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Abstract 

Effects of surfactant on the lateral motion of bubbles in linear shear flows are 

numerically investigated by using an interface tracking method. Ranges of the bubble 

Reynolds number Re, Eötvös number Eo, Morton number M and dimensionless shear 

rate Sr are 2 < Re < 70, 0.6 < Eo < 5, 10−6 < M < 10−4 and 0 < Sr < 1, respectively. The 

main conclusions obtained are as follows: (1) the lift coefficient, CL, of a bubble 

decreases as the Langmuir number increases, (2) the surfactant decreases the critical 

values of Eo and Re, at which CL changes its sign, (3) the reduction in CL of bubbles of 

large Hatta numbers due to the presence of surfactant can be understood from the 

surface tension reduction, and (4) the Marangoni force affects CL of small Hatta number 

bubbles, and therefore, the surface immobilization effect of the Marangoni force should 

be taken into account to model CL of contaminated bubbles. 
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Highlights 

Effects of surfactant on lift coefficient are investigated.  

Lift coefficient can be correlated by accounting for reduction in surface tension.  

Validation for clean bubbles is conducted using experimental data.  

 

1. Introduction 

Knowledge on lift force acting on a bubble is of great importance to understand 

the mechanism of the gas phase distributions of bubbly flows in various gas-liquid 

two-phase systems. The lift force, FL, acting on a bubble is often modeled as (Zun, 

1980; Auton, 1987)  

 

FL = !CL"L
#d3

6
(VB !VL )!"!VL  (1) 

 

where CL is the lift coefficient, ρL the liquid density, d the sphere-volume equivalent 

bubble diameter, VB the bubble velocity, and VL the liquid velocity. Auton (1987) 

derived CL of a spherical bubble in a linear shear flow at a high bubble Reynolds 

number. For spherical bubbles at low Reynolds numbers, Legendre and Magnaudet 

(1997) derived an analytical solution of CL, which is a function of the bubble Reynolds 

number and the dimensionless shear rate. In addition, they carried out numerical 

simulations of spherical bubbles in linear shear flows by using a boundary-fitted 

coordinate (BFC) method and proposed a semi-empirical correlation of CL applicable to 

spherical bubbles for a wide range of the Reynolds number (Legendre and Magnaudet, 
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1998). These studies showed that CL of a spherical bubble is positive at any Reynolds 

numbers.  

Negative CL have been observed for deformed bubbles. Tomiyama et al. (1993) 

carried out two-dimensional volume-tracking simulations of bubbles flowing in linear 

shear flows. The CL of a deformed bubble becomes negative with increasing the Eötvös 

number. The reversal of the sign of CL was also confirmed in BFC (Takagi et al., 1995) 

and front-tracking simulations (Ervin and Tryggvason, 1997). Tomiyama et al. (2002) 

carried out experiments on the lift force acting on bubbles in linear shear flows and 

proved that CL decreases with increasing the Reynolds number or the Eötvös number 

and changes its sign at certain values of these dimensionless groups. They also 

proposed an empirical correlation of CL, which is a function of the Reynolds number for 

low bubble Reynolds numbers and that of a modified Eötvös number for relatively 

higher Reynolds numbers. The lift forces acting on deformed bubbles and drops at low 

Reynolds numbers are theoretically studied by Magnaudet et al. (2003). They derived 

analytical solutions for the inertia-induced and the deformation-induced lift forces. The 

deformation-induced lift force explains the reversal of lift force acting on the deformed 

bubbles in the above-mentioned experiments and simulations (Adoua et al., 2009). 

