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We consider a multi-group SEIR epidemic model in which recovered population relapse back
to infectives depending on the time elapsed since the recovery. This leads to a hybrid system
for which we can determine the basic reproduction number <0 by the spectral radius of
the next generation matrix and prove the threshold behaviours. The key idea to prove the
global asymptotic stability of each equilibrium is the usage of the graph-theoretic approach to
construct suitable Lyapunov functionals. The necessary arguments, including the existence of
an endemic equilibrium, the asymptotic smoothness of the semi-flow, the uniform persistence
of the system and the existence of a global attractor are also addressed.
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asymptotic stability; Lyapunov functional
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1. Introduction

In epidemic models, heterogeneity of host population (for example, sex, position,
age and so on) plays an important role in transmission of infection, which result
from different contact modes (e.g.,measles and mumps) or different behaviors (e.g.,
herpes and condyloma acuminatum). Taking into account the different contact
patterns, or different geography, it is more suitable to divide individual hosts into
groups. Recently, multi-group epidemic models have attracted much attention of
many authors (see e.g., [6, 7, 11, 14–16, 25, 30–32] and the references therein). The
global stability analysis of endemic equilibrium of such models has been studied
by a novel approach using the graph theory, see as in [6, 7, 14]. Recently, diseases
with latency and relapse have been included in multi-group epidemic models in
[11, 30–32].

Age of infection (time elapsed since since infection began) has been included in
many epidemic models. These models are usually formulated as hybrid systems of
ordinary differential equations and partial differential equations, see, for instance,
[16] for a two-group model with infection age; [18] for an SIR epidemic model with
infection age; [15, 20] for SEIR epidemic models with infection age; [4] for an SIRS
epidemic model with infection age; [2, 29, 35] for infection age models of cholera;
[1, 10, 21, 22, 27, 28] for viral infection models; and the references therein). For
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such age of infection models, from the mathematical viewpoint, this leads to the
difficulties in analyzing the uniform persistence of the system, the existence of a
global attractor, the asymptotic smoothness of the orbit and the local and global
asymptotic stability of each equilibrium. A model has been developed by Vargas-
De-León [26] to describe a disease (human herpes virus, HSV-1 and HSV-2) with
relapse rate of recovered individuals in which depends on asymptomatic-infection-
age. They obtained global behavior of solutions by defining the explicit formulas
for the basic reproductive number and by constructing Volterra-type Lyapunov
functionals.

Introducing age-structure into multi-group epidemic models makes the global
stability analysis more difficult. To the best of our knowledge, there are few studies
on multi-group SEIR epidemic models with age of infection (see [15] for a single-
group SEIR epidemic model with age-dependent latency and relapse). In this study,
we assume that recovered individuals can go back to the infectious class because of
the relapse of infection. The time until relapse may depend on the heterogeneity of
each individual, it is thus of interest to account for duration of relapse as continuous
variable and relapse rate depends on the time since recovery. The “age” is defined
as the time elapsed since the recovery and we refer this structuring variable as
relapse-age for short. We assume that the newly recovered individuals enter the
recovered class with relapse-age zero.

Our purpose in this paper is to describe a multi-group SEIR epidemic model
in which it is assumed that there is an age-structure in the recovered population.
Total number of groups is fixed to be n and each group is labeled by subscript
i ∈ {1, 2, ..., n}. Denote by Si(t), Ei(t), and Ii(t) the susceptible, exposed and in-
fectious populations in group i at time t, respectively. Let ri(t, ω) be the recovered
population of relapse-age ω in group i at time t. Then, the total recovered pop-
ulation in group i at time t is given by Ri(t) =

∫ +∞
0 ri(t, ω)dω. More precisely,∫ ω2

ω1
ri(t, ω)dω denotes the recovered population between age ω1 and ω2 in group

i at time t. The relapse rate of the recovered individuals in group i, which is de-
noted by γi(ω), is assumed to depend on the relapse-age ω. The total number of
individuals which go back to the infectious class due to the relapse in group i at
time t is given by

∫ +∞
0 γi(ω)ri(t, ω)dω.

Under these assumptions, the model to be studied in this paper is formulated in
the following form:

dSi(t)

dt
= Λi − µiSi(t)−

n∑
j=1

βijSi(t)Ij(t),

dEi(t)

dt
=

n∑
j=1

βijSi(t)Ij(t)− (µi + σi)Ei(t),

dIi(t)

dt
= σiEi(t)− (µi + κi)Ii(t) +

∫ +∞

0

γi(ω)ri(t, ω)dω,

∂ri(t, ω)

∂t
+
∂ri(t, ω)

∂ω
= −(µi + γi(ω))ri(t, ω),

ri(t, 0) = κiIi(t),

Si(0) = Si,0, Ei(0) = Ei,0, Ii(0) = Ii,0, ri(0, ω) = ri,0(ω), 1 ≤ i ≤ n.

(1)

The meaning of each parameter is listed as follows:

Λi: the constant recruitment into group i;
µi: the mortality of individuals in group i;
βij : the transmission coefficient between susceptible individuals in group i and

infectious individuals in group j;
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σi: the rate of the onset of illness for exposed individuals in group i;
κi: the recovery rate for infectious individuals in group i;
γi(·): the age-dependent relapse rate for recovered individuals in group i.

For these parameters, we make the following assumption.

Assumption 1.1 (i) Λi, µi, σi, and κi are positive for all i ∈ {1, 2, · · · , n}.
(ii) γi(·) is non-negative and bounded with upper bound γ+

i ∈ (0,+∞) for all
i ∈ {1, 2, · · · , n}.

(iii) βij is nonnegative for all i, j ∈ {1, 2, · · · , n} and n-square matrix (βij)1≤i,j≤n
is irreducible [3].

From the point of applications, it is particularly relevant to study the stabil-
ity and attractivity of a positive endemic equilibrium of system (1), if it exists.
We characterize the threshold condition of the system (1) with the basic repro-
ductive number of infection in the sense that it determines the stability of the
equilibria. It is easy to see that system (1) always has the disease-free equi-
librium P 0 = (S0

1 , S
0
2 , · · · , S0

n, 0, · · · , 0), where S0
i = Λi/µi, 1 ≤ i ≤ n. Let

P ∗ = (S∗1 , S
∗
2 , · · · , S∗n, E∗1 , E∗2 , · · · , E∗n, I∗1 , I∗2 , · · · , I∗n, r∗1(ω), r∗2(ω), · · · , r∗n(ω)) be a

positive endemic equilibrium of (1). Then, the following algebraic equations hold:

Λi =
n∑
j=1

βijS
∗
i I
∗
j + µiS

∗
i ,

(µi + σi)E
∗
i =

n∑
j=1

βijS
∗
i I
∗
j ,

(µi + κi)I
∗
i = σiE

∗
i +

∫ +∞

0

γi(ω)r∗i (ω)dω,

dr∗i (ω)

dω
= −(µi + γi(ω))r∗i (ω), r∗i (0) = κiI

∗
i , 1 ≤ i ≤ n.

(2)

Now, we define the basic reproduction number <0, which implies the expected
number of secondary cases produced in an entirely susceptible population by a
typical infected individual during its entire infectious period [5, 25]. For system
(1), we can calculate it as the spectral radius of a nonnegative matrix called the
next generation matrix. Let

F =

 β11S
0
1 · · · β1nS

0
1

...
. . .

...
βn1S

0
n · · · βnnS0

n

 and V = diag((µi + κi(1− θi))Fi),

where

θi =

∫ +∞

0

γi(ω)e−
∫ ω
0

(µi+γi(σ))dσdω and Fi =
µi + σi
σi

, 1 ≤ i ≤ n. (3)

Note that

0 ≤ θi =

∫ +∞

0

γi(ω)e−
∫ ω
0

(µi+γi(σ))dσdω ≤
∫ +∞

0

γi(ω)e−
∫ ω
0
γi(σ)dσdω ≤ 1, 1 ≤ i ≤ n.

Then, the next generation matrix is given by

FV−1 =


β11S

0
1

(µ1 + κ1(1− θ1))F1
· · · β1nS

0
1

(µn + κn(1− θn))Fn
...

. . .
...

βn1S
0
n

(µ1 + κ1(1− θ1))F1
· · · βnnS

0
n

(µn + κn(1− θn))Fn

 .
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Hence, the basic reproduction number of model (1) is defined by the spectral radius
of the next generation matrix:

<0 = r(FV−1), (4)

where r(·) denotes the spectral radius of a matrix.
The main theoretical result to be proved in this paper is stated as follows.

Theorem 1.1 Let <0 be defined by (4).

(i) If <0 > 1, then system (1) has a unique endemic equilibrium P ∗ which is
globally asymptotically stable;

(ii) If <0 ≤ 1, then the disease-free equilibrium P 0 is globally asymptotically
stable.

