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It is well known that gravitons can convert into photons, and vice versa, in the presence of cosmological

magnetic fields. We study this conversion process in the context of the atomic dark matter scenario. In this

scenario, we can expect cosmological dark magnetic fields, which are free from the stringent constraint

from the cosmic microwave observations. We find that gravitons can effectively convert into dark photons

in the presence of cosmological dark magnetic fields. The graviton-dark photon conversion effect may open

up a new window for ultrahigh frequency gravitational waves.

DOI: 10.1103/PhysRevD.98.023540

I. INTRODUCTION

The cosmological magnetic fields provide intriguing
phenomena in cosmology. In fact, it is known that there
occurs the conversion between photons and axions in the
presence of cosmological magnetic fields, which can be
used to probe the configuration of magnetic fields [1].
Remarkably, it has also been known that the presence of
background magnetic fields induces conversion between
gravitons and photons [2,3]. This possibility is worth
investigating further. Indeed, the graviton-photon conver-
sion may give rise to a new perspective on the gravitational
wave physics.

Apparently, the stronger the magnetic field is, the more
efficient the graviton-photon conversion is. However, the
cosmological magnetic fields are constrained by observa-
tions of the cosmic microwave background (CMB) radi-
ations. If we go back to the earlier universe, the strength of
cosmological magnetic fields increases as the inverse of
the square of the scale factor. In fact, there are some studies
investigating conversion in the primordial cosmological
magnetic fields around the recombination and in the
subsequent epoch [4—11]. The authors in [4-9] explored
the possibility that CMB photons convert into gravitons.
They proposed to utilize the deviation from the black body
radiation spectrum as an alternative and independent probe
of the cosmological magnetic fields. In [10,11], they try to
detect high frequency gravitational waves from primordial
black holes (PBHs) [12] by converting it into an x ray in the
cosmological background magnetic fields. In any case,
however, the conversion probability is considerably low.
Hence, it is tempting to say that the graviton-photon
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conversion is irrelevant to cosmology. However, it is still
premature to conclude so.

It is well recognized that the dark matter is one of the big
puzzles of modern cosmology. The apparent absence of
evidences for weakly interacting massive particles (WIMPs)
at the LHC and from direct observations tells us that the dark
sector may contain more fertile structures to be explored
[13-17]. Among them, we focus on a dark sector charged
under a hidden U(1), gauge symmetry in this paper. In order
to form the large scale structure of the Universe through
gravitational instability, the dark matter has to be neutral
by making atomic bound states, dubbed the atomic dark
matter [18—-27]. This model has been studied from various
perspectives.

It should be emphasized that there exist dark photons in the
atomic dark matter scenario. Therefore, it is natural to study
graviton-dark photon conversion in this specific dark matter
scenario. Indeed, from the point of view of gravitational wave
physics, it is worth investigating the possibility that gravi-
tational waves disappear into the dark sector on the way from
the source to us. Our main observation is that, from the point
of U(1), charged dark matter, dark cosmological magnetic
fields can be generated during inflation as the conventional
cosmological magnetic fields. In this paper, we study
graviton-dark photon conversion in the presence of cosmo-
logical dark magnetic fields. Remarkably, as we will see in
Sec. IV, the graviton-dark photon conversion becomes
efficient. The main reason is that the constraint from
CMB on the dark magnetic fields is less stringent than that
on the conventional cosmological magnetic fields. Another
possible reason is that we can reduce the plasma effect by
choosing the parameters in the dark matter. Note that the
graviton-dark photon conversion is not useful for probing
cosmological magnetic fields but opens up a new way to
explore ultrahigh frequency gravitational waves. This could
be possible through the photon and the dark photon mixing.

© 2018 American Physical Society
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The paper is organized as follows. In Sec. II, we
introduce the atomic dark matter scenario. Then we review
the graviton-dark photon conversion in terms of
Schrodinger type formalism in Sec. III. We calculate the
conversion rate numerically in Sec. IV. We also discuss
implications of our results. The final Sec. V is devoted to
the conclusion.

II. ATOMIC DARK MATTER

The dark sector of the Universe has not been unveiled
until now. Hence, there are many possible models for
the dark sector [13—17]. In this paper, we focus on the
atomic dark matter model [18-27]. We consider two
fermions oppositely charged under a new U( 1), dark gauge
force. Massive fermions eventually form hydrogenlike
bound states by exchanging dark photons. Subsequently,
the structure formation begins due to the gravitational
instability.

In order to study the graviton-dark photon conversion,
we need to understand dark plasma and dark magnetic
fields. Therefore, first, we illustrate the thermal history of
the dark sector, and then we summarize parameters which
characterize the atomic dark matter scenario. Next, we
discuss a possible magnitude of cosmological dark mag-
netic fields.

Note that we do not intend to give a complete solution to
the dark matter problem. In fact, the study of the dark sector
is now developing. Here, we take a simple setup to illustrate
our main idea.

