification can be avoided
by using the full model, the variance of the estimator can be large when the full model
contains too many parameters to estimate. FIC evaluates the trade-off between misspec-
ification bias and estimation variance. In contrast to the standard setup, our candidate
models, including the full model, are misspecified because of the nature of the series esti-
mator. Because a finite-dimensional series is only an approximation of the true unknown
function, all candidate models are intrinsically misspecified. Therefore, we construct an
FIC for the pseudo-true parameter values rather than for the true parameter values. The

pseudo-true values are defined as the linear projection coefficients of the full model. Our



simulation result shows that our FIC works well even when the performance is evaluated
at the true parameter values.

Our FIC is similar to that of Claeskens and Hjort (2003), who proposed an FIC for
linear regression models with a finite number of regressors. However, they considered
their full model to be the true model, whereas we consider our full model to be an ap-
proximation of the true model. Liu (2015) investigated the properties of model averaging
estimators under a setting similar to that of Claeskens and Hjort (2003).

Other related studies include those by Ding et al. (2011) and Zhang and Liang (2011).
Ding et al. (2011) proposed a variable selection method for the PLM on the basis of
lasso. Their setting is similar to ours, but they did not address the problem of finding an
optimal model for estimating the focus parameter. Zhang and Liang (2011) considered
the generalized additive PLM and proposed an FIC for variable selection in the linear part
of the model. Their FIC is not applicable to determining the series length, whereas our
FIC can simultaneously determine the variables in the linear part and the series length.

The remainder of the paper is organized as follows. Section 2 introduces the model
and describes our local misspecification framework. Section 3 derives the FIC. Section 4

presents the result of a Monte Carlo study. Section 5 presents our conclusions.

2 Model
We consider the PLM
Yi = 95;5 + g(zi) + Uy, E[Uz‘l’z, Zi] =0, i=1,...,n, (1)

where y; is a scalar dependent variable, x; is a finite-dimensional vector of regressors.
We allow z; to be a vector of dimension r. The functional form of g(z) is unknown.
Heteroskedasticity of unknown form is allowed. For identification of § and ¢(+), z; cannot
include a constant term and any elements of z;.

The vector 5 and the function g(z) are estimated jointly by the series estimator of Don-
ald and Newey (1994). The series estimator approximates g(z) by a linear combination
of a J x 1 vector of basis functions: p’(z) = (p1(2),...,ps(2)). The series can be a power
series, piecewise local polynomial spline, Fourier series, among others. For a univariate
power series, for instance, the vector of basis functions is p’/(z) = (1,2,2%,...,2/71).
The estimator is obtained by regressing y; on x; and p’(z;).

We first consider variable selection in the linear part of (1). Suppose that z; is divided
into p x 1 and ¢ x 1 subvectors: x; = (27 ;,75;)'. Also, § is divided as 8 = (], 53)' so
that it is conformable with x;. The vector x;; is the set of regressors that must be
included in the model. For instance, z;;, may be a regressor whose partial effect on y;
is of particular concern. In contrast, some or all elements of x5; may be excluded from

the model. Thus, x2; may be a vector of control variables. The full model includes all
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regressors x; = (7 ;,75;)", while the reduced (smallest) model includes only ;. There
are up to 27 possible combinations of regressors in the linear part.

Let po = p(B) be our focus parameter, where p(-) is a known function. The focus
parameter may merely be an element of 3. Note that the focus parameter can depend on
B2, the coefficients of possibly excluded regressors. If elements of x5, are excluded from
the model, then the estimates of the corresponding coefficients are defined to be zero.

If g(z) is known, then an FIC can be constructed in a way similar to that of Claeskens
and Hjort (2003) (see Section 4.2). The full model, which is the true model, is defined as

yi = @ B + 2,08/ V/n + g(z) +ui,  Elug|as, 2] =0 (2)

for some 65 # 0. Note that the model depends on the sample size n. Because (2) is the
true model, a model is misspecified if some elements of x5, are removed from the model.
However, the misspecification is local in the sense that the model is within the O(1/+/n)
neighborhood of the true model. The reason for introducing the local misspecification
framework is to consider the trade-off between the bias and the variance of the estimator
for p. If the true S5 is a fixed vector, then the bias due to misspecification asymptotically
dominates the variance of the estimator. That means that the full model is always the
best model in terms of the asymptotic MSE. Under the local misspecification framework,
the squared bias and the variance are both of the order O(1/n).

