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Mathematical analysis for a multi-group SEIR epidemic model
with age-dependent relapse
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b Graduate School of System Informatics, Kobe University, 1-1 Rokkodai-cho, Nada-ku,
Kobe 657-8501, Japan

We consider a multi-group SEIR epidemic model in which recovered population relapse back
to infectives depending on the time elapsed since the recovery. This leads to a hybrid system
for which we can determine the basic reproduction number o by the spectral radius of
the next generation matrix and prove the threshold behaviours. The key idea to prove the
global asymptotic stability of each equilibrium is the usage of the graph-theoretic approach to
construct suitable Lyapunov functionals. The necessary arguments, including the existence of
an endemic equilibrium, the asymptotic smoothness of the semi-flow, the uniform persistence
of the system and the existence of a global attractor are also addressed.

Keywords: SEIR epidemic model; multi-group model; age-dependent relapse; global
asymptotic stability; Lyapunov functional
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1. Introduction

In epidemic models, heterogeneity of host population (for example, sex, position,
age and so on) plays an important role in transmission of infection, which result
from different contact modes (e.g.,measles and mumps) or different behaviors (e.g.,
herpes and condyloma acuminatum). Taking into account the different contact
patterns, or different geography, it is more suitable to divide individual hosts into
groups. Recently, multi-group epidemic models have attracted much attention of
many authors (see e.g., [6, 7, 11, 14-16, 25, 30-32] and the references therein). The
global stability analysis of endemic equilibrium of such models has been studied
by a novel approach using the graph theory, see as in [6, 7, 14]. Recently, diseases
with latency and relapse have been included in multi-group epidemic models in
[11, 30-32].

Age of infection (time elapsed since since infection began) has been included in
many epidemic models. These models are usually formulated as hybrid systems of
ordinary differential equations and partial differential equations, see, for instance,
[16] for a two-group model with infection age; [18] for an SIR epidemic model with
infection age; [15, 20] for SEIR epidemic models with infection age; [4] for an SIRS
epidemic model with infection age; [2, 29, 35] for infection age models of cholera;
[1, 10, 21, 22, 27, 28] for viral infection models; and the references therein). For
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such age of infection models, from the mathematical viewpoint, this leads to the
difficulties in analyzing the uniform persistence of the system, the existence of a
global attractor, the asymptotic smoothness of the orbit and the local and global
asymptotic stability of each equilibrium. A model has been developed by Vargas-
De-Leon [26] to describe a disease (human herpes virus, HSV-1 and HSV-2) with
relapse rate of recovered individuals in which depends on asymptomatic-infection-
age. They obtained global behavior of solutions by defining the explicit formulas
for the basic reproductive number and by constructing Volterra-type Lyapunov
functionals.

Introducing age-structure into multi-group epidemic models makes the global
stability analysis more difficult. To the best of our knowledge, there are few studies
on multi-group SEIR epidemic models with age of infection (see [15] for a single-
group SEIR epidemic model with age-dependent latency and relapse). In this study,
we assume that recovered individuals can go back to the infectious class because of
the relapse of infection. The time until relapse may depend on the heterogeneity of
each individual, it is thus of interest to account for duration of relapse as continuous
variable and relapse rate depends on the time since recovery. The “age” is defined
as the time elapsed since the recovery and we refer this structuring variable as
relapse-age for short. We assume that the newly recovered individuals enter the
recovered class with relapse-age zero.

Our purpose in this paper is to describe a multi-group SEIR epidemic model
in which it is assumed that there is an age-structure in the recovered population.
Total number of groups is fixed to be n and each group is labeled by subscript
i €{1,2,...,n}. Denote by S;(t), E;(t), and I;(t) the susceptible, exposed and in-
fectious populations in group i at time ¢, respectively. Let r;(¢,w) be the recovered
population of relapse-age w in group ¢ at time t. Then, the total recovered pop-
ulation in group ¢ at time ¢ is given by R;(t) = O+°o ri(t,w)dw. More precisely,
f:jf ri(t,w)dw denotes the recovered population between age w; and ws in group
7 at time t. The relapse rate of the recovered individuals in group ¢, which is de-
noted by 7;(w), is assumed to depend on the relapse-age w. The total number of
individuals which go back to the infectious class due to the relapse in group ¢ at
time ¢ is given by f0+°° ~i(w)r;(t, w)dw.

Under these assumptions, the model to be studied in this paper is formulated in
the following form:

d%t(t) = Ai — piSi(t) — jzn;&jsi(t)lj(t),

Y- Jil@jsi(t)fj(t) (it o) EA),

dﬁit) = oiEi(t) — (i + ri) Li(t) + /O m Yi(w)rs(t, w)dw, (1)
amg{ s 8”;52;“) = —(pi + 7 (@)ri(t w),

ri(t,0) = ki L;(1),

Si(0) = Si0, Ei(0) =E; 0, Li(0)=1I,, ri(0,w) =rip(w), 1<i<n.

The meaning of each parameter is listed as follows:

A;: the constant recruitment into group i;

pi: the mortality of individuals in group ¢;

Bij: the transmission coefficient between susceptible individuals in group 7 and
infectious individuals in group j;



0;: the rate of the onset of illness for exposed individuals in group ¢;
k;: the recovery rate for infectious individuals in group i;
7i(+): the age-dependent relapse rate for recovered individuals in group i.

For these parameters, we make the following assumption.

Assumption 1.1 (i) A4, pi, 0i, and k; are positive for all i € {1,2,--- ,n}.
(ii) 7i(+) is non-negative and bounded with upper bound ~;~ € (0,+00) for all
ie{l,2,--- ,n}.
(ili) pi; is nonnegative for all ¢, j € {1,2,--- ,n} and n-square matrix (3;;)1<i j<n
is irreducible [3].

