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We discuss a general method of constructing the products of composite operators using the exact
renormalization group formalism. Considering mainly the Wilson action at a generic fixed point
of the renormalization group, we give an argument for the validity of short-distance expansions
of operator products. We show how to compute the expansion coefficients by solving differential
equations, and test our method with some simple examples.

Subject Index B30, B32, B39

1. Introduction

In the framework of the Wilsonian renormalization group (RG), the physics of a system is completely
characterized by a Wilson action. The momentum cutoff of the action is fixed by rescaling while
the corresponding size in physical units diminishes exponentially under the RG transformation. The
Wilson action of a critical theory eventually reaches a fixed point which is scale invariant with no
characteristic length. It is important to understand how small deformations of the fixed-point Wilson
action grow under the RG transformation. For example, the exponential growth of deformations
is dictated by the critical exponents. There are also space-dependent deformations with nontrivial
rotation properties. These deformations constitute what we call composite operators, and their scaling
properties under the RG transformation constitute an essential part of our understanding of critical
phenomena and continuum field theory.

The purpose of this paper is to improve our understanding of composite operators using the
formalism of the exact renormalization group (ERG) or functional RG. The importance of composite
operators in ERG was emphasized early by Becchi [1], and his results have been extended in some
later works such as Refs. [2—4].

In this work we use ERG to construct products of composite operators and study their properties. We
discuss the insertion of two (or more) composite operators in correlation functions of the elementary
fields. Particular attention is paid to the ERG differential equation satisfied by composite operators
and their products at the fixed point.

When considering the product of two composite operators, it is natural to ask about its short-distance
behavior. At short distances the operator product expansion (OPE) of K. Wilson [5] is expected to
be valid. In the past, ERG has been used to provide an alternative proof of the existence of the OPE
in perturbation theory [6—13]; the original perturbative proof goes back to Zimmermann [14]. The
purpose of examining the OPE within ERG is to fill the gap between ERG and other nonperturbative
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approaches to quantum field theory where the OPE forms the backbone structure of the theory.
Particularly relevant is the case of conformal field theories, especially in the two-dimensional case.
Using ERG we argue the plausibility (if not a proof) of the existence of OPE. In particular, we derive
ERG differential equations (a.k.a. flow equations) satisfied by the Wilson coefficients and solve them
for some simple examples.

The paper is organized as follows. In Sect. 2 we define composite operators at a fixed point of
the RG transformation. We introduce three equivalent approaches using the Wilson action [15,16],
the generating functional of connected correlation functions with an infrared cutoff [17], and its
Legendre transform (called the effective average action; [18,19]), respectively. The three approaches
differ in the natural choice of field variables: ¢,.J, ®. In Sect. 3 we generalize our construction to
the product of two composite operators and consider how the OPE arises. In Sect. 4 some working
examples are presented. In Sect. 5 we explain how to generalize the ERG differential equations to
consider the insertion of an arbitrary number of composite operators, and in Sect. 6 we discuss the
ERG differential equations for composite operators away from the fixed point. We summarize our
findings in Sect. 7. We confine some technical parts to three appendices. In Appendix A we review
the basics of the ERG formalism that this paper is based on. A best pedagogical effort has been made
for those readers familiar with Ref. [16] but not with Ref. [15]. In Appendix B we explain some
properties of the simplest composite operator ®(p) corresponding to the elementary field ¢ (p).
In Appendix C we explain how to construct local composite operators in the massive free scalar
theories. In Appendix D we derive the asymptotic behavior of a short-range function necessary for
the examples of Sect. 4.

We shall work in the dimensionless convention, where all dimensionful quantities have been
rescaled via a suitable power of the cutoff. We also adopt the following notation:

0
/ / Sty 30) = 0P, p-d —Zpuap M

n=1

2. Composite operators at a fixed point

At a fixed point of the exact renormalization group, the Wilson action satisfies the ERG equation
[15,20]
0 /[( K@)+ 22—y 4 )¢(p) °
= — n _— _—
L L\F 2 TR e )
Kp?l & } SS10]
R(p) 25¢(p)ég(—p) ’

where y is the anomalous dimension. (We have prepared Appendix A for readers who are familiar
with Ref. [16] but not with Ref. [15].) We have introduced two positive cutoff functions:

+(—p- 9 InRpP) +2—2y)

2)

(1) K(p) approaches 1 as p?> — 0, and decays rapidly for p? > 1.
(2) R(p) must be nonvanishing at p = 0 and decays rapidly for p> > 1. The inverse transform of
R(p) is a function in space that is nonvanishing only over a region of unit size.

For example, the choice K (p) = e’ ,R(p) = 12(57)) = Ll satisfies the criteria. The original

choice made in Ref. [15] was K(p) = e ,R(p) = e~ 2’
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Equation (2) implies that the modified correlation functions defined by

G0 oo =] #-<ex (— Kprl &
1 VLK) \TP\T ) R 2560000 (—p)

) ¢(p1)~-¢(pn)> 3)

S

satisfy the scaling law

; ; D+2
(p@1e) -+ ppue) = exp (n (=== +7 ) ) (6@1) ¢ @) 4)
for arbitrary momenta [21].

In our discussion of composite operators we find it more convenient to deal with a functional W[J]
defined directly in terms of S[¢] as [17,22]

_ L [JP)J(—p)
WiJ] = 5 L R—(p) + S[o], (5a)
where J(p) = Ilz_((l;))d)(p)' (5b)

In fact it is even more convenient to deal with the Legendre transform of W[J] [18,23]:

1
-3 / RO () (—p) + T®] = W] — f J(=p)d(p), (6a)
P P
SWIJ]
) = . 6b
w=pe (6b)

I'[®] is often called the effective average action. We can interpret W[J] as the generating functional
of connected correlation functions [17,22] and I'[®] as the effective action [18,23], both in the
presence of an infrared cutoff. (The same cutoff is called an ultraviolet cutoff for S and an infrared
cutoff for W and I'. This is because we regard S as the weight of functional integration over low
momenta to be done, but we regard W and I" as consequences of functional integration over high
momenta already done. It has recently been shown in Ref. [24] that the high-momentum limit of W/
and I" gives the corresponding functionals without the infrared cutoff.) The ERG equations satisfied
by W and T are given (see Ref. [20] and references therein) by

