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Abstract

Sablonniere introduced the so-called left Bernstein quasi-interpolant,
and proved that the sequence of the approximating polynomials con-
verges pointwise in high-order rate to each sufficiently smooth ap-
proximated function. On the other hand, Wu proved that the se-
quence of the norms of the operators is bounded. In this paper, we
extract the essence why Sablonniere’s operator exhibits good conver-
gence and stability properties, and we clarify a sufficient condition
for general operators to have similar properties. Moreover, regarding
the family of the general operators, we derive detailed results about
the derivatives of the approximating polynomials that estimate their
uniform convergence degree, using a convenient differentiability con-
dition on approximated functions. Our results readily imply all the
preceding ones.
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1. INTRODUCTION

The Bernstein operator B,, of order n€ N is defined as
- v n v n—v
Buf (@)=Y (5) (1 )a" (=2 (£:(0,1] = R, we [0, 1)),
v=0

while the Lagrange (interpolation) operator L, of the same nodes as B, is represented as

Lof(x) = gf (%) (”f) ("S__:’)) (f:0.1] — R, z€ [0,1)).

There are many classical results on the Bernstein operator [1, 2]. In this paper, we par-
ticularly notice Sablonniere’s work [5, 6]. He defined the left Bernstein quasi-interpolant

operator BfLK) as

K
Bf =2 ai(B.HY (f:[0.1] > R),
k=0
where K is an integer satisfying 0 < K < n and o} are polynomials of degree at most k
satisfying
Lnf =) oi(B.S)® (f:[0,1] > R);
k=0

and he proved in [6] that

_ 1\ y! —27) FRHD) (4 (2042) (4
lim nl+1(B£L21)f(x)_f($)):< 1)X(4Z(Z+l)(1 2 )f i ( )+3Xf i ( ))’

el 320011+ 1)]

XL p(2042)
T}Lrgloan(B?(le)f(x) — f(z)) = ( )2l+1(lf— 1)! <$)7

where [ is a nonnegative integer, f € C%*3(0,1], z € [0,1], and X denotes x(1—x). Moreover,
Wu proved in [7] that the sequence {]|B7(LK)H}$L°:K is bounded for each K, where || - || is the
operator norm subordinate to the uniform norm on C/[0, 1].

The aim of this paper is to extract the essence of the above-mentioned facts on B,(IK), to
clarify the structure of general operators that have similar properties to those of Sablonniere’s
operator, and to derive more general and more detailed results than the preceding ones, which

imply their theorems as a part of a “corollary”.

Throughout this paper, we adopt the following notations and conventions:

e the empty sum and the empty product are regarded as 0 and 1, respectively;

e the symbol Egz p stands for min Q@ if P, are finite sets of integers;

k=max P
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e the symbol Ny denotes N U {0};

e the symbol a™ stands for []r—,(a — k) and (¢) =a™/n! if a€ R, n€ Ny;

e the symbol n!! stands for 520_1)/2] (n—2k) ifneZ, n>-1,;

e the symbol " stands for £ /n! if f is a function and n€ Ny;

e the symbol P, denotes the set of polynomials of degree at most n € Ny with real
coefficients;

e the symbol X denotes (1 — x);

e the symbol e,, denotes the polynomial of degree n defined as e, (x) = (1—2z)"~2"/2 X /2]
for every ne€ Ny, i.e., egpn(r) = X™, egmi1(z) = (1 — 22)X™ for every m € Ny;

e the symbol || - || denotes the uniform functional norm on C[0, 1] or the operator norm

subordinate to it;

e the symbol A, denotes the forward difference operator of stepsize h (h€ R, h > 0).

2. MAIN RESULTS

Our main results are summed up in the following four theorems, whose kernel is Theorem

2.4.