A. Thermal history of the dark sector

In this subsection, we review the thermal history of the
dark sector in brief [23,28,29]. After the end of inflation,
visible and dark sectors are reheated and have different
temperatures, T and 7', due to different couplings with the
inflaton. Hereafter, we denote physical quantities of the
dark sector with a hat. They could initially be equal either
due to the same coupling with inflation or due to the
thermal contact between them. However, once two sectors
are decoupled, entropy will be separately conserved in each
sector. Thus, in general, T is different from T. We para-
metrize the mismatch by

o
ll

(1)

’\].l ~

Note that the energy density in the radiation dominant
period reads

71'2

Prot = %g*tot(T)T“f (2)
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Using the formula of the entropy per a comoving volume

Pot + P
s =L, )

we obtain the entropy density in the radiation dominant
period as

14 272
Stot = Tgplot = Eg*s,tot(T)T3’ (5)

where
g*s,tot(T) = g*s (T) + g*s (T)
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Since the entropy per a comoving volume s, conserves,
the decrease of the effective degrees of freedom (d.o.f.)
causes temperature growth against adiabatic cooling. In the
early universe, £ changes with temperature since visible
sector d.o.f. decrease with cosmological expansion.

The values of §.(T) and §,,(T) depend on how to choose
a dark parameter set, but in the following, we consider only
the situation where §.(7T) = §,,(T) is established. In other
words, we assume that the dark sector is in thermal
equilibrium. Details about the parameters which fix the
thermal history of the dark sector will be described in the
next subsection.

Big Bang nucleosynthesis (BBN) is very sensitive to the
expansion rate of the Universe determined by the energy
density (2) through the Friedmann equation. In fact, the
number of relativistic d.o.f. at the time of BBN is con-
strained by the abundances of the light elements. We have a
constraint in terms of the effective number of light neutrino
species. Recently, in fact, the Planck put a more stringent
constraint [30],

AN = 0.11 £ 0.23. (7)

This result seems to exclude the existence of relativistic
particles, such as a dark photon, in the dark sector, but that
is not true. This is because the temperature of dark radiation
can be much lower than a visible one. In such a case, the
percentage of §,(Tppy) contributing to the expansion rate
is suppressed.
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Whether a dark electron/positron contributes or does not
contribute depends on dark parameters; it varies continu-
ously from

~ 7 11
Q*(TBBN):2+§X2X2:7 (8)

to

9.(Teen) = 2. ©)

where the dominant components contributing to g*(TBBN)
are dark electron/positron and dark photon, provided that
the dark proton is massive enough to be nonrelativistic at
the time of BBN.

In principle, Q*(f") can be calculated, once the param-
eters in the dark sector are given. In that case, the dark
radiation temperature at an arbitrary z is given by

A RN 13
T(z) =Ty(z+1) <?((77l?))> , (10)

where §,(T,) = 2. It is known that §, (Tggn) = 11/2 holds
for many dark parameter regions [23], so the temperature in
both sectors rises by (11/4)'/3 after (dark) electron/positron
annihilation. After neutrino decoupling (~1.5 MeV), the
d.o.f. in both sectors change only through (dark) electron/
positron annihilation. In this case, we can make & constant
approximately after the BBN, In the following, we omit the
suffix & = &,. As a side note, it is known that &, ~ 0.5, if the
visible and dark sectors were coupled above the electroweak
scale [31].

Here we provide several comments. As far as the
background cosmological expansion is concerned, the
constraint on Ny would be translated into the constraint
on &. Hence, dark components leave the back ground
expansion history of the Universe unchanged. However, it
affects the evolution of density fluctuations. Since the dark
radiation has coupled to the dark baryons until the dark
recombination time, dark radiation is not entirely free
streaming unlike neutrinos. Therefore, it is not straightfor-
ward to interpret the dark radiation in terms of N.g. Using
cosmological data from the CMB, baryon acoustic oscil-
lations, and the large-scale structure, we can give con-
straints on the strength of its interaction and the possible
fraction of interacting dark matter [24]. They conclude that
models with eV-scale binding energy is limited to fi, ~ 5%
from CMB measurements. Here, we defined the ratio of
interacting dark matter energy density p;,, to overall dark
matter energy density ppy as

Pin
int Ele\t/I ’ (11)

where

PDM = Pint T PCDM>

and pcpy 1S the energy density of the collisionless dark
matter. In this paper, we set fi, = 1 for the sake of
simplicity. This assumption affects only a number density
of the dark hydrogen atom. The presence of charged
particles which are not neutralized as the dark hydrogen
atom acts to decrease the conversion probability. Making
fint smaller than 1 has only a positive influence on
conversion, so we do not think this assumption is prob-
Iematic. In addition, in Sec. IV, we choose not the eV scale
but 10 keV as a binding energy. Notice that the interacting
relativistic species are also studied in [15,17].

B. Parameters

An atomic dark matter model is a kind of hidden-charged
dark matter model [14,29] and behaves as the cold dark
matter in the limit of large atomic binding energy and a
large dark fine structure constant. In the early universe, all
of the dark atoms are ionized and in the state of the dark
plasma. When the dark radiation temperature 7" falls down
to the binding energy of the dark atom Ej, two massive
fermions start to form a hydrogenlike bound state. We
should emphasize that the thermal history of atomic dark
matter is very different from that in the standard visible
sector and strongly depends on the choice of parameter sets
in the dark sector. In this subsection, we summarize
parameters which characterize the atomic dark matter
scenario we consider.

