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DEFORMING ELEPHANTS OF Q-FANO THREEFOLDS

TARO SANO

Abstract. We study deformations of a pair of a Q-Fano 3-fold X with only terminal
singularities and its elephant D ∈ |−KX |. We prove that, if there exists D ∈ |−KX | with
only isolated singularities, the pair (X,D) can be deformed to a pair of a Q-Fano 3-fold
with only quotient singularities and a Du Val elephant. When there are only non-normal
elephants, we reduce the existence problem of such a deformation to a local problem around
the singular locus of the elephant. We also give several examples of Q-Fano 3-folds without
Du Val elephants.
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1. Introduction

In this paper, we consider algebraic varieties over the complex number field C unless
otherwise stated.
The main object of the study in this paper is an elephant of a Q-Fano 3-fold. A Q-Fano 3-

fold is a normal projective 3-fold with only terminal singularities whose anticanonical divisor

2010 Mathematics Subject Classification. Primary 14B07, 14J30, 14J45; Secondary 14B15.
Key words and phrases. deformation of pairs, Q-Fano 3-folds, simultaneous Q-smoothings, elephants.

1



2 TARO SANO

is ample. For a normal variety X, a member of the anticanonical linear system |−KX | is
called an elephant of X.
The existence of a smooth elephant plays an important role in the classification of smooth

Fano 3-folds (cf. [8], [9]). Shokurov and Reid proved that a Fano 3-fold with only canonical
Gorenstein singularities contains an elephant with only Du Val singularities. By using this
result, Mukai ([16]) classified the “indecomposable” Fano 3-folds with canonical Gorenstein
singularities.
A Q-Fano 3-fold is one of the end products of the Minimal Model Program and it has non-

Gorenstein singularities. There are much more families of Q-Fano 3-folds than Gorenstein
ones and their classification is not completed.
In the non-Gorenstein case, a Q-Fano 3-fold X may have empty anticanonical system or

have only non-Du Val elephants even if |−KX | ̸= ∅. Actually, such examples are given in [4],
[2, 4.8.3] (See also Section 4). Moreover, although 3-fold terminal singularities are already
classified ([21], [15]), there are still many of them and it is complicated to treat them.
Locally, a 3-fold terminal singularity can be deformed to a variety with quotient singu-

larities ([21, (6.4)]). It is easier to treat Q-Fano 3-folds with only quotient singularities and
with Du Val elephants. For example, Takagi ([26]) established a bound of h0(X,−KX) of
“primary” Q-Fano 3-folds X with these conditions and classified such Q-Fano 3-folds with
h0(X,−KX) = 9, 10.
There are several attempts to reduce to such treatable situations. Alexeev proved that,

if |−KX | sufficiently moves, a Q-Fano 3-fold with only non-Du Val elephants is birational
to one with a Du Val elephant ([1, Theorem 4.3],[10, Theorem 11.1.8]). As a deformation-
theoretic approach, there is the following conjecture by Altınok–Brown–Reid [2, 4.8.3].

Conjecture 1.1. Let X be a Q-Fano 3-fold. Then the following hold.

(i) There exists a deformation f : X → ∆1 of X over a unit disc such that the general
fiber Xt is quasi-smooth for t ̸= 0, that is, it has only quotient singularities. (Such a
deformation of X is called a Q-smoothing of X.)

(ii) Assume that |−KX | contains an element D. Then there exists a deformation f : (X ,D)→
∆1 of the pair (X,D) such that Xt is quasi-smooth and Dt ∈ |−KXt | has Du Val sin-
gularities only on the singularities of Xt for t ̸= 0. (Such a deformation of (X,D) is
called a simultaneous Q-smoothing of a pair (X,D). See also Definition 3.11.)

Conjecture 1.1 (i) is solved in most of the cases as follows.

Theorem 1.2. ([23, Theorem 1.1]) A Q-Fano 3-fold can be deformed to one with only
quotient singularities and A1,2/4-singularities.

Here an A1,2/4-singularity means a singularity locally isomorphic to a “hyper-quotient”
singularity (x2 + y2 + z3 + u2 = 0)/Z4(1, 3, 2, 1). (See Section 2.2 for the notation.)
The main issue in this paper is Conjecture 1.1 (ii). A typical example of a simultaneous Q-

smoothing can be given for a quasi-smooth Q-Fano weighted hypersurface in Iano-Fletcher’s
list [4]. If we take some special equation, it does not have a Du Val elephant. However, a
general member of the family contains a Du Val K3 surface as its elephant. (We explain
this phenomenon in Example 4.4.)
The following is the main result of this paper.

Theorem 1.3. (= Theorem 3.12) Let X be a Q-Fano 3-fold. Assume that there exists
D ∈ |−KX | with only isolated singularities.
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Then there exists a simultaneous Q-smoothing of (X,D).
In particular, X has a Q-smoothing.

The statement of Theorem 1.3 is not empty since there is an example of a Q-Fano 3-fold
with only terminal quotient singularities and with only non Du Val elephants (Example
4.4). Also note that we do not need the assumption on terminal singularities on X.

When X has only non-normal elephants, the problem becomes more subtle. There is an
example of a klt Q-Fano 3-fold with only isolated cyclic quotient singularities such that its
small deformations have only non-normal elephants (See Example 4.7). However, we can at
least reduce the problem to a local problem as follows.

Theorem 1.4. Let X be a Q-Fano 3-fold. Assume that D ∈ |−KX | has a reduced element
D. Let C := SingD be the singular locus of D, UC ⊂ X an analytic open neighborhood of
C and DC := D ∩ UC. Assume that the pair (UC , DC) has a simultaneous Q-smoothing.
Then the pair (X,D) also has a simultaneous Q-smoothing.

1.1. Strategy of the proof. To prove Theorem 1.3, we use a coboundary map of a local co-
homology group associated to a certain resolution of the pair (X,D). Namikawa–Steenbrink
also used some coboundary map to prove the smoothability of Calabi–Yau 3-folds with termi-
nal singularities ([19, Section 1]). While they can use arbitrary log resolution of singularities
in their definition of the coboundary map, we need to choose a special resolution carefully.
We shall give a sketch of the proof of Theorem 1.3 in the following.
Let SingD := {p1, . . . , pl}, Ui ⊂ X a Stein neighborhood of pi for i = 1, . . . , l and

Di := D ∩ Ui. Let T 1
(X,D), T

1
(Ui,Di)

be the sets of first order deformations of the pair (X,D)

and (Ui, Di) respectively. Since deformations of the pair (X,D) are unobstructed ([22,
Theorem 2.17]), it is enough to find an element η ∈ T 1

(X,D) which deforms singularities of

Di. By Theorem 1.2, we can assume that Ui is locally isomorphic to C3/Zr(1, a, r − a) or
(x2 + y2 + z3 + u2 = 0)/Z4(1, 3, 2, 1). Since Ui contains a Du Val elephant (cf. [21]), there
exists ηi ∈ T 1

(Ui,Di)
which induces a simultaneous Q-smoothing of (Ui, Di). We study the

restriction homomorphism ⊕pUi
: T 1

(X,D) → ⊕li=1T
1
(Ui,Di)

and want to lift a local deformation

ηi ∈ T 1
(Ui,Di)

. There exists an exact sequence

T 1
(X,D)

⊕pUi→ ⊕li=1T
1
(Ui,Di)

→ H2(X,ΘX(− logD)),

where ΘX(− logD) is the sheaf of tangent vectors which vanish along D. One direct ap-
proach is to try to prove H2(X,ΘX(− logD)) = 0. However, this strategy does not work
well. Thus we should study the map ⊕pUi

more precisely.
For this purpose, we use some local cohomology groups supported on the exceptional

divisor of a suitable resolution µi : Ũi → Ui of the pair (Ui, Di) for i = 1 . . . , l. We use the
commutative diagram of the form

T 1
(X,D)

⊕pUi
//

⊕ψi ))SSS
SSSS

SSSS
SSSS

SS
⊕li=1T

1
(Ui,Di)

⊕ϕi
��

⊕li=1H
2
Ei
(Ũi,Ω

2
Ũi
(log D̃i + Ei)),

where D̃i ⊂ Ũi is the strict transform of Di, Ei := µ−1
i (pi) and ϕi is the coboundary map.
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One of the key points of the proof is to show that the coboundary map ϕi does not vanish.
Actually, in Lemma 3.9 (ii), when Ui has only quotient singularity, we show that

(1) Kerϕi ⊂ m2T 1
(Ui,Di)

,

where m2T 1
(Ui,Di)

is the set of deformations induced by functions of order 2 or higher (See

(15) for the definition). In order to show this, we should carefully choose a resolution
µi : Ũi → Ui. We first choose a suitable weighted blow-up µi,1 : Ui,1 → Ui such that KUi,1

+

(µ−1
i,1 )∗(Di)− µ∗

i,1(KUi
+Di) has negative coefficient (Lemma 3.2 and Lemma 3.4). Next we

construct a suitable resolution µi,12 : Ui,2 → Ui,1 of the pair (Ui,1, µ
−1
i,1 (Di)) (Lemma 3.5).

By these careful choices, we can prove the statement (1) in Lemma 3.9. This subtlety of
choosing a suitable resolution does not appear in the previous approach of finding a global
smoothing as in [19], for example. Thus this issue is a new feature of our method.
We can also show that ψi is surjective since D is ample and X \D is affine. Here we need

the Fano assumption.
By these two statements, we can do diagram-chasing in the above diagram to find a

simultaneous Q-smoothing direction η ∈ T 1
(X,D). This is a sketch of the proof.

The framework of the proof of Theorem 1.4 is similar.

2. Preliminaries on deformations of a pair

2.1. Deformation of a morphism of algebraic schemes. In this paper, we often use
the following notion of a functor of deformations of a closed immersion of algebraic schemes.

Definition 2.1. (cf. [24, 3.4.1]) Let f : D ↪→ X be a closed immersion of algebraic schemes
over an algebraically closed field k and S an algebraic scheme over k with a closed point
s ∈ S. A deformation of a pair (X,D) over S is a data (F, iX , iD) in the cartesian diagram

(2) D � � iD
//

f
��

D
F
��

X � � iX
//

��

X
Ψ
��

{s} � � // S,

where Ψ and Ψ ◦ F are flat and iD, iX are closed immersions. Two deformations (F, iD, iX)
and (F ′, i′D, i

′
X) of (X,D) over S are said to be equivalent if there exist isomorphisms α : X →

X ′ and β : D → D′ over S which commutes the following diagram;

D � � iD //� p

i′D

  
AA

AA
AA

AA
D //

β
��

X
α
��

X_?iX

oo
nN

i′X}}{{
{{
{{
{{

D′ // X ′.

Let Artk be the category of Artin local k-algebras with residue field k. We define the
functor Def(X,D) : Artk → (Sets) by setting

(3) Def(X,D)(A) := {(F, iD, iX) : deformation of (X,D) over SpecA}/(equiv),

where (equiv) means the equivalence introduced in the above.
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Similarly, we can define the deformation functor DefX : Artk → (Sets) of an algebraic
scheme X. Actually, we have DefX = Def(X,∅).

In this paper, we just treat the cases when D is a divisor. Next, we introduce the notion
of a deformation of a pair of a variety and several effective Cartier divisors.

Definition 2.2. Let X be an algebraic variety and Dj for j ∈ J a finite number of effective
Cartier divisors. Set D :=

∑
j∈J Dj. We can define a functor DefJ(X,D) : Artk → (Sets)

by setting DefJ(X,D)(A) to be the equivalence classes of deformations of a closed immersion
i : D ↪→ X induced by deformations of each divisor Dj ↪→ X for A ∈ Artk.
We skip the script J when D =

∑
j∈J Dj is the decomposition into irreducible components

and there is no confusion. In this paper, we only treat deformations of a divisor coming
from deformations of its irreducible components.
Let A1 := k[t]/(t2). In this setting, we write T 1

(X,D) := Def(X,D)(A1) and T
1
X := DefX(A1)

for the sets of first order deformations of the pair (X,D) and X, respectively.

Remark 2.3. Let X be a smooth variety and D =
∑
Dj a SNC divisor on X. Then we have

the well-known isomorphism

T 1
(X,D) ≃ H1(X,ΘX(− logD)),

where ΘX(− logD) is the sheaf of tangent vectors on X vanish along D (cf. [24, Proposition
3.4.17]).