THEOREM 2.1. Let n€ N and T be an operator on {f| f:[0,1] — R}. Then the

following two conditions are equivalent:

(1) T is represented as the form Tf =>""_, f(v/n)1, (1, € Py, f:]0,1] = R) and
TP,, CP,, (0 <m < n);

(2) there exist unique Vi€ Pr (0 < k< n) such that
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where Vi (k,l€ No, k < n, 1 <n—k) are determined by the following recursion
formula and Vi, can be identified with Vi :

V_LZZO (Oglgn—l),

n

Vo) = T(- = 2)' () = Y _(v/n —a)'n(z) (z€[0,1]) (0<I<n),

v=0

(n — k')VkJrLl = nd’lH - k(@lvhl + €2Vk,17l) (0 < k < n — 1, 0 g { g n—k— 1)

THEOREM 2.2. For each ne€ N, there exist unique UJ'€ Py (0 < k < n) such that
Lof = UMBHM (f:10,1] = R),
k=0
where U}' are determined by the recursion formula
Ufl - 07 U(’S’L - 1,
(n=k)Ur, = —k(eU) + el ) (0<k<n—-1).

Remark. We use the notation U]} throughout this paper.

THEOREM 2.3. For each n€ N, ke Ny (k <n), we expand U} as the form

k
U,? = Zuk,l(n)el.
=0

Then the coefficients are estimated asymptotically as follows for every k,l€ Ny :

Ugk24+1(n) =0 for all n > 2k if 1<k—1,
Ugpar(n) = OM™2%) (n = o00) if I<k—1,

lim n*ugpon(n) = (—1)%(2k — 1)!!;

n—oo

Ugpr1,20(n) =0 forall n>2k+1 if | <k,
Ugkt1,2041(n) = On'™ 1 (n—o0) if I<k—1,

lim nkHquH,ng(n) = %(—1)k+1k‘<2]€ + 1)” .

n—oo
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Accordingly, they are roughly estimated as
upi(n) = O(MY2F) (n = 00)  for every k,1€ Ny (I < k).

In addition,

U2 = O(n*2=k) (n = 00)  for every ke Ny.
Remark. We use the notation wuy;(n) throughout this paper.

THEOREM 2.4. Let {T,}5°, be a sequence of operators on {f| f:[0,1] — R} such
that for each n € N, T, is represented as the form T,f =3 " _, [(v/n)Th, (Thy € Pa,
f:10,1] = R) and T,P,, CP,, (0 <m < n). According to Theorem 2.1, we expand

T.f =) _ VP(B.HY (f:[0,1] > R)
k=0
and furthermore

k
‘/kn = kayl(n)el.
=0

Let o€ Ny and suppose there exists a K € Ny (K > 2a) such that for every k,l € Ny

the following conditions are satisfied:

(a) VI'=0 (K <k<n) foral n>K;
() vr(n) = OMWA=*)  (n — c0) if 1

<k <K
(©) V&' =Ull=o(n™) (n—o00) if k<K.

Then {T,}2, has the following properties:

(1) for all p,q,r € Ny, there exists a constant M such that for all n€ N and for all
fe o, 1],

lezp(T )| < Mpt i tea/2B | 0

(2) for all B,y Ny (B < ) and for all fe C?P+7[0,1],

L) = FDN = o) (n— o0);
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3) if limy,_eo n® (VP — UP) = Ry, in the sense of || -|| (0 <k < 2a+2), then for all
k k
v€ Ny and for all fe C?**+2[0, 1],

n—o0

20+2 ™)
lim oL (T, )™ — FO)) = (Z ka[’“]) in the sense of || - ||.
k=0

Proofs of these theorems will be given in the later sections.

Recall o} in Section 1 and note that af = UJ'/k! because Theorem 2.2 guarantees the
uniqueness of U}'. Though they were given in [5, 6, 7] by very complicated recurrence
relations, now we can calculate them from a simple three-term recursion formula.

)

The left Bernstein quasi-interpolant operators By(lK were not defined when n < K, how-

ever, now we can redefine them for all K € Ny and for all n€ N as

{K.n}

BE =" UrB.AHY (f:0,1] > R).
k=0

The above theorems imply the following corollary regarding B,

COROLLARY 2.1. Let K € Ny and o = [K/2|. Then {B,SK)};’;l has the following

properties:

(1) for all p,q,r€ Ny, there exists a constant M such that for all n€ N and for all
fe o, 1],

leas(BU Y0+ < Msmitolo ) 0]
(2) for all B,v€ Ny (B < ) and for all fe C?P+7[0,1],

1B = ) = o(n™)  (n = o0);
(3) for all v€ Ny and for all fe C?***72[0,1],

lim n* (B ) = f)

n—oo
(=1D)*(2a + 1)”(§O‘62a+1f[20+1} + €2a+2f[2a+2])w) if K =2aq,
(—1)*(2c + D)1 (a2 fot2) if K =2 +1,

in the sense of || - ||
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Proof. Let n€ N and suppose n > K. We substitute B into T n of Theorem 2.4 and

identify the given K with K in the theorem. Then K > 2« and for every k€ Ny,

Ur if k<K,
0 if K<k<n.