Adoua et al. (2009) numerically investigated the lift force acting on ellipsoidal bubbles 

at intermediate and high Reynolds numbers and described that the cause of the negative 

lift force is the interaction between the vorticity of the linear shear flow and that 

generated at the bubble surface. Though the above-mentioned studies revealed the 

underlying physics in the reversal of the sign of CL of clean bubbles and some CL 

correlations have been proposed (Tomiyama et al., 2002; Dijkhuizen et al, 2010), our 

knowledge on the lift force acting on contaminated bubbles is still insufficient.  
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Takagi et al. (2009) pointed out that a surface-active agent (surfactant) drastically 

changes the flow structure of an upward bubbly flow consisting of bubbles of 0.8-1.0 

mm ID, that is, bubbles in the presence of surfactant at a low surfactant concentration 

are apt to migrate toward the channel wall and consequently bubble clusters are formed 

near the wall, whereas fully contaminated bubbles do not migrate toward the wall and 

no bubble clusters are formed. They also carried out BFC simulations of 1.0 mm single 

spherical bubbles contaminated with surfactant using a stagnant-cap model and 

successfully explained the surfactant effect on cluster formation. Fukuta et al. (2008) 

also conducted BFC simulations for contaminated spherical bubbles of 0.5 mm and 

confirmed that CL for bubbles of low degree of contamination mainly consists of the 

pressure component and its sign is positive, whereas the increase in the degree of 

contamination makes the pressure contribution smaller and CL becomes negative due to 

the viscous stress at the interface. These studies focused only on the surfactant effect on 

the lift force acting on spherical bubbles, and that on deformed bubbles has been rarely 

investigated.  

Numerical simulations of spherical and deformed bubbles in linear shear flows of 

contaminated liquids are carried out in this study to investigate the effects of surfactant 

on the lift force. An interface tracking method proposed in our previous study (Hayashi 

and Tomiyama, 2012; 2014) is used for this purpose.  

 

2. Field equations and numerical methods 

The continuity and momentum equations for incompressible Newtonian fluids 

based on one-fluid formulation are given by  
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!"V = 0  (2) 

!V
!t

+V "#V = $ 1
%
#P + 1

%
#"µ[#V + (#V)T ]+ g + 1

%
[&'n+#&](  (3) 

 

where V is the velocity, t the time, P the pressure, g the acceleration of gravity, ρ the 

density, µ the viscosity, σ the surface tension, κ the mean curvature, n the unit normal 

to the interface, δ the delta function, which is non-zero only at the interface, and the 

superscript T denotes the transpose. The term, (∇σ)δ, is the tangential component of 

surface tension force, i.e. the Marangoni force. The level set function, φ, (Sussman et al., 

1994) is used to track the interface, i.e. 

 

!"
!t
+V #$" = 0  (4) 

 

The interface is represented by the so-called zero level set, φ = 0. The fluid properties in 

the vicinity of the interface are smoothed as 

 

! = (1"H# )!G +H#!L  (5) 

µ = (1!H" )µG +H"µL  (6) 

 

where the subscripts G and L denote the gas and liquid phases, respectively, and Hε is 

the smoothed Heaviside function defined by (Sussman et al., 1994) 
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where 2ε is the thickness of the smoothed interface region. The re-initialization 

equation for the level set function is solved at each time step to recover the property of 

the level set function as the distance function. The n and κ are evaluated as n = ∇φ/|∇φ| 

and κ = −∇⋅n, respectively. A global volume correction method (Meier, 2000) is 

utilized to conserve fluid volumes. The ghost fluid method (Kang et al., 2000) is 

adopted to evaluate the normal component of the surface tension force. The continuum 

surface force model (Brackbill et al., 1992) is utilized to evaluate the Marangoni force 

(Hayashi and Tomiyama, 2012; 2014). 

The transport equation of surfactant in the liquid phase and that at the interface 

are given by (Levich, 1962; Stone, 1990; Cuenot et al., 1997)  

 

!C
!t

+V !"C ="!DC"C  (8) 

!"
!t
+#S $ "V =#S $DS#S"+ !S"  (9) 

 

where C is the surfactant concentration in the liquid phase, Γ the surfactant 

concentration at the interface, and DC and DS are the diffusion coefficient in the liquid 

phase and that at the interface, respectively. The source term !S!  is the molar flux from 

the liquid phase to the interface due to the adsorption and desorption and is evaluated 
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by using the Frumkin-Levich model (Frumkin and Levich, 1947; Levich, 1962; Cuenot 

et al., 1997): 

 

!S! = k[CS (!max "!)"#!]  (10) 

 

where k and β are the parameters for the adsorption and desorption kinetics, 

respectively, Γmax the saturation value of Γ, and CS the molar concentration in the liquid 

phase in the vicinity of the interface.  