From the point of applications, it is particularly relevant to study the stabil-
ity and attractivity of a positive endemic equilibrium of system (1), if it exists.
We characterize the threshold condition of the system (1) with the basic repro-
ductive number of infection in the sense that it determines the stability of the
equilibria. It is easy to see that system (1) always has the disease-free equi-
librium P° = (S¢,89,---,58%0,---,0), where S? = A;j/ui, 1 < i < n. Let
P = 1595, Sy, B By, BRI TG aI;;v *( )s T;(w)a"' ,r,ﬁ(w)) be a
positive endemic equilibrium of (1). Then, the following algebraic equations hold:

Ai= Z@js*f + 1Sy,

(Mz"’az E* = Zﬁl]sz*lj7

(2)
+o00
(i + ki) I7 = UiEf*‘/ i (w)r] (w)dw,
0
dréU(J ) —(pi + i (W) (W), 7H0)=rdy, 1<i<n.

Now, we define the basic reproduction number Ry, which implies the expected
number of secondary cases produced in an entirely susceptible population by a
typical infected individual during its entire infectious period [5, 25|. For system
(1), we can calculate it as the spectral radius of a nonnegative matrix called the
next generation matrix. Let

B11SY -+ BinSY
F= and V= diag((u; + k(1 —6;))Fy),

where
e K Hi +0;
0 = / vi(w)e™ Jo itri@doqy, and =212 1<i<n. (3)
0 O
Note that
+oo " +oo "
0<6,; :/ %(w)e— Jo (Hrl-’)'i(cf))dadw < / ’yi(w)e_ Js ’n(a)dadw <1, 1<i<n.
0 0

Then, the next generation matrix is given by

Blls? ﬂlns?
(Nl +"€1(1 —61))Fy (fn + Fn(1 _en))Fn

Fy = : . :
(ﬂl +Hl(1 _91)>F1 (,un'i_lin(l _en))Fn




Hence, the basic reproduction number of model (1) is defined by the spectral radius
of the next generation matrix:

Ro = r(FYH, (4)

where 7(-) denotes the spectral radius of a matrix.
The main theoretical result to be proved in this paper is stated as follows.

THEOREM 1.1 Let Ry be defined by (4).

(i) If Ro > 1, then system (1) has a unique endemic equilibrium P* which is
globally asymptotically stable;

(ii) If Ry < 1, then the disease-free equilibrium P° is globally asymptotically
stable.

The organization of this paper is as follows. In Section 2, we show the existence
of the endemic equilibrium P* when Ry > 1 by reformulating (2) into a fixed-point
problem. In Section 3, we show the well-posedness of the problem (1) by using
the integrated semigroup approach as in Thieme [24]. In Section 4, we prove the
asymptotic smoothness of the semi-flow by using the method as in [23, 33, 34]. In
Section 5, we prove the the uniform persistence and the existence of a compact
global attractor under the condition Ry > 1 by using the method of Hale and
Waltman [9]. In Section 6, we investigate the global asymptotic stability of each
equilibrium and give the proof of Theorem 1.1. In Section 7, we give numerical
examples to verify the validity of Theorem 1.1.

2. Existence of the endemic equilibrium
We first introduce the following notations, which will be used throughout the paper:

S = (51,5, ,5)", E=(E,Es--,E)", I=(,I--,1,)7,
r=(ri,re, ), A= (A, Ay, AT, D(1) = diag(1,1,---,1),
M =diag(p, 2, s pon), B = (Bij)nxn, = =diag(or,o9, - ,0m),
K= diag(’{l”{%"' aﬁn)» F(w) = diag(’yl(w)a’h(w)v"' ”Yn(w))v

(5)

where T denotes the transpose of a vector.
As stated above, the disease-free equilibrium P° of system (1) always exists. To
investigate the existence of endemic equilibrium P*, we rewrite (2) into a fixed-

point problem of I* := (I#, I3, --- , I*)". It follows from (2) that, for 1 < i < n,
A ) Ai Y- Bl
57 = . B S i) = malfe O ()

'21 BigLF + i pi o Zlﬂuff + i
7= J=

Hence, from the third equation of (2), we have
(i +ri) I7 =  —————— +0iril], 1<i<mn,

where 0; and F; are defined as in (3). Hence, we obtain the following equation of



1 j=1 .

I — 1<i<n.
’ i+ ri(1—0;)) F; & * 7 -
(ki + £i( ) S Bii Ik + i

Now, let us define the following nonlinear operator © on R™:

. A Zlﬂij%
@(@) = n = ) (10:(801’@27"' 7S0’ﬂ)T€Rn'
(s + mil = 09)) Fi 55 Bigps + pi

I= 1<i<n

If the operator © has a positive fixed-point ¢* (= ©(¢™*)), then it is no other than

(IF,13,- -, I*)" and the existence of the endemic equilibrium P* follows by sub-
stituting it to (6). It is easy to see that the Frechet derivative of © at 0 is the next
generation matrix:

& Zlﬁijsﬁj Sy Zlﬁij%‘
e'[0)y = -~ = = = FV-lo.
Ol¢ (i + ri(1—0;)) F; (i + ri(1—0;)) F; v
1<i<n 1<i<n

We prove the following theorem:

THEOREM 2.1 Let Ry be defined by (4). If Rg > 1, then system (1) has at least
one endemic equilibrium P*.

Proof. Tt is obvious that the nonlinear operator © is monotone nondecreasing (that
is, O(p) > O(v)) if ¢ > 1), where the inequality between vectors implies that the
same inequality holds for each entry of the vectors). Then, we see that

1©(¢

<2 G e "

where ||-|| denotes the usual Euclidean norm in R defined by ||x|| = >~ |z4], x
(1,22, - ,2,)" € R™ The inequality (7) implies that the operator © is uniformly
bounded. It follows from the Perron-Frobenius theorem that Ry = r (.7: Vﬁl) > 1
is the eigenvalue of matrix FV~! associated with a positive eigenvector w :=
(w1, wa, - - ) such that FV~'w = Row. Note that since Ry > 1, there exists
a suﬂi(nently small constant ¢ > 0 such that cz _1 Bijwj + p; < Ropy; for all
1=1,2,--- ,n. Let w := cw. Then

A; YD Bijew;
0 (W) = ! J=1
i+ mill = 6:)) i 5 Bijew; + i
j=1 1<i<n
1 Ai Z1 Bijwj c c
> J= = — -1 = 7% = W .
=¢ (,Uzz + Iii(]. — 01)) Fl %o,ui §R0 FVow §R0 ow W
1<i<n

Hence, from the monotonicity of ©, we can construct the monotone nondecreasing
sequence {O©"(W)} 1% such that ©"(W) < ©"+!(W). Since O is uniformly bounded,



the sequence converges to a limit w* which satisfies w* = ©(w™*). It is no other than
the desired fixed-point and the existence of the endemic equilibrium P* follows. B

3. Well-posedness of the problem

Since system (1) is an infinite dimensional dynamical system, its associated initial
conditions and boundary conditions need to be restricted in an appropriate phase
space. Let us consider the following Banach spaces and their positive cones:

X =R"xR" xR" x R" x L'(0, +o0; R"), X, =R x R? x R? x R x L(0, +oo; R"}),
Y=R"xR"xR" x L'(0, +o0; R"), V; =R} x R} x R} x L'(0, +oo; R").