Thus the conditions (a) and (c) are trivial. We can also verify (b) using Theorem 2.3.
Therefore, Theorem 2.4 implies the properties (1) and (2) in this corollary. The property
(3) is also derived by calculating Ry, in Theorem 2.4 with the aid of Theorem 2.3. |}

Now we compare this corollary with the preceding results. When p = ¢ = r = 0, (1)
reduces to

(17) there exists a constant M such that for all n€ N and for all fe C]0,1]
IBYOfI < MIIf]-

This is nothing but the result of [7]. Besides, when v = 0, we can rewrite (3) as

(3) for all fe C?**2[0,1],

lim n®(BE) f — f)

n—o0 n
(—1)°(40(a + Deaasn S + Zegayaf2242)
320t (a+1)!
(—1)a€2a+2f(2a+2)
20+ (v + 1)!

if K =2a,

if K=2a+1,

in the sense of || - ||.
Here we used the identities (2a + 1)! = (2a + D!1(2a)!! = (2a + 1)!12%! and (2a 4 2)! =
(2a+ 2)1(2a + ! = 22T (a + 1)!(2a + 1)!!. As the class C?**3[0, 1] can be embedded into
C?%2]0, 1], by regarding the sense of convergence as pointwise, (3’) reduces further to the
result of [6]. As we see from these facts, Corollary 2.1 itself is a much more general and

detailed result than the preceding ones, and as to the theorems, therefore, all the more.

3. PROOFS OF THEOREMS 2.1-2.3

In this section, we prove the first three theorems in the previous section.



10 YASUO KAGEYAMA

Proof of Theorem 2.1. Suppose the condition (2) holds. It is trivial that T'f = >"_ f(v/n)7,
(r,€P,). Let f€ P, (0<m < n). Then, as is well known, B, f € P,,. Thus (2) = (1) is
immediate.

Suppose the condition (1) holds. We fix x € [0, 1] for a while and expand with respect to
£e 0,4

n

B.f(§) => (6 —2)"(B.f)¥(x).

k=0
Since it is well known that B, is invertible on P,, (e.g., [5, 6, 7]), we can calculate

Tf(&) = TLuf(€) = TB;'BuLnf(§) = TB, ' Buf(£)
—ZTB OB ) ().

Putting £ = x gives
ZVk ) (B f)¥(x),

where Vi(2) = TB; (- — z)¥(x). Thus the existence of V} satisfying the above formula is
guaranteed.

Let z€ [0,1], te (—1,1) and fix them for a while. We consider the case

f€) =1+ (1 —2))(1—at)""9 (g€ [0,1]).

Then

Buf() = Y1+ (- a1 oty ()t - g

v=0

s |

(0)e+ (=000 - ¢~ a1 - oy

v=0

Forall k <n
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Therefore the relation Tf = Y7 Vi(B,f)* implies

S (14 (L2 (1 2t)"r (2) > (Z) Vio()t

v=0

This means the Vj are obtained by expanding the left-hand side with respect to ¢, and
consequently the Vj, are unique. Generalizing the above formula, we expand for every [ € Ny

i <% - m)l (1 + (1 - 513'>t)y(1 — :Ct)niyrl,(x) — i (Z) Vk,l@f)tk

v=0 k=0

Here we can identify Vj, with Vj . Differentiating by ¢ and multiplying by
(1+ (1 —x)t)(1 — «t) both sides of the above equation, we get

(1+(1—2x)t—Xt2)an;k(Z>Vkl )tk 1—nZ( >Vkl+1 tk—nXth:(Z)Vk’l(x)tk

by virtue of

(1+(1—2)t)(1—at)— d

o (1+(1—2)t)’1—at)""] = (v—nx)—nXt)(1+(1—2)t)"(1—at)" ™"

Rearrangement of the above formula with the conventional definition V_y ,(z) = 0 gives

: ( ) k)Viga(2)t* = z”: (Z) (nVizi1(x) — ker(2)Via(2) — kea () Vira(2))t".

k=0

Equating coefficients of t* on both sides yields
(n—k)Vig1g =V —k(etVig+eVimry) (0<k<n—1,1>0).