When ¢(z) is unknown, we need to determine the series length to approximate g(z).
Let p/(2) = (p*(2), p%(2)")’, where pZ(2) and p¥(z) are L x 1 and K x 1 vectors of basis
functions, respectively. The vector p’(z) consists of basis functions that are definitely
used to approximate g(z), whereas some elements of p’ (2) may not be used. In the case of
a power series, for instance, p”(z) includes low-order power terms. The full model includes
all basis functions, while the reduced model includes only p(z). Then we consider the

following full model:
yi = 207+ 205 /v/n + pt () 9+ ™ (2:)' 05 /v g, (3)

where u} is orthogonal to x; and p’(z;). Thus, (3) represents the linear projection of y;
on (z,p’(2;)"). That the coefficient of p¥(z;) is O(1/4/n) describes the situation that
g(z) is sufficiently smooth and roughly approximated by p’(z;).

Note that 8} # B and ¢35 # s in general. In contrast to (2), our full model (3) is
misspecified in the sense that E[uf|z;, z;] # 0, though it is valid as the linear projection.
Thus, our setup is different from that of a standard FIC, which assumes that the full
model is the true model. We consider 5* = (5{",65'/y/n)" as the pseudo-true value that
approximates the true parameter 3 = (51, 03/ v/n). The closeness of the approximation
depends on the series length in the full model and the smoothness of g(z) and E[z;|2; = z].

In the following section, we view p* = u(8*) as an approximation of the true focus

parameter ;1 = u(f) and we construct the FIC for p*. Here, we simply assume that the
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difference of p* and p is negligible. We do this by choosing sufficiently large J. This is
partly due to the limitation of the series estimator. Unlike the kernel estimator, the bias
of the series estimator is not obtained in the closed form. Only the order of the bias can
be obtained, even if ¢g(z) is a known function. Thus, it is quite difficult to construct an
FIC for pu that can accommodate the selection of the series length.

It also makes sense to consider ©* as the true focus parameter given that (2) is also an
approximation that is introduced for mathematical convenience. In that case, our FIC is

in spirit similar to the Takeuchi information criterion (Takeuchi, 1976).

3 Focused Information Criterion

Here, we derive the asymptotic distribution of the estimator and develop our FIC. We
prepare some notations to describe candidate submodels. Let z5;; and ij (z;) be the j-th
elements of xo; and p%(2;), respectively. Let S, and Sk be subsets of {1,...,q} and
{1,..., K}. Also, let ¢s and Kg denote the numbers of elements in S, and Sk. We index
a candidate model by a set S = {S,, Sk}. The model S contains xs;; and pf(z;) as
regressors if j € S, and | € Sk. The reduced and full models are the cases of S = {0}, 0}
and S = {{1,...,q},{1,..., K}}, respectively. Usually, the elements of p’(z;) have a
natural ordering. In that case, the number of models is at most 29 x (K + 1).

Let x25; be the gs x 1 vector that contains x9;;, such that j € S,;. Similarly, let pfg((z,)
be the K5 x 1 vector that contains pf<(z;), such that [ € Sk. Then the model S is

Yi = xluﬁl,s + I'zs,iﬁzs +p"(2:) 1,5 + P8 (2:) 72,5 + €si
= 2,05 + PsiVs + esi-

The estimator of [y is

Bs = (X5(I — Qs)Xs) " X5(I — Qs)Y,

where Y = (y1,.. ., yn), Xs = (251, -, T50), Ps = (Ps1, - -, Psn)’, and Qs = Ps(PgPs) ™' Pg.

Let zgc,; and pge,; be the vectors of excluded regressors from model S. Denote the

residuals from the linear projection of xg;, rgc; and pge; on pg;, by Tg;, Tsc,; and pge ;,

respectively. Let ®g = E(is;7%;), Vs = E(u;*Ts,T%;), and By = (E(Ts:Tgc ;) E(TsiPse ;))-

*! *!

We partition 05 as 05 = (055,05 gc)', Where 65 ¢ and 07 o are the coefficient vectors
of 35, and zge; in the full model. Similarly, we write 07 = ( i;:s, ;’Sc)’ and define
05 = ( EI,S’ is)/ and 0%c = EEZSC’ ::Sc)’. In addition, we define By = E[(QiSz -
E(xg|z))(wge; — E(xge|z))], ®s = El(rs; — E(xs|z))(vs — E(xs|2))'], and Vg =
Elui(zsi — E(ws|z))(wsi — E(ws|z))'].