The surface tension is calculated using (Rosen and Kunjapp, 2012) 

 

!(") = !0 1+
RGT"max
!0

ln 1# "
"max

$

%
&

'

(
)

*

+
,

-

.
/  (11) 

 

where σ0 is the surface tension of a clean interface, RG the universal gas constant, and T 

the temperature.  

Equation (8) is solved using the method proposed by Muradoglu and Tryggvason 

(2008), in which the interfacial molar flux of surfactant is added to the equation as the 

volumetric source term. The Γ is extrapolated into both phases to facilitate the 

computation of the surface gradient in Eq. (9) (Xu and Zhao, 2003).  

See Hayashi and Tomiyama (2012; 2014) for the detail of the method and its 

validation for clean and contaminated bubbles in stagnant liquids. 
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3. Numerical condition 

The computational domain is shown in Fig. 1. The domain size is 16d x 16d x 16d 

in the x, y and z directions, respectively. In the present calculations, the bubble is 

assumed to move in the x-z plane and the flow is symmetric with respect to the x-z 

plane crossing the bubble center. Therefore only a half of the flow domain (16d, 8d, 

16d) is computed as shown in the figure. The experimental data obtained in our 

previous study (Aoyama et al., 2017) confirm that flows are symmetric under the 

present numerical conditions. A linear shear flow with the velocity gradient ω enters 

from the top boundary at z = 16d. The continuous outflow condition is imposed on the 

bottom boundary, i.e. the velocity gradient in the z-direction is zero at z = 0, whereas 

the pressure is constant. Moving walls are used for the boundaries at x = 0 and 16d. The 

boundary conditions at y = 0 and 8d are continuous outflow and symmetric, 

respectively. The change in the domain size from 14d to 18d caused a little difference 

in predicted lift coefficients.   

Bubbles are initially spherical and are placed in the domain center. Uniform 

computational cells, whose widths are d/28, are used near the bubble (inside the box 

represented by dotted lines in the figure), whereas non-uniform coarser cells are used 

for the other region. The cell size in the latter region gradually increases in the manner 

of the geometric sequence, where the equal ratio is determined based on the number of 

cells (Nakahashi and Fujii, 1995). Grid convergence tests were carried out and the 

results showed that CL of clean and contaminated bubbles were converged with this 

spatial resolution. The rise velocities, W, of the single bubbles are estimated using the 

experimental database (Aoyama et al., 2017) and the velocities of the moving walls at y 

= 0 and 16d are determined so as to set the inlet velocity at x = 8d at −W. Owing to this 
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setup, the bubbles were kept inside the uniform fine cell region throughout the 

simulations.  

The Morton number defined by  

 

M =
µL
4!"g
"L
2#3

 (12) 

 

are logM = −3.9 and −5.5. Here Δρ = ρL − ρG. These values of M are the same as those 

used in our experimental study (Aoyama et al., 2017). The fluid properties are given in 

Table 1. The velocity gradients ω are 3.2 and 7.4 s−1. The surfactant properties will be 

described in Sec. 4.2. 

 The drag and lift coefficients were evaluated by substituting predicted bubble 

velocity and its acceleration into the equation of motion of a bubble. See Aoyama et al. 

(2017) for more detail of the evaluation method.  