Since we need Vj o only, we may restrict the region where [ moves, to 0 <! <n—k—1.In

addition, the initial condition is
Va,=0 (0<I<n—-1)

and

Voale) =32 (L =) n@) = T — (@) (we0.1) O <I<n),

n
v=0
derived by putting ¢ = 0 on both sides of the formula generating Vj ;.

Finally, we let ¢(§) =& (£€ [0, 1]) and expand

Vau(a Z ( ) 2)- ()" (3.1)

=0
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Then ¢™ € P, and TP,, C P,, (0 < m < n) imply Vp; € P; (0 < I < n). Using the
recursion formula, we obtain Vi€ Py (0 < k < n). Thus (1) = (2) is proved. [

Proof of Theorem 2.2. Obviously, T = L, satisfies the condition (1) in Theorem 2.1,
therefore it also satisfies (2). We define U}’ as Vj, in the case T' = L,,. Then this theorem is

immediate except the recursion formula.

When T = L, recalling (3.1), we can expand

Thus, from the recursion formula in Theorem 2.1, the identities
Vk,l+1:0 (Oék:gn—l, 0<l<n—k¢—1)

hold. Then it suffices to consider the case [ = 0. 1

Proof of Theorem 2.3. We prove this theorem by induction with the recursion formula in
Theorem 2.2. It is valid when k = 0 because Uy =1 (n > 0) and U]' =0 (n > 1). Assume
this theorem is valid for a fixed k€ Ny. Then for all n > 2(k + 1),

(TL — Qk — 1)U;L(k+1) = —(Qk + 1)(€1U;Lk+1 + 62U2nk>
k
—(2k+1) (61 Z Uot1,24+1(N)€2141 + €2 Z Uzk,Qz(n)€2z> :

=0

Since ereg41 = €y — 4ez41) and ezey = €z041),

k
(n — 2k — 1)U2"(k+1) = —(2k+1) (Z Ugk+1,2141(1) (€21 — de2041)) + Z Uzk,2z(n)€2(z+1)>
1=0

k+1 k+1
—(2k+1) E Ugpt1,2041(1) e — 4 E Ugkr1,2(-1)+1(1) e + E Uk 2-1)(n) e | -

=1

Here we compare the coefficients on both sides. It is obvious that

u2(;€+1)725+1(n) =0 if { < k.
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(n — 2k — D)ugern)2(n)

Ug+1,1(n) if 1=0,

= —(2k+1) { (ugryr2001(n) — Aot 20-1)11(n) + uskoq—1y(n)) if 1 <1<k,

\ (—4uopi1,2641(n) + Uog 26(n)) if l=k+1

This recursion formula and the assumption of induction imply
u2(k+1),2l(n) _ O(n—l)(o(nl—Zk—l) + O(nl—Qk—Q) + O(nl—Qk—1>> _ O(nl—Q(k—I—l)) if 1 < k.

Furthermore,

lim n*t

et 1“2(k+1),2(k+1) (n)

= lim n"(n — 2k — Duageen) 261 (n)

= Tim (—(2k + 1)) (=40~ 0" g gk () + nFuzp ok (n)

=2k + D0+ (-DF2k - D) = (=) 2k +1) - 1)

Thus the estimation of ug(41),(n) (0 <1 < 2(k+1)) is demonstrated and that of ug(41)41,(n)
(0 <1< 2(k+1)41) is similarly shown by using the assumption of induction and the con-

sequence on Us(kt1y(n).

4. PRELIMINARY LEMMAS FOR THE PROOF OF THEOREM 2.4

This section is devoted to preparation of lemmas indispensable to prove Theorem 2.4.

LEMMA 4.1. Let {V;*}>2, be a sequence of polynomials of degree at most k&€ Ny. For

each ne N, we expand

We suppose
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Then

vf () = O 2 /2ky (1 00) (0 <<k —7).