The norms are defined as [|(x, v, ¢, ) llx = |xl| + Iyl + 2l + o] + ]
and |(x,y,0,6)7 [y = [/l + Iyl + il + ]2, where x,y,2,¢ € R” and o €
L' (0, +00; R™).

Denote by N;(t) := S;(t) + E, t)+ f r;(t,w)dw the total population in
group 7 at time ¢. From (1) we easﬂy see that N;(t) satisfies the ordinary dlﬁerentlal
equation dN;(t)/dt = A;—u; N;(t). Hence, we have limy_, ;oo N;(t) = Aj/pi = SO
N}, 1 < i < n.In what follows, for 81mphc1ty, we assume that N;(0) = N and
hence, N;(t) = N; for all t > O, 1 < i < n. Then, to show the Well—posedness of
the model (1), it suffices to consider the following reduced system:

n +OO
®) . Zﬁij <Ni* — Ei(t) — Li(t) — /0 n-(t,w)dw) Ii(t) — (i + 0i) Ei(t),
j=1

. +o0
dICZhEt) = o Bi(t) — (i + wi)Li(8) + i Yi(w)rs(t, w)dw, )
or;(t,w) n Ori(t,w) _ —(s + i ()i (t,w), it 0) = ki L;(1),

ot ow
Ei(0) = Eio, I;(0) = 1o, 7(0,w) =rio(w), 1<i<n.

As in the approach introduced by [19], we reformulate the system (8) into a semi-
linear abstract Cauchy problem in ). Let A : D(A) := R" x R” x {Ogn} X

W0, +00;R?) C Y — Y be a linear operator defined by

—Mx X
Au = :jﬂ\?Oy) , u= Ogn € D(A), (9)
—d5¥(w) = MY (w) g

where M is an n-diagonal matrix defined in (5). Note that the domain of the
operator A is not dense in Y since D(A) = R™ x R" x {Og»} x L'(0, 4-00; R") # V.
Let us define a nonlinear operator F : D(A) — ) by

(N* —X-y- f0+oo Q/J(w)dw)T By — ¥x X
F(u) = Yx — Ky + f(;” T'(w))(w)dw L u=|{gr | €DMA), (10)
y
()b (w) v

where B, ¥, K and I'(w) are matrices defined in (5) and N* = (N;, N3, --- , N;)T.
By setting U(t) := (E(t),1(t), 0g~, r(t,.))T, we rewrite problem (8) into the follow-
ing non-densely defined abstract Cauchy problem in ):

a()

o =AU T FU©), >0, Uy:=U(0). (11)



We define the following closed space in ):
+oo
Q:= {u =(xy.0,0) €Vi: 0<zi+yi+oi + Yi(w)dw < Nf, 1<i<n
0
(12)
To show the well-posedness of the problem (11), we apply Theorems 2.3 and 3.2 in
[24]. To this end, we first prove the following lemma:

LEMMA 3.1 A is a Hille-Yosida operator which satisfies

1
M—-A < —, A>-— 13
IO =A< 3 2> (13)

where p 1= mini<;<n(pi). Furthermore, A(AI — A)~Y maps Q into itself for suffi-

ciently large .

Proof. For any u = (x,y, go,w)T € Y and A > —p, denote @ := (A — A)_l u. Since
AT

u € D(A), we can write 4 = <>~<,SI,ORn, d)) € D(A). Then, since u = (A — A)a,

we have

— i
A

o _Yi _ O / YO (w—s) ,
Yi = , Yi(w) =e i + e Pi(s)ds, 1 <7< n.
A+ g (@) v 0 (5)
(14)

X

Then, we can verify the following inequality:

1AL = A ]y, = Jlally

n

< E:(k“**y”%1/+we@+mwdww4+l/ﬂije@+wﬂwswwx@<udw)
- A+ 0 0 0

i=1

i(m+m+mwﬂﬂwmm>_ 1

IN

> e s Il
This implies that inequality (13) holds.

From (14) we see that if u € Q and @ = (A\I — A) ' w for A > 0, then \i; =
Axi [ (A+ i) € [0, 23], AJi = Ayi/ (A + pi) € [0, 93] and

e Moo A Sy w(s)ds oo
A (w)dw = i 4 0 6[0, i + isds}, 1<i<n.
| e = 2R St et [t

Hence, we have
+oo +oo

0<A (5:7;+@77:+0+ vm(w)dw) < wityiteit Pi(s)ds < Nf, 1<i<n.
0 0

This implies that A (A] — A)~' (©2) € Q and the proof is complete. [ |

We next prove the following lemma:

LEMMA 3.2 F is Lipschitz continuous on D(A) N Q. That is, there exists a con-
stant L > 0 such that |F(u) — F(@)|y, < L|ju—1lly, for any u,@ € D(A) N Q.
Furthermore, lima_,0+(1/a)dist (u + aF'(u), Q) = 0 for any u € D(A) N, where
dist(u, Q) = infazeq [[u — a5,