We shall call massless gauge boson “dark photon,”
lighter fermion “dark electron” (with the mass 7,), and
heavier fermion “dark proton” (with the mass 7,) in
analogy with the visible sector. In this paper, we do not
get into details of the origin of the dark sector. We assume
the number of two fermions are equal and the dark sector is
neutral under the U(1), gauge symmetry. A two-body
system composed of a dark electron and a dark proton can
be analyzed by using the reduced mass f,

M, 1
=t (12)
m, +m,

The binding energy Ep can be expressed by the dark fine
structure constant @ and the reduced mass ji as

N

Ey = - jia>. (13)

Then, denoting the mass of the finally formed dark atom as
my, we can express the masses of dark fermions by

imposing the following relation:

ﬁie+’;’\1p—EA'B :l’hH. (14)
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Solving (12) for #1,, we obtain

m, =200 (15)
m, —fi

Substituting it into (14), we have the equation for 71,
M3 — (g + Eg)in, + (g + Eg)it = 0. (16)

With paying attention to the positivity of the mass /1, > 0,
we get

i + B+ Ui + B = 40 + B
2 2
Now, it is easy to obtain the dark electron mass. We
identified three parameters characterizing the dark hydro-
gen atom, i.e., the dark fine structure &, the binding energy
Eg, and the dark atom mass 7. Even though one can

choose these three parameters freely, in order to have a real
solution, the following condition should be satisfied:

m

(17)

R SE
iy + Eg > 40 = &ZB, (18)
or
My 8
TS (19)
B a

Recall that 7 < Ejy is the condition for the onset of the dark
recombination. In other words, Eg /¢ fixes the redshift of

dark recombination, where we assume & is constant (see
Sec. IT A),

o
1]
NI~

. (20)
z=0

Thus, the parameter set (a, EB, my, &) determines the
atomic dark matter scenario. In particular, @ governs the
interactions between dark sector components, and 71y fixes
the number density of atomic dark matter.

C. Dark recombination

Once the dark radiation temperature 7' falls down to the
dark binding energy Ejp, the dark fermions begin to recom-
bine. Notice that the dark recombination process strongly
depends on the choice of parameters (&, Eg, iy, £). We refer
the readers to [23] for details of the dark recombination
process. In this paper, we narrow down our target to the
parameters for which the recombination time is slightly
shorter or comparable to the cosmological expansion time. In
fact, the standard visible sector is also categorized into this
group. We can capture the recombination process by solving
the Boltzmann equation

d o (o) [ (i, T\ B o
i (i) < Ma-i-ial e
H

where X, is the ionization rate of the dark electron,

A

n n n
X, =—=———=—»F"— (22)
n, n,+ny n,+ny

and 71, 71, and 71, are the number density of dark matter, dark
electron, and dark proton, respectively. We assume that we
can neglect the number of helium atoms, and that the
Universe is neutral under the dark U(1),, charge, 71, = 1,,.
We also set f;,; = 1 [see the definition of f;,, (11)]. Note that
(o) is the thermally averaged recombination cross section.
If an electron is directly captured to the ground state in the
dark hydrogen, it produces a high energy photon enough to
ionize other surrounding atoms. Thus, we neglect the direct
process which brings no net change, and instead we consider
a process that an electron is captured to an excited state. We
use a? to denote the thermally averaged recombination
cross section excluding the direct capture to the ground
states [32,33],

64r [(a\2 | E E
Foy =g = (@Y By o (Ba) o
(ov) = @™ = —= (ﬂ) kBTd’z(kBT) (232)

It is known that the function ¢,(Ep/ksT) can be

approximated by
E E
¢2< BA) ~0.448 ln< BA).
kT kT

Here, we should mention the applicability of the formula
(23). In [23], it is pointed out that the formula (23) is not
always applicable for general dark parameter sets.
However, for the parameters on which we are focusing,
we can adopt (23) because dark photons and dark fermions
are kept at thermal equilibrium at a single temperature in
the following manner. The dark electrons receive the
energy frequently through the Compton scattering with a
dark photon, and the energy of dark fermions is redistrib-
uted through the Coulomb scattering. On the other hand,
for dark atoms, there is a large parameter space for which
such a Compton heating does not work well at T> Ep.
Thus, in general, one must consider all of the mechanisms
governing the energy exchange between dark photons and
dark baryons, and as a consequence (23) ceases to be
sufficient. In the present cases, this does not happen.

The dark radiation temperature at an arbitrary z is given
by (10). However, we do not need to take into account the
change of the number of relativistic species as long as we
consider the period after the dark recombination. Therefore,
we consider only the adiabatic cooling of dark radiation
temperature 7"

(23b)
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T(z) = To&(z + 1). (24)

This is because the dark recombination always happens
after the dark electron/positron annihilation.