Remark 2.4. If X is smooth and D =
∑

j∈J Dj is a SNC divisor, DefJ(X,D)(A) parametrizes
locally trivial deformations and does not include an element which induces a smoothing of
D.

2.2. Preliminaries on weighted blow-up. We prepare several properties of the weighted
blow-up. We refer [7, Section 2] for more details.
Let v := 1

r
(a1, . . . , an) ∈ 1

r
Zn, N := Zn + Zv a lattice and M := Hom(N,Z). Let

e1 := (1, 0, . . . , 0), . . . , en := (0, . . . , 0, 1) be a basis of NR := N ⊗ R and σ := Rn
≥0 ⊂ Rn the

cone generated by e1, . . . , en. Let U := SpecC[σ∨ ∩M ] be the associated toric variety. We
know that U ≃ Cn/Zr(a1, . . . , an), where the R.H.S. is the quotient of Cn by the Zr-action

(x1, . . . , xn) 7→ (ζa1r x1, . . . , ζ
an
r xn),

where x1, . . . , xn are the coordinates on Cn and ζr is a primitive r-th root of unity. In this
case, we say that 0 ∈ Cn/Zr is a 1/r(a1, . . . , an)-singularity.
Let v1 :=

1
r
(b1, . . . , bn) ∈ N be a primitive vector such that bi > 0 for all i. Let Σ1 be a fan

which is formed by the cones σi generated by {e1, . . . , ei−1, v1, ei+1, . . . , en} for i = 1, . . . , n.
Let U1 be the toric variety associated to the fan Σ1. Let µ1 : U1 → U be the toric morphism
associated to the subdivision. It is a projective birational morphism with an exceptional
divisor E1 := µ−1

1 (0). We call µ1 the weighted blow-up with weights v1.
Let f :=

∑
fi1,...,inx

i1
1 · · · xinn ∈ C[x1, . . . , xn] be the Zr-semi-invariant polynomial with

respect to the Zr-action on Cn. Let

wtv1(f) := min{
n∑
j=1

bjij
r
| fi1,...,in ̸= 0}
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be the v1-weight of f . Let Df := (f = 0)/Zr ⊂ U be the divisor determined by f and
Df,1 ⊂ U1 the strict transform of Df . Then we have the following;

(4) KU1 = µ∗
1KU +

1

r
(
n∑
i=1

bi − r)E1,

(5) Df,1 = µ∗
1Df − wtv1(f)E1.

Let U1,i ⊂ U1 be the affine open subset which corresponds to the cone σi. Then we have
U1 =

∪n
i=1 U1,i and

U1,i ≃ Cn/Zai(−a1, . . . ,
i−th
r , . . . ,−an).

Moreover the morphism µ1|U1,i
: U1,i → U is described by

(x1, . . . , xn) 7→ (x1x
a1/r
i , . . . , x

ai/r
i , . . . , xnx

an/r
i ).

2.3. Deformations of a divisor in a terminal 3-fold. We first define discrepancies of a
log pair.

Definition 2.5. Let U be a normal variety and D its divisor such that KU + D is Q-
Cartier, that is, m(KU +D) is a Cartier divisor for some positive integer m. Let µ : Ũ → U
be a proper birational morphism from another normal variety and E1, . . . , El its exceptional
divisors. Let D̃ ⊂ Ũ be the strict transform of D.
We define a rational number a(Ei, U,D) as the number such that

m(KŨ + D̃) = µ∗(m(KU +D)) +
l∑

i=1

ma(Ei, U,D)Ei.

We call a(Ei, U,D) the discrepancy of Ei with respect to the pair (U,D).

Let U be a Stein neighborhood of a 3-fold terminal singularity of Gorenstein index r and
D a Q-Cartier divisor on U . We have the index one cover πU : V := Spec⊕r−1

j=0OU(jKU)→ U
determined by an isomorphism OU(rKU) ≃ OU . Let G := Gal(V/U) ≃ Zr be the Galois
group of πU . This induces a G-action on the pair (V,∆), where ∆ := π−1

U (D). We can define
functors of G-equivariant deformations of (V,∆) as follows.

Definition 2.6. Let ArtC be the category of local Artinian C-algebras with residue field
C. Let DefG(V,∆) : ArtC → (Sets) be a functor such that, for A ∈ ArtC, a set DefG(V,∆)(A) ⊂
Def(V,∆)(A) is the set of deformations (V ,∆) of (V,∆) over A with a G-action which is
compatible with the G-action on (V,∆).
We can also define the functor DefGV : ArtC → (Sets) of G-equivariant deformations of V

similarly.

Proposition 2.7. ([22, Proposition 2.15],[17, Proposition 3.1]) We have isomorphisms of
functors

(6) DefG(V,∆) ≃ Def(U,D), DefGV ≃ DefU .

Moreover, these functors are unobstructed and the forgetful homomorphism Def(U,D) → DefU
is a smooth morphism of functors.

This proposition implies the following.
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Proposition 2.8. Let U,D, πU : V → U,∆ as above. Then we have

T 1
(U,D) ≃ (T 1

(V,∆))
G, T 1

U ≃ (T 1
V )

G.

We check these isomorphisms in the following examples.

Example 2.9. Let U := C3/Z2(1, 1, 1) and D := (x3 + y3 + z3 = 0)/Z2 ⊂ U its divisor. In
this case, we can write V = C3 and ∆ = (x3 + y3 + z3 = 0) ⊂ V . For f ∈ OC3,0 such that
g · f = −f , let ηf ∈ T 1

(U,D) be the deformation (U ,Df ) of (U,D) over A1 = C[t]/(t2) defined
as follows;

U := U × SpecA1,

Df := (x3 + y3 + z3 + tf = 0)/Z2 ⊂ U .

Then we have

T 1
(U,D) ≃ (T 1

(V,∆))
Z2 ≃ (OC3,0/(x

2, y2, z2))[−1] ≃ Cηx ⊕ Cηy ⊕ Cηz ≃ C3,

where (OC3,0/(x
2, y2, z2))[−1] := {f ∈ OC3,0/(x

2, y2, z2) | g · f = −f}.

We often use push-forward of an exact sequence by an open immersion.

Proposition 2.10. Let X be an algebraic scheme and Z ⊂ X a closed subset. Let ι : X \
Z ↪→ X be the open immersion and

0→ F → G → H → 0

an exact sequence of coherent sheaves on U := X \ Z. Assume that depthp ι∗F ≥ 3 for all
scheme-theoretic points p ∈ Z.
Then we obtain an exact sequence

0→ ι∗F → ι∗G → ι∗H → 0.

Proof. We have R1ι∗F = 0 by the condition on the depth of ι∗F . This implies the required
surjectivity. □

Proposition 2.10 immediately implies the following lemma on a restriction homomorphism
of extension groups.

Lemma 2.11. Let X,Z, U be as in Proposition 2.10. Let F be a reflexive coherent sheaf
on X. Assume that depthpOX,p ≥ 3 for all scheme theoretic points p ∈ Z.
Then we have

Ext1(F ,OX) ≃ Ext1(F|U ,OU).

We repeatedly use the following lemma which is also a consequence of Proposition 2.10.

Lemma 2.12. ([22, Lemma 4.3]) Let X be a 3-fold with only terminal singularities and D
a Q-Cartier divisor on X. Let Z ⊂ X be a 0-dimensional subset. Let ι : U := X \ Z ↪→ X
be an open immersion. Set DU := D ∩ U .
Then the restriction homomorphism ι∗ : T 1

(X,D) → T 1
(U,DU ) is an isomorphism.
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2.4. Additional lemmas. We need the following lemma essentially due to Professor Angelo
Vistoli.

Lemma 2.13. Let f ∈ C[x, y, z] be a polynomial which defines a reduced divisor 0 ∈ D :=
(f = 0) ⊂ C3 and Γ := SingD. Assume that a polynomial g ∈ C[x, y, z] defines a smoothing
D := (f + tg = 0) ⊂ C3 × C of D over the affine line C. Let h ∈ C[x, y, z] be a polynomial
such that multp h ≥ 2 for p ∈ Γ. Then D′ := (f + t(h+ g) = 0) is also a smoothing of D.

Proof. Note that multp g ≤ 1 for p ∈ Γ since (f + tg = 0) is a smoothing. Consider the
linear system

{C[s:t] := (sf + t(h+ g) = 0) ⊂ C3 | [s : t] ∈ P1}.
By Bertini’s theorem, the divisor C[s:t] is smooth away from the base points of the linear
system, for all but finitely many values of [s : t]. If p ∈ C3 is a base point of the linear
system, then either p ∈ Γ, in which case C[0:1] is smooth at p, or is not, and in this case,
C[1:0] is smooth at p. Since being smooth at a base point is an open condition, we have that
Ct is smooth at all points of C3 for all but finitely many values of t. □

We also use the following lemma on the vanishing of a cohomology group on a toric variety
which is a consequence of the vanishing theorem due to Fujino ([5]).

Lemma 2.14. Let U be an affine toric variety and π : V → U a projective toric morphism
of toric varieties. Let V ′ ⊂ V be the smooth locus of V and ι : V ′ ↪→ V the open immersion.
Let D be a π-ample Q-Cartier divisor on V and D′ := D|V ′ its restriction on V ′.
Then we have

H i(V, ι∗(Ω
j
V ′(D

′))) = 0

for i > 0 and j ≥ 0.

Proof. By the Serre vanishing theorem, we can take a sufficiently large integer l such that
lD is π-very ample and H i(V, ι∗Ω

j
V ′(lD)) = 0.

Let F := Fl : V → V be the l-times multiplication map as introduced in [5, 2.1]. Note that
our symbol V ′ is different from that in [5]. Let F ′ := F |V ′ : V ′ → V ′ be the multiplication
map on V ′. Note that we have a split injection Ωj

V ′ ↪→ F ′
∗Ω

j
V ′ ([5, 2.6]). Since we have

(F ′)∗D′ = lD′, we obtain

(7) F∗ι∗Ω
j
V ′((F

′)∗D′)) = ι∗F
′
∗Ω

j
V ′((F

′)∗D′)) ≃ ι∗(F
′
∗Ω

j
V ′)(D

′)←↩ ι∗(Ωj
V ′(D

′)).

This implies that

H i(V, ι∗(Ω
j
V ′(D

′))) ↪→ H i(V, F∗(ι∗(Ω
j
V ′((F

′)∗D′)))) ≃ H i(V, ι∗Ω
j
V ′(lD)) = 0.

Thus we obtain H i(V, ι∗(Ω
j
V ′(D′))) = 0. We finish the proof of Lemma 2.14. □

2.5. Blow-down morphism of deformations. LetX be an algebraic variety and X̃ → X
its resolution of singularities. Suppose we have a deformation X̃ → SpecA over an Artin
ring A. If X has only rational singularities, we can “blow-down” the deformation X̃ to a
deformation of X.
We need the following proposition in general setting.

Proposition 2.15. ([28, Section 0]) Let X be an algebraic scheme over an algebraically
closed field k and A ∈ Artk. Let X → SpecA be a deformation of X and F a quasi-
coherent sheaf on X , flat over A, inducing F := F ⊗A k on X. Let

ϕ0 : H0(X ,F)⊗A k → H0(X,F )
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be the natural restriction map.
If H1(X,F ) = 0, then ϕ0 is an isomorphism and H0(X ,F) is A-flat.

Proposition 2.15 implies the following.

Corollary 2.16. Let f : X → Y be a proper birational morphism of integral normal k-
schemes. Assume that R1f∗OY = 0.
Then there exists a morphism of functors

f∗ : DefX → DefY

defined as follows: For a deformation X → SpecA of X over A ∈ Artk, we define its image
by f∗ as the scheme Y = (Y, f∗OX ).
We call this transformation the blow-down morphism.

For a surface with non-rational singularities, Wahl considered “equisingularity” of defor-
mations via the blow-down transformation. Although the blow-down transformation is not
always possible, we can still consider the “equisingular deformation functor” as follows.