Proof. We omit the proof of the first part (Lipshitz continuity) since it be eas-
ily proved by letting L := max (NTST + 20", 2NTB1 4+ 25T, NTBT 4 297),



where N+ = MaXi<i<n Ni*7 ﬁJr = maxlgi,jgn ,31']‘, 0’Jr = mMaXi<i<n 04, H+ =
max <j<n ki, and ¥ 1= maxj<;<p ;.
To prove the remaining part of the lemma, it suffice to show that u+ aF(u) € Q

for sufficiently small «. For any u = (x,y,ORn,w)T € D(A) N Q, let us define
U= ()E,Sf,gb,?/?) € Y by @:=u+ aF(u). Then, we have for 1 <i <n that

+oo
0<% +9;+ o+ ¥ (w)dw
0
“+o0 n
<z;+y + wi(w)dw—l—aZﬁJrNJ’F (NZ.* —x -y —
0 0

Jj=1

+oo

wi(w)dw> < N}

if @ < 1/(3°7_; BTN;). This implies that u + aF(u) € Q, which completes the
proof. [ |

From Lemmas 3.1 and 3.2, we can use Theorems 2.3 and 3.2 in [24] to obtain
the following proposition:

PROPOSITION 3.3 For system (8), there exists a unique strongly continuous semi-
flow {®(t)}e>0 : D(A) NQ — Yy such that for each Uy € D(A) N Q, the function
U € C([0,400),Y+) defined by U(-) = ®(-)Up is a mild solution of (8). That is,
it satisfies fg’ U(s)ds € D(A) and U(t) = Uy + Afot U(s)ds + fot F(U(s))ds for all
t>0.

This proposition implies the mathematical well-posedness of the original problem
(1) for any initial condition in R™ x (D(A) N Q).

4. Asymptotic smoothness of semi-flows

To prove the asymptotic smoothness of semi-flow {®(t)}+>¢ generated by (8), we

use the method as in [8, 23, 33, 34]. We divide {®(t)}+>0 into two parts: ®(t)Uy =
- T

Wl(t)Uo + WQ(t)Uo, where Wl(t)U() = <0Rn,0Rn,0Rn,¢(t, )) and Wg(t)U() =

(E(t),I(t), Ogn, (¢, )" . Here

Bltw) = (W1 (t,w), Yo (ta)s - (b)) zzz-<t,w>:{2;(t)w),g<<5’<t; 1<i<n

and

- - - - . ; <w <t .
r(t,w) = (Tl(tvw)vr2(t7w)v' o »rn(taw))Tv Ti(taw) = {82(15’007 (t)g:j B t7 1 S t S s

Now we introduce the following result, which comes from [8, Lemma 3.2.3 and
Theorem 3.4.6].

THEOREM 4.1 ([8]) The semi-flow {®(t)}1>0 : D(A) N Q — V4 is asymptotically
smooth if the following properties hold:

(i) tliin diam W (¢,Q) = 0;
— 400
(i) there exists a tq > 0 such that Wh(t,$2) has compact closure for each t > tq.

To verify the conditions in Theorem 4.1, we first prove the following lemma.



LEMMA 4.2 There exists a real-valued function A : Ry x Ry — Ry such that
lim;— 100 A (t,7) = 0 and [[Wy (t) Uollyy < A(t,7) hold for any r >0 andt > 0 and
Up € D(A) N Q such that ||Up|ly, <.

Proof. Integrating the equation of r; in system (8) along the characteristic line
t — w = constant, we have

0, 0<w<t;

Vit w) = {7“@0 (w—t)e” f()t{ﬂfi+7i(w7t+0')}d07 t<w, 1<e<n.

Hence, for Uy € D(A) N Q satisfying ||[Uplly, < 7,

IW1 (8) Uolly = 101 + 110z [ + [0z | + (2, )| it )| dw

n +oo
-3
L i=1"0

n 400
- Z/ Irio (w = t)|e™ Jolmtrlotrakdog,
i=171t

n +00
< e_ﬁtZ/ [rio (w)|dw < e & 1Uolly, < e M1ty
i=170
Hence, the assertion holds for A (t,7) := e # 7, [ |

We next prove the following lemma.

LEMMA 4.3 For allt > 0, W (t) maps any bounded subsets of D(A) NS into sets
with compact closure in Y.

Proof. For Uy in any bounded subset of D(A)NS2, it follows from (12) that E(t), I(¢)
remain in the compact set {X = (z1,- - ,xn)T ERY: 0< 2 < Aj/pi, 1<i < n}

for all t > 0. Therefore, it suffices to show that ¥(¢,-) remains in a pre-compact
subset of ) which is independent of Uy. Now, integrating the equation of r; in
system (8) along the characteristic line ¢ — w = constant gives

T+ — — [ A{rit+vi(o)}do .
fi(t,w):{ngz@ wleT W THINE, 0wty <y g, (15)

t <w,

To complete the proof, it suffices to show the following four properties (see Smith
and Thieme [23, Theorem B.2]):

(i) The supremum of » 7" | 0+°° 7i (t,w) dw for all initial data Uy € D(A) NQ is
finite.
(i) Hmp—ioo D ory ,j_oo 7i (t,w) dw = 0 uniformly for Uy € D(A) N Q.
(iii) lmp—yi0 D iy f0+oo |75 (t,w + h) — 7 (t,w)| dw = 0 uniformly for Uy € D(A)N
Q.
(iv) lmpyi0 Y iy foh 7i (t,w) dw = 0 uniformly for Uy € D(A) N Q.

Now, from (15), we have 0 < 7; (t,w) < k;Aje 2 /p;, 1 < i < n and hence, it is
easy to see that (i), (ii) and (iv) follow.
We prove (iii). Since we shall consider h — +0, we can assume that h € (0,1)



without loss of generality. From (15), we have
n 400
Z/ 17 (£ B) — 7 (1) dw
— Jo

n t n t—h
:Z/ |O—fi(t,w)|dw+2/ |fi(t,w+h)—77i(t,w)|dw
i—1 Jt=h =170

<z’%Ah Z’% / o S (@) o _ o [5 {uiti(o)}do | g,

w—+h

<ZHZAh ZHA/
<ZH’Ah{1+uzt— }+Z”Z /th/w+h o)dodw

s+ 200} do = [ s+ 71 (0) b do |

A
<Z’“ﬂ h{1+ul (t—h)+~({t—h)} =0 as h— +0.

i=1

Note that we used the relation }e_“ - e_b} < |a — bl. Since the right-hand side of

the above inequality is independent from Uy € D(A) N €, (iii) is proved and the
proof is complete. [ |

From Lemmas 4.2 and 4.3, we can use Theorem 4.1 to conclude that the semiflow
{®(t) }+>0 is asymptotically smooth:

PROPOSITION 4.4 The strongly continuous semiflow {®(t)}i>0 : D(A)NQ — Vi
generated by system (8) is asymptotically smooth.