Figure 1 shows Eq. (21) solved numerically with
consideration for expansion of the Universe. Please see
Sec. 1V for details.

D. Dark magnetic fields

The Faraday rotation measurements and observations of
the CMB give the upper bound for the strength of the
intergalactic magnetic fields Bjgyr < 107 G [34,35]. The
generation mechanism has not yet been clarified, but one of
the leading candidates is of primordial origin. In the context
of U(1), charged dark matter, dark cosmological magnetic
fields can also be generated with the same mechanism as
that for the standard cosmological magnetic fields. Here,
we consider constraints on the dark magnetic fields.

The energy density of cosmological magnetic fields at
present is

(1072 G)?~8.74x 107" g/cm* ~1.02 x 107 p,, < Q,p,.,.
(25)

where p., = (1.91h%) x 1072 g/cm? is the critical density,
h =0.67, and Q, = 9.25 x 1075, Since there is no direct
observation of dark magnetic fields, a larger energy density
of dark magnetic fields is allowed as long as it does not
dominant the radiation energy density. Notice that there
exist margins between radiation and cosmological mag-
netic field energy density. Hence, we can take the dark
magnetic field strength éo at present as

100'—\

1071

1077

10777

Ionization Rate

1077

-5
107 106 10° 10 10® 10* 10 0
Redshift

10

FIG. 1. Ionization rate. We plot the dark recombination process
as a function of redshift z by solving Eq. (21). a = 0.05,
Ey=10keV, iy =1 TeV, E=0.5, Ty = 2.73 K.

By~107° G. (26)

In the subsequent sections, we study the effect of the
presence of the dark magnetic fields.

III. GRAVITON-DARK PHOTON CONVERSION

It is well known that gravitons can be converted into
photons and vice versa, in the presence of background
magnetic fields [2-11]. In this section, we consider
graviton—dark photon conversion in the presence of back-
ground dark magnetic fields, which was introduced in
Sec. II D. Throughout this paper, we assume the uniform
magnetic fields for the configuration of magnetic fields. In
this section, we review the conversion mechanism in terms
of Schrodinger-like formulation.

We consider the following system:

1
S=——
162G

1 ..
+ / d*x\/=g {_Z ¢"GF L F

. 7 (B oy 1 (Lo, oo 2 (27)
—_— —_ _8 s
907 | " 4\2 e

where ¢ = det(g,,), G=1/ Mgl is Newton’s constant,
My =12x10" GeV,and F,, = 9,A, — 9,4, is the field
strength of the dark electromagnetic field Aﬂ. We defined
the dark fine structure constant & and the dark electron mass
,. The quartic terms of F w 1s the Euler-Heisenberg

effective Lagrangian.
The action (27) gives rise to the Finstein equation

d*x\/—gR

K> A oA 1 A oA
G/w = 3 |:gaﬂF¢mFﬁu - Zg;wFaﬁFaﬂ:|
Kl
+ 2 90/t

7 1 Apg A(lﬁ 2
- Z g/w 5 ea[)’/)o'F F (28)

[gﬂu(ﬁaﬁﬁaﬁ)z - Sﬁaﬁﬁaﬂg/)aﬁpyﬁou

and the dark Maxwell equation

~2
A a T
V=V, [4(Fa s FPE)
e

1 S B
+7 <§ Eappo PP Eemﬂnﬂﬂ . (29)

A. Schrodinger-like formulation

Let us start with the following metric:

G = Ny + KNy (X, 1) = 14|88 + k0%, (x,1)],  (30)
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where 77, is the flat Minkowski metric, x = v/16xG, and
we assumed |k, | < 1. We impose the transverse traceless
(TT) gauge condition,

hoﬂ = 0, ahu - O,

i l’lil‘ :0 (31)

We can divide the dark electromagnetic field into back-
ground and its perturbation

Fo=Fu+ fu A, =A,+3A, (32)

We use the radiation gauge,

A

Aﬂ = (07Atotal)’ \Y 'Atotal =0. (33)

The static background magnetic field and propagating
electromagnetic waves are described by

£ _ 8Atotal _ a(é‘a)

B VXA, FOi:Ei: ot a1

(34)

Hereafter, we denote Bas Band A as A for simplicity. We
expand /;; and A ; by plane waves as

A =i E e’leﬂe‘”“f = iA uje” 4 iA v;e™,
A

hij = E h,lefje_”"’ — h+€?}€_lmt + hxe;(je—zwt’ (35)
A

where A=+ or — The coordinate system is set as
illustrated in Fig. 2. The linear polarization tensors for
gravitational waves can be defined as

+

— X
el = Ul — ;v ef; =uw; +vu;.  (36)

Vi ij
We consider monochromatic gravitational waves traveling
along the Z direction. Note that we use capital Z to
represent the coordinate in order to avoid confusion with
the redshift z appearing later. The dark magnetic field is
projected on the x —y plane and the y direction is taken

A

L A
direction
of
propagation

A

(Y

B
8 ]

X

FIG. 2. Coordinate system.

along the projected magnetic field B. The linearized
Einstein equation is given by