Proof. We prove this lemma by induction. It is trivial when r = 0. Assume this lemma is

valid for a fixed r€ Ny (r < k —1). Then

k—r [(k—7)/2] [((k—r—1)/2]
)y ZU kel Z Vra(n)ea’ + Z ka1 (n)eais1’.
1=0 1=0 1=0
Since
e’ =0, ey =leyy (121)
and
61/ = —260, 621+1, = 162(1_1) — 2(2l + 1)621 (l 2 1),
we have
[(k—r)/2] [((k—r—1)/2]
(V) +) Z lvg o1 (n)ea—1 — 2vy, 1 (n)eg + Z Vgar1(n)(leaq—1y — 2(20 + 1)ey).
=1 =1
Therefore,
[((k—r—1)/2] [(k—7)/2]—
> b (n)ew + Z v£§%+1(n)ezz+1
1=0
[(k—r—1)/2]-1 [(k—r—1)/2]
= Z (I + 1)vg pq3(n)ex — 2 Z (20 + Dvg o1 (n)e
1=0 1=0
[(=r)/2)-1
+ (L4 1)vg 42 (n)ezisr.
1=0

Equating coefficients of ey and eg 1 on both sides yields

(4 Dok ggs(n) =21+ Dvg g0 (n) (0<I<[(k—r=1)/2] = 1)

=202l + Vv 9114 (n) (I =1[k—-r—-1)/2])

via (n) =

and
Vibipa(n) = L+ Dvgoa(n)  (0<I<[(k—=7)/2] = 1).

These recursion formulas and the assumption of induction imply

U};}Ll( ) = O(nm2H0HD K2 =Ry (h 5 00) (0<I<k—(r+1)). 1
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LEMMA 4.2. For all ne N, k€ Ny (k <n) and for all f:[0,1] - R,

(B, ZAl/n () buso
where

b (@) = (”) /(1 — )" (ze[0,1]).

v

Remark. We use the notation b, , throughout this paper.

A proof of this lemma appears in [1, p. 12].

LEMMA 4.3. For all p,q,r € Ng, there exists a constant M such that for all n € N
and for all fe C7]0,1],

||€p(an)(Q+7”)|| < an—min{[p/Q},[q/Q]}Hf(r)||.

Proof. Tt was shown in [3, Lemma 3.5] or [4, Theorem 9.4.1] that for all p € Ny, there

exists a constant M such that for all n€ N and for all fe€ C[0,1]
lezp(Baf)®I < Mn?||f]];

that is,
|eapy D* B, || < MnP. (4.1)

By considering the Lebesgue constant of the operator e,DIB,,, we get

€p Z |bn,u(Q)|
v=0

We can assume n > s € Ny without loss of generality. Applying Lemma 4.2, (4.2), and (4.1),

e, DB, || = for all p,ge Ny and ne N. (4.2)

we can estimate

||€2pD2p+SBn|| = Imax ||€2p((Bng)(S))(2p)||

llgll=1
= ﬁﬂna)i €op ° ZAl/n9< > n— S,V(Qp)
g
<20 [le Z b P
v=0

= 20| €0, D? B, _,|| < M'n**P. (4.3)
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Let fe C7[0,1]. We can assume n > r without loss of generality. Applying Lemma 4.2, the

mean value theorem, and (4.2), we can calculate

(Buf) " = (Buf)" <q>—n<T>ZA1/n (5) b,

epZ“)n ru

Replacing p by min{[p/2], [¢/2]} and putting s = ¢ — 2min{[p/2], [¢/2]} in (4.3) imply

lep(Bo )71 < |LF) = [Ifl-lley D! Bo— |

lepD By || < [lep—2minip/21ia/213 |- |€2mingp/21 fg/21y D By | < Mpa—n{le/2 e/,
where M is a suitable constant. |

LEMMA 4.4. Let r,s€ Ny, f€ C"[0,1], and for each x€ |0, 1],

96 =Y @) ¢ -2y (€€[0,1)), he=[—ga

Then

ma [(B,h,) (@) = o(n™)  (n = ).