Definition 2.17. Let U := SpecR be an affine normal surface over an algebraically closed
field k with a singularity at p ∈ U and f : X → U a resolution of a singularity such that
f−1(p) has SNC support. Wahl ([28, (2.4)]) defined an equisingular deformation of the
resolution of a singularity as a deformation of (X,E) whose “blow-down” can be defined.
More precisely, he defined a functor ESX : Artk → (Sets) by setting

ESX(A) := {(X , E) ∈ Def(X,E)(A) | H0(X ,OX ) : A-flat.},
where Artk is a category of local Artin k-algebras with residue field k. There exists a
natural transformation f∗ : ESX → DefU and this induces a linear map f∗(A1) : ESX(A1)→
DefU(A1) on the tangent spaces.

Equisingular deformation should preserve some properties of a singularity. For exam-
ple, it is known that equisingular deformations of an isolated 2-dimensional hypersurface
singularity do not change the Milnor number ([28]). In particular, smoothings of a hypersur-
face singularity can not be equisingular. However, the situation is a bit different in higher
codimension case. Although a singularity has high multiplicity in general, an equisingular
deformation may be induced by an equation of multiplicity one. This phenomenon does
not happen in the hypersurface case as shown in Lemma 2.13. In the following, we exhibit
such an example due to Wahl ([29]) of a deformation of an isolated complete intersection
singularity (ICIS for short).

Example 2.18. Let U := (xy − z2 = x4 + y4 + w2 = 0) ⊂ C4 be an ICIS and U :=
(xy − z2 + tw = x4 + y4 + w2 = 0) ⊂ C4 × C a deformation of U , where x, y, z, w are
coordinates on C4 and t is a deformation parameter of C. For any value of t, the singularity
Ut is a cone (Ct, KCt) for a smooth curve Ct of genus 3 and its canonical bundle, that is,
Ut ≃ Spec⊕∞

k=0H
0(Ct, kKCt). We see that C0 ≃ (xy− z2 = x4 + y4 +w2 = 0) ⊂ P(1, 1, 1, 2)

is a hyperelliptic curve and Ct for t ̸= 0 is a smooth quartic curve in P2. The singularity
has a resolution

ft : Tot(OCt(KCt) := Spec⊕∞
k=0OCt(kKCt)→ Ut,

where Tot(OCt(KCt) is the total space of the line bundle OCt(KCt). It is actually a con-
traction of the zero section. Thus we get a family of contractions Ũ → U . Let ηw ∈ T 1

(U,p)

be the element corresponding to the deformation U . By the above description, we see that
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ηw ∈ Im f∗, where f := f0. Recall that T 1
(U,p) ≃ O

⊕2
U,p/Jp for the Jacobian sub-module Jp

determined by the partial derivatives of the defining equations of U . Since the order of w is
one, we see that ηw ̸∈ m2

U,pT
1
(U,p).

We use the pair version of the blow-down transformation as follows.
Let X be a normal variety with only rational singularities over C, D be a Cartier divisor

on X and D =
∑

j∈J Dj be the decomposition into the irreducible components such that

each Dj is Cartier. Let µ : X̃ → X be a resolution of singularities of X. Let D̃ ⊂ X̃
be the strict transform of D, E be the exceptional locus of µ and E =

∑m
i=1Ei be the

decomposition into the irreducible components. Since X has only rational singularities, we
see that µ∗OX̃ ≃ OX and R1µ∗OX̃ = 0.

Proposition 2.19. (cf. [11, Proposition 3.2]) Let X,D, X̃, D̃, E be as above. Then we can
define a morphism of functors

µ∗ : Def(X̃,D̃+E) → Def(X,D)

Proof. Consider a deformation (X̃ ,
∑

j∈J D̃j +
∑m

i=1 Ei) of (X, D̃ + E) over A ∈ ArtC. We

can blow down a deformation X̃ of X̃ over A as in Corollary 2.16 since R1µ∗OX̃ = 0.

Let ID̃j
, IEi

⊂ OX̃ be the ideal sheaves of given deformations of D̃j, Ei respectively. We
can write

µ∗Dj = D̃j +
m∑
i=1

ai,jEi

by some non-negative integers ai,j. We can define a deformation of Dj ⊂ X by the ideal

µ∗

(
ID̃j
·
m∏
i=1

I
ai,j
Ei

)
⊂ OX .

We can check that this ideal is A-flat by Proposition 2.15 (iii) and

R1µ∗OX̃(−D̃j −
m∑
i=1

ai,jEi) = R1µ∗µ
∗OX(−Dj) = 0.

□

Example 2.20. Let D ⊂ U be a reduced divisor in a smooth 3-fold U . Let µ : Ũ → U
be a proper birational morphism from another smooth variety Ũ . Let D̃ ⊂ Ũ be the strict
transform ofD and E the µ-exceptional divisor. Then we can define a natural transformation
µ∗ : Def(Ũ ,D̃+E) → Def(U,D) and this induces a homomorphism µ∗ : T

1
(Ũ ,D̃+E)

→ T 1
(U,D) on the

tangent spaces. We use this homomorphism in the proof of Lemma 3.9. The point is that
we can define the blow-down transformation even if some irreducible component of D has
non-isolated singularities. When D has only isolated singularities, the definition of the
blow-down transformation is easier (See (16), for example).

3. Deformations of elephants with isolated singularities

In this section, we treat deformations of a pair of a Q-Fano 3-fold and a member of |−KX |
with only isolated singularities.
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3.1. First blow-up. Consider a Q-Fano 3-fold X and its elephant D with only isolated
singularities. By Theorem 1.2, we can assume X with only quotient singularities and A1,2/4-
singularities for the proof of Theorem 1.3.
Takagi proved the following theorem on singularities on general elephants of a Q-Fano

3-fold by using the standard argument.

Theorem 3.1. ([27, Proposition 1.1]) Let X be a Q-Fano 3-fold. Assume that there exists
D0 ∈ |−KX | such that D0 is normal near the non-Gorenstein points of X.
Then there exists a normal member D ∈ |−KX | such that D is Du Val outside the non-

Gorenstein points.

Take a non-Du Val singularity p on D and its Stein neighborhood U ⊂ X. We first
prepare lemmas on suitable weighted blow-ups of the Stein neighborhood U with “nega-
tive discrepancies”. By Theorem 3.1, it is enough to consider U which is analytic locally
isomorphic to either of the following;

• C3/Zr(1, a, r − a) for some coprime integers r and a,
• (x2 + y2 + z3 + u2 = 0)/Z4 ⊂ C4/Z4(1, 3, 2, 1).

We argue on these explicit spaces. We use the same symbol 0 for the origin of these
spaces.

For U = C3/Zr(1, a, r − a), we can take 1/r(1, a, r − a)-weighted blow-up for the first
blow-up as follows.

Lemma 3.2. Let U = C3/Zr(1, a, r − a) be the quotient variety for some coprime integers
r and a such that 0 < a < r and D ∈ |−KU | an anticanonical divisor with only isolated
singularity at 0 ∈ U . Let πU : V = C3 → U be the quotient morphism and ∆ := π−1

U (D).
Assume that mult0 ∆ ≥ 2. Let µ1 : U1 → U be the weighted blow-up with weights 1/r(1, a, r−
a) and E1 its exceptional divisor.
Then we have an inequality on the discrepancy

a(E1, U,D) ≤ −1.

Proof. Let f =
∑
fi,j,kx

iyjzk be the defining equation of ∆ ⊂ C3 at 0 ∈ C3. By the formulas
in Section 2.2, we have

KU1 = µ∗
1KU +

1

r
(1 + a+ (r − a)− r)E1 = µ∗

1KU +
1

r
E1,

µ∗
1D = D1 +

mD

r
E1,

where D1 ⊂ U1 is the strict transform of D and mD := min{i + aj + (r − a)k | fi,j,k ̸= 0}.
We see that mD ≥ 2 since ∆ is singular. Thus we can write

KU1 +D1 = µ∗
1(KU +D) +

1

r
(1−mD)E1

and 1
r
(1−mD) < 0. Since KU +D is a Cartier divisor, we see that 1

r
(1−mD) is a negative

integer. Thus µ1 satisfies the required condition. □

Next we consider a neighborhood of an A1,2/4-singularity. We describe a necessary
weighted blow-up in the following example.
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Example 3.3. Let U := (x2+ y2+ z3+u2 = 0)/Z4(1, 3, 2, 1) ⊂ C4/Z4(1, 3, 2, 1) be a neigh-
borhood of an A1,2/4-singularity. Let µ1 : U1 → U be the weighted blow-up with weights
1/4(1, 3, 2, 1) and E1 ⊂ U1 its exceptional divisor. Let ν1 : W1 → W := C4/Z4(1, 3, 2, 1) be
the weighted blow-up of weights 1/4(1, 3, 2, 1) and F1 ⊂ W1 the exceptional divisor.
U1 is covered by four affine pieces

• D+(x): (1 + x(y2 + z3) + u2 = 0) ⊂ C4,
• D+(y): (x

2 + y(1 + z3) + u2 = 0) ⊂ C4/Z3(2, 1, 1, 2),
• D+(z): (x

2 + z(1 + y2) + u2 = 0) ⊂ C4/Z2(1, 1, 0, 1),
• D+(u): (x

2 + u(y2 + z3) + 1 = 0) ⊂ C4.

We can compute that U1 has two ordinary double points p1, p2, a 1/2(1, 1, 1)-singularity q2
and a 1/3(1, 2, 1)-singularity q3, where p1, q3 ∈ D+(y) and p2, q2 ∈ D+(z). We see that

E1 ≃ (x2 + u2 = 0) ⊂ P(1, 3, 2, 1) ≃ F1,

where we regard x, y, z, u as coordinates on P(1, 3, 2, 1). We also see that E1 consists of
two irreducible components E1,1, E1,2 corresponding to functions x+

√
−1u and x−

√
−1u.

We see that E1,1 and E1,2 are both isomorphic to P(1, 2, 3) and they intersect transversely
outside SingU1 = {p1, p2, q2, q3}.

The weighted blow-up µ1 in the example satisfies the following property on the discrep-
ancy.

Lemma 3.4. Let U := (x2+ y2+ z3+u2 = 0)/Z4(1, 3, 2, 1), µ1 : U1 → U and E1 ⊂ U1 be as
in Example 3.3. Let D ∈ |−KU | be a divisor with only isolated singularity at 0 ∈ D which
is not Du Val. And let D1 ⊂ U1 be the strict transform of D.
Then we have an inequality for the discrepancy

a(E1,j, U,D) ≤ −1

for j = 1, 2, that is, KU1 +D1 + E1 − µ∗
1(KU +D) is anti-effective.

Proof. Let V := (x2 + y2 + z3 + u2 = 0) ⊂ C4 and πU : V → U the index one cover. Let
DV := π−1

U (D) ⊂ V and h ∈ OV,0 the local equation of DV . Let h̄ ∈ OC4,0 be the lift of h
by the surjection OC4,0 ↠ OV,0. We can assume that h̄ is Z4-equivariant.

(Case 1) h̄ ∈ m2
C4,0.

Let ∆ := (h̄ = 0)/Z4 ⊂ W be the divisor on W defined by h̄. We can write h̄ =∑
hijklx

iyjzkul for some hijkl ∈ C. We have

(8) ν∗1∆ = ∆1 +m1F1,

where ∆1 ⊂ W1 is the strict transform of ∆ and

m1 = min{(i+ 3j + 2k + l)/4 | hijkl ̸= 0}.

Since mult0(h̄) ≥ 2, we have m1 ≥ 1/2. Thus, by restricting (8) to U1, we obtain

(9) µ∗
1D = D1 + l1E1

for some rational number l1 ≥ 1/2.
We can compute

KU1 = µ∗
1KU +

1

4
E1.
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Thus we obtain

KU1 +D1 = µ∗
1(KU +D) + (

1

4
− l1)E1.

Since KU +D is a Cartier divisor, we see that 1/4 − l1 is a negative integer. Thus we get
the required inequality of the discrepancy.

(Case 2) h̄ ∈ mC4,0 \m2
C4,0.