5. Uniform persistence of the system and existence of a global
attractor

In this section, for Ry > 1, we prove the uniform persistence and the existence of
a compact global attractor by using the methods proposed in Hale and Waltman
[9]. Set

+oo
Qo = { (x,y,ORn,¢)T €Q: ;>0 or y; >0 or Yi(w)dw > 0 for some i},
0

o0 =0 \ Qo, Mo = D(A) N Qo, 8M0 = D(A) N on. (16)

We first prove the following lemma.

LEMMA 5.1 Let My and OMy be defined as in (16). The following properties hold:

(1) ®(t) (0Mo) C OMy for all t > 0;
(2) If Uy = (Eo, Iy, Opn,mo(.))" € My, then Ei(t) > 0 and Ii(t) > 0 for all
ie{1,2,---,n} and t > 0.

Proof. First, to prove (i), let Uy = (Eq, I, Ogr,10(.))" € OMj. Then, Eio=1I=

10



f0+°° rio(w)dw =0 for all ¢ € {1,2,--- ,n}. Integrating (8), we have

t n +oo
= / Zﬁij (Ni* — Ei(s) — Ii(s) — / ri(s,w)dw> Ij(s)e(itet=s)qg
(it 0

t 400
Ii(t):/ (UiEZ‘<S)+/ Yi(W)ri(s,w)dw | e~ iR E=s)qg
0

0
Ti(t—w)e” f()“(ui-&-’yfz(a))dU’ 0<w<t

, _ ) K <i<
Tz(taw) {O7 t<w, 1 STsSsNn.

(17)
Substituting the third equation into the second equation, we have

t t
I;(t) = / (UiEi(s) +/ vilw)ki L;(t — w)e™ fﬂw(””'“(”))d”dw) e~ (mitr)t=s)qs  (18)
0 0

From (17)-(18) and the continuity, we see that E;(t) = I;(t) = f0+oo ri(t,w)dw =0
for all ¢ € {1,2,--- ,n} and ¢ > 0. This implies that ®(t) (0My) C M, for all
t>0.

Next, to prove (ii), let Uy € M,. If Ej 0 > 0 for some j, then FEj;(t) >
Ejoe~Wito)t > 0 for all t > 0 and hence, I;(t) > [Jo;E;(s)e” (Hatm)(t=9)ds > 0
for all ¢ > 0. From the first equation of ( ) and the 1rreducibﬂity of matrix
(Bij)i<ij<n (see Assumption 1.1 (iii)), we see that E;(t) > 0 for alli € {1,2,--- ,n}
and t > 0. Then, from the second equation of (17), we see that I;(t) > 0 for all
ie€{1,2,---,n}and t > 0.

If I o > 0 for some j € {1,2,---,n}, then in a completely similar way, we can
showthatE()>Oand]()>0foralli€{1 2,-+-,n}and t > 0.

If [rjolw)dw > 0 for some j, then I;(t) > fg [y (w)rjolw —

s)e = Jo (s (w— 5*"))d"dw e~ (mitri)(t=s)ds > 0 for all t > 0. The remaining part
of the proof is similar as in the above cases. [ ]

According to [17, Theorem 3.7] and [9, Theorem 4.2], we are able to show the
following theorem about the uniform persistence.

THEOREM 5.2 If Ry > 1, then the semi-flow {®(t)}i>0 is uniformly persistent in
My. That is, there exists an U > 0 such that liminf, o |®(t)Us|ly > U for all
Uy € M.

Proof. We show that 0 1is isolated in D(A) N Q and that My N
W=(0) = 0, where W?*(0) denotes the stable manifold of 0 defined by
Ws#(0) := {Uo e DA)NQ: limy100 DUy = 0}. To this end, suppose that

limsup,_, o [[®(t)Uolly, < e for some Uy € Mp and sufficiently small ¢ > 0

and show a contradiction. There exists a sufficiently large T > 0 such that
H<I>( )UOHy < ¢ for all t > T'. Then, from the positivity of the solution, we have

Ei( )+ f ri(t,w)dw < e, 1 <i < nforallt >T. Hence, by integrating
(8) we have for 1 <4 < n that

t n
2/ S Biy (N7 — &) I(s)e (miton =),
0
j=1

(19)

for all t > T. Without loss of generality, regarding ®(7)Up as the new initial
value, we can consider that (19) holds for all ¢ > 0. Let us denote by L[f](\) :=

f0+oo e M f(t)dt, A > 0 the Laplace transform of function f(¢). Then, from (19), we

11



have for 1 <4 <n that
doiy Bii(NF =) LILI(N) Y20, Big(SP — o) L[L](N)

LIE;|(A) = = ;
Wi + 0o+ A ’uij— o+ A (20)
O‘iﬂ[Ei] (/\) Iiiﬁ[]ﬂ ()\) 0+Oo Yi (o.))e_ Jo' (pityi(o))do—Awq,,
£ > .
Wi + ki + A Wi + K + A

Note that L[E;](A\) and L[L;](N\), 1 < i < n exist for all A > 0 because of the
uniform boundedness of the solution in M, that is,

“+ o0 *
0 < max (L[E](N), L[L](N) < / e MNFdt = ]\/[\’ < 400, 1<i<n.
0

For 1 <i<n,let

o
LI\ L +o0 )
by = ; , Fia=t toit A» Oin = / Yi(w)e Jo itmiloNdo=deqy,
: g 0
LI,](N)
Bui(S? —¢) Bin(S) —¢)
(1 +K1(1 = 01,0) + A)Fia (n + En (1 —0p0) + N)Fpx

]Cg’)\ = : .