D+2 1)
O:/J(—p)(—p-a ——+y)—eW[‘l]
A P 2 8J(—p)

1 52
+ | (=p-3,+2-29)R(p)  ~——— "], 7
/p( p -0y ¥)R(p) T (7)

0 ST [P] 5 D+2 ©
= [ sogy (-7 =7 7)o

1
+ / (=p- 3 +2—2y)R(p) - 5G,[,,_,,[op], (8)
P
where

82WJ)

Gp,q[q)] = m (9)
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satisfies

2
/ Gyl ] (R(q>6<q - ”&) —S5(p—1). (10)
q D (—q)5P(r)

Now, composite operators can be thought of as infinitesimal changes of S, W, or I". Correspond-
ingly, we can regard composite operators as functionals of ¢, J, or ®. Let O(p) be a composite
operator of scale dimension —y and momentum p. Regarding it as a functional of J, we obtain the
following ERG equation:

D+2 )
(y+p-ap)0<p>=/q{J(q>(—q-aq—T+y>m

oWy s 1 8
+ (=49 +2-27) R@) <8J(—¢1) ) EaJ(qu(—q)) } o

(11)
Similarly, regarding O(p) as a functional of ®, we can rewrite the above as
D+2 )
.3,) Op) = o+ — = D9 ——
(v+p-3) 0@ /q{(q i+ — V) @ 55w
+(—q-9;+2—2y)R( )lf G, —r[PIG [D] > O(p)
1% VIR ) et e s s g s s) :
(12)

where G is defined by Eq. (9).
The above two ERG equations are equivalent, and they imply that the modified correlation functions
defined by

(OP) o (P1)--- o (pn))

71 K@?1 & ) >
E O - ~ .. n 13
EK@,.)< (”)exp< fqmq) Sssasacg) PV een)  (3)

satisfy the scaling law

D42
2

(O@e) p(pre) - -- P (pne")) = exp <t (—y —n )) (O o@1)---d(w)). (14

The simplest composite operator is ® (p), satisfying Eq. (12) with —y = —% +y. From Egs. (5)
and (6b), we obtain ®(p) in terms of ¢ as

o (p)

e K(p)* 3S[4] ) 15)

- K(p) R(p) 8¢ (~p)
@ (p) is a composite operator corresponding to the elementary field ¢ (p) in the sense that they have
the same modified correlation functions [3]:

<¢>(p) +

(P@)o (1) - ¢ () = (6P (1) - - S (Pn))- (16)

We derive this in Appendix B.

4/27
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3. Products of composite operators

Given two composite operators O1(p), Oz (p) of scale dimensions —y1, —)», we wish to define their
product as a composite operator of scale dimension —(y; 4+ 7). The naive product O1(p) O2(g) will
not do because it does not satisfy Eqgs. (11) or (12). We must define the product by adding a local
counterterm:

[O1()O2()] = O1(p)O2(q) + P12(p, q); (17)

otherwise the product will not satisfy the scaling law:

([O1(peH O2(geN ] p(p1€) - - - P (pueh))

D+2
= exp [f <—y1 -y +n <—T+ + V))] ([O1@O2@D]d (1) - o).  (18)

In the ERG formalism we have a dimensionless cutoff of order 1 (either in momentum space or in
coordinate space). In coordinate space the inverse Fourier transform

o) = / e’ O(p) (19)
p

is expected to have a support of unit size around the coordinate ». We expect the same property for
the product of two composite operators. Given O (p) and Oz(g), we denote their inverse Fourier
transforms using the same symbol:

(@) = PrO; (p),
1) = [, e Op) 0
O () = fq e Oy(q).
Both have a distribution of unit size in coordinate space. The limit
O1(N02() 5 01N O2(») @1

is well defined. If there are short-distance singularities, we cannot find them in O; (p) O2(g): we must
look for them in the counterterm P12 (p, ¢), which is required by ERG (or equivalently scaling). Even
without the help of ERG, we expect the need for the counterterm in defining the Fourier transform,;
the integration over the case where the two operators are dangerously close together requires special
attention, resulting in a local counterterm.

Let us further analyze the nature of P2 (p, ¢). Regarding composite operators as functionals of @,

we obtain
(i +p- 8, —D)Oi1(p) =0, (22a)
(»2+4q-3,—D) Oa(g) =0, (22b)
1 +y24p-3+q-3,—D)[0O1(PO29)] =0, (22¢)
where
D_/ P2 N,
— (r' T2 V) ST
(=B +2-2 )R()lf Gy _s[®]G [@]—32 } (23)
T VIR0 L, Pt e mse ) |

Equation (22c) is equivalent to the scaling of Eq. (18).

527
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From Eq. (22), we obtain the following ERG equation for the counterterm:

(1 +y2+p 0 +4q-0—D)Pr2(p.q)

— [ (- _ . 301 (p) 302(9)
- ‘/r( r ar+2 2)/)R(V) /SGr,—s[d>] SCD(S) tG—r,—t[q)] (Sq)(t)
Y B 801(p) 50x(9)
= /r( r-9.4+2—2y)R() 30 =) (24)
where we have used
Gy [®] = SWIJ] _ 3D(s) (25)

SJ(r)8J(—s)  8J(r)’

Since R is the Fourier transform of a function nonvanishing only over a region of unit size, Eq. (24)
is local in space. This means that the inverse Fourier transform

801(p) §02(q)
5J(r) 8J(—r)

/ oPxFiay f(—r 3 +2=27)R(r) -
Psq r

is nonvanishing only when the distance |x — x| is of order 1 or less.
Therefore, we can expand the counterterm P12 (p, g) using a basis of local composite operators:

Pu@.9) =Y _c2:(p — 9)0i(p + q), (26)

where O; is a composite operator of scale dimension —y;, satisfying

(vi+p- 9 —D)Oi(p) =0. (27)

The coefficient c12; depends only on p — g; we have absorbed all the dependence on p + ¢ into O;.
Similarly, we can expand the right-hand side of Eq. (24) as

801(p) 80a(q)
8J(r) 8J(—r)

/ (—r- 8, +2—20)R() - =" diip — POip + 9). (28)

Substituting Egs. (26) and (28) into Eq. (24), we obtain

(P-0p+q-05+y1+y2—yi)ci2ilp —q) = dioi(p — @),

or equivalently

(p- 3 + 31 +12 —¥i) c12,:(p) = di2,(p), (29)

which determines c1 ;(p) in terms of dy2,;(p).