2 A A 2 1 A 2
Ohy; = k[Fifr; + fuFx; +§7]ijflekl]v (37)
and the linearized dark Maxwell equation reads
DA\i - K‘aj [hjkﬁki + hliﬁjl] (38)

: néi

— 40B;B,AA, + 20B°0IA; 4+ 70B,,B,;0,0,A,,. (39)

where
402
= 40
= J5ms (40)
We obtain
Oh, = —ixkBAu; = xkBA .,
Oh, = —ikkBA;v; = kkBA,, (41)

by projecting (37) into e?; and e}, respectively. Moreover,
the dark Maxwell equation is rewritten as follows:

iZe’liDAAe‘i“” = ikk;hye B, + 20870 - 40B k2] A,
2
+ [40k*B —T0w* B)iBA  v;e7".  (42)
Projecting (42) into u;, we obtain
(1 =20B>)0 + 40k*B*JA, = kkBh,,  (43)
and projecting (42) into v;, we obtain
[(1 —20B*)0 + 7ok*B*|A, = xkBh,. (44)

Since ¢?, h, 0, hyo can be neglected, (43) and (44) can be
reduced to

[0+ 40k*B*|A, = kkBh..
[0+ 7ok*B?|A, = «kBh,. (45)

To sum up, we obtained linearized FEinstein and dark
Maxwell equations:

Oh, = kkBA.
Oh, = kkBA,,

[0+ 40k*B*A, = kkBh.,.,
[0+ 70k*B*A, = kkBh,,. (46)
Assuming w~k and [O=(w+idy)(w—id,) =

(0+i07)(w+ k) ~2w(w + i07), we can simplify the
equations as

023540-6
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A

B .
((1) + laz)h]L = 2\/7_[—14/1,
My,

. U B
(a) + laz)Al +§QG)B2A/1 = 2\/7_TM—h/1,
pl

where =4 (forA =+) or =7 (forA = x). By intro-
ducing P,
h.(2)
Y= A+ (Z) e—imZ
hy(Z)

Ax(2)

’

we can finally deduce the basic Schrodinger type equation

0o A, 0 0
d A, A, 0 0
i—v=| 7 7 o ly. @)
dz 0 0 0 A,
0 0 4, A,
where the mixing term is defined by
A, =2x B (48a)
= T—, a
gy Mpl

and the effective photon mass term is given by

A

A}, = Ap + AQED

The dispersion relation for dark electromagnetic waves
propagating in the dark plasma is modified to

o =k + cb% (48b)
where the plasma frequency is defined by

IO

wy, = 47mﬁ1—, (48¢)

Y

with the dark electron number density 7,. Thus, the effect
of the plasma is described by

)
“p

A .
27 2w

(484d)
The QED effect [36] depends on the polarization 4,
(48e)

o A A 7 A
AQED+ = —ZQ(I)BZ, AQEDX = —EQCUBZ

These effects (48b)—(48e) on gravitational waves need not
be considered, because the interaction of gravitational

waves with the medium is very weak. Note that the
Schrodinger-like equation can be block diagonalized as

d
Y= M, P 4
le mix ’ ( 9)

where the mixing matrix M, is defined as follows:

M 0 0 A
Mmixs< > ME(A ;‘”). (50)
0 M A, A,

gr

We see that each of two independent polarization compo-
nents of gravitational waves mixes with a particular
polarization component of electromagnetic waves.
Mathematically, we obtained the equations with the similar
structure to the conversion between photons and axions [3].
However, there is a qualitative difference. In the case of
photon to axion conversion, when an unpolarized electro-
magnetic wave propagates through homogeneous magnetic
fields, the linear polarization appears, because only one
component can convert into axions. In the case of photon-
graviton conversion, cases like that never happen.

We can discuss each polarization separately. Thus, we
analyze the time evolution by reduced equation

d
=M 1
4 v, (51)

()

Now, we derive the conversion probability by solving (51).
To this end, we introduce an orthogonal matrix O which
diagonalizes M

A, O cos@ sind
OMO" = , O= . (52)
0 Ai_ —sinf cosf

where the eigenvalues of M are given by

where

A, 4+ /(A)?+ (24,,)?
v 7 9r
lj: - 2 s (53)

and the definition of mixing angle 6 is given by

~ ~ A~

2A A 2A
tan29:—A—g7, L, sin20="%, (54)

=
7 osc Aosc

cos20 =—

>

where we defined the oscillation length A;S‘C,

>

Ao =24, — A =1/(A,)? + (24,,)2. (55)
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Defining = Oy, we can solve (51) as
Fi(Z) = wi(Zo)e 7. (56)
Thus, we have

Z /‘//J

j=1

[\S]

ll/i(Z)

Z 0 —i/l_,Z’ (57)

where 1; = 1., and 1, = A_. Finally, we obtain

h,(Z) = [cos20h,(Z,) + cosOsinOA, (Z)]e#+7
+ [sin20h;,(Zy) — cosOsinOA, (Z)]e -7,
A,(Z) = [cos@sinOh,(Zy) +sin*0A ,(Z,)]e 7
+ [—cos@sinbh,(Zy) +cos20A,(Zy) e %, (58)

Assuming the initial conditions /,(Zy) = 1,A,(Z,) =0,
we find

h;(Z) = cos*@e™*+Z 4 sin®Qe~ -2,

A,(Z) = cos Osinfe™*+Z — cos @ sin Qe *-~.