ﬁnl(S’g - 6) . Bnn(sg B 8)
(/141 + "{1(1 - 01,)\))F1,)\ +A (,U/n + Hn(l - gn,)\) + )\)Fn)\

Then, from (20), we have £, > K. \ly. It is easy to see that Koo = FV L. Hence, if
Ro = r(FV~1) > 1, then from the continuity we can choose sufficiently small € > 0
and A > 0 so that r(IC. ») > 1. Let £ » be the positive left eigenvector of matrix
KCe ) associated with the eigenvalue r(/C; ), which existence is guaranteed by the
Perron-Frobenius theorem. Multiplying ll)\ to the both sides of the inequality
6)\ > ICE’)\E)\ from the left, we have [557)\5)\ > ZE’)\ICE,)\K)\ = T(’CE’)\)ZE,)\K)\ > Ze’,\ﬁ,\,
which is a contradiction. Thus, 0 is isolated in D(A) NQ and MyNW*(0) = (. By
[17], {®(t)}+>0 is uniformly persistent. [ |

Furthermore, we can conclude for our case that there exists a compact set Ag C Y
which is a global attractor for {®(t)};>0 in V:

PROPOSITION 5.3  The semi-flow {®(t) }+>0 has a compact global attractor Ay C Y,
which attracts any bounded sets of Yy .

6. Proof of Theorem 1.1

For the proof of Theorem 1.1, we return our attention to the original system (1)
which includes the susceptible populations S;(¢), 1 < ¢ < n. Of course, our the-
oretical results obtained in the previous sections (the existence of equilibria, the
asymptotic smoothness of the semi-flow, the uniform persistence of the system and
the existence of a compact global attractor) still hold true for the original system
(1).

In the proof, we use function G(z) = z—1—In z, which is nonnegative for all z > 0
and equal to zero if and only if z = 1. In the calculation, for simplicity, we denote
ori(t,w)/0w — O,ri(t,w), Ori(t,w)/0t — Opri(t,w) and dr}(w)/dw — dy,r}(w).

Let a;(w) = i 4+ 7i(w) and ps(w) = e~ Jo @47 1 < < n. The fourth and fifth

equations of (2) can be rewritten to d,r!(w) = —a4(w)r(w) and r7(0) = k;I},
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respectively. Hence, we have 7} (w) = k1] pi(w), 1 <i <n. Let

+o0 .
Gi(w) = / vi(v)e™ I ai((b)d‘z’dv, 1<i<mn, (21)

which will be used in the construction of Lyapunov functionals. Note that (;(w) > 0
for w > 0 and (;(0) = 6;, 1 <i < n. The derivative of (;(w) satisfies

duGi(w) = G(W)ai(w) =7i(w), 1<i<n. (22)

6.1. Proof of (i) of Theorem 1.1
Based on the graph-theoretic approach developed by [6, 7, 14], we construct a

Lyapunov functional. First we set Bij = B S; I7, 1 <4,j < n and a Laplacian
matrix ~ B .
Zk# Pie  —Par - —=Pm
B 7ﬂ12 Zk;#Q 621@ 7ﬂn2

_/8;177. _5277. e Zk;ﬁn Bnk

Then, from [6, Lemma 2.1], we see that the solution space of a linear system

Bv =0, v = (v1,v2,... ,vn)T. has dimension 1 and one of its basis is given by
v = (v1,v9,... ,vn)T = (011,...,cnn)T, where ¢; > 0, ¢ = 1,2,--- ,n denotes the
cofactor of the i-th diagonal entry of matrix B. Using this v, we construct the
n
following Lyapunov functional: V41 (S, E, I r(w)) = > v; [Ll,i(t) +C;Loi(t)|, where
i=1
(S [ E L
l&dﬂA$G($>%IEG<E;)+CIG<U>,
teo ri(t,w)
Lai(t) = (W) 7 .
20 ﬁ/ S O e 1<i<n
" B..GQx[*
_ Wity
Ci = ; -

Note that by virtue of the uniform persistence of the system as shown in Theorem
5.2, functions Lo ;,1 < i < n are well-defined.

Using equilibrium equations (2), we first calculate the derivative of Lq;(t), 1 <
1 <n as

L)

S SiI; EX\ & S;I; FE;
=(1-2L) | mst 17— G SE (1 — =2 1-= i SEIE L _ ’)
(-8 (-5 mmt () [+ (- 5 ) Sowsin (57 -

I E I +o0 rtw) I,
oi(1- i ppr (B & (W) w) Ly
* ( D)PZ(@ U)*A ”me(ﬁw> ﬁ)%
Si S* +oo . . *
—wsi(2- 2L i) ¢ (W) oG 1]d
# ( 5 sl)+ /0 ”“’Vz(w){r;(w) T L) } w
S I, E'SiI; I I'E;

Sirp3— 4Lt d - :
+Zﬁ” { S+ ESiTr If I-E;]

= —msi[e(5) +G(§)] 0 [T )| LB g,

4 r¥(w) I Liry (w)

57 I'E; ErS;I; I, I I*I;
— ST |G G G U ymEt 1<i<n 93
Zﬁ] [ (S>+ (IE*)Jr (ES*I*)Jrl* I;‘Jrnlilj*} sr=n (23)
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Next, calculating the derivative of Lo ;(t), 1 < i < n, we have

Ly (1) = /O o g(w)<1 ri (w))>8tm(t,w)dw

ri(tvw

- /;Oo Gi(w) (1 - :é%) (&,n(t,w) + ai(w)n(t,wo dw, 1<i<n.