Proof. Let n€ N. We can assume n > r without loss of generality. Lemma 4.2 and the

mean value theorem imply

(Buho)") (@) = ZAl/n () bural@)

(7,.) n—r 0
- 300 (”” ) bur (1) (0< 00,01, ..., 0pr < 1).
n’ s n

Applying Taylor’s theorem to f("), we obtain
(he) (&) = FO(€) — 9.7()

=) - Z(f(’”’)“](af)(é —z)!
FO) (z + ME — ) — fO9)(x)

= 7 (& —x)* for some \e (0,1],
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where we noticed that s = 0 yields A = 1. Since %) is continuous on [0, 1], it is uniformly
continuous on [0,1]. Take an arbitrary ¢ > 0. We can find a 6 > 0 such that for all
1,72 € [0, 1]

|zy — 1] < & implies |f(”5)(x2) — f(’“+s)(x1)| <e.

Therefore, when |(v +r6,)/n — x| <4,

s

B () v+, <£ u+r0,,_$
‘ n s! n
When |[(v +r0,)/n — x| = 4,
s+1
B ) v+ro, <£ y—l—r@,,_x
’ n sté| n ’
where H = 2||f"+9)||. Hence in either case,
s s+1
(0 v+rl, gi V—i-?“@,,_x +£ V+7‘91,_x
n s! n slé n
Now we can calculate
— + 6
Buh) ()] < 3 | () [ b
|(Buha )™ ()] VZ_O - (@)
n—r QU s H n—r 91/ s+1
< £ vir — x| byry(T) + — vir —xz| by (7).
s! n ’ slo n ’
v=0 v=0
Since 0 < §, <land 0<v/(n—r) < 1limply |0, —v/(n—7r)| <1,
1/+7“9V_x‘:‘( v —x)+£(9y— v )‘é A
n n—r n n—r n—r n

It was shown [1, pp. 13-15] that

n
14
max E — — X
z€(0,1] n

v=0

(@) = O(2) (- o0).
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Using this fact, we can estimate

n—r 0, s
max vy _ x| bp_ry(x)
1‘6[0,1] n
n—r A\
S mox ( -+ _) br—r V(l‘)
z€[0,1] e n—r n
n—r s . , e
- br—rv _ <_>
;g[%)lc] v=0 (x) mz:o (m) n—r t n
S 7\ s—m n—r y m
S n - br—rv
h 7;) (m) <7’L> wrg.[%,)li] o n-—r X ) (.’L‘)
= Z O( —s+m)0(n_m/2) = Z O(n—s—i-m/Z) O(n—s/z)‘
m=0 0

Therefore,

H
max |(Bnhe)" ()| < iMln_s/2 + ——Mon~ D2 for some My, My > 0
z€0,1] s! sl

< Mn~*/%¢ for all sufficiently large n,

where M is a suitable constant. [

Note that some special cases of Lemmas 4.3 and 4.4 are in Theorems 9.4.1 and 9.7.1 and

in Lemma 9.5.2 in [4].

5. PROOF OF THEOREM 2.4

Now we are to prove Theorem 2.4. Here the notations Theorem 2.4 (1), (2), and (3) stand

for the properties (1), (2), and (3), respectively, in Theorem 2.4.
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Proof of Theorem 2.4 (1). We can assume n > K without loss of generality. From the
relation T, f = Y1 V(B f), we expand

eap(To f) 47 = ey, Z Z (q;r) (V) (B, f)H)atr=m)

k—m
1
T) Z k! ( ”EI(")Q) esp( By f)EFOET=m)

K
q—i_r 1 m —m-Tr
m )Zy vy (n)egp (B f)HETm ).

Applying Lemma 4.1, we have
UZ?I(”) _ O(n[l/2]+m7k).
Replacing p by 2p + [ and ¢ by ¢ + kK —m in Lemma 4.3 implies

H€2p+l (an>(q+k—m+7‘) H < an-i—k—m—min{p-i—[l/?],[(q+k—m)/2]} Hf(r) ” )

Thus

qgtr K k-—m

lleap(Thf) @) = || £ Z Z Z O (nll/A+m=ky O (natk—m—min{p+{/2 [(a+k—m)/2l})

m=0 k=m [=0

= ||f(7‘)|| Z Z O nq—nlin{P{(qﬂLk—m)/Q]—[l/2}})