Before discussing the short-distance behavior of c12,;(p — ¢) for large [p — ¢q|, we would like to
consider the solvability of Eq. (29) and the uniqueness of its solution. We assume analyticity: both
c12,i(p) and d12 ;(p) are regular functions of p at p = 0. Equation (29) can be solved uniquely unless

n=—-01+y)+y=012,... (30)

If Eq. (30) holds, and if dj2,;(p) contains a constant multiple of p", we cannot find an analytic
solution. (If c12,(p) is a scalar, the following discussion applies only for even n.) Even if d12;(p)

6/27

Downl oaded from https://academ c. oup. com ptep/articl e-abstract/2018/2/023B02/ 4844062
by Kobe University Library user

on 06 April 2018



PTEP 2018, 023B02 C. Pagani and H. Sonoda

has no such a term, c12;(p) is ambiguous by a constant multiple of p". So, what to do if Eq. (30) is
the case?
If Eq. (30) holds, we need to modify Eq. (22¢) so that

W1 +32+p- 3 +q-39 — D) [O1@O2Pl =di - 0 — 9" Oi(p + ), (€2))

where the constant d is determined so that

dio,i(p) +d; - p"

has no term proportional to p”. Then, we need to solve

(p- 0y —n) cr2i(p) = di2; (p) + d; - p" (32)

instead of Eq. (29). This can be solved, but the solution is not unique. To fix the coefficient of p”, we
must introduce a convention such as the absence of the p” term in c12,;(p):
al’l
o ,,0121(1?)‘ (33)
All this implies that the scale dimension y| + y; is extended to a matrix: the product [O1(p)O2(g)]
mixes with a local operator O;(p + ¢) for which Eq. (30) is satisfied. For example, at the Gaussian
fixed point in D = 4, the product

HEOHEDI

(y1 = y2 = 2) mixes with §(p + ¢). See Example 1 of Sect. 4 for more details. So much for the
discussion of Eq. (30).

Now, we consider the short-distance limit of the product. We consider [O1 (p) O2(q)], taking |p —¢|
large while fixing p 4 ¢. As has been explained, a singular behavior is expected not of O1(p)D2(q)
but of P12(p, q):

([O1O2 D] S (1) - - ¢>(pn)) ’“ (Plz(p D oP1)---dpn))- (34)

q fixe

We can regard Pi2(p, q) as a functional of J with momentum p + ¢. Since we keep the momenta

p1,- - .,pp finite in the above, we can assume that 8(81((;)7) nd 259(2@ of Eq. (24) depend only on Js
with finite momenta. Hence, » in Eq. (24) must be of order p by momentum conservation. Therefore,
R(r) becomes extremely small. Hence, from Eq. (28), we expect

di2,i(p —q) sy, (35)
Thus, we obtain
| |— 00
(PO +yi+y2—yi)cnip—q IS0 (36)
This implies that
Lling V=2 tyi
cip—q) "~ Crayp l, (37)
p+q fixed
where C2; is a constant.
7/27
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We thus obtain the short-distance expansion (a.k.a. operator product expansion)
[p—gq|—o0 o )
[O1P)O2@)] " =773 Ciay - p M1 Oi(p + 9. (38)
p+q fixed ;

To be able to neglect the contribution of O (p)O2(q), we must restrict the sum over i to
1 —y2+yi=—D, (39)
corresponding to singularities in space. This condition can be rewritten as
D —=y)+ D —y2) =D —y), (40)

where D — y; is the scale dimension of the inverse Fourier transform of O; (operator in coordi-
nate space). The operator ; with the lowest scale dimension provides the highest short-distance
singularity.

4. Examples

We would like to provide concrete applications of the general theory we have developed. In the first
subsection we consider a generic fixed-point action, and in the second we take examples from the
Gaussian fixed point in D dimensions (2 < D < 4).

4.1. [O@P)®(q)]

d(p) is a composite operator corresponding to the elementary field ¢ (p). @ (p) satisfies Eq. (12)
with scale dimension

D42

o=+, (41)

Let O(p) be an arbitrary composite operator of scale dimension —y. Its product with ®(g) must

satisfy
([O@P@D]d@1) - d ) = (OP)P (@ (P1) - - ¢ (pn)). (42)
This gives [3]
K(g) 30(p)
Op)® =0(p)o —
[O@)2(9)] = O@P)P(q) + RQ) 56 ()
3O0(p)
=0(p)® . 43
P)P(g) + 57 (—2) (43)
(See Appendix B for more explanation.) This implies the counterterm
_ 30()
Poop.d) = 37— (44)
For the simplest case of O = ®, we use Egs. (6b) and (44) to obtain
SWIJ1 §WIJ] 82WJ]
O(p)d =
D= e T s
= e—WU]—(SZ "1, (45)

8J(=p)8J (—=¢q)

8/27
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This generalizes to [25]

8}’!
— WU wiJ]
(@) @] = ¢ Ve (46)

which can be checked to satisfy Eq. (43):
I & 1 _ ST i ! U]
8J(=p1) - - 8J(—pn) 8J (—=pn) 8J(=p1) -+ - 8J (=pn—1)
~1
L (e W) &
8J (—pn) 8J(=p1) -+ 8J (=pn-1)

Using Eq. (9) we can rewrite Eq. (45) as

eW[J]). (47)

[PP)P(@)] = PP)P(g) + G—g—p[P]. (48)
Hence, for p + ¢ fixed, we obtain

lp—gl—o00

[®(P)P(q)] o ﬁixed G_p,—q[P]. (49)
From the scaling law
1
(e (@) = constp 5y 8@ +9), (50)

we obtain the coefficient of the identity operator as
p—g1> 1
[@(@P)P(g)] > const —— 5 8@ +q). (51)
p+q Xed P

Further coefficients can be computed by employing some approximation scheme. For instance, we
have checked in the ¢* theory in dimension D = 4 that the order A correction is given by

[ @) " v o * Lswta) - —45[¢ P+ ). (52)

In coordinate space the order A correction is proportional to the logarithm of the distance.