 

4. Results and discussion  

4.1 Validation of the method 

Comparisons between measured (Aoyama et al., 2017) and predicted bubble 

shapes at logM = −5.5 and ω = 3.2 s−1 are shown in Figs. 2(a) and (b) (solid lines), 

where Eo, Re and Sr are the Eötvös number, the bubble Reynolds number and the 

dimensionless shear rate defined by  

 

Eo = !"gd
2

#0
 (13) 
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Re = !L |VR | d
µL

 (14) 

Sr = !d
|VR |

 (15) 

 

where VR (= VB − VL) is the relative velocity. The shape flattens with increasing Eo and 

Re. The dimensionless shear rates are much smaller than unity. At these small values of 

Sr, the bubbles are not so much slanted due to the shear flow and the shapes are almost 

axisymmetric. As shown in Fig. 3(b), the increase in ω gradually deteriorates the 

axisymmetry of the deformed bubble. In all the cases, the predicted shapes agree well 

with the experiments.  

Figure 4 shows a comparison of measured and predicted bubble aspect ratios E. 

The aspect ratio is defined as the ratio of the bubble minor axis to the major axis. The 

influence of the shear rate on E is small both in the prediction and the experimental data. 

The dependence of E on d is predicted well.  

The drag coefficients CD are shown in Fig. 5. For bubbles at ω = 0 s−1, the 

predictions agree with the experiments and CD calculated using correlations of CD and E 

proposed by Rastello et al. (2011) and the authors (Aoyama et al., 2015), respectively. 

The increase in ω increases CD at large Re in the experimental data. On the other hand, 

in the numerical simulations, CD is independent of ω. Further investigations should be 

carried out in the future to clarify the Sr effect on CD.  

Lift coefficients are plotted against Re in Fig. 6. The bubble of d = 1 mm are 

almost spherical at both logM (Fig. 4) and their Re are small (Re < 1). The experimental 
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data of their CL agree with the Legendre-Magnaudet correlation for spherical bubbles 

(1998) given by  

 

CL =
6
!2

2.255
SrRe[1+ 0.2Sr / Re]3/2

"

#
$

%

&
'

2

+
1
2
Re+16
Re+ 29

"

#
$

%

&
'
2

 (16) 

 

At higher Reynolds numbers, CL gradually decreases as Re increases. The 

Legendre-Magnaudet correlation is no longer applicable to the deformed bubbles. For 

this range of Re, the effect of Sr on CL is small. The increase in Re makes CL negative. 

The predictions agree well with the experimental data.  

Tomiyama et al. (2002) pointed out that CL of deformed bubbles at intermediate 

Re and Eo are well correlated in terms of the modified Eötvös number defined by  

 

EoH =
!"gdH

2

#0
 (17) 

 

where dH is the major axis of a bubble. Figure 7 shows the CL plotted against EoH. 

Although CL slightly depends on M, EoH is useful in correlating CL in the present range 

of the dimensionless groups. The predicted CL shows a fair agreement with the 

experimental data. It should however be noted that, for a wider range of M, CL of 

deformed bubbles are not well correlated only with EoH and the viscous effect should 

be taken into account (Aoyama et al., 2017).  

 
4.2 Surfactant effect on CL 

4.2.1 Large Hatta number cases 
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Surfactant properties are k = 5.08 m3/mol⋅s, β = 21.7 mol/m3, Γmax = 5.9x10−6 

mol/m2, DC = 1.1x10−9 m2/s and DS = 1.1x10−9 m2/s. These values are for 1-pentanol in 

the air-water system (Takagi et al., 2009). The initial bulk concentrations, C! , are 30 

and 300 mol/m3. The Langmuir number, which is the ratio of the adsorption rate to the 

desorption rate  

 

La = C!

" ,
 (18) 

 

at C!  = 30 and 300 mol/m3 are 1.38 and 13.8, respectively. Hence the adsorption and 

desorption fluxes are comparable with each other in the former, whereas the adsorption 

flux is much larger than the desorption flux in the latter.  