(W) (t.w)

Since (%G(n(t,w)> _ (1 _ Tv;:(@)(awii(t,w) _ rf@?f?é@) and dyri(w) =
—ai(w)rf(w), 1 <i <n, we have

omef) - (- i), v
Hence,
() = — /0 " (@@ﬂ(’”éiﬁ)m, 1<i<n. (24)

Using integration by parts and (22), we have

[ rono( )

= o (TN ™ g oo 2 Ya
= G :: - [ s + oo (e Yo
:CAw)rf(w)G(ﬁ?éj?) oo (Tr(t(o(;)>

Using the equalities (;(0) = 6;, r/(0) = wiL*, ri(t,0) = rili(t), dor)(w) =

2

—oi(w)rf(w), 1 <i<n, we have

[ rono( el

ek ri(t,w) o e Li(D) e (o ri(t,w) w
~ctria(Te )| -eena ()« [ rwmea( o
(25)
Substituting (25) in (24), we obtain
/ — () (w ri(t,w) e TH L(t)
Bt = - Glomi)e ()| ranio(%2)
oo ri(t,w ri(t,w i
+ /O r;‘(w)fyi(w){— rff(w)) 4141 j{Z(t)Eﬂi (w)) t it I(f)]dw. (26)
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Combining (23) and (26), we have

n

Vit) = sz{L’“(HCL } ”z{ ’“S*[ (s*)+G<Sz)]
i=1 i=1 l

e 52 [FE; BiSidi\ L L i1

—ZWI[ <s>+G( -E;f)”(EiS:f;)W* L MJ

~carie(M)| o[ rne(f .

L& (w) 4

_Ci/0+oor;“(w)%(w)G<I[(*)>dw+CGZ Ne G( I(t>)}.

K3

N

&~

Since rf(w) = kI pi(w) and §; = 0+°° Yi(w)pi(w)dw, 1 < i < n, the terms includ-
ing G(IAt)/If) are canceled. Finally we get

n

: S; S

V/(t) = Z { wiS? [G(S*> +G(S_)]
i=1 H

. E;S;1; I, I I

72@351 {G ) <IE*>+G(ES*I*)+I*I{FJFIHI-Ii]

.

(27)
_ n o n o _
Due to [6], it follows from Bv = 0 that ) Bjv; = > Bijv; and hence,
j=1 j=1

n

Z BjiSiI v, Z BijSi I vi, 1 <4 < n. This implies that

3 B = 3 huSiin = 313 i =3 S auS
i=1 =

i,j=1 i,j=1 117']1

= Z Zﬁ”S*I*’Ul = Z Bl]sz*lj* ZI*

zlz— i,j=1

and thus, Z v; Z BigSi I} (Ij/I; - Ii/[z-*) = 0. Hence, (27) can be evaluated as

n

Vll(t) < - Z szJS*I* - Z UZ/BU

i,j=1 2,j=1

By using the graph-theoretic approach as in Guo et al. [6] and Li and Shuai [14],
we can prove that the right-hand side of this inequality is equal to zero. That is,
the positive-definite function V() has nonpositive derivative dV;(t)/dt. It is easy
to see that the equality dV;(¢)/dt = 0 holds if and only if (S(-), E(-),I(:),r(-,w)) =
(S*,E*,T*, r*(w)). By virtue of the asymptotic smoothness of the semi-flow as
shown in Proposition 4.4, we can apply the invariance principle (see [33, Theo-
rem 4.2 in Chapter IV]) to conclude that the endemic equilibrium P* is globally
asymptotically stable. [ |
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6.2. Proof of (ii) of Theorem 1.1

matrix-valued function M (S) := (5:;5:/ (s + ki(1 — el))Fl))_1<z_]<n It is easy to

see that M(S°) = M°, where S° := (57,59, --- ,Sg)T. Since r(FV~1) = r(V71F),
we see that r(M°) = %0.

First we claim that there does not exist any endemic equilibrium P* if $y < 1.
Suppose that S # S°. Then, under Assumption 1.1, we have 0 < M(S) < M?,
where we denote A < B for any two matrices A = (a;5)1<i,j<n and B = (bj)1<i j<n
if a;; < bij for all 7,5 € {1,2, ce ,n} and A # B.

Since matrix M (S) + M? is nonnegative and irreducible under Assumption 1.1,
it follows from the Perron-Frobenius theorem (see Corollary 2.1.5 of [3]) that
r(M(S)) < r(M°) = Ry < 1. This implies that equation M(S)I = I has only
the trivial solution I = 0 and the claim is true. Here, note that the equation
M(S)I =1 can be obtained by rearranging the equations in (2).

Next we claim that the disease-free equilibrium P is globally asymptotically
stable. Since M is irreducible, the Perron-Frobenius theorem guarantees that there
exists a positive left eigenvector (wy,ws, -+ ,wy) of matrix M? associated with the
eigenvalue r(Mp) = Ry < 1, that is, (wi,ws, -+ ,wn)M? = (M%) (wi,ws, -+ ,wn).
Let ¢; = w;/(pi+ri(1—6;))F; > 0, 1 <i < n. Let us define a Lyapunov functional,

n

Va(S,ELrw) =Y ¢ [E VR + F /O%o Q(w)ri(t,w)dw] (28)
=1

where F; = (p; + 0;) /oi, 1 < i < n. Calculating the derivative of V(t) along the
solution of system (1), we obtain

n

n 400
= ZCZ' [Zﬂ”SZIJ — (,LL'L + K/’L)FZIl -+ FZ/O ’y(w)m(t,w)dw

“+o0
_ Fi/o Gi(w)(Ouri(t,w) + ai(w)ri(t,w))dw]. (29)

Using integration by parts, we obtain

+oo

+00 +oo
/ (@)t w)dw =C@ri(tw)|  — / Ao o)t w)do
0 0

w:0+00
—  Guali(t) — /0 (G (@) (@) — 7s(@)]rs (b w)dw, 1< < .
(30)

Substituting the expression (30) into (29) yields

n ZBUSI

— Zc [251351 (i, + (1 — } Zwl /J/7,1+K:z(1_9)F»L -1

i=1 =1 =1

= (w1, wa, - ,wp) - (M(S) — &I
= (oJl,WQ, e ,wn) . (T(M()) — 1)1

(w17w27 to 7wn) : (MO - gn)I

<
<0, (31)

where &, denotes the n x n identity matrix and - denotes the inner product of
vectors. If r(My) < 1, then it is easy to see from (31) that V(¢) = 0 if and only if
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(a) Infectious population I;(t) versus time ¢ (b) Infectious population I;(t),1 < i < 20
and group ¢ versus time ¢