4.2.  Examples from the Gaussian fixed point in D dimensions

We now consider the composite operators at the Gaussian fixed point:

1
riel= - [ Pomocp. 53
)4
There is no anomalous dimension: ¥ = 0. The high-momentum propagator is given by
1
Gpyl®l = 5——=0@+q = h(p)s@p+q). 54
gl P] p2+R(p)(p q) =hP)s(p+q) (54)
For convenience we introduce
(2—p-3)R(p)
fo)=Q2+p-p)h(p) = ———"—- (55)
(P* +R(p))

9/27
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which vanishes rapidly for p > 1. Now, the “differential” operator D defined by Eq. (23) can be

written as
D= [{(r0+257) 00 s /03 - (56)
— ’/' —_——
) 25Q(r)6P(—r)
In the remaining part of this section we consider the products of the composite operators
1 1
~[o*®] = —f (PP (P2)d(p1 +p2—p) +K2-8(p), (57)
2 2 P1.p2
1
[¢> ®] =4 / Q1) Pp4) 1+ ---+ps—p)
P14
1 1,
+ K2 = QPP P2 d(p1 +p2 —p) + k5 8(p), (58)
2 Joip 2
where the constant «» is defined by
= 59
o= 5 [ 1@ (59)

The scale dimensions are —2 and D — 4, respectively. See Appendix C for the construction of
composite operators in the free theory.

Example 1: [[%qﬁz(p)] [%qﬁz(q)]]
The scale dimension of the product is —y = —4. Hence, in D = 4, we expect mixing with the unit
operator 6(p 4 ¢q). Let

1 1
bW@bw%ﬂ [wm [6*@] + P2(.9)- (60)
The counterterm must satisfy
(4+p-0+q-9, —D)Pzz(l? 6])

/f( )—— [¢° )]

1
55G)3 A

8<I>( r)2

= ff(r)q>(p—r)d>(q+r). (61)
To solve this, let us expand
1
Pa@.q) = 5/ ()P P2)8(P1+p2—p—q u2p —q4;p1,p2)
P1.P2

+uo(P)(p + g). (62)

Substituting this into Eq. (61), we obtain

24P p+q 0+ Y pi-dp | —g:pup) =1 —p)+/ 1 —q) (63a)
i=1,2
and
@—D+P@me=%£HMMMm—A (63b)
10/27
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p Qg P Qg F(p)
H H H H 1 . "p

Fig. 1. Graphical representation of P,, (p, ¢): a dark line for 4.

The homogeneous solution of Eq. (63a) is excluded on account of analyticity at zero momentum.
Hence, we obtain

u2(p — q;p1,p2) = h(p1 —p) + h(p1 — q). (64)
Substituting this into Eq. (63b), we obtain

(4=D+p-dy)uo(p) = / F@h(q +p). 65)

q

For 2 < D < 4, this is uniquely solved by
1
wp) = F) = 5 [ Mahg-+p) (66)
q
(see Fig. 1).

Now, for D = 4, Eq. (65) does not admit a solution analytic at p = 0. Since the left-hand side
vanishes at p = 0, we must modify it to

pe o) = [ @ G +p)=hig) D=4 (67
q
by subtracting a constant from the right-hand side. The constant can be evaluated as

ff(q)h(q) = /h(q)(Z +q - 39)h(q)
q

q

1 2
_ / @ +q-3)h@)
q

1 d
L

r 0qu
1
=, 68
an)? (68)
Equation (67) determines u(p) up to an additive constant. We define F'(p) by
1
- 0,F (p) = h -— 69

P %F(p) qu(q) @+P) =~ s (69a)
F(0) = 0. (69b)

As a convention we adopt the choice uy(p) = F(p). The subtraction in Eq. (69a) implies the mixing
of the product with the identity operator, and the product satisfies the ERG equation

1 1 1
(4+p-0+q-9,—D) [5 [6°@)]5 [¢>2<q>]} =GP o (70)
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Let us find the asymptotic behavior of the product as p — oo for a fixed p 4+ g. We find

— 00 2
up—g:p1.p2) - q'ﬁxed p (71)
From Appendix D, we obtain
P00 crpPt + 2K2 2 <D <4
F(p) — 2/(2 _ (72)
(471)2 In|p| + const + (D=4),
where cr is given by Eq. (D6). Hence, we obtain
S[R3 @] T e g+ )+ 53 [0+ 9] 73)
2 p+q fixed
for2 < D < 4, and
HEOHEDI
pale < L i+ const) 5 +q) + [¢> P +9)] (74)
p+qfixed (4n )2

for D = 4.

Example 2: [[+9* ()] [3¢*@)]]
The scale dimension of the product is —y = D — 6. Hence, in D = 4, the product mixes with

1@ + )] Let

[62(@)] + Pa2 (@, @) (75)

N —

l 4 l 2 . l 4
[4, [6* @] [¢ <q>]} =[]
Solving

(6—D+p-8 +4q- 94 —D)P42(p q)

/f( Niam i [4O];

( )2[¢ @]

4
Q1) Ppa)S(P1+- - +pa— P+ )Y [ Pi—q)

T
D1, 5P4 i=1

1
Yo / SPOENSP1+ P21 — P+ ) (o1 —p) +fP1— ) (T6)
p15p2

we obtain, for 2 < D < 4,

4
1
Pu(p.q) = 4,/ Q1) PP)S P1+-+pa— P +9) Y hpi—q)
P4

i=1

1

+§/ Q(pNPP)3P1+p2—(p+9) |2 Y hpi— )+ F(q)
p1p2 i=1.2

+F(p)ép+q) (77)
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P g P g P P
;: : ) : o 7‘0 d @ q
1 1
( 5‘(2

Fig. 2. Graphical representation of Py, (p, q).

(see Fig. 2).
The above expression is also valid for D = 4, except that the ERG equation for the product is
modified to

1 1
(6=D+p-dp+q-d D) [4—! [6*@)]5 [¢2<q>]} [Peral 09)

(422

Using Eq. (72), we obtain

[ [¢* <p>] [0°C )]] i pD4%[¢2<p+q>]+i—[¢ e+ (79

+qﬁ ed 2 4

for2 <D < 4,and

1 —00 1 1
[Z [¢4<p)] [4%¢ >]} T ( G |p|+const)§[¢>2<p+q>]+——[¢> v+ )]

p+qﬁxed 2 4)
(30)
for D = 4.