We provide the asymptotic distribution of Ss under two different settings. We first
consider the case where J is fixed and finite for any n. A standard regularity condition

for the OLS estimator is assumed to be satisfied.



Lemma 1. Suppose that {(y;,x;, )}y are i.i.d. from (3). Then we have

V(eI () et pae a5 vt

2,5 B,S

as n — Q.

The proof of Lemma 1 is straightforward and so is omitted.

Next, we consider the case where J — oo for the purpose of comparison with Zhang
and Liang (2011). In this setting, we do not introduce the local misspecification frame-
work for the nonparametric part and hence set J = L. Moreover, we view (2) as the true

DGP. The additional assumptions for the following lemma are included in the Appendix.

Lemma 2. Suppose that {(y;,x;, zi)}1-, are i.i.d. from (2). We assume that there are
a > 0 and v, such that sup,cs, |9(z) — p’(2)7| = O(J™), where S, is the compact
support of z;. Moreover, we assume that Assumption 1 holds. Then we have

(P () 8 Bt B0

52,5 55,5

if J = 00,J/n — 0, and \/nJ** — 0 as n — oo.

The sketch of the proof of Lemma 2 is provided in the Appendix.

Similar to the standard asymptotic theory for semiparametric estimators, Lemma 2
requires that J — oo at a certain rate so that the bias due to nonparametric estimation
is asymptotically negligible. Thus, if we derive our FIC on the basis of Lemma 2, then
we need to determine the series length by using another criterion such as AIC and BIC.
Zhang and Liang (2011) employed this asymptotics; therefore, their FIC is not applicable
to the selection of the series length.

We employ Lemma 1 in construction of our FIC by simply assuming that our full
model is sufficiently large so that the difference between [ and §* is small. Lemma 2
suggests that it is essentially the same as assuming that /nJ2® is small. If g(z) is
s-times continuously differentiable, then we have a = s/r. Thus, the accuracy of the
approximation depends on the unknown smoothness of g(z). Moreover, even if « is
known, we can only evaluate the order of the difference between  and §*. This problem
cannot be avoided even if we employ Lemma 2 to construct our FIC.

Let fig = u(Bs,0q4_qs) be the estimator of u* based on model S. Note that the

coefficients of zgc ; are zero in model S. We define
AS _ ( @glE(i’Sﬂf{S«C?l) @ElE(i‘Sﬂﬁgcﬂ) ) '
_]q—qs Oq—qsxK—Ks

Lemma 1 and the delta method imply the following theorem.



Theorem 1. Suppose that p(f3) is differentiable with respect to 3. Then we have

N ) o . 0 - -
\/E(MS_N) a (36) A3550+ (36/2) N(()erqS’q)Sl\qu)Sl)’

where the derivatives Opu/0p and Op/0Bs are evaluated at (57,0,).

Again, the proof is omitted because it is straightforward.
By Theorem 1, the MSE of the limiting distribution of /n(js — p*) is

/

mse(S) = (gg) Ag0c e Aly <gg) + (;—é) P Ugd ! (;—é) . (4)
Owing to the local misspecification framework, the squared bias and the variance have
the same order. In general, a large model implies a small first term and a large second
term. The ranking of MSEs among different models is determined by the magnitude of
the local parameters 0* = (d3',6%"). If 6*//n is sufficiently small, it would be better to
set it at zero than to estimate it. Thus, the reduced model performs better than the full
model, even though the reduced model is misspecified. Our FIC is obtained by replacing
each component of (4) with its estimate.

We now discuss an estimation method for ¢*. Because of the nature of the local
misspecification, we cannot consistently estimate ¢*. Let ( g, 44)" be the estimator of the
coefficients of w; = (24, p"(2)’)’ in the full model. Also, let @; be the residual of the
linear projection of w; on (24 ;,p*(2)")’. We have the following result, which is similar to
Lemma 1:

D=n ( 5; ) 4 p— N, TOr ),
where I' = E(wz w;) and Q E(u;*w;w!). Because the mean of DD’ is §*§* + T~ 1QI 1,
we use 6°07 = DD’ — =101 to estimate §*5* . where I' and Q are sample analogs
of I' and Q. The error term w; can be replaced with the OLS residual from the full
model. Note that u] is heteroskedastic even if u; is homoskedastic because u; involves
the approximation error. Thus, we need to use a heteroskedasticity-robust method to
estimate the variance.