The organization of this paper is as follows. In Section 2, we show the existence
of the endemic equilibrium P ∗ when <0 > 1 by reformulating (2) into a fixed-point
problem. In Section 3, we show the well-posedness of the problem (1) by using
the integrated semigroup approach as in Thieme [24]. In Section 4, we prove the
asymptotic smoothness of the semi-flow by using the method as in [23, 33, 34]. In
Section 5, we prove the the uniform persistence and the existence of a compact
global attractor under the condition <0 > 1 by using the method of Hale and
Waltman [9]. In Section 6, we investigate the global asymptotic stability of each
equilibrium and give the proof of Theorem 1.1. In Section 7, we give numerical
examples to verify the validity of Theorem 1.1.

2. Existence of the endemic equilibrium

We first introduce the following notations, which will be used throughout the paper:

S = (S1, S2, · · · , Sn)T , E = (E1, E2, · · · , En)T , I = (I1, I2, · · · , In)T ,

r = (r1, r2, · · · , rn)T , Λ = (Λ1,Λ2, · · · ,Λn)T , D(1) = diag(1, 1, · · · , 1),

M = diag(µ1, µ2, · · · , µn), B = (βij)n×n, Σ = diag(σ1, σ2, · · · , σn),

K = diag(κ1, κ2, · · · , κn), Γ(ω) = diag(γ1(ω), γ2(ω), · · · , γn(ω)),

(5)

where T denotes the transpose of a vector.
As stated above, the disease-free equilibrium P 0 of system (1) always exists. To

investigate the existence of endemic equilibrium P ∗, we rewrite (2) into a fixed-

point problem of I∗ := (I∗1 , I
∗
2 , · · · , I∗n)T . It follows from (2) that, for 1 ≤ i ≤ n,

S∗i =
Λi

n∑
j=1

βijI∗j + µi

, E∗i =
1

µi + σi

Λi
n∑
j=1

βijI
∗
j

n∑
j=1

βijI∗j + µi

, r∗i (ω) = κiI
∗
i e
−

∫ ω
0

(µi+γi(l))dl. (6)

Hence, from the third equation of (2), we have

(µi + κi) I
∗
i =

1

Fi

Λi
n∑
j=1

βijI
∗
j

n∑
j=1

βijI∗j + µi

+ θiκiI
∗
i , 1 ≤ i ≤ n,

where θi and Fi are defined as in (3). Hence, we obtain the following equation of
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I∗i :

I∗i =
1

(µi + κi(1− θi))Fi

Λi
n∑
j=1

βijI
∗
j

n∑
j=1

βijI∗j + µi

, 1 ≤ i ≤ n.

Now, let us define the following nonlinear operator Θ on Rn:

Θ(ϕ) :=

 1

(µi + κi(1− θi))Fi

Λi
n∑
j=1

βijϕj

n∑
j=1

βijϕj + µi


1≤i≤n

, ϕ = (ϕ1, ϕ2, · · · , ϕn)
T ∈ Rn.

If the operator Θ has a positive fixed-point ϕ∗ (= Θ(ϕ∗)), then it is no other than

(I∗1 , I
∗
2 , · · · , I∗n)T and the existence of the endemic equilibrium P ∗ follows by sub-

stituting it to (6). It is easy to see that the Frećhet derivative of Θ at 0 is the next
generation matrix:

Θ′[0]ϕ =


Λi
µi

n∑
j=1

βijϕj

(µi + κi(1− θi))Fi


1≤i≤n

=


S0
i

n∑
j=1

βijϕj

(µi + κi(1− θi))Fi


1≤i≤n

= FV−1ϕ.

We prove the following theorem:

Theorem 2.1 Let <0 be defined by (4). If <0 > 1, then system (1) has at least
one endemic equilibrium P ∗.

Proof. It is obvious that the nonlinear operator Θ is monotone nondecreasing (that
is, Θ(ϕ) ≥ Θ(ψ) if ϕ ≥ ψ, where the inequality between vectors implies that the
same inequality holds for each entry of the vectors). Then, we see that

‖Θ(ϕ)‖ ≤
n∑
i=1

Λi
(µi + κi(1− θi))Fi

, (7)

where ‖·‖ denotes the usual Euclidean norm in Rn defined by ‖x‖ =
∑n

i=1 |xi|, x =
(x1, x2, · · · , xn)T ∈ Rn. The inequality (7) implies that the operator Θ is uniformly
bounded. It follows from the Perron-Frobenius theorem that <0 = r

(
FV−1

)
> 1

is the eigenvalue of matrix FV−1 associated with a positive eigenvector w :=
(w1, w2, · · · , wn)T such that FV−1w = <0w. Note that since <0 > 1, there exists
a sufficiently small constant c > 0 such that c

∑n
j=1 βijwj + µi ≤ <0µi for all

i = 1, 2, · · · , n. Let w̃ := cw. Then

Θ (w̃) =

 1

(µi + κi(1− θi))Fi

Λi
n∑
j=1

βijcwj

n∑
j=1

βijcwj + µi


1≤i≤n

≥ c

 1

(µi + κi(1− θi))Fi

Λi
n∑
j=1

βijwj

<0µi


1≤i≤n

=
c

<0
FV−1w =

c

<0
<0w = w̃.

Hence, from the monotonicity of Θ, we can construct the monotone nondecreasing
sequence {Θn(w̃)}+∞n=0 such that Θn(w̃) ≤ Θn+1(w̃). Since Θ is uniformly bounded,
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the sequence converges to a limit w∗ which satisfies w∗ = Θ(w∗). It is no other than
the desired fixed-point and the existence of the endemic equilibrium P ∗ follows. �

3. Well-posedness of the problem

Since system (1) is an infinite dimensional dynamical system, its associated initial
conditions and boundary conditions need to be restricted in an appropriate phase
space. Let us consider the following Banach spaces and their positive cones:

X = Rn × Rn × Rn × Rn × L1(0,+∞;Rn), X+ = Rn+ × Rn+ × Rn+ × Rn+ × L1(0,+∞;Rn+),

Y = Rn × Rn × Rn × L1(0,+∞;Rn), Y+ = Rn+ × Rn+ × Rn+ × L1(0,+∞;Rn+).

The norms are defined as ‖(x,y, z, ϕ, ψ)T ‖X = ‖x‖ + ‖y‖ + ‖z‖ + ‖ϕ‖ + ‖ψ‖L1

and ‖(x,y, ϕ, ψ)T ‖Y = ‖x‖ + ‖y‖ + ‖ϕ‖ + ‖ψ‖L1 , where x,y, z, ϕ ∈ Rn and ψ ∈
L1 (0,+∞;Rn).

Denote by Ni(t) := Si(t) +Ei(t) + Ii(t) +
∫ +∞

0 ri(t, ω)dω the total population in
group i at time t. From (1) we easily see that Ni(t) satisfies the ordinary differential
equation dNi(t)/dt = Λi−µiNi(t). Hence, we have limt→+∞Ni(t) = Λi/µi = S0

i =:
N∗i , 1 ≤ i ≤ n. In what follows, for simplicity, we assume that Ni(0) = N∗i and
hence, Ni(t) = N∗i for all t ≥ 0, 1 ≤ i ≤ n. Then, to show the well-posedness of
the model (1), it suffices to consider the following reduced system:

dEi(t)

dt
=

n∑
j=1

βij

(
N∗i − Ei(t)− Ii(t)−

∫ +∞

0

ri(t, ω)dω

)
Ij(t)− (µi + σi)Ei(t),

dIi(t)

dt
= σiEi(t)− (µi + κi)Ii(t) +

∫ +∞

0

γi(ω)ri(t, ω)dω,

∂ri(t, ω)

∂t
+
∂ri(t, ω)

∂ω
= −(µi + γi(ω))ri(t, ω), ri(t, 0) = κiIi(t),

Ei(0) = Ei,0, Ii(0) = Ii,0, ri(0, ω) = ri,0(ω), 1 ≤ i ≤ n.

(8)

As in the approach introduced by [19], we reformulate the system (8) into a semi-
linear abstract Cauchy problem in Y. Let A : D(A) := Rn × Rn × {0Rn} ×
W 1,1(0,+∞;Rn) ⊂ Y → Y be a linear operator defined by

Au :=

 −Mx
−My
−ψ(0)

− d
dωψ(ω)−Mψ(ω)

 , u =

 x
y

0Rn
ψ

 ∈ D(A), (9)

where M is an n-diagonal matrix defined in (5). Note that the domain of the

operator A is not dense in Y since D(A) = Rn×Rn×{0Rn}×L1(0,+∞;Rn) 6= Y.