5. Multiple products

Multiple products of composite operators are defined just like the product of two composite operators
as single nonlocal composite operators. To start with, the product of three composite operators
O; of scale dimension —y; (i = 1,2,3) is defined as a composite operator of scale dimension

—(1 +y2+y3) as

[O1()O2(9) O3(1)] = O1(p)O2(q) O3(r) + P12(p, ) O3(r)
+7713(P,”)02(‘I) +7323(%’”)01(P) +P123(Pa%’”)a (81)

where the counterterm Pj; is the same counterterm that makes
[O1(P) O] = O1(p)O2(q) + P12(p, q)

a composite operator. The extra counterterm P123(p, ¢, ) has to do with the three operators close to
each other simultaneously. We obtain the ERG equation

3
(Zyi+p-8p+q-8q+r-8r—17> P123(p,q.7)

i=1

) 1)
= lf(s) . <8¢(S)P]2(p’q)8d>(—s) O3(r)

Pa(q,r) O1(p) + Ps31(r,p)

8 5
oW 5D (—s) 5D (s) 5D (—s)

@) (61)) (82)
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If there is a local composite operator O whose scale dimension —y satisfies

3
—y==) yi—n (1=01,.), (83)
i=1

the product [O1(p) O2(g) O3 ()] may mix with O(p + ¢ + r), and we obtain

3
(Zyi +p-Op+q-0g+r-0r— D) [O1@)O2O3(N] =dp — 4.9 =1OP +q +71), (84)

i=1
where d(p — q,q — r) is a degree n polynomial of p — g, g — .
Proceeding further, we can define the product of four composite operators as

[O1(P)O2(9)O3(r)O4(s)] = O1(p)O2(9) O3(r) O4(s)
+ P12(p, ) O3(r)O4(s) + 5 more terms
+ Pr2(p, 9 P3a(r,s) + P13(p,r)P24(q,s) + Piap,)P23(g,r)
+ P123(p, q,7)O4(s) + 3 more terms + P1234(, ¢, 7, 5). (85)
In the absence of mixing the last counterterm satisfies

4
(Zyi+p-8p+---+s-8s—73> P1234(p,q,1,5)

i=1

. dP12(p, q) §P34(r,s) SP123(p,q,7) 6O4(s)
_/tf(t)( 500 o= T T T s 5c1>(—z)+"'>'

(86)

This can be generalized to higher-order products of composite operators.
Let O(p) be a composite operator with scale dimension —y < 0. (If it is a scalar, it is a relevant
operator.) The nth-order product has scale dimension —ny. We can introduce a source 7 (p) so that

_ 8" WIT]
[0+ 0n] = 5 (87

where

1
WIT] = / TPOF) + / T(=p1) T (=p2)Pr(p1,p2)
P P1,P2

1
+ 3 T (=p) I (=p2) T (=p3)P3(p1,p2,p3) + - - . (83)
Y PL.P2P3

If no local composite operator has scale dimension as low as —2y, there is no mixing between
multiple products and local composite operators. (Since §(p) has the lowest scale dimension —D,
there is no mixing if —2y < —D.) In the absence of mixing, WW[.J] satisfies the ERG equation:

8
J(— +9.9) —— WIT]
/p (=) (y+p- ) 57 )°

D+2 8
= J(—p) (_p .0, — + )/) eW[J]
/p P 2 8J(=p)

SWIJ] & 1 82
8J(=p)8J(p)  28J(p)éJ(—p)

+/(—p-3p+2—2V)R(p)~( >ewm~ (89)
p
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Py
Poy Po,  Poy / ~. 2
_____ [ )\
/ \ \ /
b d \ /
u ~N—— - v
n n
Fig. 3. Graphical representation of u, and v,; o is a permutation of 1, ..., n.
As the simplest example, consider O(p) = O(p) with —y = D+2 + y. Equation (46)
implies [25]
WITl=W[J+J]-WIJI (90)

Another simple exampleis O(p) = % [(])2 (p)] with —y = —2 atthe Gaussian fixed point (2 < D < 4).
P, is Ppa, obtained in Example 1 of Sect. 4. P, (n > 3) are given in the form

1 n
Pu@1,...spn) = —/ P(p)P(g) 6 (p+q - sz) Un(p1s- - P3P q)

2 Jpa i=1

+vn(p1""’pn)8<zpi>’ (91)
i=1

where u,, v, are expressed graphically in Fig. 3.
For example, we obtain

usP1,--->p3;0,9) = hp —p1) (h(p —p1 —p2) +h(p —p1 —p3)) +---, 92)

V3L p3) = / hE)h(p — pOh(p — p1 — p2). 93)
P

At D = 4, P2(p1, p2) mixes with §(p; + p2), and we must change the left-hand side of Eq. (89) to

)
(fj(—p) 24p) 57 )22fj<p)J< p)) Wizl (94)

6. Away from a fixed point

Let g be a parameter with scale dimension yg > 0. The Wilson action is parametrized by g. Assuming
the anomalous dimension is independent of y, we obtain the ERG equation of the action as

I S@lel _ / D+2 d  s@ig)
— —p-3InkK — —y+
yEga e . p - dpInK(p) + > y+p-0p | o) - 6¢(p)

K(p)* 1 o S@I9]
R(p) 238¢(p)d¢(—p) '

+ / (=p- 3 InR(p) +2 —2y) 95)
p

The modified correlation functions defined by

n 2 2
(B P, = H#-<exp (— Kprl 0 ) ¢(p1)---¢><pn>> (96)
1 K@) b R(p) 286 (p)dp(—p) s
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satisfy the scaling law:

D+2
(B @1¢) - D (Pue)), s = exP (nt (—% + y)) IO RERT272) MR CY)

Rewriting the ERG equation for

_ 1[I (=p)
Wl = 2/p Rp) +S@©@lel, (98a)
R(p)
J@p)=—— , 98b
®) K(p)¢(p) (98b)
we obtain
9w _f _ (_ L, _Dt2 ) 5w
VES ¢ = pJ( P\ —P % ST 57 (—p)°
1
+ | (= % +2-29)RPp) = eV OV, 99
[ 22 R0 e (99)
Comparing this with Eq. (89), we find that for the constant source
Jp) =gdp), (100)
the sum
W@l 1=WwlJ1+WLT] (101)
satisfies Eq. (99). Therefore,
M@~ [00)--- Q) (102)
ag” g=0

is the nth order product of the zero-momentum composite operator

AW (@l/]

of scale dimension —yg, defined at the fixed point.
Considering operator products, it is even more convenient to introduce the effective action with
an infrared cutoft:

1
rigie] =5 / RS (P)D(—p) + W ()] / J(=p)® (), (103a)
P P
W (U]
o) =85 (103b)

Then, a composite operator of scale dimension —y satisfies
(v +yEgdy +p- 3, — D) Op) =0, (104)
where D is given by Eq. (23) except that G is now defined with the g-dependent W as

W (9IlJ]

= _—=——, (105)
8J(p)éJ (q)

G(g)pql®]
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The discussion of Sect. 3 goes through as long as we use the g-dependent D. We introduce g-
dependent coefficients c12,(g; p) and d12,(g; p) via Egs. (26) and (28), respectively. Equation (29)
is replaced by

9
(p - 0 +yEg@ +y1+m —yz-> c12,i(g;p) = di2,i(g;p). (106)

Since the locality of the cutoff function R gives

di2,i(g:p) = 0, (107)

we obtain the asymptotic behavior
(o P=d1=>00  —yi—yrty; Cir g C 0 g2 108
cil@p—a —o P 120y Coi v O\ i ) ) (108)

assuming the analyticity of ¢12,,(g;p) in g.
The simplest example is given by the massive Gaussian theory

1
T (m?)[®] = —5/@2 +m*) @ (p)d(—p), (109)
P

where the squared mass m? plays the role of g. (See Appendix C for the construction of composite
operators.) We can show, for 3 < D < 4 (the term proportional to m? is not singular for2 < D < 3),

1 2 1 2 lp—ql—00 m2 D—4 21 2
[5 [¢°(®)] 3 [¢ (q)]} e (1 +2(D—3)]7>p 3(p+q)+175 [o°@+ 9], (110)
and for D = 4,
lp— q\—>oo 2m?
{ [¢° (p)] EX) ] o ( (4n)2 <1 +—2) In [p| +const)8(p+q)

2[¢ P +9] (111)

7. Conclusions

In this work we have studied the OPE (operator product expansions) in the framework of ERG (the
exact renormalization group). The key concepts underlying our analysis are the composite operators
and their products, which we define respectively in Sects. 2 and 3. We have argued that the ERG
differential equation associated with the product of two operators can be expanded in a local basis
of composite operators, leading to the ERG differential equations for the Wilson OPE coefficients.
Particular attention has been paid to the form of the equation at a fixed point. It is important to stress
that the Wilson coefficients are defined in the large-momentum limit, i.e., p — oo. Taking this limit
allows us to eliminate spurious contributions dependent on the cutoff.

We have tested our method by considering some explicit examples in Sect. 4. At the technical level,
we have found it convenient to first solve the ERG differential equation by taking into account the
analyticity of the equation at zero momentum before taking the large-momentum limit. In Sect. 5
we have generalized our discussion to include the definition of multiple products of a composite
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operator, and in Sect. 6 we have considered the ERG differential equations away from the fixed
point.

Although the examples we have given are for the Gaussian fixed point, we would like to stress that
the ERG differential equations discussed in Sect. 3 are nonperturbative and can be employed for non-
perturbative, albeit approximate, computations. In this sense suitable approximation schemes should
be devised. Nonperturbative approximation schemes, such as the BMW [26], may be employed to
solve the ERG differential equations for the Wilson coefficients.

Note added: After completion of the present work, we learned that Prof. H. Osborn had similar
ideas to ours about the products of composite operators (Sect. 3.3 of H. Osborn, unpublished).

Funding
Open Access funding: SCOAP3.

Appendix A. More background on ERG

To make the content of Sect. 2 easier to understand for readers already familiar with Ref. [16] but

not with Ref. [15] (and the subsequent extensions done more recently), we would like to summarize

the basics of the ERG formalism adopted in this paper. We rely on perturbation theory for intuition.
In Ref. [16] the Wilson action is given in the form

1 P?
SAl0) = =5 [ 20 OF(-p)+ Sul6], (A1)
A 2 ), Kw/n) AL
where the first term gives the propagator
Kp/AN)
P2

that damps rapidly for p > A, and the second term gives interactions. To preserve physics below the
momentum scale A, the interaction part must obey the following differential equation [16]:

AK (p/A) 2

—AiSAJ[qS] :fA 321\ -1 {5SA,1[¢] AW n 8°Sa 119l } (A2)

IA b P 2 0¢(=p) S¢(p)  Sd(—=p)3d(p)

We can rewrite this equation for the whole action as
0 0 )
~ A ShI9] = /pAﬁan@/m-Mp)w(p)sA[w
K (p/A) 2

+/A—82A l{ IAYN YN n YN } (A3)

p P 2 8¢(p)dp(—p)  S¢(p)Sdp(—p)

The correlation functions calculated with Sy,

@O0 = 191 601)- 60, (A4)

are not entirely independent of A. Take the sum of diagrams contributing to the connected part of
the n-point function for n > 2 (Fig. Al).

! Available from http://www.damtp.cam.ac.uk/user/ho/Norm.pdf.
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Fig.A2. Two-point function.

Polchinski’s equation, Eq. (A2), guarantees that the shaded blob (denoted G,) of Fig. Al is
independent of A. But the external propagators are multiplied by K, and we obtain

n
Kpi/N)
(D@1 PR = Gulpr,. ..o [ [ —— (A5)
i=1 i
For small momenta p;, the cutoff function K (p;/ A) is almost 1. We only need to divide the correlation
function by a product of K's to make this strictly A independent:

n

1
I1 Koo Pen- L (pa)) (A6)

i=1
We are left with the two-point function which is given by

K(p/A K(p/A K(p/A
<¢<p>¢>(q>>A=[ (Z ) KON 6 ) (‘;ﬁ )]6<p+q), (A7)

where G (p) is independent of A (Fig. A2).
Again, this is almost independent of A for p < A. To make the two-point function strictly A
independent, we first modify it by subtracting a high-momentum propagator,

Kp/A) (1 =K(p/A))

- , (A8)
and then divide the result by K (p/A)?:
Kp/A) (1 - K(@p/N)
K@p/A)? <(¢(P)¢(51))A - 2 Sp+ 6]))
1
= (—2 +Gz(p))6<p+q). (A9)
p
This is independent of A.
We have thus explained that A-independent connected correlation functions are given by
_ _K@/M) (1 —K@p/A)
GO = s <<¢<p>¢<q)>A 2 8<p+q>>, (A10a)
connected __ - . connected
(@(p1) - P () ZEK@i/A> X (G P1) - ) XM, (A10D)
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where n > 2. Including the disconnected parts, the A-independent four-point correlation function is
given by