Let g ∈ Z4 be the generator. Since h is a Z4-eigenfunction such that g · h =
√
−1h, we

can write h̄ = ax+ bu+ h1, where a, b ∈ C and

h1 :=
∑

hijklx
iyjzkul ∈ OC4,0

satisfies that

(10) i+ 3j + 2k + l ≥ 5

when hijkl ̸= 0.
Since D has a non-Du Val singularity at 0 ∈ D, we can write h̄ = x + ζ4u + h1, where

ζ4 = ±
√
−1. Otherwise we see that DV has a Du Val singularity of type A2 at 0 and D also

has a Du Val singularity at 0.
Hence we have D = ∆ ∩H ⊂ C4/Z4(1, 3, 2, 1), where

∆ := (y2 + z3 + 2ζ4h1u+ h21 = 0)/Z4,

H := (x+ ζ4u+ h1 = 0)/Z4.

Let ∆1 ⊂ W1 be the strict transform of ∆. Then we have

(11) ν∗1∆ = ∆1 +m1F1,

where

m1 := min

{
3

2
,

{
1 + i+ 3j + 2k + l

4
| hijkl ̸= 0

}}
.

We see that m1 ≥ 3
2
by (10).

Let H1 ⊂ W1 be the strict transform of H. Let νH := ν1|H1 : H1 → H be the induced
birational morphism and EH := ν−1

H (0) be the exceptional divisor. By restricting (11) to
H1, we obtain

ν∗HD = D1 +m2EH

for some m2 ≥ m1. Since we have KH1 = ν∗HKH + 1
2
EH , we obtain

KH1 +D1 = ν∗H(KH +D) + (
1

2
−m2)EH .

By restricting this to D1, we obtain

(12) KD1 = ν∗DKD + (
1

2
−m2)ED,

where ED := EH ∩ D1 is the exceptional divisor of µD = νH |D1 : D1 → D. Note that we
also have µD = µ1|D1 . Since 1/2−m2 ≤ −1, we obtain the claim as follows; since we have

(13) KU1 +D1 = µ∗
1(KU +D) +

2∑
j=1

a(E1,j, U,D)E1,j

and KU1 + D1 is a Q-Cartier divisor, we see that a(E1,1, U,D) = a(E1,2, U,D). Otherwise∑2
j=1 a(E1,j, U,D)E1,j is not Q-Cartier at the ordinary double points. Moreover we see that
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a(E1,j, U,D) ∈ Z since KU+D is a Cartier divisor. By restricting (13) to D1 and comparing
that with (12), we see that a(E1,j, U,D) ≤ −1.

□

3.2. Second blow-up. Let U1 → U be either one of the weighted blow-ups constructed in
Section 3.1. We use the same notation as Section 3.1.
We construct a useful resolution U2 → U1 of (U1, D1 + E1) as follows.

Lemma 3.5. Let µ1 : U1 → U,D1 and E1 be those as in Section 3.1.
Then there exists a projective birational morphism µ12 : U2 → U1 and a 0-dimensional

subset Z ⊂ U1 with the following properties;

(i) U2 is smooth and µ−1
12 (D1 ∪ E1) has SNC support.

(ii) µ12 is an isomorphism over U1 \ ((D1 ∩ E1) ∪ SingU1).
(iii) µ′

12 : U
′
2 := µ−1

12 (U1 \ Z)→ U ′
1 := U1 \ Z can be written as a composition

µ′
12 : U

′
2 = V ′

k

f ′k−1→ V ′
k−1 → · · · → V ′

2

f ′1→ V ′
1 = U ′

1,

where f ′
i : V

′
i+1 → V ′

i is an isomorphism or a blow-up of a smooth curve Z ′
i with

either of the followings;
• If the strict transform ∆′

i ⊂ V ′
i of ∆′

1 := D1 ∩ V ′
1 ⊂ V ′

1 is singular, we have
Z ′
i ⊂ Sing∆′

i.
• If ∆′

i is smooth, we have Z ′
i ⊂ ∆′

i ∩ F ′
i , where F

′
i := (f ′

i,1)
−1(E ′

1) is the inverse
image of E ′

1 := E1 ∩ U ′
1 by f ′

i,1 := f ′
1 ◦ · · · ◦ f ′

i−1 : V
′
i → V ′

1 .

As a consequence, the discrepancies satisfy

a(E ′
2,j, U

′
1, D

′
1) ≤ 0

for D′
1 := D1 ∩ U ′

1 and all µ′
12-exceptional divisors E

′
2,j ⊂ U ′

2.

Proof. By the construction of µ1 : U1 → U , we see that U1 has only isolated cyclic quotient
singularities and ordinary double points. We also see that Nsnc(E1) ⊂ SingU1, where
Nsnc(E1) is the non-SNC locus of E1. Let ν1 : V1 → U1 be a composition of blow-ups of
smooth centers such that V1 is smooth, F1 := ν−1

1 (E1) is a SNC divisor, and it induces an

isomorphism ν−1
1 (U1 \ SingU1)

∼→ U1 \ SingU1. Let ∆1 ⊂ V1 be the strict transform of D1.
Then we see that the non-SNC locus of ∆1 ∪ F1 is contained in ∆1 ∩ F1. We can construct
a composition of smooth center blow-ups as

fk,1 : Vk
fk−1→ Vk−1 → · · · → V2

f1→ V1,

where fi : Vi+1 → Vi is a blow-up of a smooth center Zi ⊂ Vi such that, for each i,

• ∆i ⊂ Vi is the strict transform of ∆1,
• fi,1 := f1 ◦ · · · ◦ fi−1 : Vi → V1 is a composition and Fi := f−1

i,1 (F1) ⊂ Vi,

then, for each i,

(i)’ Zi and Fi intersect transversely,
(ii)’ Zi ⊂ Sing∆i or ∆i is smooth and Zi ⊂ ∆i ∩ Fi
(iii)’ ∆k ∪ Fk is a SNC divisor.

We can construct this resolution by [3, Theorem A.1], for example.
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Let U2 := Vk, µ12 := ν1 ◦ fk,1 and

Z := ν1

 ∪
dim fi,1(Zi)=0

fi,1(Zi)

 ∪ SingU1.

We see that these satisfy the property (i) in the statement by the properties (i)’ and (iii)’ of
fk,1. We see the property (ii) since the morphism ν1 is an isomorphism outside SingU1 and
Zi is contained in the inverse image of D1 ∩ E1 by the condition (ii)’. We see the property
(iii) by the property (ii)’ of fk,1.
We can check the inequality a(E ′

2,j, U
′
1, D

′
1) ≤ 0 as follows; For i ≥ j, let f ′

i,j := f ′
j ◦ · · · ◦

f ′
i−1 : V

′
i → V ′

j be the composition. We have an equality

(14)
∑
j

a(E ′
2,j, U

′
1, D

′
1)E

′
2,j = KV ′

k
+∆′

k − (µ′
12)

∗(KV ′
1
+∆′

1)

=
k−1∑
i=1

(f ′
k,i+1)

∗(KV ′
i+1

+∆′
i+1 − (f ′

i)
∗(KV ′

i
+∆′

i)).

We also haveKV ′
i+1

+∆′
i+1−(f ′

i)
∗(KV ′

i
+∆′

i) = (1−multZ′
i
(∆′

i))(f
′
i)

−1(Z ′
i) and 1−multZ′

i
(∆′

i) ≤
0. Thus we see that a(E ′

2,j, U
′
1, D

′
1) ≤ 0 for each j.

We finish the proof of Lemma 3.5. □

3.3. The image of the blow-down morphism. Let U and D ∈ |−KU | with an isolated
singularity at 0 ∈ D be as in Section 3.1. We study the image of the blow-down morphism
(µ1)∗ : T

1
(U1,D1+E1)

→ T 1
(U,D) as in Example 2.20.

Let π : V → U be the index one cover and ∆ := π−1(D). We can assume that ∆ = (f =
0) ⊂ V . By Proposition 2.8, we have

T 1
(U,D) ≃ (T 1

(V,∆))
Zr

and regard T 1
(U,D) ⊂ T 1

(V,∆). Let

(15) m2T 1
(U,D) := m2

V,0T
1
(V,∆) ∩ T 1

(U,D)

be the set of deformations induced by functions with multiplicity 2 or more.

(I) First consider the case where 0 ∈ U is a quotient singularity. Since V is smooth, we
also have T 1

(V,∆) ≃ T 1
∆ ≃ OV,0/Jf,0 for the Jacobian ideal Jf,0 ⊂ OV,0. Thus T 1

(V,∆) has a
OV,0-module structure and we fix an OV,0-module homomorphism

ε : OV,0 → T 1
(V,∆)

such that, for g ∈ OV,0, an element ε(g) ∈ T 1
(V,∆) is a deformation (f + tg = 0) ⊂ V ×

SpecC[t]/(t2) of V .
Since D has an isolated singularity at 0 ∈ U , we obtain T 1

(U,D) ≃ T 1
(U ′,D′) by Lemma 2.12,

where U ′ := U \ 0 and D′ := D ∩ U .
Let µ1 : U1 → U be one of the weighted blow-ups constructed in Section 3.1. We can

define the blow-down morphism (µ1)∗ : T
1
(U1,D1+E1)

→ T 1
(U,D) as a composition

(16) (µ1)∗ : T
1
(U1,D1+E1)

ι∗1→ T 1
(U ′,D′)

≃→ T 1
(U,D),
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where ι∗1 is the restriction by an open immersion ι1 : U
′ ≃ U1\E1 ↪→ U1. This homomorphism

(µ1)∗ is same as the homomorphism introduced in Proposition 2.19.
We have a relation on Im(µ1)∗ ⊂ T 1

(U,D) as follows.

Lemma 3.6. Let U := C3/Zr(1, a, r − a) for some coprime positive integers r and a. Let
µ1 : U1 → U,D1 and E1 be as in Section 3.1.
Then we have the following.

(i) T 1
U1

= 0.
(ii) Im(µ1)∗ ⊂ m2T 1

(U,D).

Proof. (i) Since U1 has only isolated quotient singularities, we have an isomorphism

T 1
U1
≃ H1(U1,ΘU1) ≃ H1(U1, (ι1)∗(Ω

2
U ′
1
(−KU ′

1
)),

where ι1 : U
′
1 ↪→ U1 is the smooth part. Since −KU1 is µ1-ample in each case, we see that

H1(U1, (ι1)∗(Ω
2
U ′
1
(−KU ′

1
)) = 0 by Lemma 2.14. Thus we finish the proof of (i).

(ii) Take η1 ∈ T 1
(U1,D1+E1)

. We have an exact sequence

(17) H0(U1,OU1(D1))→ H0(D1,ND1/U1)→ H1(U1,OU1) = 0.

Hence the deformation of D1 induced by η1 comes from some member of the linear system
|D1|. In particular, it can be extended to a deformation over a unit disc ∆1. We also obtain
H0(E1,NE1/U1) = 0 since −E1 is µ1-ample. Hence η1 induces a trivial deformation of E1

over a unit disc.
By these arguments and (i), the first order deformation η1 can be extended to a deforma-

tion (U1,D1 + E1) → ∆1 of (U1, D1 + E1) over a unit disc ∆1 such that U1 ≃ U1 ×∆1. By
taking its image by µ1 × id : U1 ×∆1 → U ×∆1, we obtain a deformation (U ,D) → ∆1 of
(U,D).
Let m1 be a rational number such that

(µ1 × id)∗(rD) = rD1 + rm1E1.

For t ∈ ∆1, let Dt,D1,t be the fibers of D,D1 over t and m1,t a rational number such that
µ∗
1Dt = D1,t +m1,tE1. The above relations imply that m1,t is invariant for all t ∈ ∆1.
Suppose that there exists η1 ∈ T 1

(U1,D1+E1)
such that

(18) (µ1)∗(η1) ∈ T 1
(U,D) \m2T 1

(U,D).

We use the inclusion T 1
(U,D) ⊂ T 1

(V,∆) as above. Take h1 ∈ OV,0 such that ε(h1) = (µ1)∗(η1).