_ ||f(r)|| Z ZO q—min{p,[(g+k—m)/2]—[(k— m)/2]})

m=0 k=m

qg+r K

_ ||f(r)|| Z Z O(nq—min{p,[qﬂ]})

m=0 k=m

= FO@m ) (1 oo):
that is,
lleap(To f) || < Mpa—mintpila/2}) ¢

where M is a suitable constant and we used the inequality [q/2]+[(k—m)/2] < [(¢+k—m) /2]

in the above calculation. N
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Proof of Theorem 2.4 (2). First, we give the proof in the case f & CK7[0,1]. We define
the functions g,, h, dependent of z € [0, 1] as

K+~

=0
We can assume n > K + v without loss of generality. Since degg, < K + 7,

K+~

(Lnga) (&) = g.7(€) = > fN(@)i (€ —z) .

J=v

Thus
(Lnga)?(z) = fPl(2)y! = fD(2).

Using this relation, we can estimate

(T ) = f = max [(T,£)™(z) — fO ()]

z€]0,1]
= max [( T92)7 () + (Tuhe) P () = [0 ()]
< Inax [(T92) () = fO ()] + max [(Tuh ) (@)
= s [(10.) (@) — (L) V)] + | Tue) )

< max [[(Tuge)™ = (Lnga) V|| + max |(Toha) ™ (x)].
z€[0,1] €[0,1]

Here
Thge = ka B,gx)"
implies

(Taga)™ = i: ( ),i:n% /(Bpge) ™.

m=0

Since deg g, < K + v implies deg B, g, < K + 7,

K+

and consequently,

ngx i( )ZJF% k) (Bngx)(kﬂ*m),
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Therefore,

max ||(T,9.)" — (Lyngo)|

xz€[0,1]
LN 1
_ n\(m) _ (ym)(m) (k+y—m)
<> (1) (;: LU = (W) s [ (Buge) )
K+
+ Z || up) ™| max [[(Bngs Y ||)
k= K+1

It follows from the condition (c¢) and Markov’s inequality that
(V™ — @)™ = o(n™).
It follows from Theorem 2.3 and Markov’s inequality that
IR = O™,
Furthermore, applying Lemma 4.3 with p=¢=0and r =k +~v —m, we get

|(Bpge) ™| < M||g.*7~™)||  for some constant M.

Since
K+~ |
gx(k-i-"/ m) Z f (k-i—v m)(g x)]_k—%‘rm’
j=k+y—m
K4~ Kty
||gx(k+7—m)|| < Z j(k+7—M)|f[j] (z)] < Z j(k—w_m)Hme-
j=ktry—m j=k+y—m
Thus
m[ax] |(Bpge) ¥ =™ < M’ for some constant M’
z€|0,1
Consequently,
K+~
max ||( ngx)() (Lngx)(7)|| = o(n™®) + Z O(n[k/2]—k)
z€[0,1] ey

_ O(n—a) + O(n[(K-i-l)/Q]—(K-‘rl)) _ O(Tl_a),

where we used the assumption K > 2a. On the other hand,

K
Tohe = > Vi (Buha)™
k=0

21
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implies
v 5 K 1
(Trhe)) = Z (m) Z E(an)(m)(Bnhﬁ(kﬂ_m)'

m=0 k=m
Therefore,

Y ~ K 1

) = ny(m) (k+y—m)
max |(Tuha) V(@) < 3 (m) S IV e |(Bua) 4477 z))

It follows from the condition (b) — accordingly |V;*|| = O(nl¥/2=*) — and Markov’s in-
equality that
IV ™ = O@!*/2F).

Furthermore, applying Lemma 4.4 with r =k +~v —m and s = K — k 4+ m, we get

eo1) |(Bpha)#H17m) (2)] = o(n~K-ktm)/2),
z€[0,1

Consequently,

O(n[k/Q]fk)0(n7(ka+m)/2)

[M] =

T, h, Q0]
max (1)) (2)

(- 1
Eond
f
3

o(n~EFMI2y = o(n=K/2) = o(n=%).