(B(1) - ¢} = (1) - d ()™ + (d (p1)p (P2)) (¢ (P3)$ (pa)) + (t, u-channels)

_ 1 L. connected
= EK—(WA)[(MM) 6P

_ K@p1/A) (1 = K(p1/A))

3(p1 +p2) (@ (P3)d(Pa)) o

pi
K A)(1-K A
- SR SO 505+ ) @0
3
K A)(1-K A K A)(1-K A
n @1/7) ( . 1/ ))8(p1 + ) (3/A) ( . 3/ ))5(p3+p4)
p1 P3
+ (, u-channels)]. (A11)

This structure generalizes to higher-point functions. Using a formal but more convenient notation,
we can express A-independent correlation functions by
Lol
(o) - o@r=| | 777
= m

i=1

< ( /K(p/A) (I-K@/A)1 &
x{exp | —
p

Z () Al12
72 28¢<p>6¢<—p>>¢(p‘) ¢<’”> (a12)

A

These A-independent correlation functions were first introduced in Ref. [21] and termed modified
correlation functions. Two Wilson actions are called equivalent there if their modified correlation
functions are the same. We find the word “modified” somewhat misleading since these are the proper
correlation functions given by the Wilson action.

The ERG differential equation in Eq. (A3) still differs from the ERG equations of the main text.
In order to discuss a fixed point of the renormalization group, we need to introduce an anomalous
dimension and adopt the dimensionless convention to fix the momentum cutoff. Let us explain this
one by one.

A.1. Anomalous dimension

To keep the kinetic term of S independent of A, we must introduce an appropriate A dependence
to the normalization of ¢. This introduces an anomalous dimension y4 so that

@GP BP0 = (;-AA) D@D D) ar (A13)
where
ALz, =29 (Al4)
0A
20/27

Downl oaded from https://academ c. oup. com ptep/articl e-abstract/2018/2/023B02/ 4844062
by Kobe University Library user
on 06 April 2018



PTEP 2018, 023B02 C. Pagani and H. Sonoda

To obtain this we must change Eq. (A3) to

_ AP =f(Aian<p/A>—yA)¢<p> 554
P

oA oA 3¢ (p)
1 [ 3K(p/A)
4 / E (A— 2K (p/A) (1 —K(p/A)))
» D oA
2
xl{ 8y 8Sa | 9Sa } A15)
2 56— 36() T 56 pod(—p)

(There are other ways of introducing y,, such as the one given in Ref. [27]. Here we have followed
Refs. [20,21].) Rewriting the second integral of the right-hand side, we obtain

8SA B a (SSA
_Aa_A _/p(Aa—Aan(p/A) —VA) ¢(p)5¢(p)

+/(Ailn K@p/N) _ A) Kp/AN) (1 —=K(@p/N)
LU 0N 1 —K(p/A) P2
5 1 { 8Sn 8Sa N 828, }

2 8¢(—p) 3 (p) S (P)Sp(—p) )

(A16)

A.2. Dimensionless convention

Finally, to obtain a fixed point we must adopt the dimensionless convention by measuring physical
quantities in powers of appropriate powers of the cutoff A. This serves the purpose of rescaling,
fixing the momentum cutoff at an arbitrary but fixed scale. We make the following replacements:

% — e,
YN —> Vi
% — p, (A17)
D42
A2 9@p) — ¢oO@),
SA —> Sta

where p is an arbitrary momentum scale corresponding to the origin # = 0 of the logarithmic
momentum scale. The ERG equation becomes

D42 38:[¢]
8S[¢]=/<—p-3 InK@p)+——-v +p-8)¢(p)-
1Ot A p 5 t p 56 ()

1 K@) K@) (1— K@)
+/pz7(_p'a’”ln1—l<(p>_2”) P

2
9 1{ 5Si[@] 8S:[¢] n 57841 } (A18)
2 8¢(=p) sp(p) 8¢ (p)Sp(—p)
Introducing
_ 2 K@
R(p)=p T—KQp) (A19)
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we can rewrite the above as

8S:l¢]
5 (p)

D+2
0:St[9p] = —p -0 1nK(P)+T_Vt+p p)¢(P)

1 K(p)?
+/p; —p - 3 InR(p) +2 — 2y, R0)

_{ 8Si[¢] 5Sz[¢]+ 8Sil¢] }
3¢p(=p) $6()  Sd(Sp(—p) )

(A20)

At the fixed point, the left-hand side vanishes, and we obtain Eq. (2) at the beginning of Sect. 2.
Though the cutoff function R is given in terms of K in the above summary, we can take K and R
independently as long as they satisfy the conditions listed in Sect. 2 (Ref. [21]).

Appendix B. Composite operator ®(p)
Given Eq. (15), we wish to derive Eq. (16). Following Eq. (13), we obtain

| 1 _S[¢]K(p)2 $ S[¢])
@000 =i g o (0 eS0T

X exp (—/K(")zl ; )¢<p1>---¢<pn>> . (B1)
g R(@) 28¢()ép(—q) s

Integrating by parts, we obtain

(PP (P1) - -- ¢ (pn))

LI o B <<¢(p) KpP 8 )
- K@) 1Kp) R(p) 8¢(—p)

« exp <_ K@l & )¢(p1)---¢<pn)>
g R(@) 28¢()ép(—q) s

_ 1 ;<ex (-/’“‘”21 v )¢(p)¢<p)---¢(p )>
~ ke Hxen\TP\T ), R@) 256 @86 (—9) ! "l

= (@ P1)---dpn)). (B2)

Analogously, we can obtain Eq. (43) from Eq. (42) by partial integration. Alternatively, we can
obtain Eq. (43) from Eq. (6b) by regarding O(p) as an infinitesimal deformation of W [J]:

8 M0 p) _ (5W[J]
8J(—q) 8J(—q)

(p) WJ]
(1+e€ O(p))+ew( q))e : (B3)

Regarding [O(p)® (q)] "'V as an infinitesimal deformation of ®(¢)e” 1, we should obtain

8

_0_MUHOD) — (d(q) + € [O(p)D(9)]) €7V, (B4)
8J (—q)