Let us define a nonlinear operator F : D(A)→ Y by

F (u) :=


(
N∗ − x− y −

∫ +∞
0

ψ(ω)dω
)T
By − Σx

Σx−Ky +
∫ +∞

0
Γ(ω)ψ(ω)dω

Ky
−Γ(ω)ψ(ω)

 , u =

 x
y

0Rn
ψ

 ∈ D(A), (10)

where B, Σ, K and Γ(ω) are matrices defined in (5) and N∗ = (N∗1 , N
∗
2 , · · · , N∗n)T .

By setting U(t) := (E(t), I(t),0Rn , r(t, .))T , we rewrite problem (8) into the follow-
ing non-densely defined abstract Cauchy problem in Y:

dU(t)

dt
= AU(t) + F (U(t)), t > 0, U0 := U(0). (11)
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We define the following closed space in Y:

Ω :=

{
u = (x,y, ϕ, ψ)

T ∈ Y+ : 0 ≤ xi + yi + ϕi +

∫ +∞

0

ψi(ω)dω ≤ N∗i , 1 ≤ i ≤ n
}
.

(12)

To show the well-posedness of the problem (11), we apply Theorems 2.3 and 3.2 in
[24]. To this end, we first prove the following lemma:

Lemma 3.1 A is a Hille-Yosida operator which satisfies

‖(λI −A)−1‖ ≤ 1

λ+ µ
, λ > −µ, (13)

where µ := min1≤i≤n(µi). Furthermore, λ(λI − A)−1 maps Ω into itself for suffi-
ciently large λ.

Proof. For any u = (x,y, ϕ, ψ)T ∈ Y and λ > −µ, denote ũ := (λI −A)−1 u. Since

ũ ∈ D(A), we can write ũ =
(
x̃, ỹ,0Rn , ψ̃

)T
∈ D(A). Then, since u = (λI − A)ũ,

we have

x̃i =
xi

λ+ µi
, ỹi =

yi
λ+ µi

, ψ̃i(ω) = e−(λ+µi)ωϕi +

∫ ω

0

e−(λ+µi)(ω−s)ψi(s)ds, 1 ≤ i ≤ n.

(14)
Then, we can verify the following inequality:∥∥(λI −A)−1u

∥∥
Y = ‖ũ‖Y

≤
n∑
i=1

(
|xi|+ |yi|
λ+ µi

+

∫ +∞

0

e−(λ+µi)ωdω|ϕi|+
∫ +∞

0

∫ ω

0

e−(λ+µi)(ω−s) |ψi(s)|dsdω
)

≤
n∑
i=1

(
|xi|+ |yi|+ |ϕi|+

∫ +∞
0
|ψi(s)|ds

λ+ µ

)
=

1

λ+ µ
‖u‖Y .

This implies that inequality (13) holds.

From (14) we see that if u ∈ Ω and ũ = (λI −A)−1 u for λ > 0, then λx̃i =
λxi/ (λ+ µi) ∈ [0, xi], λỹi = λyi/ (λ+ µi) ∈ [0, yi] and∫ +∞

0

λψ̃i(ω)dω =
λϕi
λ+ µi

+
λ
∫ +∞

0
ψi(s)ds

λ+ µi
∈
[
0, ϕi +

∫ +∞

0

ψi(s)ds

]
, 1 ≤ i ≤ n.

Hence, we have

0 ≤ λ

(
x̃i + ỹi + 0 +

∫ +∞

0

ψ̃i(ω)dω

)
≤ xi+yi+ϕi+

∫ +∞

0

ψi(s)ds ≤ N∗i , 1 ≤ i ≤ n.

This implies that λ (λI −A)−1 (Ω) ⊂ Ω and the proof is complete. �

We next prove the following lemma:

Lemma 3.2 F is Lipschitz continuous on D(A) ∩ Ω. That is, there exists a con-

stant L > 0 such that ‖F (u)− F (ũ)‖Y ≤ L ‖u− ũ‖Y for any u, ũ ∈ D(A) ∩ Ω.

Furthermore, limα→0+(1/α)dist (u+ αF (u),Ω) = 0 for any u ∈ D(A) ∩ Ω, where
dist(u,Ω) := inf ũ∈Ω ‖u− ũ‖Y .

Proof. We omit the proof of the first part (Lipshitz continuity) since it be eas-
ily proved by letting L := max (N+β+ + 2σ+, 2N+β+ + 2κ+, N+β+ + 2γ+),
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where N+ := max1≤i≤nN
∗
i , β+ := max1≤i,j≤n βij , σ

+ := max1≤i≤n σi, κ
+ :=

max1≤i≤n κi, and γ+ := max1≤i≤n γ
+
i .

To prove the remaining part of the lemma, it suffice to show that u+αF (u) ∈ Ω

for sufficiently small α. For any u = (x,y,0Rn , ψ)T ∈ D(A) ∩ Ω, let us define

ũ =
(
x̃, ỹ, ϕ̃, ψ̃

)
∈ Y by ũ := u+ αF (u). Then, we have for 1 ≤ i ≤ n that

0 ≤x̃i + ỹi + ϕ̃i +

∫ +∞

0

ψ̃i(ω)dω

≤xi + yi +

∫ +∞

0

ψi(ω)dω + α
n∑
j=1

β+N∗j

(
N∗i − xi − yi −

∫ +∞

0

ψi(ω)dω

)
≤ N∗i

if α < 1/(
∑n

j=1 β
+N∗j ). This implies that u + αF (u) ∈ Ω, which completes the

proof. �

From Lemmas 3.1 and 3.2, we can use Theorems 2.3 and 3.2 in [24] to obtain
the following proposition:

Proposition 3.3 For system (8), there exists a unique strongly continuous semi-

flow {Φ(t)}t≥0 : D(A) ∩ Ω → Y+ such that for each U0 ∈ D(A) ∩ Ω, the function
U ∈ C([0,+∞),Y+) defined by U(·) = Φ(·)U0 is a mild solution of (8). That is,

it satisfies
∫ t

0 U(s)ds ∈ D(A) and U(t) = U0 + A
∫ t

0 U(s)ds+
∫ t

0 F (U(s))ds for all
t ≥ 0.

This proposition implies the mathematical well-posedness of the original problem
(1) for any initial condition in Rn × (D(A) ∩ Ω).

4. Asymptotic smoothness of semi-flows

To prove the asymptotic smoothness of semi-flow {Φ(t)}t≥0 generated by (8), we
use the method as in [8, 23, 33, 34]. We divide {Φ(t)}t≥0 into two parts: Φ(t)U0 =

W1(t)U0 +W2(t)U0, where W1(t)U0 :=
(
0Rn ,0Rn ,0Rn , ψ̃(t, ·)

)T
and W2(t)U0 :=

(E(t), I(t),0Rn , r̃(t, ·))T . Here

ψ̃(t, ω) = (ψ1(t, ω), ψ2(t, ω), · · · , ψn(t, ω))
T
, ψ̃i(t, ω) =

{
0, 0 ≤ ω ≤ t;
ri(t, ω), t < ω,

1 ≤ i ≤ n

and

r̃(t, ω) = (r̃1(t, ω), r̃2(t, ω), · · · , r̃n(t, ω))
T
, r̃i(t, ω) =

{
ri(t, ω), 0 ≤ ω ≤ t;
0, t < ω,

1 ≤ i ≤ n.

Now we introduce the following result, which comes from [8, Lemma 3.2.3 and
Theorem 3.4.6].

Theorem 4.1 ([8]) The semi-flow {Φ(t)}t≥0 : D(A) ∩ Ω → Y+ is asymptotically
smooth if the following properties hold:

(i) lim
t→+∞

diamW1(t,Ω) = 0;

(ii) there exists a tΩ ≥ 0 such that W2(t,Ω) has compact closure for each t ≥ tΩ.

To verify the conditions in Theorem 4.1, we first prove the following lemma.
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Lemma 4.2 There exists a real-valued function ∆ : R+ × R+ → R+ such that
limt→+∞∆ (t, r) = 0 and ‖W1 (t)U0‖Y ≤ ∆ (t, r) hold for any r > 0 and t ≥ 0 and

U0 ∈ D(A) ∩ Ω such that ‖U0‖Y ≤ r.

Proof. Integrating the equation of ri in system (8) along the characteristic line
t− ω = constant, we have

ψ̃i(t, ω) :=

{
0, 0 ≤ ω ≤ t;
ri,0 (ω − t) e−

∫ t
0
{µi+γi(ω−t+σ)}dσ, t < ω,

1 ≤ i ≤ n.

Hence, for U0 ∈ D(A) ∩ Ω satisfying ‖U0‖Y ≤ r,

‖W1 (t)U0‖Y = ‖0Rn‖+ ‖0Rn‖+ ‖0Rn‖+
∥∥∥ψ̃(t, ·)

∥∥∥
L1

=
n∑
i=1

∫ +∞

0

∣∣∣ψ̃i(t, ω)
∣∣∣dω

=
n∑
i=1

∫ +∞

t

|ri,0 (ω − t)| e−
∫ t
0
{µi+γi(ω−t+σ)}dσdω

≤ e−µt
n∑
i=1

∫ +∞

0

|ri,0 (ω)|dω ≤ e−µt ‖U0‖Y ≤ e−µt r.