Thus, the conversion probability after propagating the
distance Z can be deduced as

2A,\2 A,
P=(="%) sin?(=7). 39
) (52) o

The effect of photon effective mass Ay can vanish, since A »

and AQED have opposite signs. In this case, the conversion
probability ceases to depend on the frequency w, and the
probability becomes

P =sin*(A,,2). (60)

This corresponds to the maximum mixing 6 = z/4 for
which the complete conversion is possible. However, the
typical value of the mixing term is

. B
A, =2Vr—
qr \/]-TMpl

— 9.04 x 107 Mpe-! 1.2 x 10" GeV B .
My 107 G

(61)

Hence, in order to achieve A, Z ~7/2, we need Z ~ 10'2 pe.
Therefore, the efficient conversion requires strong dark
magnetic fields even in the absence of Ay.

In the case that the cosmic expansion cannot be
neglected, we need to take into account the time evolution
of physical quantities and solve the equation

()= o s ()
(62)

where a is the scale factor, H is Hubble parameter, and we
used the following relation:

d d d

Equation (62) can only be solved analytically in limited
circumstances.

IV. THE CONVERSION RATE:
NUMERICAL RESULTS

In the previous sections, it turned out that gravitational
waves and the dark photon can mix with each other, if
dark magnetic fields exist in the context of atomic dark
matter. In this section, we set source of gravitational waves
and atomic dark matter scenario concretely. Then, we
investigate the conversion probability with numerical
calculations.

We suppose gravitational waves are emitted from PBHs.
After inflation, very light primordial black holes with the
mass <10% g can dominate [12]. Indeed, high energy
gravitational waves can be emitted during evaporation of
PBHs before the BBN. The mass of PBHs determines the
peak frequency and the maximum value can be MeV today.
The density parameter can be h§Qy,, ~ 1078, It is expected
that such high energy gravitational waves can be detectable
by converting it into an x ray in the presence of cosmo-
logical magnetic fields [10,11].

We are interested in the conversion probability in the
cosmological history. The dark recombination occurs
before the recombination in the standard visible sector.
The dark electron number density drastically drops off
around that epoch. We derive the conversion probability by
solving the equations starting at z = 10° where the dark
electron density is almost fixed (see Fig. 1).

We solve Egs. (62) and (21), with the parameters
£=0.5, a=0.05,

Ez=10keV, my=1TeV. (64)

Using (12), (15), and (17), we obtain

m, = 8 MeV, i, =1TeV, A =8MeV. (65)
In the following, we adopt the normalization gy =1 at
redshift zy = 0, and represent a physical quantity of this
age with a suffix 0 added. The dark baryon density (dark

hydrogen density) is given by

N Per - Lcpm
Npo=—""7~ >
my

(66a)
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where we assumed Qcpy = 0.267 and f;,, = 1 (11). Note
that the present CMB temperature is

T, =273 K. (66b)
As previously mentioned in Sec. II D, we set
By =1.95x 1078 eV2, (66¢)

where we used 1 G = 1.95 x 1072 eV2. The wavelength of
gravitational waves at present is stretched by redshift, so its
energy is given by
wy=1¢eV. (66d)
We consider the time evolution of each parameter in (62)
and (21). The Hubble parameter is given by

Q, Q,
HEHO a—;n—f—y—‘rgl\,

where we used the density parameters normalized by the
present (z=0) critical density p.,=(8.1-h?)x 1071 eV*
More precisely, we set h=0.67, Q, =0.315, Q, =
9.245 x 107>, Q, = 0.685. The Hubble parameter and
scale factor always appear with the combination,

(67)

Q, Q
aH = H, \/ —+ 5+ a’Q,. (68a)
a a
The dark electron number density is given by
o _ fipo
fe(a) = X, (a) 22, (68b)
a

and the dark radiation temperature reads

A

T(a) :E.

a

(68¢c)

Since the strength of the dark magnetic field evolves as
the inverse of the scale factor squared, the frequency of
gravitational waves evolves as the inverse of the scale
factor, and the number density of the dark electron evolves
as the inverse of the scale factor cubic, the variables A
introduced in (48) evolve as follows:

« B 1
Ag}/ = 2\/7_1'M7pl X ;, (483.)
A &% dmnan, 1 (48d)
= = "X —
P20 20 m,  d?’
A B2 g )
Agep % —QwB~ 25 wB” = (48e)
Thus, we have the following equations:
A, (a 1A
@) _ 1 sl (68d)
aH H a
Ayfa) _ 1 riipoXe(@ | Bowo] oo
aH H|m, w, d° a® |

In Fig. 1, we show the dark recombination process. Note
that we do not consider dark reionization.