3
I

Hence we obtain
(T, ) = fD) = o(n™®) (n — o) for all f € CXt[0,1]. (5.1)

Next, we give the proof in the case f € C?17[0,1]. It is well known (see [1, pp. 25-26]) that
for all € Ny and for all fe C"[0,1]

lim [|(B,.f)" — f7]| = 0. (5.2)

(We can also prove it by applying (5.1) with 7,, = B,, a =0, K =0, v = r.) Take an
arbitrary € > 0. Then there exists an N € N such that

I(ByHT = fPl <e (r<28+7).
Let ¢ = By f and p = f — . Then

1P <& (r<28+7).
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We define the new operator g7, as

28
sTof =Y V(B /)M (f:[0,1] = R).
k=0

Since
Tof = f=Tp = Top + sTup = p+ Toip = ¢,

we can estimate

(T ) = fON < NTp) = (Tap) VN + 1 (6Tup) ™ = oD+ [(Taip) ™ = 7.
Since ¢ is a polynomial, it is immediate from (5.1) that
1(Tp)? = o) = o(n™).
Applying (5.1) with replacing 7T,, by 37, a by 8, and K by 2/, we have
6Tue)™) = o] = ofn )

Therefore, it suffices to estimate the first term of the right-hand side in the above inequality.

Since
K
Tup=sTup = Vi(Bup)",
k=2B-+1
Ly K .
=6 =32 (1) 3 i
m=0 N/ = 2o+1} "
2l y 28+m 1
= — (yn)(m) (k+y—m)
S (X ponmes
m=0 k={m,28+1}
S
DY y(Vzc")(m)(Bnp)(k”m).
E=28+m+1
Therefore,
2l v 28+m 1
1) = (Tup) VI < 3 (m) S IO Ba) )
m=0 k={m28+1}

K
g Lmyom) (k-y—m)
1) I,

k=28+m+1
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Applying Lemma 4.3 with p=¢ =0 and r = k + v — m, we get

2B+m
() S LB
m EII R "

m=0 k={m,20+1}
28+m

SY S O = O e

m=0 k={m,28+1}

On the other hand, when k& > 26 +m + 1,

k—
(V)™ (Bup) =) = 37 wg(m)en(Bop) 7.
l

3

I
o

As we mentioned in the proof of Theorem 2.4 (1), we have
UITI(”) _ O(n[l/Q]erfk).
Applying Lemma 4.3 with p =1, ¢ =k — 26 —m, and r = 25+ v, we get

)(k—l—v—m)“ — O(nk—Zﬂ—m—min{[l/Z] J(k—m)/2]— ,8}) (28+7) ||

lei(Bnp lp

Therefore,

S(0) X gl me

(/2 m=ky O (k=28 —m—min{[t/2[(k=m)/21=B}) | ,(2647) |

sz
@

p

(n[l/2}—25—min{[l/2],[(k—m)/2]—ﬂ})8

]~
@

Thus the proof is completed.

Proof of Theorem 2.4 (3). We define the new operator T, as

Tof =Y _ViB.HW (f:10,1] = R),
k=0
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where
- Vi —n~@FURif 0 <k < 20+ 2,
Vi if 2a+2<k<n
Let K = max{ K, 2« + 2}. In Theorem 2.4 (2), we replace T,, by T,, a by a4+ 1, and K by

K. Then we can easily verify that all the preconditions are satisfied. Therefore, we obtain

for all fe C?at2t7,

(T f) = SO = o(n~ D).

Now we can estimate

2042 ™)
ne T (T, )0 — fO)y — (Z Ry, f! )

2042 ()
_ naH((Tnf)(V) _ f(v)) —|—na+1((Tnf)( T wf) (7 (Z Ry, f¥ )

20+2

<D ) = fO + Z [(Ri(Bo f)E) ) — (R O

As we mentioned above, the first term converges to zero when n tends to infinity. It suffices

to estimate the second term. This is equal to

200+2

D HB((Bof)H = fH)) @
k=0
b (7 m)
> ()"

20+2
m=
Y

(Baf)ttm — flem)

x>

=0

20042

Q

m)
( )”RN IR0,y ) — gm0 (> o0),

m=0

o

where we used (5.2). |

In this way, we have proved all the results.
In forthcoming papers, by using the theoretical results developed above, we will describe
new specific classes of operators, which differ from those of Sablonniere, and are more con-

venient for practical applications.
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