Hence, the assertion holds for ∆ (t, r) := e−µt r. �

We next prove the following lemma.

Lemma 4.3 For all t ≥ 0, W2 (t) maps any bounded subsets of D(A)∩Ω into sets
with compact closure in Y.

Proof. For U0 in any bounded subset of D(A)∩Ω, it follows from (12) that E(t), I(t)

remain in the compact set
{

x = (x1, · · · , xn)T ∈ Rn+ : 0 ≤ xi ≤ Λi/µi, 1 ≤ i ≤ n
}

for all t ≥ 0. Therefore, it suffices to show that r̃(t, ·) remains in a pre-compact
subset of Y which is independent of U0. Now, integrating the equation of ri in
system (8) along the characteristic line t− ω = constant gives

r̃i (t, ω) =

{
κiIi(t− ω)e−

∫ ω
0
{µi+γi(σ)}dσ, 0 ≤ ω ≤ t;

0, t < ω,
1 ≤ i ≤ n. (15)

To complete the proof, it suffices to show the following four properties (see Smith
and Thieme [23, Theorem B.2]):

(i) The supremum of
∑n

i=1

∫ +∞
0 r̃i (t, ω) dω for all initial data U0 ∈ D(A) ∩Ω is

finite.
(ii) limh→+∞

∑n
i=1

∫ +∞
h r̃i (t, ω) dω = 0 uniformly for U0 ∈ D(A) ∩ Ω.

(iii) limh→+0
∑n

i=1

∫ +∞
0 |r̃i (t, ω + h)− r̃i (t, ω)|dω = 0 uniformly for U0 ∈ D(A)∩

Ω.
(iv) limh→+0

∑n
i=1

∫ h
0 r̃i (t, ω) dω = 0 uniformly for U0 ∈ D(A) ∩ Ω.

Now, from (15), we have 0 ≤ r̃i (t, ω) ≤ κiΛie
−µω/µi, 1 ≤ i ≤ n and hence, it is

easy to see that (i), (ii) and (iv) follow.
We prove (iii). Since we shall consider h → +0, we can assume that h ∈ (0, t)
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without loss of generality. From (15), we have

n∑
i=1

∫ +∞

0

|r̃i (t, ω + h)− r̃i (t, ω)|dω

=
n∑
i=1

∫ t

t−h
|0− r̃i (t, ω)|dω +

n∑
i=1

∫ t−h

0

|r̃i (t, ω + h)− r̃i (t, ω)| dω

≤
n∑
i=1

κiΛih

µi
+

n∑
i=1

κiΛi
µi

∫ t−h

0

∣∣∣e− ∫ ω+h
0
{µi+γi(σ)}dσ − e−

∫ ω
0
{µi+γi(σ)}dσ

∣∣∣dω
≤

n∑
i=1

κiΛih

µi
+

n∑
i=1

κiΛi
µi

∫ t−h

0

∣∣∣∣∣
∫ ω+h

0

{µi + γi (σ)}dσ −
∫ ω

0

{µi + γi (σ)}dσ

∣∣∣∣dω
≤

n∑
i=1

κiΛih

µi
{1 + µi (t− h)}+

n∑
i=1

κiΛi
µi

∫ t−h

0

∫ ω+h

ω

γi(σ)dσdω

≤
n∑
i=1

κiΛih

µi

{
1 + µi (t− h) + γ+

i (t− h)
}
→ 0 as h→ +0.

Note that we used the relation
∣∣e−a − e−b

∣∣ ≤ |a− b|. Since the right-hand side of

the above inequality is independent from U0 ∈ D(A) ∩ Ω, (iii) is proved and the
proof is complete. �

From Lemmas 4.2 and 4.3, we can use Theorem 4.1 to conclude that the semiflow
{Φ(t)}t≥0 is asymptotically smooth:

Proposition 4.4 The strongly continuous semiflow {Φ(t)}t≥0 : D(A) ∩ Ω→ Y+

generated by system (8) is asymptotically smooth.

5. Uniform persistence of the system and existence of a global
attractor

In this section, for <0 > 1, we prove the uniform persistence and the existence of
a compact global attractor by using the methods proposed in Hale and Waltman
[9]. Set

Ω0 :=

{
(x,y,0Rn , ψ)

T ∈ Ω : xi > 0 or yi > 0 or

∫ +∞

0

ψi(ω)dω > 0 for some i

}
,

∂Ω := Ω \ Ω0, M0 := D(A) ∩ Ω0, ∂M0 := D(A) ∩ ∂Ω. (16)

We first prove the following lemma.

Lemma 5.1 Let M0 and ∂M0 be defined as in (16). The following properties hold:

(1) Φ(t) (∂M0) ⊂ ∂M0 for all t > 0;

(2) If U0 = (E0, I0,0Rn , r0(.))T ∈ M0, then Ei(t) > 0 and Ii(t) > 0 for all
i ∈ {1, 2, · · · , n} and t > 0.

Proof. First, to prove (i), let U0 = (E0, I0,0Rn , r0(.))T ∈ ∂M0. Then, Ei,0 = Ii,0 =
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∫ +∞
0 ri,0(ω)dω = 0 for all i ∈ {1, 2, · · · , n}. Integrating (8), we have

Ei(t) =

∫ t

0

n∑
j=1

βij

(
N∗i − Ei(s)− Ii(s)−

∫ +∞

0

ri(s, ω)dω

)
Ij(s)e

−(µi+σi)(t−s)ds,

Ii(t) =

∫ t

0

(
σiEi(s) +

∫ +∞

0

γi(ω)ri(s, ω)dω

)
e−(µi+κi)(t−s)ds,

ri(t, ω) =

{
κiIi(t− ω)e−

∫ ω
0

(µi+γi(σ))dσ, 0 ≤ ω ≤ t;
0, t < ω,

1 ≤ i ≤ n.

(17)
Substituting the third equation into the second equation, we have

Ii(t) =

∫ t

0

(
σiEi(s) +

∫ t

0

γi(ω)κiIi(t− ω)e−
∫ ω
0

(µi+γi(σ))dσdω

)
e−(µi+κi)(t−s)ds. (18)

From (17)-(18) and the continuity, we see that Ei(t) = Ii(t) =
∫ +∞

0 ri(t, ω)dω = 0
for all i ∈ {1, 2, · · · , n} and t > 0. This implies that Φ(t) (∂M0) ⊂ ∂M0 for all
t > 0.

Next, to prove (ii), let U0 ∈ M0. If Ej,0 > 0 for some j, then Ej(t) ≥
Ej,0e−(µj+σj)t > 0 for all t > 0 and hence, Ij(t) ≥

∫ t
0 σjEj(s)e

−(µj+κj)(t−s)ds > 0
for all t > 0. From the first equation of (17) and the irreducibility of matrix
(βij)1≤i,j≤n (see Assumption 1.1 (iii)), we see that Ei(t) > 0 for all i ∈ {1, 2, · · · , n}
and t > 0. Then, from the second equation of (17), we see that Ii(t) > 0 for all
i ∈ {1, 2, · · · , n} and t > 0.

If Ij,0 > 0 for some j ∈ {1, 2, · · · , n}, then in a completely similar way, we can
show that Ei(t) > 0 and Ii(t) > 0 for all i ∈ {1, 2, · · · , n} and t > 0.

If
∫ +∞

0 rj,0(ω)dω > 0 for some j, then Ij(t) ≥
∫ t

0

∫ +∞
s γj(ω)rj,0(ω −

s)e−
∫ s
0

(µj+γj(ω−s+σ))dσdω e−(µi+κi)(t−s)ds > 0 for all t > 0. The remaining part
of the proof is similar as in the above cases. �

According to [17, Theorem 3.7] and [9, Theorem 4.2], we are able to show the
following theorem about the uniform persistence.

Theorem 5.2 If <0 > 1, then the semi-flow {Φ(t)}t≥0 is uniformly persistent in
M0. That is, there exists an U > 0 such that lim inft→+∞ ‖Φ(t)U0‖Y ≥ U for all
U0 ∈M0.