This gives Eq. (43).
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Appendix C. Composite operators for the massive free theory

We consider the massive free theory in D > 2:
_ 1 2 2 _
I[®] = 3 "+ m?)P(p)P(—p).
P

The high-momentum propagator is given by

G @] = 3°T[®] o2
p,q[ 1= m =h(m~,p)§(p + q),
where
2 = —-———---
h(m”,p) = AT RG)
We define
fm2,p) = (24 2m*d, + p - 0,) h(m?,p) = Q2 —p-3,)R(P) N
(p? + m? + R(p))

A composite operator of scale dimension (—y) satisfies
om0 D)O@) =0
y+Imio s - () =0,
where D is given by

D ), D+2 b 82
“(" * ) @ So@ T/ ’q)iacbm)scb( q)}

A generic (even) scalar composite operator is written as

N

1 2n
Op) = wa ..... IRCORRLCAD (Zm—p) O2(P1s - > P2m).

n=0 TPl i=1

Substituting this into Eq. (C5), we obtain

2N
<2m28m2 + Zp,» Op; +y+N(D —-2) —D> O (p1,-..,p2n) =0
i=1

2n
(2m28mz +) pi-Op+y+nD—2)— D) O2(p1, - .- p2n)
i=1

1
=3 /f(mz,q) O2ne1yP15 -+ sP2m,4,—q) (<N —1).
q

(CD)

(C2)

(C3)

(C4)

(C5)

(Co)

(C7)

(C8a)

(C8b)

The operator with the lowest scale dimension is the identity operator 6 (p) with y = D. The second

lowest dimensional operator, with y = 2, is given by

1 1
= [¢*®] = —/ D (1)@ (p2) 8(p1 + p2 — p) + ka(m?) 8(p),
2 2 P1.p2
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where k3 (m?) satisfies
) d 2 1 2
2—D+42m"— | ko(m*) = = | f(m",p). (C10)
dm? 2./,

We expect k(m?) to be analytic at m?> = 0 from the locality of the composite operator % [¢2 (p)];
any non-analytic behavior should result from the integration over the momentum modes below the
cutoff. Now, Eq. (C10) has a homogeneous solution proportional to (mz) % For2 <D < 4, this
is not analytic, and the equation has a unique analytic solution satisfying

o) = 5 Dz/f(om 1)

For D = 4 (and higher even dimensions), we have a problem: Eq. (C10) has no analytic solution
because the right-hand side has a term proportional to m?. We must subtract the linear term and
instead solve

d 1 1 0
(—2 T 2m2ﬁ) ) = 3 /,, FOR )~ /p et (C12a)

where

(C12b)

1 0
) /,, o "
as calculated in Eq. (68). Equation (C12a) has an analytic solution, but the solution is not unique
due to the analytic homogeneous solution 7. This simply means that % [¢2] (p) mixes with m?8 (p)

1
/f(O ph(0,p) = )2

under scaling. We remove the ambiguity by adopting an arbitrary convention such as

d 2
- =0. 12
ke =0 (Cl2¢)
The operator thus defined satisfies
9 2
2 +2m? 3P - [¢ ®]= @2 8(), (C13)

where the right-hand side implies mixing. Any alternative choice

é [62()] + const x m8(p) (C14)

is equally good as an element of a basis of composite operators.
The operator with y = 4 — D can be constructed similarly:

1 1 .
' e] = 5/}710 B B(py) 8 (;pl- —p)

1
+K2<m2>5 O (PP (P2) §(p1 +p2 — p) + ka(m*) 8(p),  (C15)
plap2

where k4(m?) is defined by

(2(2 D) +2m2 -2 >K4(m)—/<z(m) /f(m ). (C16)

dm?
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For2 < D < 4, we obtain
2 1 2,2
Kk4(m=) = Elcz(m ). (C17)

For D = 3, the solution is ambiguous by a constant multiple of m?. (No subtraction is necessary;
the right-hand side of Eq. (C16) has no term linear in m?.) For D = 4, the analyticity at m> = 0
demands that we modify the equation to

d 2
( 4+2m E)m(M)—Kz(m)( ff(m D+ )2) (C18)

where k7 (m?) is determined by Eq. (C12). The solution is given by
)2 + const - m™. (C19)

5 1
Kka(m”) = EKz(m

Again as a convention, we may impose

d\*
W K4(m ) =0 =0 (C20)
to fix the constant. The operator thus defined satisfies
3 )
2 d C21
(maerp b= ) ['0)] = Ga )22[¢(p>] (c21)

which implies that % [¢4 (p)] mixes with mZ% [¢2 (p)] under scaling.
The operator pz% [¢2(p)] has y = 0. The other operator with y = 0 is the equation-of-motion
composite operator [1,3,25] given by

8
£ = _ —S/ S
(p) = —e ) (q)—8¢( )( (g +p)e’)

2

—/#5@). (C22)
g 4> +m? +R(q)

2
1
:_/ O (p1)®(P2)8(p1 +p2 —p) E @; +m?)
PLp2 i=1

For 2 < D < 4, all the other scalar operators have y < 0.

Appendix D. Asymptotic behavior of F(p)

For2 < D < 4,
1
Fo) =5 [ h@hta+p) o)
q
satisfies the differential equation
(4=D+p-8)FO) = [ F@hta+p) (D2)
q
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Since
p—>00 1
[r@ma+n™= 2 [r@. (D3)
q P Jgq
we obtain
p—>00 D—4 1 1 D—4 2K
Fp) — crp” "+ 55—F [ f@=crp” "+ —, (D4)
pc2—D g P
where cf is a constant. From
1 / 1
D—4
CFp == ——— (D5)
2 q qZ(p + Q)z

we obtain

_Dyr(2 1)
oL Te-BrE-y oo
(4m)z 2I'(D — 2)

For D = 4, F(p) is determined by

1
- 0,F(p) = h - D7
P 3F @) /qf(q) @D~ s (D7)
and
F(0)=0. (D8)
For large p, the differential equation becomes
p—>00 1 1
9, F -+ = , D9
P pF () =S (4n)2+p2/qf(q) (D9)
which gives
p—>0 1 2/(2
Fp) — —Wln |p| + const + p_2 (D10)

The constant is determined by the initial condition F'(0) = 0, but it depends on the choice of a cutoff
function R.
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