Figure 1. Time variation of infectious population I;(t),1 < i < 20 of model (1) with parameters (33)
when g ~ 1.0864 > 1

I = 0. Suppose that r(Mp) = 1. Then it follows from (31) that Vj(¢) = 0 implies
(Wi, wa, - ywn) - M(S)T = (wi,wa, -+ ,wy) - L. (32)

If S # S0, then

(w1, wa, -+ ywn)-M(S) < (wi,ws, -+ ,wp)- M = (M) (wy,wa, -+ ,wn) = (W1, w2, -+ ,wy),

which implies that (32) has only the trivial solution I = 0. Therefore, V4 (t) = 0 if
and only if I = 0 or S = S” provided r(M?) = 1. This implies that the only compact
invariant subset of the set where Vj(t) = 0 is the singleton {P"}. Hence, using the
LaSalle’s invariance principle, we can conclude that the disease-free equilibrium P°
is globally asymptotically stable. |

7. Numerical simulation

In this section, we perform numerical simulation to show the validity of Theo-
rem 1.1. Let n = 20. Using uniform random variable X € (0,1), we choose each
parameter as follows (X is different in each choice):

Az:1+(05—X), MZ:1+(O5—X), O'izl—X, Hizl—X,

0, w < 10,
Bij =045(1 - X), 7i(w) = {0_5(1_)(),&)2107 (33)
0.99 0.01 ;
Si70 = TO, Ei70 =0, Il',() = Wv 7'1',0(“)) =0, 1<i<20.

In one example, g ~ 1.0864 > 1 and we obtain Figure 1. In this case, we see
that the infectious population I;(t),1 < i < n converges to the equilibrium solution
I7,1 < i < n as time evolves. This implies the global asymptotic stability of the
endemic equilibrium P* as shown in Theorem 1.1 (i).

In another example, Ry ~ 0.9526 < 1 and we obtain Figure 2. In this case, we
see that the infectious population I;(t),1 < i < n converges to 0 as time evolves.
This implies the global asymptotic stability of the disease-free equilibrium P as
shown in Theorem 1.1 (ii).

17



Infectious population
Infectious population
w

200 G . 0 50 100 150 200
rou Time t

Time t

(a) Infectious population I;(t) versus time ¢ (b) Infectious population I;(t),1 < i < 20
and group ¢ versus time ¢

Figure 2. Time variation of infectious population I;(t),1 < i < 20 of model (1) with parameters (33)
when g &~ 0.9526 < 1

8. Discussion

In this paper we have formulated multi-group SEIR epidemic model (1) with
relapse-age-structure and studied its global stability. We have defined the basic
reproduction number Ry by the spectral radius of the next generation matrix (see
(4)) and proved Theorem 1.1, which states that the endemic equilibrium P* is
globally asymptotically stable when Ry > 1, whereas the disease-free equilibrium
PY is so when %) < 1. This result implies that the relapse-age-structure has no
effect on global asymptotic stability of both of the equilibria. Compared the pre-
vious studies, relapse leads the difficulties in analysis of existence of the endemic
equilibrium, we used fixed-point problem to study it when ¥y > 1. The asymptotic
smoothness of the semi-flow, the uniform persistence and the existence of a com-
pact global attractor are also obtained by standard and rigorous analysis. For the
proof of Theorem 1.1, we have constructed suitable Lyapunov functionals based on

the graph theoretic approach as in [6, 7, 14].
Corresponding to the multi-group model (1), the single-group SEIR model with
relapse-age structure (when n = 1) takes the following form.

PO _ A~ ss1) - s,

PO _ ssw1) — () B ()

dzi(tt) = gB(t) — (u+ r)I(t) + /O m Y(w)r(t, w)dw, (34)
i) O (s (@t w),

g(faf)fsfﬁ%, E(0)=Ey >0, I(0)=1Ip >0, r(0,w)=ro(w)>0.

This model is consistent with the special case of the model studied in [15] (see model
(6.3) in the reference). The global behavior of (34) has been already clarified from
[15, Theorems 5.2 and 5.6]. That is, the basic reproduction number Ry governs the
global dynamics of (34), as shown more generally in Theorem 1.1 of this paper.
In the last of this paper, we give a discussion on the discretization of our model.
If we assume that recovered individuals are partitioned into m age stages defined
by the age intervals [wg_1,wy) where 0 = wp < w1 < +++ < Wyp—1 < Wy, = 00,
and we further assume that for w € [wg_1,w), the functions v;(w) (1 < i < n)
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are constants such that v;(w) = fyi(k). Then, denoting ng) (t) = f::il ri(t, w)dw
and integrating the fourth equation of system (1) in the age interval [wy_1,wg),

respectively, yields

aR(1) _

- —(P + ) RP@®), 1<i<n, 1<k<m.

T’i(t,wk) — Ti(t,wk,ﬁ +

Denote by ¢ the transfer rate from the k-th age stage to the (k + 1)-th age stage
such that r(t,wy) = c(k)RZ(k) (t), where ¢™ = 0. By using the boundary condition
in system (1), we can obtain the following ordinary equations for S;(t), F;(t), I;(t)
and ng) (t).

di:f” - gﬂw
Zﬁm — (i +01) Ei(t),
dIC;i):aiEz() (1 + ) i +;%’“>R(’“<> tsisn
dRélt) (®) = rili(t) — (M + ’Yi( )+ Nl)R(l)( t),
%’?“) = FDREV (@) — (B 440 1) RP @), 2<k<m,

(35)
The model (35) is thought to be essentially equivalent to our model (1). Therefore,
we can expect that global stability results similar to Theorem 1.1 may hold for (35).
Although we do not analyze (35) in this paper, the advantage of analyzing ODEs
model (35) is that we can ease the proof of existence of the solution, asymptotic
smoothness of the semi-flow and uniform persistence of the system. In usual, in
the analysis of multi-group ODEs models, we can concentrate our attention to the
construction of Lyapunov functions. For the other papers on the global stability
analysis of a multi-group SIR epidemic model with age-structure in the discretized
case and the continuous case, please see [12] and [13], respectively. An extension
to our model involving the latency age will be an avenue for future work.
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