Proof. We show that 0 is isolated in D(A) ∩ Ω and that M0 ∩
W s(0) = ∅, where W s(0) denotes the stable manifold of 0 defined by

W s(0) :=
{
U0 ∈ D(A) ∩ Ω : limt→+∞Φ(t)U0 = 0

}
. To this end, suppose that

lim supt→+∞ ‖Φ(t)U0‖Y ≤ ε for some U0 ∈ M0 and sufficiently small ε > 0
and show a contradiction. There exists a sufficiently large T > 0 such that
‖Φ(t)U0‖Y ≤ ε for all t ≥ T . Then, from the positivity of the solution, we have

Ei(t) + Ii(t) +
∫ +∞

0 ri(t, ω)dω ≤ ε, 1 ≤ i ≤ n for all t ≥ T . Hence, by integrating
(8), we have for 1 ≤ i ≤ n that

Ei(t) ≥
∫ t

0

n∑
j=1

βij (N∗i − ε) Ij(s)e−(µi+σi)(t−s)ds,

Ii(t) ≥
∫ t

0

(
σiEi(s) + κi

∫ t

0

γi(ω)Ii(t− ω)e−
∫ ω
0

(µi+γi(σ))dσdω

)
e−(µi+κi)(t−s)ds

(19)

for all t ≥ T . Without loss of generality, regarding Φ(T )U0 as the new initial
value, we can consider that (19) holds for all t ≥ 0. Let us denote by L[f ](λ) :=∫ +∞

0 e−λtf(t)dt, λ > 0 the Laplace transform of function f(t). Then, from (19), we
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have for 1 ≤ i ≤ n that
L[Ei](λ) ≥

∑n
j=1 βij(N

∗
i − ε)L[Ij ](λ)

µi + σi + λ
=

∑n
j=1 βij(S

0
i − ε)L[Ij ](λ)

µi + σi + λ
,

L[Ii](λ) ≥ σiL[Ei](λ)

µi + κi + λ
+
κiL[Ii](λ)

∫ +∞
0

γi(ω)e−
∫ ω
0

(µi+γi(σ))dσ−λωdω

µi + κi + λ
.

(20)

Note that L[Ei](λ) and L[Ii](λ), 1 ≤ i ≤ n exist for all λ > 0 because of the
uniform boundedness of the solution in M0, that is,

0 < max (L[Ei](λ),L[Ii](λ)) ≤
∫ +∞

0

e−λtN∗i dt =
N∗i
λ

< +∞, 1 ≤ i ≤ n.

For 1 ≤ i ≤ n, let

`λ :=


L[I1](λ)
L[I2](λ)

...
L[In](λ)

 , Fi,λ :=
µi + σi + λ

σi
, θi,λ :=

∫ +∞

0

γi(ω)e−
∫ ω
0

(µi+γi(σ))dσ−λωdω,

Kε,λ :=


β11(S0

1 − ε)
(µ1 + κ1(1− θ1,λ) + λ)F1,λ

· · · β1n(S0
1 − ε)

(µn + κn(1− θn,λ) + λ)Fn,λ
...

. . .
...

βn1(S0
n − ε)

(µ1 + κ1(1− θ1,λ))F1,λ + λ
· · · βnn(S0

n − ε)
(µn + κn(1− θn,λ) + λ)Fn,λ

 .

Then, from (20), we have `λ ≥ Kε,λ`λ. It is easy to see that K0,0 = FV−1. Hence, if
<0 = r(FV−1) > 1, then from the continuity we can choose sufficiently small ε > 0
and λ > 0 so that r(Kε,λ) > 1. Let ˜̀

ε,λ be the positive left eigenvector of matrix
Kε,λ associated with the eigenvalue r(Kε,λ), which existence is guaranteed by the

Perron-Frobenius theorem. Multiplying ˜̀
ε,λ to the both sides of the inequality

`λ ≥ Kε,λ`λ from the left, we have ˜̀
ε,λ`λ ≥ ˜̀

ε,λKε,λ`λ = r(Kε,λ)˜̀
ε,λ`λ > ˜̀

ε,λ`λ,

which is a contradiction. Thus, 0 is isolated in D(A)∩Ω and M0 ∩W s(0) = ∅. By
[17], {Φ(t)}t≥0 is uniformly persistent. �

Furthermore, we can conclude for our case that there exists a compact setA0 ⊂ Y
which is a global attractor for {Φ(t)}t≥0 in Y:

Proposition 5.3 The semi-flow {Φ(t)}t≥0 has a compact global attractor A0 ⊂ Y,
which attracts any bounded sets of Y+.

6. Proof of Theorem 1.1

For the proof of Theorem 1.1, we return our attention to the original system (1)
which includes the susceptible populations Si(t), 1 ≤ i ≤ n. Of course, our the-
oretical results obtained in the previous sections (the existence of equilibria, the
asymptotic smoothness of the semi-flow, the uniform persistence of the system and
the existence of a compact global attractor) still hold true for the original system
(1).

In the proof, we use function G(z) = z−1−ln z, which is nonnegative for all z > 0
and equal to zero if and only if z = 1. In the calculation, for simplicity, we denote
∂ri(t, ω)/∂ω → ∂ωri(t, ω), ∂ri(t, ω)/∂t→ ∂tri(t, ω) and dr∗i (ω)/dω → dωr

∗
i (ω).

Let αi(ω) = µi + γi(ω) and ρi(ω) = e−
∫ ω
0
α(τ)dτ , 1 ≤ i ≤ n. The fourth and fifth

equations of (2) can be rewritten to dωr
∗
i (ω) = −αi(ω)r∗i (ω) and r∗i (0) = κiI

∗
i ,
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respectively. Hence, we have r∗i (ω) = κiI
∗
i ρi(ω), 1 ≤ i ≤ n. Let

ζi(ω) =

∫ +∞

ω

γi(ν)e−
∫ ν
ω
αi(φ)dφdν, 1 ≤ i ≤ n, (21)

which will be used in the construction of Lyapunov functionals. Note that ζi(ω) ≥ 0
for ω ≥ 0 and ζi(0) = θi, 1 ≤ i ≤ n. The derivative of ζi(ω) satisfies

dωζi(ω) = ζi(ω)αi(ω)− γi(ω), 1 ≤ i ≤ n. (22)

6.1. Proof of (i) of Theorem 1.1

Based on the graph-theoretic approach developed by [6, 7, 14], we construct a

Lyapunov functional. First we set β̃ij := βijS
∗
i I
∗
j , 1 ≤ i, j ≤ n and a Laplacian

matrix

B̃ :=


∑
k 6=1 β̃1k −β̃21 · · · −β̃n1

−β̃12

∑
k 6=2 β̃2k −β̃n2

...
. . .

...

−β̃1n −β̃2n · · ·
∑
k 6=n β̃nk

 .

Then, from [6, Lemma 2.1], we see that the solution space of a linear system

B̃v = 0, v = (v1, v2, . . . , vn)T . has dimension 1 and one of its basis is given by

v = (v1, v2, . . . , vn)T = (c11, . . . , cnn)T , where cii > 0, i = 1, 2, · · · , n denotes the

cofactor of the i-th diagonal entry of matrix B̃. Using this v, we construct the

following Lyapunov functional: V1(S,E, I, r(ω)) =
n∑
i=1

vi

[
L1,i(t) +CiL2,i(t)

]
, where



L1,i(t) = S∗iG

(
Si
S∗i

)
+ E∗iG

(
Ei
E∗i

)
+ CiI

∗
i G

(
Ii
I∗i

)
,

L2,i(t) =

∫ +∞

0

ζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)
dω,

Ci =
n∑
j=1

βijS
∗
i I
∗
j

σiE∗i
,

1 ≤ i ≤ n.

Note that by virtue of the uniform persistence of the system as shown in Theorem
5.2, functions L2,i, 1 ≤ i ≤ n are well-defined.

Using equilibrium equations (2), we first calculate the derivative of L1,i(t), 1 ≤
i ≤ n as

L′1,i(t)

=

(
1−

S∗i
Si

)[
µiS
∗
i

(
1−

Si

S∗i

)
+

n∑
j=1

βijS
∗
i I
∗
j

(
1−

SiIj

S∗i I
∗
j

)]
+

(
1−

E∗i
Ei

) n∑
j=1

βijS
∗
i I
∗
j

(
SiIj

S∗i I
∗
j

−
Ei

E∗i

)

+ Ci

(
1−

I∗i
Ii

)[
σiE

∗
i

(
Ei

E∗i
−
Ii

I∗i

)
+

∫ +∞

0
γi(ω)r∗i (ω)

(
ri(t, ω)

r∗i (ω)
−
Ii

I∗i

)
dω

]

= µiS
∗
i

(
2−

Si

S∗i
−
S∗i
Si

)
+ Ci

∫ +∞

0
γi(ω)r∗i (ω)

[
ri(t, ω)

r∗i (ω)
−
Ii

I∗i
−
I∗i ri(t, ω)

Iir∗i (ω)
+ 1

]
dω

+
n∑

j=1

βijS
∗
i I
∗
j

[
3−

S∗i
Si

+
Ij

I∗j
−
E∗i SiIj

EiS∗i I
∗
j

−
Ii

I∗i
−
I∗i Ei

IiE∗i

]

= − µiS∗i
[
G

(
Si

S∗i

)
+G

(
S∗i
Si

)]
+ Ci

∫ +∞

0
γi(ω)r∗i (ω)

[
ri(t, ω)

r∗i (ω)
−
Ii

I∗i
−
I∗i ri(t, ω)

Iir∗i (ω)
+ 1

]
dω

−
n∑

j=1

βijS
∗
i I
∗
j

[
G

(
S∗i
Si

)
+G

(
I∗i Ei

IiE∗i

)
+G

(
E∗i SiIj

EiS∗i I
∗
j

)
+
Ii

I∗i
−
Ij

I∗j
+ ln

I∗i Ij

IiI∗j

]
, 1 ≤ i ≤ n. (23)
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Next, calculating the derivative of L2,i(t), 1 ≤ i ≤ n, we have

L′2,i(t) =

∫ +∞

0

ζi(ω)

(
1− r∗i (ω)

ri(t, ω)

)
∂tri(t, ω)dω

= −
∫ +∞

0

ζi(ω)

(
1− r∗i (ω)

ri(t, ω)

)(
∂ωri(t, ω) + αi(ω)ri(t, ω)

)
dω, 1 ≤ i ≤ n.