The matrices g, Uy, and Ag are consistently estimated by their sample analogs.
Therefore, the FIC of model S is defined as

!/ — / —
o op o 1 o
FIC(S Agdgodl, Ogc — <I) Vbt | = | . 5
= (85) s <06> * (055 s\ s ®)
The estimator for dgode is the corresponding component of W The derivatives are
evaluated at (6, 0).
It is also possible to construct an average-FIC (see, e.g., Section 6.9 of Claeskens and

Hjort, 2008) because our theory is quite similar to that of Claeskens and Hjort (2003)
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except that our full model is an approximation of the true model. One can consider,
for example, p(x,z) = 2’8 + g(z) as a true focus parameter. Note, however, that our
average-FIC is still based on £* and ~*, rather than § and g(z).

So far, we have considered the case in which the focus parameter depends only on
B*. It is also possible that the focus parameter depends on * = (4}',02/y/n)'. For
some fixed value z € R", we define the focus parameter as u(v*) = p’ (2)'v* = p*(2)/ v} +
p™(2)'6% /+/n, which is estimated by gs(Z) = ps(2)'9s. Again, u(y*) is an approximation
of the true parameter of interest, g(Z). The derivation of the FIC is almost the same as
that of u(3*). The FIC is obtained by reversing the roles of x; and p”’(z;) in (5).

Here, we briefly remark on the asymptotic distribution of §s(Z) when J — oo as
n — oo. First, as in the case of Lemma 2, we cannot examine the effect of different
series length on the distribution of gs(Z). Moreover, this asymptotics cannot capture the
effect of variable selection to the asymptotic distribution of gg(Z). Note that |3 — 8| =
O,(n~/2) for all S in the local misspecification framework (Lemma 2). Because the
convergence rate of the nonparametric part is much slower than that of the linear part,
we can treat as if § is known to obtain the asymptotic distribution of gg¢(Z). Thus,
it can be shown that \/ﬁ\/flﬂ(gg(,%) —g(2)) A N(0,1) for all S as J — oo, where
Vi =p’ (2)E(p’ (z)p” () ) E(uip’ (z:)p” (2) ) E(p” (2:)p” (23) )p” (2) (see Theorem 15.2 of
Li and Racine (2007)). In contrast, our fixed J asymptotics can capture the effect of
variable selection because the asymptotic distribution of gs(Z) depends on S.

We conclude this section by providing an FIC when the focus parameter depends on
both * and 7*. Let fis = ,u(ﬁAS,Oq_qS,&S,OK_KS) be the estimator of u(B*,v*) based

on model S. Define ws; = (#%,,pk;), Ps = E(wswy,), Vs = E(uj?wswl;), Bg =

AS:( 5' By )
—L(g—qs)+ (K- Ks)

By a similar argument as in the proof of Theorem 1, the MSE of the limiting distribution

of v/ljis — p(B*,77)) is

0 , (0 0 )
mse(S; u(B*,7*)) = (a’;) Ag0tcdhe Al (8/;) + (8:) O G e (a—gg) :

where Ou/00 = (Ou/0p',0n/vy') and Ou/0bs = (Op/0pBy, Ou/0vs) are evaluated at
(81, 04,71, 0k). Replacing each component of the MSE by its sample analog, we obtain
the FIC of model S for yu(3*,~v*). The estimator of §%c0%¢ is the same as that in (5) and

the derivatives are evaluated at (61, 05 0K Kcg).

E(wswic ;), and

4 Monte Carlo study

We investigate the performance of the FIC by means of a simple Monte Carlo study. We
compare three model selection criteria: (i) FIC, (ii) AIC, and (iii) BIC. The true data
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generating process (DGP) is given by

yi = ) B+ 7,08/ + g(z) + i,

where 1 = (11, 512) = (1,1) and d3 = (d31,...,084). Each element of z1; is inde-
pendently generated from a standard normal distribution. The regressor z; is uniformly
distributed with support [—2,2]. The regressor xq,; is generated by z4;; = 0.33z; +¢;; for
Jj=1,...,4, where ¢; ~ N(0,2.25), so that some of the regressors in the linear part are
correlated with z;. The error term wu; is generated from a standard normal distribution
and is independent of all regressors. We set g(z) = sin(1.52) /(1.5 —sin(1.5z)). This func-
tion is sufficiently smooth, so it can be well approximated by the low-order polynomial
function of z.