We solve Eq. (62) numerically from z = 10° where dark
neutralization is sufficiently advanced to z = 0 with the
initial conditions

I,(z=10)=1, [(z=10°)=0. (69)
In Fig. 3, we repeated the calculations by changing the
current energy of gravitational waves @, while fixing the

£:=05,6:=0.05 Ep := 10keV, iy := 1 TeV

0.8 0.8 0.8
> 0.05 eV > 0.3 eV > 0.5eV

< c c
3 8] 8

£ 04 5 04 £ 04

0.2 0.2 /\/—— 0.2

0 0 0

105 10 10% 102 10 0 100 10 108 102 10 0 10° 10 10° 10° 10 O
Redshift Redshift Redshift

| — ], I, |

FIG. 3. Graviton—dark photon conversion (BO = 1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z,

changing current gravitational waves energy .
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€:=0.5,4:=0.05,Ep := 10keV,1hy = 1 TeV

1
0.8 08
2 2
g 0.1uG g
= 04 5 04
0.2 0.2
0 0

1 1
. 0.8

10° 102
Redshift

10° 10 10 0

10%

Redshift

2
= 0.6
-O.5LLG § 1uG
E 04
0.2
0
0 10 0 10° 10* 10 10° 10 O
Redshift
IW

FIG. 4. Graviton—dark photon conversion (w, = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z,

changing current dark magnetic field strength B,

current dark magnetic field strength By = 1 4G. In Fig. 4,
we did the same by changing the current dark magnetic
field strength B, while fixing the current energy of
gravitational waves @y, = 1 eV. Both Figs. 3 and 4 show
that graviton—dark photon conversion can be effective, if
dark magnetic fields are larger than the conventional one
and such high frequency gravitational waves exist.

V. CONCLUSION

We studied the graviton—dark photon conversion in the
presence of the cosmological dark magnetic fields in the
scenario of the atomic dark matter and found the conversion
can be effective. This is in contrast to the graviton-photon
conversion in the conventional magnetic fields, which is
less efficient due to the Planck mass suppression and the
upper bound for the cosmological magnetic field. In the
present case, since there is no robust constraint for the dark
cosmological magnetic fields and the choice of the dark
parameter set, the probability of graviton—dark photon
conversion can be high in the atomic dark matter scenario.
It should be mentioned that the graviton—dark photon
conversion is useful as a detector for ultrahigh frequency
gravitational waves. This can be realized through the
photon and dark photon mixing although the detailed
method is model dependent.

It has been argued that gravitational waves from the PBHs
can be observed by converting them into x rays in the
cosmological magnetic fields [10—12]. However, our results
suggest the possibility that, within the atomic dark matter
scenario, such an observation method should be reconsidered
by taking into account the graviton—dark photon conversion.

There are remaining problems in the study of the
graviton—dark photon conversion. In the present work,
we found a dark parameter set which shows the efficient
graviton—dark photon conversion. Although the graviton—
dark photon conversion occurs at the very high frequency in
the cases we found, there is still a chance to find a dark

parameter set for which the conversion is effective even for
lower frequency regions. Indeed, we can choose freely &, Ej,
and 71y as long as they satisfy condition (19). In Appendix B,
we presented other numerical results Figs. 5-20. However,
formula (23) is not always valid for these parameters.
In fact, we should scrutinize the recombination process in
detail [23]. If we could find a dark parameter set for the
effective conversion of the low frequency gravitational
waves, we may be able to observe the dark photon conversion
into gravitational waves. Moreover, we may be able to use
gravitational waves to explore the atomic dark matter. We
leave these issues for future work.
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APPENDIX A: DENSITY MATRIX
FORMULATION OF CONVERSION

There is a possibility that a dark photon would be
attenuated by dark Thomson scattering [10]. This phe-
nomenon can be described by the following formalism. We
confirmed numerically that the same result can be obtained
with both Schrodinger-like and density matrix formulation.
Since the same result was obtained using two kinds of
expressions, it assures the correctness of our numerical
calculation but it does not affect the contents.

It is possible to follow the time evolution of the system in
terms of an equation for the density matrix p [37],

.dp
1 — =

a7 M,p _pM:Lotv

(A1)
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where

maz(“@§®amaﬂa»

< 1, K—M)
A,(2) K+iL I, )

(A2)

When M, is Hermitian and M, = M, the right-hand side
of (Al) is represented by a commutator

.dp
2 = (Mo ) (A3)
Note that Egs. (51) and (A3) are completely equivalent.
Solving the above equation formally, we obtain
p(Z) = emiMuZ p(0) M. (Ad)
However, there is no actual isolated system. Indeed,
any system generically interacts with its environment.
The interaction with the environment makes M, non-
Hermitian, and the conversion probability is not conserved.
Thus the density matrix formalism (A1) is more general.
The total Hamiltonian of an open system is given by

where M and the damping factor I" are both Hermitian. For
example, in the case of dark Thomson scattering

0 O
I'= N E (A6)
0 orn,
Substitution of (A5) into Eq. (A1) leads to
.dp .
40 = M) = i{T" p). (A7)

The first term in (A7) represents the usual Schrodinger
term, and the second one describes the decoherence.