Since ∂ωG
(
ri(t,ω)
r∗i (ω)

)
=
(

1 − r∗i (ω)
ri(t,ω)

)(
∂ωri(t,ω)
r∗i (ω) − ri(t,ω)dωr∗i (ω)

r∗i (ω)r∗i (ω)

)
and dωr

∗
i (ω) =

−αi(ω)r∗i (ω), 1 ≤ i ≤ n, we have

r∗i (ω)∂ωG

(
ri(t, ω)

r∗i (ω)

)
=

(
1− r∗i (ω)

ri(t, ω)

)(
∂ωri(t, ω) + αi(ω)ri(t, ω)

)
, 1 ≤ i ≤ n.

Hence,

L′2,i(t) = −
∫ +∞

0

ζi(ω)r∗i (ω)∂ωG

(
ri(t, ω)

r∗i (ω)

)
dω, 1 ≤ i ≤ n. (24)

Using integration by parts and (22), we have

∫ +∞

0

ζi(ω)r∗i (ω)∂ωG

(
ri(t, ω)

r∗i (ω)

)
dω

= ζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)∣∣∣∣+∞
ω=0

−
∫ +∞

0

dω[ζi(ω)r∗i (ω)]G

(
ri(t, ω)

r∗i (ω)

)
dω

= ζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)∣∣∣∣+∞
ω=0

−
∫ +∞

0

[
r∗i (ω)dωζi(ω) + ζi(ω)dωr

∗
i (ω)

]
G

(
ri(t, ω)

r∗i (ω)

)
dω

= ζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)∣∣∣∣
ω=+∞

− ζi(0)r∗i (0)G

(
ri(t, 0)

r∗i (0)

)

−
∫ +∞

0

[
r∗i (ω)ζi(ω)αi(ω)− r∗i (ω)γi(ω) + ζi(ω)dωr

∗
i (ω)

]
G

(
ri(t, ω)

r∗i (ω)

)
dω, 1 ≤ i ≤ n.

Using the equalities ζi(0) = θi, r∗i (0) = κiI
∗
i , ri(t, 0) = κiIi(t), dωr

∗
i (ω) =

−αi(ω)r∗i (ω), 1 ≤ i ≤ n, we have

∫ +∞

0

ζi(ω)r∗i (ω)∂ωG

(
ri(t, ω)

r∗i (ω)

)
dω

= ζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)∣∣∣∣
ω=+∞

− θiκiI∗i G
(
Ii(t)

I∗i

)
+

∫ +∞

0

r∗i (ω)γi(ω)G

(
ri(t, ω)

r∗i (ω)

)
dω.

(25)

Substituting (25) in (24), we obtain

L′2,i(t) = − ζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

) ∣∣∣∣
ω=+∞

+ θiκiI
∗
i G

(
Ii(t)

I∗i

)

+

∫ +∞

0

r∗i (ω)γi(ω)

[
− ri(t, ω)

r∗i (ω)
+ 1 + ln

I∗i ri(t, ω)

Ii(t)r∗i (ω)
+ ln

Ii(t)

I∗i

]
dω. (26)
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Combining (23) and (26), we have

V ′1(t) =
n∑
i=1

vi

[
L′1,i(t) + CiL

′
2,i(t)

]
=

n∑
i=1

vi

{
− µiS∗i

[
G

(
Si
S∗i

)
+G

(
S∗i
Si

)]

−
n∑
j=1

βijS
∗
i I
∗
j

[
G

(
S∗i
Si

)
+G

(
I∗i Ei
IiE∗i

)
+G

(
E∗i SiIj
EiS∗i I

∗
j

)
+
Ii
I∗i
− Ij
I∗j

+ ln
I∗i Ij
IiI∗j

]

− Ciζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)∣∣∣∣
ω=+∞

− Ci
∫ +∞

0

r∗i (ω)γi(ω)G

(
I∗i ri(t, ω)

Ii(t)r∗i (ω)

)
dω

− Ci
∫ +∞

0

r∗i (ω)γi(ω)G

(
Ii(t)

I∗i

)
dω + CiθiκiI

∗
i G

(
Ii(t)

I∗i

)}
.

Since r∗i (ω) = κiI
∗
i ρi(ω) and θi =

∫ +∞
0 γi(ω)ρi(ω)dω, 1 ≤ i ≤ n, the terms includ-

ing G
(
Ii(t)/I

∗
i

)
are canceled. Finally we get

V ′1(t) =
n∑
i=1

vi

{
− µiS∗i

[
G

(
Si
S∗i

)
+G

(
S∗i
Si

)]

−
n∑
j=1

βijS
∗
i I
∗
j

[
G

(
S∗i
Si

)
+G

(
I∗i Ei
IiE∗i

)
+G

(
E∗i SiIj
EiS∗i I

∗
j

)
+
Ii
I∗i
− Ij
I∗j

+ ln
I∗i Ij
IiI∗j

]

− Ciζi(ω)r∗i (ω)G

(
ri(t, ω)

r∗i (ω)

)∣∣∣∣
ω=+∞

− Ci
∫ +∞

0

r∗i (ω)γi(ω)G

(
I∗i ri(t, ω)

Ii(t)r∗i (ω)

)
dω

}
.

(27)

Due to [6], it follows from B̃v = 0 that
n∑
j=1

β̃jivj =
n∑
j=1

β̃ijvi and hence,

n∑
j=1

βjiS
∗
j I
∗
i vj =

n∑
j=1

βijS
∗
i I
∗
j vi, 1 ≤ i ≤ n. This implies that

n∑
i,j=1

βijS
∗
i I
∗
j vi

Ij
I∗j

=

n∑
i,j=1

βijS
∗
i Ijvi =

n∑
i=1

Ii

n∑
j=1

βjiS
∗
j vj =

n∑
i=1

Ii
I∗i

n∑
j=1

βjiS
∗
j I
∗
i vj

=

n∑
i=1

Ii
I∗i

n∑
j=1

βijS
∗
i I
∗
j vi =

n∑
i,j=1

βijS
∗
i I
∗
j vi

Ii
I∗i

and thus,
n∑
i=1

vi
n∑
j=1

βijS
∗
i I
∗
j

(
Ij/I

∗
j − Ii/I∗i

)
= 0. Hence, (27) can be evaluated as

V ′1(t) ≤ −
n∑

i,j=1

viβijS
∗
i I
∗
j ln

I∗i Ij
IiI∗j

= −
n∑

i,j=1

viβ̄ij ln
I∗i Ij
IiI∗j

.

By using the graph-theoretic approach as in Guo et al. [6] and Li and Shuai [14],
we can prove that the right-hand side of this inequality is equal to zero. That is,
the positive-definite function V1(t) has nonpositive derivative dV1(t)/dt. It is easy
to see that the equality dV1(t)/dt = 0 holds if and only if (S(·),E(·), I(·), r(·, ω)) =
(S∗,E∗, I∗, r∗(ω)). By virtue of the asymptotic smoothness of the semi-flow as
shown in Proposition 4.4, we can apply the invariance principle (see [33, Theo-
rem 4.2 in Chapter IV]) to conclude that the endemic equilibrium P ∗ is globally
asymptotically stable. �
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6.2. Proof of (ii) of Theorem 1.1

Let us define matrix M0 :=
(
βijS

0
i /(µi + κi(1− θi))Fi)

)
1≤i,j≤n = V−1F and

matrix-valued function M(S) := (βijSi/(µi + κi(1− θi))Fi))1≤i,j≤n. It is easy to

see that M(S0) = M0, where S0 :=
(
S0

1 , S
0
2 , · · · , S0

n

)T
. Since r(FV−1) = r(V−1F),

we see that r(M0) = <0.
First we claim that there does not exist any endemic equilibrium P ∗ if <0 ≤ 1.