By the condition (18), we obtain mult0 h1 ≤ 1. Then we see thatm1,t ≤ (1/r)max{1, a, r−a}
for t ̸= 0 by the formula (5). However we see that m1,0 ≥ 1 + 1/r by the calculation in the
proof of Lemma 3.2. This is a contradiction.
Hence we finish the proof of (ii). □

(II) Next we consider a neighborhood of an A1,2/4-singularity. Let U := (x2 + y2 + z3 +
u2 = 0)/Z4(1, 3, 2, 1) and µ1 : U1 → U the weighted blow-up as in Lemma 3.4. Let W :=
C4/Z4(1, 3, 2, 1) and ν1 : W1 → W the weighted blow-up as in Lemma 3.4. We first want to
show that deformations of U1 comes from embedded deformations of U1 ⊂ W1.
Let IU1 ⊂ OW1 be the ideal sheaf of the closed subscheme U1 ⊂ W1. Let U

′
1 ⊂ U1 and W

′
1

be the smooth parts of U1 and W1 respectively. Note that U ′
1 = W ′

1 ∩ U1. Let IU ′
1
⊂ OW ′

1
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be the ideal sheaf of U ′
1 ⊂ W ′

1. We have an exact sequence

0→ IU ′
1
/I2U ′

1
→ Ω1

W ′
1
|U ′

1
→ Ω1

U ′
1
→ 0.

By taking the push-forward of the above sequence by the open immersion ι1 : U
′
1 ↪→ U1,

we obtain an exact sequence

0→ (IU1/I2U1
)∗∗ → (Ω1

W1
|U1)

∗∗ → (Ω1
U1
)∗∗ → 0,

where ∗∗ is the double dual. The surjectivity follows since (ι1)∗IU ′
1
/I2U ′

1
is a Cohen-Macaulay

sheaf and it implies R1(ι1)∗IU ′
1
/I2U ′

1
= 0.

This induces an exact sequence

(19) H0(U1,NU1/W1)
e1→ Ext1((Ω1

U1
)∗∗,OU1)→ Ext1((Ω1

W1
|U1)

∗∗,OU1).

By Lemmas 2.11 and 2.12, we obtain

Ext1((Ω1
U1
)∗∗,OU1) ≃ Ext1(Ω1

U ′
1
,OU ′

1
) ≃ T 1

U1
.

Thus the homomorphism e1 in (19) sends an embedded deformation of U1 ⊂ W1 to the
corresponding deformation of U1.
We have the following proposition on the surjectivity of e1.

Lemma 3.7. Let U,U1,W,W1 be as above. Then we have

Ext1((Ω1
W1
|U1)

∗∗,OU1) = 0.

In particular, we see that e1 is surjective by the sequence (19).

Proof. The local-to-global spectral sequence induces an exact sequence

0→ H1(U1, (Ω
1
W1
|U1)

∗)→ Ext1((Ω1
W1
|U1)

∗∗,OU1)→ H0(U1,Ext
1((Ω1

W1
|U1)

∗∗,OU1)),

where Ext1 is the sheaf of Ext groups. Thus it is enough to show the second and fourth
terms are zero.
First we show that H1(U1, (Ω

1
W1
|U1)

∗) = 0. Let ι : W ′
1 ↪→ W1 be the open immer-

sion. We can see that the sheaf ι∗ΘW ′
1
(−U ′

1) is Cohen-Macaulay as follows; On D+(y) ≃
C4/Z3(2, 1, 1, 2), let πy : C4 → D+(y) be the quotient morphism. We see that ι∗ΘW ′

1
(−U ′

1)|D+(y)

is Cohen-Macaulay since it is the Z3-invariant part of the sheaf ΘC4⊗OC4(−π−1
y (U1∩D+(y))).

Similarly, on D+(z) ≃ C4/Z2(1, 1, 0, 1), we see that ι∗ΘW ′
1
(−U ′

1)|D+(y) is Cohen-Macaulay.
Since D+(x) and D+(u) are smooth, we see that ι∗ΘW ′

1
(−U ′

1) is Cohen-Macaulay on W1.
By this Cohen-Macaulayness and Proposition 2.10, we obtain an exact sequence

0→ ι∗ΘW ′
1
(−U ′

1)→ ΘW1 → ι∗(ΘW ′
1
|U ′

1
)→ 0.

Thus, by ι∗(ΘW ′
1
|U ′

1
) ≃ (Ω1

W1
|U1)

∗, we obtain an exact sequence

(20) H1(W1,ΘW1)→ H1(U1, (Ω
1
W1
|U1)

∗)→ H2(W1, ι∗ΘW ′
1
(−U ′

1)).

We see that
H1(W1,ΘW1) ≃ H1(W1, ι∗(Ω

3
W ′

1
(−KW ′

1
)) = 0

by Lemma 2.14 since −KW1 ≡ν1 −3/4F1 is ν1-ample. Here ≡ν1 means the numerical equiv-
alence over W . Similarly, we see that

H2(W1, ι∗ΘW ′
1
(−U ′

1)) ≃ H2(W1, ι∗(Ω
3
W ′

1
(−KW ′

1
− U ′

1))) = 0

since −KW1 − U1 ≡ν1 −1/4F1 is ν1-ample. Thus we obtain H1(U1, (Ω
1
W1
|U1)

∗) = 0 by the
exact sequence (20).
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Next we shall show that H0(U1,Ext
1((Ω1

W1
|U1)

∗∗,OU1)) = 0. We can compute that
SingW1 ∩ U1 = {q2, q3} consists of two quotient singularities as described in Example 3.3.
Hence it is enough to check Ext1((Ω1

W1
|U1)

∗∗,OU1)qi = 0 for i = 2, 3. We have an exact
sequence

Ext1((Ω1
U1
)∗∗,OU1)qi → Ext1((Ω1

W1
|U1)

∗∗,OU1)qi → Ext1((IU1/I2U1
)∗∗,OU1)qi

for i = 2, 3. By Lemma 2.11, we obtain

Ext1((IU1/I2U1
)∗∗,OU1)qi ≃ ι∗(Ext

1(IU ′
1
/I2U ′

1
,OU ′

1
))qi ≃ H2

qi
(U1,NU1/W1) = 0

since depthqi NU1/W1 = 3. Hence we obtain H0(U1,Ext
1((Ω1

W1
|U1)

∗∗,OU1)) = 0.
Thus we finish the proof of Lemma 3.7.

□
For a neighborhood U of a A1,2/4-singularity, we also have the blow-down morphism

(µ1)∗ : T
1
(U1,D1+E1)

→ T 1
(U,D) as in (16). Let prU : T

1
(U,D) → T 1

U and prU1
: T 1

(U1,D1+E1)
→ T 1

U1

be the forgetful homomorphisms. Then we have the following claim on Im(µ1)∗.

Lemma 3.8. Under the above settings, we have prU(Im(µ1)∗) = 0 ⊂ T 1
U .

Proof. Let η1 ∈ T 1
(U1,D1+E1)

be a first order deformation of (U1, D1 + E1).
We have an exact sequence

H0(W1,OW1(U1))→ H0(U1,NU1/W1)→ H1(W1,OW1).

Since H1(W1,OW1) = 0, the embedded deformation of U1 ⊂ W1 comes from some member
of the linear system |OW1(U1)| and can be extended over a unit disk ∆1. By this and Lemma
3.7, we see that a deformation prU1

(η1) ∈ T 1
U1

is induced by a deformation U1 ⊂ W1×∆1 of
the embedding U1 ⊂ W1. Let

U := (ν1 × id)(U1) ⊂ W ×∆1.

Let F1 := F1 ×∆1, where F1 ⊂ W1 is the ν1-exceptional divisor. We have a relation

(ν1 × id)∗U = U1 +m1F1

for some m1 ∈ Q>0. For t ∈ ∆1, this induces a relation on the fibers over t

ν∗1Ut = U1,t +m1,tF1,

where m1,t = m1.
If prU ((µ1)∗(η1)) ̸= 0 ∈ T 1

U1
, we see that U is a Q-smoothing of U since T 1

U ≃ C is
generated by a Q-smoothing direction. Thus we see that m1,t < m1,0 as in the proof of
Lemma 3.6 (ii). This is a contradiction. Thus we finish the proof of Lemma 3.8. □
3.4. Kernel of the coboundary map. Let 0 ∈ U be a neighborhood of a quotient sin-
gularity or an A1,2/4-singularity and D ∈ |−KU | be a member with an isolated singularity.
Let U1, U2, D2 and so on be as in Lemma 3.5. Let µ2 := µ1 ◦µ12 : U2 → U and E2 := µ−1

2 (0)
the µ2-exceptional divisor.
Since U2 \ E2 ≃ U \ 0 =: U ′, we have the coboundary map

(21) ϕU : H
1(U ′,Ω2

U ′(logD′))→ H2
E2
(U2,Ω

2
U2
(logD2 + E2)),

where D′ := D ∩ U ′. We fix an isomorphism SD : OU(−KU − D) ≃ OU and it induces an
isomorphism

(22) φSD
: T 1

(U,D) → H1(U ′,ΘU ′(− logD′))→ H1(U ′,Ω2
U ′(logD′)).
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We have the following lemma on the kernel of the above coboundary map.

Lemma 3.9. Let ϕU be as in (21) and we use the same notations as above.

(i) We have

(23) KerϕU ⊂ φSD
(Im(µ1)∗)

and thus, by Lemma 3.8, we have prU(φ
−1
SD

(KerϕU)) = 0.
In particular, we have ϕU ̸= 0.

(ii) Assume that U has only quotient singularity. Then we have

KerϕU ⊂ φSD
(m2T 1

(U,D)).

Proof. Let E12 ⊂ U2 be the µ12-exceptional locus. Let µ12 : U2 → U1 be the birational
morphism as in Lemma 3.5 and Z ⊂ U1 be the finite points as in Lemma 3.5. Let U ′

1 :=
U1 \ Z, U ′

2 := µ−1
12 (U

′
1) and U

′′
1 := U1 \ (µ12(E12) ∪ Z). We have the following relation;

(24) U ′
2
� � ι2

//

µ′12
��

U2

µ12

��

U ′′
1

/ �

ι12
>>~~~~~~~

� � // U ′
1
� � // U1

µ1
��

U ′P0
ι1

``AAAAAAA
� � // U.

Set D′
j := Dj ∩ U ′

j, E
′
j := Ej ∩ U ′

j for j = 1, 2.
Let G′

2 be a divisor on U ′
2 supported on E ′

2 such that

{−(KU2 +D2 + E2) + µ∗
2(KU +D)}|U ′

2
∼ G′

2.

We see that G′
2 is effective since we have

(25) G′
2 = −E ′

2 +
{
−(KU ′

2
+D′

2) + (µ′
12)

∗(KU ′
1
+D′

1)
}

+ (µ′
12)

∗ {−(KU1 +D1) + µ∗
1(KU +D)} |U ′

1
≥ −E ′

2 + 0 + (µ′
12)

∗E ′
1 ≥ 0

by Lemmas 3.2, 3.4 in Section 3.1 and Lemma 3.5. Set G′′
1 := G′

2 ∩ U ′′
1 . Since we have an

open immersion
ι : U ′ = U \ 0 ≃ U2 \ µ−1

2 (0) ↪→ U2,

we obtain the following commutative diagram;

(26) H1(U2,Ω
2
U2
(logD2 + E2))

ι∗2
��

ι∗
// H1(U ′,Ω2

U ′(logD′))

H1(U ′
2,Ω

2
U ′
2
(logD′

2 + E ′
2))

ϕG′
2

��

H1(U ′
2,Ω

2
U ′
2
(logD′

2 + E ′
2)(G

′
2))

ι∗12
// H1(U ′′

1 ,Ω
2
U ′′
1
(logD′′

1 + E ′′
1 )(G

′′
1)),

ι∗1

OO

where ι∗, ι∗1, ι
∗
2, ι

∗
12 are the restrictions by open immersions ι, ι1, ι2, ι12 as in the diagram (24)

and ϕG′
2
is induced by an injection OU ′

2
↪→ OU ′

2
(G′

2). Thus we have

(27) KerϕU = Im ι∗ ⊂ Im ι∗1 ◦ ι∗12.
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Now we shall prove the statement (i).
(i) First, we prepare the diagram (28). Since U ′

2 is smooth and D′
2 +E ′

2 is a SNC divisor by
the construction of µ12 in Lemma 3.5, we have a natural isomorphism

T 1
(U ′

2,D
′
2+E

′
2)
≃ H1(U ′

2,ΘU ′
2
(− logD′

2 + E ′
2)) ≃ H1(U ′

2,Ω
2
U ′
2
(logD′

2 + E ′
2)(−KU ′

2
−D′

2 − E ′
2)).