Figure 8 shows shapes and velocity fields of clean and contaminated bubbles at 

logM = −5.5, Eo = 3.49 and ω = 3.2 s−1, where Γ* = Γ/Γmax, σ* = σ/σ0 and Ha is the 

Hatta number defined by  

 

Ha = kC!d
|VR |

 (19) 

 

The surfactant makes the bubble shape more flattened. The Γ* increases from the nose 

to the rear. The large Ha means that the adsorption is much faster than the bubble rising 

speed, in other words the speed of advection at the interface. The Γ* is therefore high 

over the whole surface. Especially, Γ* in the rear region is close to the saturation value 

of Γ. Due to the high concentration, the reduction of surface tension is remarkable, that 
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is, σ* ranges from 0.33 to 0.55. The whole bubble surface is contaminated, but is still 

mobile, implying that the Marangoni effect is not strong. Figure 9 shows bubble shapes 

at a lower Eo and lower Re. The ω is 3.2 s−1 and 7.4 s−1 in Fig. 9(a) and (b), respectively. 

The increase in ω breaks the left-right symmetry of the bubble shape as in the clean 

bubble case. The range of σ* is more or less the same in these cases.  

The drag coefficients of contaminated bubbles are plotted against the bubble 

Reynolds number in Fig. 10. The increase in La increases CD and CD at the highest La 

are close to those of solid particles (Schiller and Naumann, 1933)  

 

CD =
24
Re
(1+ 0.15Re0.678 )  (20) 

 

The shear rate does not have much influence on CD both for clean and contaminated 

bubbles.  

Figure 11 shows CL of the contaminated bubbles. The increase in La decreases CL 

at both Morton numbers, and therefore, the critical Re decreases. On the CL-EoH plane, 

CL of the deformed bubbles at different La, of course, differ from each other due to the 

CL reduction as shown in Fig. 12.  

It is known that the terminal velocity of a clean Taylor bubble at low Morton 

numbers can be correlated in terms of the Eötvös number only (White and Beardmore, 

1962). The authors (Hayashi and Tomiyama, 2012) simulated contaminated Taylor 

bubbles rising through vertical pipes using the same numerical method. The numerical 

results showed that the terminal velocity of a low Morton number Taylor bubble 

contaminated with surfactant depends on the surface tension near the bubble nose and 
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can be evaluated by making use of available correlations for clean Taylor bubbles, 

provided that the degree of contamination near the bubble nose is known and the 

Marangoni effect in the nose region is negligible. As discussed above, CL of the clean 

bubbles can be correlated in terms of EoH in the present M range and the Marangoni 

effect on the contaminated bubbles is not large. Hence it is expected that CL of the 

deformed bubbles in contaminated liquids can be correlated in terms of EoH using the 

surface tension reduced by surfactant, i.e.,  

 

EoH (!eq ) =
"#gdH

2

!eq

 (21) 

 

where σeq (= σ(Γeq)) is the surface tension in the adsorption-desorption equilibrium 

( !S! = 0 ) in the absence of fluid flows and the concentration, Γeq, in the equilibrium is 

given by Γeq = LaΓmax/(1 + La). In Fig. 13, CL of the contaminated bubbles are 

re-plotted against EoH(σeq). Good agreement between CL of the clean and contaminated 

bubbles implies that the surfactant effect on CL of bubbles contaminated with the 

present surfactant is due to the surface tension reduction.  

 

4.2.2 Small Hatta number cases 

Simulations of contaminated bubbles are carried out with the surfactant properties 

of k = 50 m3/mol⋅s, β = 6.6x10−4 mol/m3, Γmax = 2.9x10−6 mol/m2, DC = 3.0x10−10 m2/s and 

DS = 3.0x10−10 m2/s, which are for Triton X-100 in the air-water system (Takagi et al., 

2009). The C!  is 0.16 mol/m3, which gives a large Langmuir number, i.e. La = 240. 

Hence the adsorption is much dominant in the adsorption-desorption kinetics.  
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Figure 14(a) shows a shape and a velocity field of a contaminated bubble, whose 

Ha is much smaller than the simulations in the previous section. The surfactant 

adsorbing in the nose region immediately flows toward the rear and accumulates in the 

rear region due to the small Ha, which results in a large surface tension gradient in the 

bubble side region. Consequently the bubble surface is partly immobile, that is, the 

upper surface is nearly free-slip and the internal circulation is formed, whereas the 

surface velocity is close to zero and the internal circulation is attenuated in the lower 

part of the bubble. In addition, the Marangoni force mitigates shape deformation. The 

surface immobilization effect is clearer for a smaller bubble as shown in Fig. 14(b), i.e. 

the internal circulation almost vanishes.  