We estimate g(z) by using power series. We use p”(2) = (1,z2,...,2%) and p®(z) =
(2°,2%,...,211). To simplify the description of candidate models, we consider nested
models for the variable selection in the linear part. Thus, the number of candidate
models is 5 x 8 = 40 in total.

We consider the following two DGPs: (1) ds; = 1.5 and (2) dg; = 10(0.5'7!) for
j =1,...,4. The local parameter dz; is constant for all j in the former case, whereas
it declines as j increases in the latter case. The focus parameter is u(3) = 25:1 Brj +
S G/

To evaluate the performance of the selection criteria, we calculate the mean of the
root MSE (RMSE) of each post-selection estimator based on the 5,000 repetitions for
three sample sizes: n = 50, 100, and 200. Note that the RMSEs are evaluated at the
true focus parameter. We also report the RMSEs based on the reduced, middle, and full
models, where the middle model is defined by S = {{1,2},{1,2,3,4}}.

The result is summarized in Table 1. For DGP (1), we can see that the FIC outper-
forms other procedures for all sample sizes. The FIC successfully selects the model that
has a lower MSE than the other candidate models. This result suggests that although
our FIC is constructed for the approximate focus parameter, it works well even for the
true focus parameter. For DGP (2), we also see that the FIC dominates other selection
criteria for large sample sizes. An important observation in DGP (2) is that the middle
model is better than the full model. Thus, the full model is not always the best model.
Also, the FIC-selected model performs better than the full model. Although the AIC and
BIC tend to select relatively small models, the FIC can select proper models.

Next, we investigate the performance of the FIC for estimating the nonparametric
component. The focus parameter is g(1). Table 2 summarizes the result. For DGP (1),
the performance of the BIC is slightly better than that of the other criteria for small
sample sizes. The FIC achieves a lower MSE than the others for n = 200. A similar
result is also obtained for DGP (2). This result confirms that our FIC can also be a

useful tool for estimating the nonparametric part of the PLM.
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We also investigate the performance of the FIC whose focus parameter depends on
both 3 and «. The focus parameter is u(3,v) = 232.:1 B, + Z?Zl dpj/v/n+g(1). Table
3 summarizes the result. For all cases, we see that the performance of the FIC is better
than that of the AIC and BIC. The RMSEs based on the full and middle models are
relatively small. The FIC successfully selects the better models. This illustrates that our

FIC works well even when the focus parameter depends on both g and ~.

Table 1: RMSE for u(3)

DGP (1) DGP (2)

n 50 100 200 50 100 200
Full  0.619 0.365 0.248  0.619 0.365 0.248
Middle 0.608 0409 0.283 0454 0.292 0.197
Reduced 0.879 0.619 0.438  0.702 0.492 0.349
AIC  0.696 0.468 0.330  0.582 0.372 0.261
BIC 0798 0.575 0417  0.598 0.424 0.308
FIC  0.632 0.397 0277  0.585 0.359 0.247

Table 2: RMSE for ¢(1)

DGP (1) DGP (2)
n 50 100 200 50 100 200
Full 0553 0.344 0232 0553 0.344 0.232
Middle 0.440 0.283 0.200  0.438 0.295 0.218
Reduced 0.336 0.282 0.288  0.360 0.313 0.315
AIC 0511 0362 0267 0505 0.360 0.267
BIC 0428 0.323 0287 0448 0.358 0.319
FIC 0500 0.328 0237 0499 0.332 0.240

In addition to examining the relative performance of the three criteria, we also in-
vestigate the influence of various L on the performance of the FIC. A limitation of our
framework is that it cannot determine L and J theoretically. Thus, we check robustness
of the FIC to the choice of L by a simple Monte Carlo study.