The isomorphism SD : OU(−KU−D) ≃ OU induces an isomorphism µ∗
2(SD) : OU2(µ

∗
2(−KU−

D)) ≃ OU2 and this induces an isomorphism

H1(U ′
2,Ω

2
U ′
2
(logD′

2 + E ′
2)(−KU ′

2
−D′

2 − E ′
2)) ≃ H1(U ′

2,Ω
2
U ′
2
(logD′

2 + E ′
2)(G

′
2)).

Thus we have an isomorphism

φµ∗2(SD) : T
1
(U ′

2,D
′
2+E

′
2)
≃ H1(U ′

2,Ω
2
U ′
2
(logD′

2 + E ′
2)(G

′
2)).

The homomorphisms φSD
in (22), φµ∗2(SD) and ι

∗
1 ◦ ι∗12 fit in the commutative diagram

(28) H1(U ′
2,Ω

2
U ′
2
(logD′

2 + E ′
2)(G

′
2))

ι∗1◦ι∗12
// H1(U ′,Ω2

U ′(logD′))

T 1
(U ′

2,D
′
2+E

′
2)

//

(µ′12)∗

��

φµ∗2(SD)≃
OO

T 1
(U ′,D′)

≃

OO

T 1
(U ′

1,D
′
1+E

′
1)

≃
��

T 1
(U,D)

≃
OO

φSD

\\

T 1
(U1,D1+E1)

,

(µ1)∗

44hhhhhhhhhhhhhhhhhhhhhhh

where (µ′
12)∗ is the blow-down morphism as in Proposition 2.19.

By this, the above diagram and the previous relations, we see the relation

KerϕU = Im ι∗ ⊂ Im ι∗1 ◦ ι∗12 ⊂ φSD
(Im(µ1)∗).

Thus we obtain the relation (23).
(ii) Now assume that U has only quotient singularity. By Lemma 3.6 (ii) and (23), we
obtain the claim. Thus we finish the proof of Lemma 3.9. □

3.5. Proof of Theorem. We define the “V-smooth pair” as follows.

Definition 3.10. Let U be a 3-fold with only terminal quotient singularities and D ⊂ U
its reduced divisor. A pair (U,D) is called a V-smooth pair if, for each point p, there
exists a Stein neighborhood Up such that the index one cover πp : Vp → Up satisfies that
π−1
p (D ∩ Up) ⊂ Vp is a smooth divisor.

We define “simultaneous Q-smoothing” as follows.

Definition 3.11. Let X be a 3-fold with only terminal singularities and D ∈ |−KX | an
anticanonical element.
We call a deformation f : (X ,D) → ∆1 of (X,D) a simultaneous Q-smoothing if Xt and
Dt have only quotient singularities and (Xt,Dt) is a V-smooth pair (Definition 3.10).

We give the proof of the main theorem in the following.
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Theorem 3.12. Let X be a Q-Fano 3-fold such that there exists an element D ∈ |−KX |
with only isolated singularities.
Then (X,D) has a simultaneous Q-smoothing.

Proof. By Theorem 1.2, we can assume that X has only quotient singularities and A1,2/4-
singularities. We can also assume that D has at worst Du Val singularities outside the
non-Gorenstein points of X by Theorem 3.1.
Let m be a sufficiently large integer such that |−mKX | contains a smooth element Dm

such that SingD ∩ Dm = ∅. Let π : Y → X be a cyclic cover branched along Dm and
∆ := π−1(D). This induces an index one cover around each points of SingX and Y has
only A1,2-singularities, where an A1,2-singularity is a singularity analytically isomorphic to
0 ∈ (x2 + y2 + z3 + u2 = 0) ⊂ C4.
Let p1, . . . , pl ∈ SingD be the image of non-Du Val singular points of ∆ and pl+1, . . . , pl+l′

the image of Du Val singularities of ∆. Let Ui ⊂ X be a Stein neighborhood of pi and
Di := D ∩ Ui for i = 1, . . . , l + l′. For i = 1, . . . , l, let µi,1 : Ui,1 → Ui be the weighted blow-
up constructed in Section 3.1 and µi,12 : Ui,2 → Ui,1 the birational morphism constructed in
Lemma 3.5. Let µi,2 := µi,1 ◦ µi,12 : Ui,2 → Ui be the composition. For i = l + 1, . . . , l + l′,

let µi : Ũi → Ui be a projective birational morphism such that Ũi is smooth, µ−1
i (Di) is a

SNC divisor and µi is an isomorphism outside pi.
By patching these µi,2 for i = 1, . . . , l and µi for i = l + 1, . . . , l + l′, we construct a

projective birational morphism µ : X̃ → X such that X̃ is smooth and µ−1(D) ⊂ X̃ is a
SNC divisor. Let D̃ ⊂ X̃ be the strict transform of D and E ⊂ X̃ the µ-exceptional divisor.
Also let D̃i := D̃ ∩ µ−1(Ui) and Ei := µ−1(pi) for i = 1, . . . , l + l′.
We use the following diagram;

(29)

H1(X ′,Ω2
X′(logD′))

ψ
//

⊕pUi

��

H2
E(X̃,Ω

2
X̃
(log D̃ + E))

⊕φi ≃
��

// H2(X̃,Ω2
X̃
(log D̃ + E))

⊕l+l′i=1H
1(U ′

i ,Ω
2
U ′
i
(logD′

i))
⊕ϕi

// ⊕l+l′i=1H
2
Ei
(Ũi,Ω

2
Ũi
(log D̃i + Ei)),

where X ′ := X \ {p1, . . . , pl+l′} and D′ := D ∩X ′.
For i = 1, . . . , l, let ηi ∈ H1(U ′

i ,Ω
2
U ′
i
(logD′

i)) be an element inducing a simultaneous Q-

smoothing of (Ui, Di). We see that H2(X̃,Ω2
X̃
(log D̃ +E)) = 0 since X̃ \ (D̃ +E) ≃ X \D

is a smooth affine variety and H2(X̃,Ω2
X̃
(log D̃ + E)) is a subquotient of H4(X̃ \ (D̃ +

E),C) = 0 by the mixed Hodge theory on a smooth affine variety. Thus there exists
η ∈ H1(X ′,Ω2

X′(logD′)) such that ψi(η) = (φi)
−1(ϕi(ηi)) for i = 1, . . . , l and ψi(η) = 0 for

i = l + 1, . . . l + l′.
Consider 1 ≤ i ≤ l. By ηi − pUi

(η) ∈ Kerϕi and Lemma 3.9(i), we obtain

prUi
(φ−1

SDi
(ηi − pUi

(η))) = 0 ∈ T 1
Ui

for φSDi
: T 1

(Ui,Di)

∼→ H1(U ′
i ,Ω

2
U ′
i
(logD′

i)). Hence pUi
(η) induces a Q-smoothing of Ui. Thus

it is enough to consider the case where Ui has only quotient singularity. In this case, we
have

(30) φ−1
SDi

(ηi − pUi
(η)) ∈ m2T 1

(Ui,Di)
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by Lemma 3.9(ii). Let πi : Vi → Ui be the index one cover and ∆i := π−1
i (Di) ⊂ Vi. By

(30) and Lemma 2.13, we see that pUi
(η) induces a smoothing of ∆i. Thus it induces a

simultaneous Q-smoothing of (Ui, Di) as well.
By [22, Theorem 2.17], we can lift the first order deformation η to a deformation f : (X ,D)→

∆1 of (X,D) over a unit disc ∆1. This f induces a simultaneous Q-smoothing of (Ui, Di)
for i = 1, . . . , l. Thus we can deform all non-Du Val singularities of D and obtain a Q-Fano
3-fold with a Du Val elephant as a general fiber of the deformation f . Moreover, by [22,
Theorem 1.9], there exists a simultaneous Q-smoothing of this Q-Fano 3-fold. Thus we
finish the proof of Theorem 3.12. □

4. Examples

Shokurov and Reid proved the following theorem.

Theorem 4.1. Let X be a Fano 3-fold with only canonical Gorenstein singularities.
Then a general member D ∈ |−KX | has only Du Val singularities.

For non-Gorenstein Q-Fano 3-folds, this statement does not hold. We give several exam-
ples of Q-Fano 3-folds without Du Val elephants.

Example 4.2. ([4]) Iano-Flethcer gave an examples of a Q-Fano 3-fold without elephants.
Let X := X12,14 ⊂ P(2, 3, 4, 5, 6, 7) be a weighted complete intersection of degree 12 and 14.
Then we have |−KX | = ∅ and general X have only terminal quotient singularities.

Iano-Fletcher gave a list of 95 families of Q-Fano 3-fold weighted hypersurfaces. General
members of those families have only quotient singularities and they have Du Val elephants.
However, by taking special members in those families, we can construct weighted hypersur-
faces without Du Val elephants as follows.

Example 4.3. Let X := X14 := ((x14 + x2y61) +w2 + y31y
4
2 + y72 + y1z

4 = 0) ⊂ P(1, 2, 2, 3, 7)
be a weighted hypersurface with coordinates x, y1, y2, z, w of weights 1, 2, 2, 3, 7 respectively.
This is a modified version of an example in [2, 4.8.3].
We can check that X has only terminal singularities. It has three 1/2(1, 1, 1)-singularities

on the (y1, y2)-axis, a terminal singularity (x2 + w2 + z4 + y42 = 0)/Z2(1, 1, 1, 0) and a
1/3(1, 2, 1)-singularity at [0 : 0 : 0 : 1 : 0].
We see that |−KX | = {D} and D has an elliptic singularity (w2+y42+z

4 = 0)/Z2(1, 0, 1).
In fact, this is log canonical.

Example 4.4. Let X := (x15 + xy7 + z5 + w3
1 + w3

2 = 0) ⊂ P(1, 2, 3, 5, 5) be a weighted
hypersurface, where x, y, z, w1, w2 are coordinate functions with degrees 1, 2, 3, 5, 5 respec-
tively. We can check that X has a 1/2(1, 1, 1)-singularity and three 1/5(1, 2, 3)-singularities.
Thus X is a Q-Fano 3-fold with only terminal quotient singularities.
On the other hand, we have |−KX | = {D}, where D := (z5+w3

1+w
3
2 = 0) ⊂ P(2, 3, 5, 5).

We see that the singularity p = [1 : 0 : 0 : 0] ∈ D is isomorphic to a singularity (x51+x
3
2+x

3
3 =

0)/Z2, where the Z2-action is of type 1/2(1, 1, 1). The singularity is not Du Val. This is
also log canonical.
We exhibit a simultaneous Q-smoothing of this (X,D) explicitly. For λ ∈ C, let

Xλ := (x15 + xy7 + z5 + w3
1 + w3

2 + λy6z = 0) ⊂ P(1, 2, 3, 5, 5).
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For sufficiently small λ ̸= 0, we see that Xλ has only terminal quotient singularities and a
Du Val elephant. Indeed, we see that |−KXλ

| = {Dλ}, where
Dλ ≃ (z5 + w3

1 + w3
2 + λy6z = 0) ⊂ P(2, 3, 5, 5)

is a quasi-smooth hypersurface with only Du Val singularities.

Example 4.5. Let X := X16 := (x16 + x(z5 + zy6) + yu2 + w4 = 0) ⊂ P(1, 2, 3, 4, 7) be a
weighted hypersurface with coordinates x, y, z, w, u with weights 1, 2, 3, 4, 7 respectively.
Firstly, we check that X has only terminal singularities. By computing the Jacobian of

the defining equation of X, we see that X is quasi-smooth outside the points on an affine
piece y ̸= 0 such that x = w = u = 0 and z(z4 + y6 = 0). We can describe the singularities
as follows; An affine piece (x ̸= 0) is smooth. An affine piece (y ̸= 0) has two singularities
isomorphic to (xz +w4 + u2 = 0) ⊂ C4 and an singularity (xz +w4 + u2 = 0)/Z2, where Z2

acts on x, z, w, u with weights 1/2(1, 1, 0, 1). They are terminal by the classification ([13,
Theorem 6.5]). On a piece (z ̸= 0), there exists a 1/3(2, 1, 2)-singularity. A piece (w ̸= 0) is
smooth. A piece (u ̸= 0) has a 1/7(1, 3, 4)-singularity.
Next, we check that |−KX | has only non-normal elements. Indeed, we have |−KX | = {D}

with D = (yu2 + w4 = 0) ⊂ P(2, 3, 4, 7) and the singular locus SingD is non-isolated.
Actually, D is not normal crossing in codimension 1. We also see that SingD ≃ P1 ⊔ {pt}.
We could not find an example of a Q-Fano 3-fold without Du Val elephants such that

h0(X,−KX) ≥ 2. Thus the following question is natural.