The CL of small Ha bubbles are shown in Fig. 15. Lift coefficients of spherical 

solid particles predicted using BFC (Kurose and Komori, 1999) are also shown in the 

figure. The CL of solid particles approaches to zero as Re increases. Although the 

bubble surface is apt to be immobile, CL of bubbles can take negative values.  This 

may be attributed to the shape deformation. Figure 16 shows CL plotted against EoH(σeq). 

The CL cannot be correlated only with EoH(σeq) since the Marangoni effect is significant 

in these cases. This effect, therefore, should be taken into account when modeling CL of 

contaminated bubbles of small Ha.  

 

5. Conclusion 

Interface tracking simulations of clean and contaminated bubbles in linear shear 

flows were carried out to investigate effects of surfactant on the lateral motion of 

bubbles. The numerical method was based on a level set method, and the 

adsorption-desorption kinetics was taken into account. Ranges of Eo, Re, M and Sr 
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were 2 < Re < 70, 0.6 < Eo < 5, 10−6 < M < 10−4 and 0 < Sr < 1, respectively. Two kinds 

of surfactants were used to examine contaminated bubbles of large and small Hatta 

numbers. The conclusions obtained are as follows:  

 

1. The lift coefficient, CL, of a bubble decreases as the Langmuir number increases.  

 

2. The surfactant decreases the critical values of Eo and Re, at which CL changes its 

sign, due to the CL reduction.  

 

3. The CL of deformed bubbles at large Hatta numbers can be correlated in terms of the 

modified Eötvös number with the reduced surface tension, in other words, the 

reduction in CL due to the presence of surfactant can be understood from the surface 

tension reduction if the Marangoni force is not significant.  

 

4. The Marangoni force has non-negligible influence on CL when the Hatta number is 

small, and therefore, the surface immobilization effect of the Marangoni force 

should be taken into account to model CL of contaminated bubbles. 
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(a) (Eo, Re, Sr) = (0.64, 15, 0.054)  (b) (2.8, 62, 0.056) 

Fig. 2 Comparisons of clean bubble shapes (solid lines) and experiment (photos) at 

logM = −5.5 and ω = 3.2 s−1  
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(a) (Eo, Re, Sr) = (0.65, 14, 0.13) (b) (2.8, 56, 0.14) 

Fig. 3 Comparisons of clean bubble shapes in simulation (solid lines) and experiment 

(photos) at logM = −5.5 and ω = 7.4 s−1  
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Fig. 4 Aspect ratios of clean bubbles in stagnant liquids and linear shear flows 
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Fig. 5 Drag coefficients of clean bubbles in stagnant liquids and linear shear flows 
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Fig. 6 Lift coefficients of clean bubbles 
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Fig. 7 Lift coefficients correlated in terms of EoH 
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Fig. 8 Comparison of shape between clean and contaminated bubbles at logM = −5.5, 

Eo = 3.49 and ω = 3.2 s−1. 
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(b) ω = 7.4 s−

1, Sr = 0.18 
Fig. 9 Effect of shear rate on contaminated bubble shape (logM = −5.5, Eo = 1.55, Re = 

24, La = 13.8, Ha = 37) 
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Fig. 10 Drag coefficients of bubbles contaminated with surfactant 
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Fig. 11 Lift coefficients of bubbles contaminated with surfactant 
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Fig. 12 Lift coefficients plotted against EoH(σ0) 
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Fig. 13 Lift coefficients plotted against EoH(σeq) 
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Fig. 14 Contaminated bubbles of small Hatta numbers 
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Fig. 15 Lift coefficients of bubbles of small Hatta numbers 
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Fig. 16 Lift coefficients at small Hatta numbers plotted against EoH(σeq) 
 