The result is summarized in Table 4. We fix J to be 14 and change Lover L = 1,...,7.
Thus, K and the number of submodels varies with L. In most cases, the difference in
RMSE among different L is small. This is especially the case when n = 200. This result
suggests that the performance of the FIC is not very sensitive to the choice of L. We
also examined the case where L is varied from 1 to 7 while K is fixed to be 7. Because

we obtained almost the same result as in Table 4, we do not report it. These results
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Table 3: RMSE for u(8,7)

DGP (1) DGP (2)
n 50 100 200 50 100 200
Full  0.693 0414 0286  0.693 0.414 0.286
Middle 0.666 0.470 0.357  0.569 0.388 0.290
Reduced 1.017 0.826 0.695  0.906 0.744 0.636
AIC 0739 0530 0397  0.674 0477 0.356
BIC ~ 0.881 0.739 0.620  0.747 0.630 0.539
FIC 0685 0438 0310  0.663 0.425 0.302

suggest that the FIC is robust to the selection of L and J. In application, one can use,
for example, p’(z) = (1, 2, 2%) for power series, which is typically used in many economic

applications.

Table 4: RMSE based on the FIC-selected model depending on various L

L
n 1 9 3 ) 5 6 7

50 1 0.633 0.635 0.635 00639 00642 0.643 0.646

DGP(1) 100 | 0.395 0.301 0.392 0.394 0.397 0.397 0.400

200 | 0.280 0.271 0271 0275 0276 0.277 0.278

nB) 50 | 0.616 0.597 0.598 0598 0598 0.601 0.602
DGP(2) 100 | 0.378 0.359 0.359 0.360 0.360 0.361 0.361

200 | 0.270 0.246 0.246 0.247 0.247 0.247 0.248

50 | 0.618 0.606 0.604 0572 0562 0.564 0.565

DGP(1) 100 | 0.378 0.378 0.377 0.366 0.351 0.350 0.340

o) 200 | 0.257 0.257 0.257 0.257 0.249 0.248 0.231
50 | 0.616 0.605 0.603 0574 0563 0.564 0.563

DGP(2) 100 | 0.378 0.377 0.377 0.369 0.353 0.353 0.341

200 | 0.258 0.258 0.258 0.258 0.252 0.251 0.234

50 | 0.757 0.757 0.757 0744 0.737 0.737 0.733

DGP(1) 100 | 0.462 0.460 0.460 0.459 0.455 0.454 0.446

200 | 0.319 0.319 0.319 0.319 0.318 0.317 0.314

w(B,) 50 | 0.747 0742 0740 0725 0715 0716 0.710
DGP(2) 100 | 0.453 0.451 0451 0450 0.444 0.443 0.433

200 | 0.312 0.311 0.311 0.311 0.310 0.310 0.304

5 Conclusion

In this paper, we propose an FIC for series estimation in the PLM. We approximate the

true regression function with a linear projection of a finite-dimensional model, and derive
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the FIC that allows us to jointly select the variables in the linear part and the series
length in the nonparametric part. This study is the first attempt to select the smoothing
parameter by using the local misspecification framework in semiparametric models.

The simulation results are encouraging. Although our FIC is constructed for the ap-
proximate focus parameters, it works reasonably well even for the true focus parameters.

Our FIC is a useful alternative tool for variable selection in the PLM.

A Appendix

In this Appendix, we provide the assumption and the proof of Lemma 2. We impose the

following conditions similar to those of Theorem 15.3 in Li and Racine (2007).

Assumption 1
1. Var(y;|z;, z;) is bounded on § = S, x S, the support of (z;, 2;).

2. The smallest eigenvalue of E(p”(z;)p?(2;)’) is bounded away from zero uniformly in
J.

Proof. We provide a sketch of the proof. Let G = (g(z1),...,9(2,)) and u = (uy, ..., u,)".
Then we obtain
Vn ( b Z‘SBI ) ( ) (X5(I — Qs)Xs) ' X5(I — Qs)Xgedg 50
2
+
+

08,8
(X5 — Qs)Xs) ' VnX4(I — Qs)G
(X5 - Qs)Xs) ™ VnX5(I — Qs)u.

Following the proof of Theorem 15.3 in Li and Racine (2007), we have
%Xg(f —Qs)Xs = Pg+0y(1) +O0p(J/n) + Op(J ) = B + 0,(1),
%Xg([ _ Qo) Xse = Bs+o0y(1) 4+ 0,(J/n) + 0,(J7) = Bs + 0,(1),
%xgg ~Qs)G = O,(Vil ) = o,(1),
%Xé([ —Qs)u = \/— Z s — E(xs|z))ui + Op(J %) + Op(+/J/n)
= N(0prgs, ¥s).

Combining the results proves the lemma. O]
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