Problem 4.6. Let X be a Q-Fano 3-fold such that h0(X,−KX) ≥ 2.
Does there exist a Du Val elephant of X? Or, does there exist a normal elephant of X?

We can find an example of a klt Q-Fano 3-fold with only isolated quotient singularities
whose anticanonical system contains only non-normal elements as follows.

Example 4.7. Let X := X15 ⊂ P(1, 1, 5, 5, 7) be a general weighted hypersurface of degree
15 in the weighted projective space. Then X has only three 1/5(1, 1, 2)-singularities and one
1/7(1, 5, 5)-singularity. We see that −KX = OX(4) and the linear system |−KX | contains
only reducible members. Since general hypersurfaces X satisfy this property, the statement
as in Conjecture 1.1 (ii) does not hold in this case.

5. Non-isolated case

If every member of |−KX | has non-isolated singularities, the deformation of singularities
gets complicated and we do not know the answer for Conjecture 1.1. However, we can
reduce the problem to certain local setting as follows.

Theorem 5.1. Let X be a Q-Fano 3-fold. Assume that there exists a reduced member
D ∈ |−KX | such that C := SingD is non-isolated. Let UC be an analytic neighborhood of
C and DC := D ∩ UC. Assume also that there exists a deformation (UC ,DC) → ∆1 such
that DC,t has only isolated singularities for 0 ̸= t ∈ ∆1.
Then there exists a simultaneous Q-smoothing of (X,D).

For the proof of the theorem, we need to construct the following resolution of singularities
of (X,D). The construction is similar to Lemma 3.5.

Proposition 5.2. Let X be a 3-fold with only terminal singularities and D be its reduced
divisor whose singular locus C := SingD is non-isolated. There exists a projective birational
morphism µ : X̃ → X and a 0-dimensional subset Z ⊂ X with the following properties;
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(i) X̃ is smooth and µ−1(D) has SNC support.
(ii) µ is an isomorphism over X \ SingD ∪ SingX.
(iii) µ′ : X̃ ′ := µ−1(X \ Z)→ X ′ := X \ Z can be written as a composition

µ′ : X̃ ′ = X ′
k

µ′k−1→ X ′
k−1 → · · · → X ′

2

µ′1→ X ′
1 = X ′,

where µ′
i : X

′
i+1 → X ′

i is an isomorphism or a blow-up of a smooth curve Z ′
i with

either of the following;
• If the strict transform D′

i ⊂ X ′
i of D′ := D ∩ X ′ ⊂ X ′ is singular, we have

Z ′
i ⊂ SingD′

i.
• If D′

i is smooth, we have Z ′
i ⊂ D′

i ∩ E ′
i, where E

′
i is the exceptional divisor of

µ′
i,1 := µ′

1 ◦ · · · ◦ µ′
i−1 : X

′
i → X ′

1.

As a consequence, the divisor

(31) − (KX′
k
+D′

k + E ′
k) + (µ′)∗(KX′ +D′)

is an effective divisor supported on E ′
k.

Proof. Let ν1 : X1 → X be a composition of blow-ups of smooth centers such that X1 is
smooth, the exceptional locus E1 of ν1 is a SNC divisor and ν1 is an isomorphism over
X \ SingX. Thus the strict transform D1 ⊂ X1 of D is a reduced Cartier divisor. By
applying [3, Theorem A.1] to the pair (X1, D1), we can construct a composition of blow-ups

µk,1 : Xk
µk−1→ · · · → X2

µ1→ X1,

where µi : Xi+1 → Xi is a blow-up of a smooth center Zi ⊂ Xi such that, for each i,

• Di ⊂ Xi is the strict transform of D1,
• Ei := µ−1

i,1 (E1) ⊂ Xi is the exceptional divisor, where µi,1 := µ1◦· · ·◦µi−1 : Xi → X1,

then, for each i,

(i)’ Zi and Ei intersect transversely,
(ii)’ Zi ⊂ SingDi or Di is smooth and Zi ⊂ Di ∩ Ei,
(iii)’ Xk is smooth and Dk ∪ Ek is a SNC divisor.

Let X̃ := Xk, µ := ν1 ◦ µk,1 : X̃ → X and

Z := SingX ∪
∪

dim ν1(µi,1(Zi))=0

ν1(µi,1(Zi)) ⊂ X

the union of 0-dimensional images of the centers on X1 and the singular locus SingX of X.
Then we see that these X̃, µ, Z satisfy the condition (i) in the statement by the construction
of µ. We can check (ii) by (ii)’. We check (iii) as follows.
Let X ′ := X \ Z, X̃ ′ := µ−1(X ′) and µ′ := µ|X̃′ : X̃ ′ → X ′. Let X ′

i := µ−1
i,1 (X

′),
D′
i := Di ∩ X ′

i and E
′
i := Ei ∩ X ′

i as well. We see that µ′ is a composition of blow-ups of
smooth curves Z ′

i := Zi ∩X ′
i with the property (iii) in the statement by the property (ii)’

of µk,1.
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We can check the last statement about (31) as follows. For j ≤ i, let µ′
i,j := µ′

j ◦ · · · ◦
µ′
i−1 : X

′
i → X ′

j. We have an equality

(32) − (KX′
k
+D′

k + E ′
k) + (µ′)∗(KX′ +D′)

= −E ′
k +

k−1∑
i=1

(µ′
k,i+1)

∗(−(KX′
i+1

+D′
i+1) + (µ′

i)
∗(KX′

i
+D′

i)).

By the condition (iii) of the resolution µ in the statement, we see that the divisor

−(KX′
i+1

+D′
i+1) + (µ′

i)
∗(KX′

i
+D′

i) = (multZ′
i
(D′

i)− 1)(µ′
i)
−1(Z ′

i).

is effective. Moreover, for i0 := min{i | Z ′
i ̸= ∅}, we see that multZ′

i0
(D′

i0
)− 1 > 0 and

(µ′
k,i0+1)

∗((µ′
i0
)−1(Z ′

i0
)) ≥ E ′

k

since Z ′
i0
⊂ SingD′

i0
and Z ′

i is contained in the µ′
i,1-exceptional divisor for all i. Hence, by

the equality (32), we obtain the effectivity of −(KX′
k
+D′

k + E ′
k) + (µ′)∗(KX′ +D′).

Thus we finish the proof of Proposition 5.2. □

We shall use the above resolution µ : X̃ → X of the pair (X,D) and use the same notations
in the following.
Let D̃ ⊂ X̃ be the strict transform of D and E := Excµ be the exceptional divisor. Let

D̃′ := D̃ ∩ X̃ ′ and E ′ := Excµ′ for µ′ : X̃ ′ → X ′. By Proposition 5.2, we see the linear
equivalence

(33) − (KX̃′ + D̃′ + E ′) + (µ′)∗(KX′ +D′) ∼ G′

for some effective divisor G′ supported on Excµ′.
Let X ′′ := X \ SingD and D′′ := D ∩ X ′′. Let ŨC := µ−1(UC), U

′′
C := UC \ SingDC ,

D̃C := D̃ ∩ ŨC and D′′
C := D ∩ U ′′

C . Let EC ⊂ ŨC be the exceptional divisor for µC : ŨC →
UC . By the property (ii) in Proposition 5.2, we have open immersions ι̃ : X ′′ ↪→ X̃ and
ι̃C : U

′′
C ↪→ ŨC . We consider the following diagram

(34)

H1(X ′′,Ω2
X′′(logD′′))

ψ
//

ι∗C
��

H2
E(X̃,Ω

2
X̃
(log D̃ + E)) //

≃ πC
��

H2(X̃,Ω2
X̃
(log D̃ + E))

H1(U ′′
C ,Ω

2
U ′′
C
(logD′′

C))
ϕC

// H2
E(ŨC ,Ω

2
ŨC

(log D̃C + EC)),

where the homomorphisms ψ and ϕC are the coboundary maps and the homomorphism ι∗C
is a restriction by an open immersion ιC : UC ↪→ X.
Let p ∈ C \ Z and Up ⊂ X a Stein neighborhood of p. Let Ũp := µ−1(Up), µp :=

µ|Ũp
: Ũp → Up, Dp := D ∩ Up, U ′′

p := Up \ SingDp and D′′
p := Dp ∩ U ′′

p . We also have an

open immersion U ′′
p ↪→ Ũp. Hence the coboundary map ϕC fits in the following commutative
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diagram;

(35) H1(U ′′
C ,Ω

2
U ′′
C
(logD′′

C))
ϕC

//

ι∗C,p

��

H2
EC

(ŨC ,Ω
2
ŨC

(log D̃C + EC))

ι∗C,p

��

H1(U ′′
p ,Ω

2
U ′′
p
(logD′′

p))
ϕp

// H2
Ep
(Ũp,Ω

2
Ũp
(log D̃p + Ep)),

where the horizontal maps are coboundary maps of local cohomology and the vertical maps
are induced by the open immersion ιC,p : Up ↪→ UC .
Fix an isomorphism φ(Up,Dp) : OUp ≃ OUp(−KUp −Dp). This induces isomorphisms

T 1
(U ′′

p ,D
′′
p )
≃ H1(U ′′

p ,ΘU ′′
p
(− logD′′

p))
∼→ H1(U ′′

p ,Ω
2
U ′′
p
(logD′′

p)),

T 1
(Ũp,D̃p+Ep)

≃ H1(Ũp,ΘŨp
(− log D̃p + Ep))

∼→ H1(Ũp,Ω
2
Ũp
(log D̃p + Ep)(Gp)),

where we set Gp := G′|Ũp
for G′ in (33). These isomorphisms fit in the commutative diagram

(36) T 1
(Ũp,D̃p+Ep)

(ι̃p)∗
//

≃
��

T 1
(U ′′

p ,D
′′
p )

≃
��

H1(Ũp,Ω
2
Ũp
(log D̃p + Ep)(Gp))

(ι̃p)∗
// H1(U ′′

p ,Ω
2
U ′′
p
(logD′′

p))

and we use the same symbol (ι̃p)
∗ for the both horizontal maps.

We have the following lemma.

Lemma 5.3. We have a relation

Kerϕp ⊂ Im(ι̃p)
∗ ⊂ H1(U ′′

p ,Ω
2
U ′′
p
(logD′′

p)),

where ϕp and (ι̃p)
∗ are the homomorphisms in the diagrams (35) and (36) respectively.

Proof. Since we have an exact sequence

H1(Ũp,Ω
2
Ũp
(log D̃p + Ep))

αp−→ H1(U ′′
p ,Ω

2
U ′′
p
(logD′′

p))
ϕp−→ H2

Ep
(Ũp,Ω

2
Ũp
(log D̃p + Ep)),

we obtain that Kerϕp = Imαp. By this and the commutative diagram

H1(Ũp,Ω
2
Ũp
(log D̃p + Ep))

αp
//

��

H1(U ′′
p ,Ω

2
U ′′
p
(logD′′

p))

H1(Ũp,Ω
2
Ũp
(log D̃p + Ep)(Gp)),

(ι̃p)∗

44iiiiiiiiiiiiiiiiii

we obtain the claim. □

The open immersion ιp : U
′′
p ↪→ Up induces a restriction homomorphism ι∗p : T

1
(Up,Dp)

→
T 1
(U ′′

p ,D
′′
p )
. This is injective. Indeed, for (Up,Dp) ∈ T 1

(Up,Dp)
, we see that

(ιp)∗ι
∗
pOUp ≃ OUp , (ιp)∗ι

∗
pIDp ≃ IDp
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since Up \ U ′′
p ⊂ Up has codimension 2, the divisor Dp ⊂ Up is Cartier and Up is S2. The

open immersion ι̃p : U
′′
p ↪→ Ũp also induces a restriction homomorphism (ι̃p)

∗ : T 1
(Ũp,D̃p+Ep)

→
T 1
(U ′′

p ,D
′′
p )
. These fit in the following diagram;

T 1
(Ũp,D̃p+Ep)

(ι̃p)∗
//

(µp)∗

%%LL
LLL

LLL
LL

T 1
(U ′′

p ,D
′′
p )

T 1
(Up,Dp)

ι∗p

OO

,

where (µp)∗ is the blow-down homomorphism as in Proposition 2.19.
Since ι∗p is injective, we can regard T 1

(Up,Dp)
⊂ T 1

(U ′′
p ,D

′′
p )

and we obtain the relation

Im(ι̃p)
∗ = Im(µp)∗.