Suppose that S 6= S0. Then, under Assumption 1.1, we have 0 < M(S) < M0,
where we denote A < B for any two matrices A = (aij)1≤i,j≤n and B = (bij)1≤i,j≤n
if aij ≤ bij for all i, j ∈ {1, 2, · · · , n} and A 6= B.

Since matrix M(S) +M0 is nonnegative and irreducible under Assumption 1.1,
it follows from the Perron-Frobenius theorem (see Corollary 2.1.5 of [3]) that
r(M(S)) < r(M0) = <0 ≤ 1. This implies that equation M(S)I = I has only
the trivial solution I = 0 and the claim is true. Here, note that the equation
M(S)I = I can be obtained by rearranging the equations in (2).

Next we claim that the disease-free equilibrium P 0 is globally asymptotically
stable. Since M0 is irreducible, the Perron-Frobenius theorem guarantees that there
exists a positive left eigenvector (ω1, ω2, · · · , ωn) of matrix M0 associated with the
eigenvalue r(M0) = <0 ≤ 1, that is, (ω1, ω2, · · · , ωn)M0 = r(M0)(ω1, ω2, · · · , ωn).
Let ci = ωi/(µi+κi(1−θi))Fi > 0, 1 ≤ i ≤ n. Let us define a Lyapunov functional,

V2(S,E, I, r(ω)) =

n∑
i=1

ci

[
Ei + FiIi + Fi

∫ +∞

0
ζi(ω)ri(t, ω)dω

]
(28)

where Fi = (µi + σi) /σi, 1 ≤ i ≤ n. Calculating the derivative of V2(t) along the
solution of system (1), we obtain

V ′2(t) =
n∑
i=1

ci

[ n∑
j=1

βijSiIj − (µi + κi)FiIi + Fi

∫ +∞

0

γ(ω)ri(t, ω)dω

− Fi
∫ +∞

0

ζi(ω)(∂ωri(t, ω) + αi(ω)ri(t, ω))dω

]
. (29)

Using integration by parts, we obtain∫ +∞

0

ζi(ω)∂ωri(t, ω)dω =ζi(ω)ri(t, ω)

∣∣∣∣+∞
ω=0

−
∫ +∞

0

dωζi(ω)ri(t, ω)dω

=− θiκiIi(t)−
∫ +∞

0

[ζi(ω)αi(ω)− γi(ω)]ri(t, ω)dω, 1 ≤ i ≤ n.

(30)

Substituting the expression (30) into (29) yields

V ′2(t) =
n∑
i=1

ci

[ n∑
j=1

βijSiIj − (µii + κi(1− θi))FiIi
]

=
n∑
i=1

ωi


n∑
j=1

βijSiIj

µii + κi(1− θi)Fi
− Ii


= (ω1, ω2, · · · , ωn) · (M(S)− En)I ≤ (ω1, ω2, · · · , ωn) · (M0 − En)I

= (ω1, ω2, · · · , ωn) · (r(M0)− 1)I ≤ 0, (31)

where En denotes the n × n identity matrix and · denotes the inner product of
vectors. If r(M0) < 1, then it is easy to see from (31) that V ′2(t) = 0 if and only if
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(a) Infectious population Ii(t) versus time t
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(b) Infectious population Ii(t), 1 ≤ i ≤ 20

versus time t

Figure 1. Time variation of infectious population Ii(t), 1 ≤ i ≤ 20 of model (1) with parameters (33)
when <0 ≈ 1.0864 > 1

I = 0. Suppose that r(M0) = 1. Then it follows from (31) that V ′2(t) = 0 implies

(ω1, ω2, · · · , ωn) ·M(S)I = (ω1, ω2, · · · , ωn) · I. (32)

If S 6= S0, then

(ω1, ω2, · · · , ωn)·M(S) < (ω1, ω2, · · · , ωn)·M0 = r(M0)(ω1, ω2, · · · , ωn) = (ω1, ω2, · · · , ωn),

which implies that (32) has only the trivial solution I = 0. Therefore, V ′2(t) = 0 if
and only if I = 0 or S = S0 provided r(M0) = 1. This implies that the only compact
invariant subset of the set where V ′2(t) = 0 is the singleton {P 0}. Hence, using the
LaSalle’s invariance principle, we can conclude that the disease-free equilibrium P 0

is globally asymptotically stable. �

7. Numerical simulation

In this section, we perform numerical simulation to show the validity of Theo-
rem 1.1. Let n = 20. Using uniform random variable X ∈ (0, 1), we choose each
parameter as follows (X is different in each choice):

Λi = 1 + (0.5−X) , µi = 1 + (0.5−X) , σi = 1−X, κi = 1−X,

βij = 0.45 (1−X) , γi(ω) =

{
0, ω < 10,
0.5 (1−X) , ω ≥ 10,

Si,0 =
0.99

20
, Ei,0 = 0, Ii,0 =

0.01

20
, ri,0(ω) ≡ 0, 1 ≤ i ≤ 20.

(33)

In one example, <0 ≈ 1.0864 > 1 and we obtain Figure 1. In this case, we see
that the infectious population Ii(t), 1 ≤ i ≤ n converges to the equilibrium solution
I∗i , 1 ≤ i ≤ n as time evolves. This implies the global asymptotic stability of the
endemic equilibrium P ∗ as shown in Theorem 1.1 (i).

In another example, <0 ≈ 0.9526 < 1 and we obtain Figure 2. In this case, we
see that the infectious population Ii(t), 1 ≤ i ≤ n converges to 0 as time evolves.
This implies the global asymptotic stability of the disease-free equilibrium P 0 as
shown in Theorem 1.1 (ii).
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(b) Infectious population Ii(t), 1 ≤ i ≤ 20

versus time t

Figure 2. Time variation of infectious population Ii(t), 1 ≤ i ≤ 20 of model (1) with parameters (33)
when <0 ≈ 0.9526 < 1

8. Discussion

In this paper we have formulated multi-group SEIR epidemic model (1) with
relapse-age-structure and studied its global stability. We have defined the basic
reproduction number <0 by the spectral radius of the next generation matrix (see
(4)) and proved Theorem 1.1, which states that the endemic equilibrium P ∗ is
globally asymptotically stable when <0 > 1, whereas the disease-free equilibrium
P 0 is so when <0 ≤ 1. This result implies that the relapse-age-structure has no
effect on global asymptotic stability of both of the equilibria. Compared the pre-
vious studies, relapse leads the difficulties in analysis of existence of the endemic
equilibrium, we used fixed-point problem to study it when <0 > 1. The asymptotic
smoothness of the semi-flow, the uniform persistence and the existence of a com-
pact global attractor are also obtained by standard and rigorous analysis. For the
proof of Theorem 1.1, we have constructed suitable Lyapunov functionals based on
the graph theoretic approach as in [6, 7, 14].

Corresponding to the multi-group model (1), the single-group SEIR model with
relapse-age structure (when n = 1) takes the following form.

dS(t)

dt
= Λ− βS(t)I(t)− µS(t),

dE(t)

dt
= βS(t)I(t)− (µ+ σ)E(t),

dI(t)

dt
= σE(t)− (µ+ κ)I(t) +

∫ +∞

0

γ(ω)r(t, ω)dω,

∂r(t, ω)

∂t
+
∂r(t, ω)

∂ω
= −(µ+ γ(ω))r(t, ω),

r(t, 0) = κI(t)
S(0) = S0 > 0, E(0) = E0 > 0, I(0) = I0 > 0, r(0, ω) = r0(ω) ≥ 0.

(34)

This model is consistent with the special case of the model studied in [15] (see model
(6.3) in the reference). The global behavior of (34) has been already clarified from
[15, Theorems 5.2 and 5.6]. That is, the basic reproduction number <0 governs the
global dynamics of (34), as shown more generally in Theorem 1.1 of this paper.

In the last of this paper, we give a discussion on the discretization of our model.
If we assume that recovered individuals are partitioned into m age stages defined
by the age intervals [ωk−1, ωk) where 0 = ω0 < ω1 < · · · < ωm−1 < ωm = ∞,
and we further assume that for ω ∈ [ωk−1, ωk), the functions γi(ω) (1 ≤ i ≤ n)
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are constants such that γi(ω) = γ
(k)
i . Then, denoting R

(k)
i (t) =

∫ ωk
ωk−1

ri(t, ω)dω

and integrating the fourth equation of system (1) in the age interval [ωk−1, ωk),
respectively, yields

ri(t, ωk)− ri(t, ωk−1) +
dR

(k)
i (t)

dt
= −(γ

(k)
i + µi)R

(k)
i (t), 1 ≤ i ≤ n, 1 ≤ k ≤ m.