In the case that the cosmic expansion cannot be
neglected, we need to take into account the time evolution
of physical quantities and solve the equation

dp

iaH - = [M(a).p] ~ i{l(a). p}. (A8)
Here, we used the following relation:
d d d

where a is the scale factor and H is the Hubble parameter.
Each component of Eq. (A8) can be written explicitly as

Mg =M =il (A5) follows:
|
I, 0 0 0 24, (a)/aH \ /1,
d i, _ 0 —T'(a)/aH 0 ~24,(a)/aH || 1, (AL0)
da | K 0 0 —I'(a)/aH A (a)/aH K
L —A,(a)/aH A, (a)/aH -A/(a)/aH  -T(a)/aH L

APPENDIX B: GRAVITON-DARK PHOTON CONVERSION WITH VARIOUS PARAMETERS

1. Change in dark fine structure constant &

£:=0.5,6 := 0.045, Fp := 10keV, iy := 1 TeV

1
0.8 0.8
= [oosev] =
‘B 0.6 ‘% 0.6
2 2
3 3
= 04 S 04
0.2 0.2
0 0

AT

NI

o
®

Intensity
o
(=2}
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e
o o

10° 10 10° 102 10 0 10° 10
Redshift

Redshift

102 10 0 10° 100 108 10° 10 O
Redshift

— 1,

— 7, |

FIG. 5.
gravitational waves energy .

Smaller & (BO =1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
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€:=0.5,4 = 0.045, Ep := 10keV, g := 1 TeV
1

| [TRI
0.8 0.8 0.8
206 206 B 06 1uG
§ 0.1uG g 0.5uG §
5 04 504 £ 04
0.2 0.2 0.2
0 0 0
10° 10 10% 102 10 0 10° 10t 10° 10> 10 0 10° 10t 10° 102 10 0
Redshift Redshift Redshift
| — ], I, |

FIG. 6. Smaller @ (wy = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark
magnetic field strength B.

€:=0.5,4 := 0.055, B := 10keV, 1hy := 1 TeV
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— ], I, |

FIG. 7. Bigger a (By = 1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy .

£:=0.5,6:=0.055, Fp := 10keV, g := 1 TeV
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FIG. 8. Bigger & (wy = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark
magnetic field strength Bj.
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2. Change in dark binding energy Ep

€:=0.5,6:=0.05, Eg := 5keV, iy := 1 TeV

1 1 :
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102
Redshift

10t 10° 10 0

10* 10%
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0

:
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— Ig —

I

10%
Redshift

10t 10° 10 0

FIG. 9. Smaller EB (l§0 = 1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current

gravitational waves energy .

€:=0.5,4:=0.05, Eg := 5keV, 1y := 1 TeV
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g o4 5 04 = 04
0.2 0.2 0.2
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FIG. 10. Smaller £ (w, = 1 V). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current

dark magnetic field strength B,,.

€:=0.5,4:=0.05, Ep := 15keV, g := 1 TeV
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FIG. 11. Bigger EB (BO =1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current

gravitational waves energy .
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£:=05,a:= O.OS,EB :=15keV,my :=1TeV
1 1
0.8 0.8 0.8
2 iy iy
g 06 3 0.6 7 06
8 0.1uG 8 0.5uG 8 1uG
= 04 & 04 £ 04
0.2 09 ﬁ 0.2
0 0 0
10° 10" 10° 102 10 O 10° 10t 10* 102 10 0 10° 10t 10° 10° 10 0
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FIG. 12. Bigger Eg (w, = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark
magnetic field strength B,.

3. Change in mass of dark hydrogen atom iy

€:=0.5,6:=0.05,Ep := 10keV, 1y := 0.1 TeV

1 ~oreoroooe—= — 1 1
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FIG. 13. Smaller /ity (By = 1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy .
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FIG. 14. Smaller 7ty (wy = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength B,.
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€:=0.5,4:=0.05, Ep := 10keV, 1y := 100 TeV
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FIG. 15. Bigger iy (BO = 1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ;.

£:=0.5,6:=0.05, Fp := 10keV, 1y := 100 TeV
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FIG. 16. Bigger iy (wy = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark
magnetic field strength By.

4. Change in &
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FIG. 17. Smaller & (1§0 =1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy .
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€:=0.4,4:=0.05,Ep := 10keV, 1hy := 1 TeV

1] 1 1
0.8 08 0.8
& 206 & 06
g 0.1uG g 0.5uG g 1uG
£ 04 = 04 S04
0.2 0.2 0.2
0 0 0
10° 100 10° 102 10 0 105 10t 1) 102 10 O 10° 10 10° 10 10 O
Redshift Redshift Redshift
| — I, I, |

FIG. 18. Smaller £ (wy = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark
magnetic field strength BO.
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FIG. 19. Bigger ¢ (wy = 1 eV). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy .
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FIG. 20. Bigger & (By = 1 uG). The intensity of graviton and dark photon is plotted as a function of redshift z, changing current dark
magnetic field strength B,.
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