Let fp ∈ OUp,p be the defining equation of Dp ⊂ Up. We have a description

T 1
(Up,Dp) ≃ OUp,p/Jfp ,

where Jfp ⊂ OUp,p is the Jacobian ideal determined by fp.
By the following lemma, we see that elements of Im(µp)∗ is induced by functions with

orders 2 or higher.

Lemma 5.4. We have Im(ι̃p)
∗ = Im(µp)∗ ⊂ m2

pT
1
(Up,Dp)

.

Proof. By Proposition 5.2 (iii), we see that µp : Ũp → Up is a composition of blow-ups

Ũp = Uk,p
µk−1,p−−−→ Uk−1,p → · · · → U1,p

µ0,p−−→ U0,p = Up,

where µi,p : Ui+1,p → Ui,p is a blow-up of a smooth curve Ci,p for i = 0, . . . , k − 1. Since we
have Im(µp)∗ ⊂ Im(µ0,p)∗, it is enough to show that

Im(µ0,p)∗ ⊂ m2
pT

1
(Up,Dp).

Let D1,p ⊂ U1,p be the strict transform of Dp ⊂ Up and E1,p ⊂ U1,p be the µ0,p-exceptional

divisor. Let η̃p ∈ T 1
(U1,p,D1,p+E1,p)

and Cp := C0,p. Let E
[1]
1,p be the first order deformation

of E1,p induced by η̃p. By taking the push-forward of the ideal sheaf of E
[1]
1,p ⊂ U

[1]
1,p, we

obtain a first order deformation C
[1]
p of Cp. Let ηp := (µ0,p)∗(η̃p) ∈ T 1

(Up,Dp)
which induces a

deformation (U
[1]
p , D

[1]
p ) of (Up, Dp) over A1 := C[t]/(t2). This can be lifted to a deformation

(Up,Dp) of (Up, Dp) over ∆
1 such that Up ≃ Up×∆1. We can choose Dp so that Dp contains

a deformation of Cp as follows.
Since Cp can be written as Cp = (xp = yp = 0) ⊂ Up for some regular equations xp, yp on

Up, we see that the deformation C
[1]
p can be extended to a deformation Cp of Cp over ∆1.

We have

(37) µ∗
pDp = D1,p +m1E1,p

for some positive integer m1 ≥ 2 since Dp is singular along Cp by the property (iii) in

Proposition 5.2. Note that C
[1]
p ⊂ D

[1]
p since we construct D

[1]
p by

(µ0,p)∗OU [1]
1,p
(−D[1]

1,p −m1E
[1]
1,p) = OU [1]

p
(−D[1]

p ).

Thus we can choose a lifting Dp of D[1]
p such that Cp ⊂ Dp.
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Let νp : U1,p → Up be the blow-up of Cp and D1,p ⊂ U1,p be the strict transform of Dp ⊂ Up.
Let E1,p ⊂ U1,p be the νp-exceptional divisor. We see that (U1,p,D1,p+ E1.p) is a deformation
of (U1,p, D1,p + E1,p) over ∆

1. We have

ν∗pDp = D1,p +m1E1,p
since, by restricting the above equality to U1,p, we obtain (37).
Thus we see that the fiber Dp,t of Dp → ∆1 is singular along the fiber Cp,t of Cp → ∆1

over t ∈ ∆1. Hence Dp should be induced by a function hp ∈ m2
p. □

As a summary of Lemma 5.3 and 5.4, we obtain the relation

(38) Kerϕp ⊂ Im(ι̃p)
∗ ⊂ m2

pT
1
(Up,Dp).

By using these ingredients, we prove Theorem 5.1 in the following.

Proof of Theorem 5.1. We continue to use the same notations as above. Let

ηC ∈ H1(U ′′
C ,Ω

2
U ′′
C
(logD′′

C)) ≃ T 1
(U ′′

C ,D
′′
C)

be the element which induces the deformation (UC ,DC) → ∆1 as in the assumption of
Theorem 5.1. Let p ∈ C \ Z and ιC,p : Up ↪→ UC an open immersion and consider the
element ι∗C,p(ηC) ∈ H1(U ′′

p ,Ω
2
U ′′
p
(logD′′

p)), where the homomorphism ι∗C,p is the one appeared

in the diagram (35). Note that ι∗C,p(ηC) induces a smoothing of Dp := D ∩ Up. By this and

the relation (38), we see that ι∗C,p(ηC) /∈ Kerϕp. Note that H
2(X̃,Ω2

X̃
(log D̃+E)) = 0 by the

mixed Hodge theory on an open variety as in the proof of Theorem 3.12 since X̃ \ (D̃∪E) ≃
X \ D is affine. Hence, by the diagram (34), there exists η ∈ H1(X ′′,Ω2

X′′(logD′′)) such
that φ−1

C (ϕC(ηC)) = ψ(η). We see that

(39) ι∗C,p(ι
∗
C(η)) /∈ m2

pT
1
(Up,Dp).

Indeed, we have ι∗C,p(ι
∗
C(η) − ηC) ∈ Kerϕp ⊂ Im(µp)∗ ⊂ m2

pT
1
(Up,Dp)

by Lemmas 5.3 and

5.4. By the unobstructedness of deformations of (X,D) [22, Theorem 2.17], we have a
deformation (X ,D) → ∆1 of (X,D) induced by η. By (39) and Lemma 2.13, we see that
Dt has only isolated singularities for t ̸= 0. Hence, by applying Theorem 1.3 to (Xt,Dt), we
finally obtain a simultaneous Q-smoothing of (X,D). □
Remark 5.5. It is reasonable to assume the existence of a reduced elephant. Actually,
Alexeev proved that, if a Q-Fano 3-fold X is Q-factorial and its Picard number is 1, then
there exists a reduced and irreducible elephant on X ([1, Theorem (2.18)]).

Remark 5.6. The assumption of Theorem 5.1 is satisfied if |−KUC
| contains a normal element.

For example, this happens if C ≃ P1 and it is contracted by some extremal contraction ([12,
(1.7)]).

6. Appendix: Existence of a good weighted blow-up

Let U = C3 and 0 ∈ D ⊂ U a normal divisor with a non-Du Val singularity at 0 ∈ D. As
Lemmas 3.2 and 3.4, we can find a good weighted blow-up as follows. Although we do not
need these results in this paper, we treat this for possible use for another problem.
The following is an easiest case where a singularity on a divisor is a hypersurface singu-

larity of multiplicity 3 or higher.
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Lemma 6.1. Let U := C3 and D ⊂ U a divisor with an isolated singularity at 0. Assume
that mD := mult0D ≥ 3. Let µ1 : U1 → U be the blow-up at the origin 0 and E1 its
exceptional divisor.
Then the discrepancy a(E1, U,D) satisfies

(40) a(E1, U,D) = 2−mD ≤ −1.

Proof. This follows since we have KU1 = µ∗
1KU + 2E1 and D1 = µ∗

1D −mDE1. □
We use the following notion of right equivalence ([6, Definition 2.9]).

Definition 6.2. Let C{x1, . . . , xn} be the convergent power series ring of n variables. Let
f, g ∈ C{x1, . . . , xn}.
f is called right equivalent to g if there exists an automorphism φ of C{x1, . . . , xn} such

that φ(f) = g. We write this as f
r∼ g.

The following double point in a smooth 3-fold is actually the most tricky case.

Lemma 6.3. Let 0 ∈ D := (f = 0) ⊂ C3 =: U be a divisor such that mult0D = 2 and
0 ∈ D is not a Du Val singularity.
Then there exists a birational morphism µ1 : U1 → U which is a weighted blow-up of

weights (3, 2, 1) or (2, 1, 1) for a suitable coordinate system on U such that the discrepancy
a(E1, U,D) of the µ1-exceptional divisor E1 satisfies

a(E1, U,D) ≤ −1.

Proof. By taking a suitable coordinate change, we can write f = x2 + g(y, z) for some
g(y, z) ∈ C[y, z] which defines a reduced curve (g(y, z) = 0) ⊂ C2. We see that mult0 g(y, z) ≥
3 since, if mult0 g(y, z) = 2, we see that D has a Du Val singularity of type A at 0. We can
write g(y, z) =

∑
gi,jy

izj for gi,j ∈ C. We divide the argument with respect to mult0 g(y, z).

(Case 1) Consider the case mult0 g(y, z) ≥ 4. Let µ1 : U1 → U be the weighted blow-up
with weights (2, 1, 1) and D1 ⊂ U1 the strict transform of D. Then we have

KU1 = µ∗
1KU + 3E1,

µ∗
1D = D1 +mDE1,

where mD = min{4,min{i+ j | gi,j ̸= 0}}. By the assumption mult0 g(y, z) ≥ 4, we see that
gi,j ̸= 0 only if i+ j ≥ 4. Thus we see that mD = 4. Thus we obtain

KU1 +D1 = µ∗
1(KU +D)− E1

and the weighted blow-up µ1 satisfies the required property.

(Case 2) Consider the case mult0 g(y, z) = 3. Let g(k) :=
∑

i+j≤k gi,jy
izj be the k-jet of

g. We divide this into two cases with respect to g(3). The proof uses the arguments in the
classification of simple singularities of type D and E ([6, Theorem 2.51, 2.53]).
(2.1) Suppose that g(3) factors into at least two different factors. By [6, Theorem 2.51],

we see that g
r∼ y(z2 + yk−2) for some k ≥ 4. Thus 0 ∈ D is a Du Val singularity of type

Dk. This contradicts the assumption.
(2.2) Suppose that g(3) has a unique linear factor. We can write g(3) = y3 by a suitable

coordinate change. By the proof of [6, Theorem 2.53], the 4-jet g(4) can be written as

g(4) = y3 + αz4 + βyz3
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for some α, β ∈ C.
(i) If α ̸= 0, we obtain g

r∼ y3 + z4 by the same argument as [6, Theorem 2.53, Case E6].
Thus we see that 0 ∈ D is a Du Val singularity of type E6.
(ii) If α = 0 and β ̸= 0, we obtain g

r∼ y3 + yz3 by the same argument as [6, Theorem
2.53, Case E7]. Thus we see that 0 ∈ D is a Du Val singularity of type E7.
(iii) Now assume that α = β = 0. In this case, the 5-jet g(5) can be written as

g(5) = y3 + γz5 + δyz4

for some γ, δ ∈ C.
If γ ̸= 0, we obtain g

r∼ y3 + z5 by the same argument as [6, Theorem 2.53, Case E8].
Thus we see that 0 ∈ D is a Du Val singularity of type E8.
If γ = 0 and δ ̸= 0, we can write g = y3 + yz4 + h6(y, z) for some h6(y, z) ∈ C[y, z] such

that mult0 h6(y, z) ≥ 6. Let µ1 : U1 → U be the weighted blow-up with weights (3, 2, 1) on
(x, y, z) and E1 its exceptional divisor. Then we can calculate

KU1 = µ∗
1KU + 5E1,

µ∗
1D = D1 + 6E1

by the formula (5). Thus we obtain

KU1 +D1 = µ∗
1(KU +D)− E1.

Hence µ1 has the required property.
If γ = δ = 0, we can write g = y3 + h6 for some nonzero h6 such that mult0 h(y, z) ≥ 6.

Let µ1 : U1 → U be the weighted blow-up with weights (3, 2, 1) as above. We can similarly
check that this µ1 has the required property.

□
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