Denote by ck the transfer rate from the k-th age stage to the (k + 1)-th age stage

such that r(t, ωk) = c(k)R
(k)
i (t), where c(m) = 0. By using the boundary condition

in system (1), we can obtain the following ordinary equations for Si(t), Ei(t), Ii(t)

and R
(k)
i (t).



dSi(t)

dt
= Λi − µiSi(t)−

n∑
j=1

βijSi(t)Ij(t),

dEi(t)

dt
=

n∑
j=1

βijSi(t)Ij(t)− (µi + σi)Ei(t),

dIi(t)

dt
= σiEi(t)− (µi + κi) Ii(t) +

m∑
k=1

γ
(k)
i R

(k)
i (t),

dR
(1)
i (t)

dt
= κiIi(t)− (c(1) + γ

(1)
i + µ1)R

(1)
i (t),

dR
(k)
i (t)

dt
= c(k−1)R

(k−1)
i (t)−

(
c(k) + γ

(k)
i + µi

)
R

(k)
i (t), 2 ≤ k ≤ m,

1 ≤ i ≤ n.

(35)

The model (35) is thought to be essentially equivalent to our model (1). Therefore,
we can expect that global stability results similar to Theorem 1.1 may hold for (35).
Although we do not analyze (35) in this paper, the advantage of analyzing ODEs
model (35) is that we can ease the proof of existence of the solution, asymptotic
smoothness of the semi-flow and uniform persistence of the system. In usual, in
the analysis of multi-group ODEs models, we can concentrate our attention to the
construction of Lyapunov functions. For the other papers on the global stability
analysis of a multi-group SIR epidemic model with age-structure in the discretized
case and the continuous case, please see [12] and [13], respectively. An extension
to our model involving the latency age will be an avenue for future work.

Acknowledgments

J. Wang was supported by National Natural Science Foundation of China (Nos.
11401182, 11471089), Science and Technology Innovation Team in Higher Educa-
tion Institutions of Heilongjiang Province (No. 2014TD005) and Youth Innovation
Talents of Heilongjiang Education Department. T. Kuniya was supported by Grant-
in-Aid for Young Scientists (B) of Japan Society for the Promotion of Science (No.
15K17585) and the Japan Initiative for Global Research Network on Infectious Dis-
eases (J-GRID) from Ministry of Education, Culture, Sport, Science & Technology
in Japan, and Japan Agency for Medical Research and Development (AMED).

19



Acknowledgments

The authors would like to thank the anonymous referees and the editor for their
helpful suggestions and comments which led to the improvement of our original
manuscript.

Disclosure statement

No potential conflict of interest was reported by the authors.

Funding

J. Wang was supported by National Natural Science Foundation of China [grant
number 11401182], [grant number 11471089]; Science and Technology Innovation
Team in Higher Education Institutions of Heilongjiang Province [grant number
2014TD005]; Youth Scientific Foundation of Heilongjiang University [grant number
QL201203]; T. Kuniya was supported by Grant-in-Aid for Young Scientists (B) of
Japan Society for the Promotion of Science [grant number 15K17585] and the
Japan Initiative for Global Research Network on Infectious Diseases (J-GRID)
from Ministry of Education, Culture, Sport, Science & Technology in Japan, and
Japan Agency for Medical Research and Development (AMED).

References

[1] Browne CJ. A multi-strain virus model with infected cell age structure: Application
to HIV. Nonlinear Anal RWA. 2015;22:354–372.

[2] Brauer F, Shuai Z, van den Driessche P. Dynamics of an age-of-infection cholera model.
Math Biosci Eng. 2015;10:1335–1349.

[3] Berman A, Plemmons RJ. Nonnegative matrices in the mathematical sciences. New
York: Academic Press; 1979.

[4] Chen Y, Yang J, Zhang F. The global stability of an SIRS model with infection age.
Math Biosci Eng. 2014;11:449–469.

[5] Diekmann O, Heesterbeek J, Metz J. On the definition and the computation of the
basic reproduction ratio R0 in models for infectious diseases in heterogeneous popu-
lations. J Math Biol. 1990;28:365–382.

[6] Guo H, Li MY, Shuai Z. Global stability of the epidemic equilibrium of multi-group
SIR epidemic models. Canad Appl Math Quart. 2006;14:259–284.

[7] Guo H, Li MY, Shuai Z. A graph-theoretic approach to the method of global Lyapunov
functions. Proc Amer Math Soc. 2008;136:2793–2802.

[8] Hale JK. Asymptotic behavior of dissipative systems. Providence: AMS; 1988.
[9] Hale JK, Waltman P. Persistence in infinite dimensional systems. SIAM J Math Anal.

1989;20:388–395.
[10] Huang G, Liu X, Takeuchi Y. Lyapunov functions and global stability for age-

structured HIV infection model. SIAM J Appl Math. 2012;72:25–38.
[11] Huang G, Wang J, Zu J. Global dynamics of multi-group dengue disease model with

latency distributions. Math Meth Appl Sci. 2015;38(13):2703–2718.
[12] Kuniya T. Global stability analysis with a discretization approach for an age-

structured multigroup SIR epidemic model. Nonlinear Anal RWA. 2011;12:2640–2655.
[13] Kuniya T, Wang J, Inaba H. A multi-group SIR epidemic model with age structure.

Disc Cont Dyn Syst Series B. 2016;21:3515–3550.

20



[14] Li MY, Shuai Z. Global-stability problem for coupled systems of differential equations
on networks. J Diff Equat. 2010;248:1–20.

[15] Liu L, Wang J, Liu X. Global stability properties for an SEIR epidemic model with
age-dependent latency and relapse. Nonlinear Anal RWA. 2015;24:18–35.

[16] Magal P, McCluskey CC. Two-group infection age model including an application to
nosocomial infection. SIAM J Appl Math. 2013;73:1058–1095.

[17] Magal P, Zhao XQ. Global attractor in uniformly persistence dynamical systems.
SIAM J Math Anal. 2005;37:251–275.

[18] Magal P, McCluskey CC, Webb G. Lyapunov functional and global asymptotic sta-
bility for an infection-age model. Appl Anal. 2010;89:1109–1140.

[19] Martcheva M, Thieme HR. Progression age enhanced backward bifurcation in an
epidemic model with super-infection. J Math Biol. 2003;46:385–424.

[20] McCluskey CC. Global stability for an SEI epidemiological model with continuous
age-structure in the exposed and infectious classes. Math Biosci Eng. 2012;9:819–841.

[21] Nelson PW, Gilchrist MA, Coombs D, Hyman JM, Perelson AS. An age-structured
model of HIV infection that allows for variations in the production rate of viral parti-
cles and the death rate of productively infected cells. Math Biosci Eng. 2004;1:267–288.

[22] Rong L, Feng Z, Perelson AS. Mathematical analysis of age-structured HIV-1 dynam-
ics with combination antiretroviral therapy. SIAM J Appl Math. 2007;67:731–756.

[23] Smith HL, Thieme HR. Dynamical systems and population persistence. Providence:
Amer. Math. Soc.; 2011.

[24] Thieme HR. Semiflows generated by Lipschitz perturbations of non-densely defined
operators. Differential Integral Equations. 1990;3:1035–1066.

[25] van den Driessche P, Watmough J. Reproduction numbers and sub-threshold en-
demic equilibria for compartmental models of disease transmission. Math Biosci.
2002;180:29–48.

[26] Vargas-De-León C. Global stability properties of age-dependent epidemic models with
varying rates of recurrence. Math Meth Appl Sci. 2016;39:2057–2064.

[27] Wang J, Zhang R, Kuniya T. Global dynamics for a class of age-infection HIV models
with nonlinear infection rate. J Math Anal Appl. 2015;432:289–313.

[28] Wang J, Zhang R, Kuniya T. Mathematical analysis for an age-structured HIV infec-
tion model with saturation infection rate. Electron J Differential Equ. 2015;33:1–19.

[29] Wang J, Zhang R, Kuniya T. A note on dynamics of an age-of-infection cholera model.
Math Biosci Eng. 2016;13:227–247.

[30] Wang J, Liu X, Pang J, Hou D. Global dynamics of a multi-group epidemic model
with general exposed distribution and relapse. Osaka J Math. 2016;52:117–138.

[31] Wang J, Shu H. Global dynamics of a multi-group epidemic model with latency,
relapse and nonlinear incidence rate. Math Biosci Eng. 2016;13:209–225.

[32] Wang J, Liu X. Modeling diseases with latency and nonlinear incidence rates: global
dynamics of a multi-group model. Math Meth Appl Sci. 2016;DOI: 10.1002/mma.3613

[33] Walker JA. Dynamical systems and evolution equations. New York: Plenum Press;
1980.

[34] Webb GF. Theory of nonlinear age-dependent population dynamics. New York: Marcel
Dekker; 1985.

[35] Yang J, Qiu Z, Li X. Global stability of an age-structured cholera model. Math Biosci
Eng. 2014;11:641–665.

21




