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Analysis of an age-structured multi-group heroin epidemic model

Jinliang Wang?, Jing Wang?, Toshikazu Kuniya®*

“School of Mathematical Science, Heilongjiang University, Harbin 150080, China
bGraduate School of System Informatics, Kobe University,1-1 Rokkodai-cho, Nada-ku, Kobe 657-8501, Japan

Abstract

This paper is concerned with the mathematical analysis of an age-structured multi-group heroin epidemic model,
which can be used to describe the spread of heroin habituation and addiction in heterogeneous environment. Under
general assumptions on the different level of susceptibility and the relapse to frequent heroin use, we establish sharp
criteria for heroin spreading and vanishing. We rigorously investigate the well-posedness of the model, the existence
of equilibria, the asymptotic smoothness of solution orbits, and the global stability of equilibria. Specifically, we
rigorously show that the drug-free equilibrium is globally asymptotically stable if a threshold value Ry is less than
one, and the unique drug-endemic equilibrium is globally attractive if R is greater than one. In the proofs of global
stability of equilibria, we construct suitable Lyapunov functions by using a graph-theoretic method.

Keywords: Heroin epidemic, Multi-group model, Age-structured model, Global stability, Lyapunov functions

1. Introduction

The spread of heroin use in population has been called the heroin epidemic, and it has been studied by many
authors from the viewpoint of mathematical modelling (see [1-13]). One of the most characteristic features of the
heroin epidemic is that the relapse is more likely to occur. That is, heroin users in treatment often return to heroin users
without treatment. Thus, most of the heroin epidemic models in the previous study take into account this feature (see
[1-13]). The above recent works suggest that modelling and analysis of heroin epidemic models are significant. More
precisely, we list some above works by mathematical models quantitatively exploring the heroin epidemic models in
the aspects of different differential equations.

In the aspect of ordinary differential equations (ODEs) models, White and Comiskey [1] considered a population
divided into three compartments called susceptible, heroin users, and heroin users in treatment. They identified the
basic reproduction number R, and performed the sensitivity analysis on Ry. In a subsequent work, Mulone and
Straughan [2] performed the stability analysis of the model in [1], and gave a confirmed answer that the positive
equilibrium of it is stable. For other recent studies on ODEs models for heroin epidemics, see [3-6].

In the aspect of delay differential equations (DDEs) models, Liu and Zhang [7] incorporated time delay to describe
the time needed for heroin users in treatment relapsing to heroin users without treatment. They formulated a delayed
three compartmental model for heroin epidemics allowing for a relapse distribution, and showed that if Ry < 1,
then there exists only the drug-free equilibrium which is globally asymptotically stable; and if Ry > 1 then there is
an endemic equilibrium and the disease persists. There was, however, no analytic result on the global stability of
equilibrium when Ry > 1 in [7]. In [8], Huang and Liu proved it by constructing a Lyapunov functional. In [9],
Fang et al. incorporated two types of time delays to describe not only the time stated above but also the time needed
for susceptible individuals to become heroin users. Using a suitable Lyapunov function, they established the global
threshold dynamics of the model. In [10], Liu and Wang investigated the global threshold dynamics of a multi-group
heroin epidemic model with nonlinear incidence rate and distributed delays. In [11], Samanta generalized the model
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in [1] to a nonautonomous model with distributed delay. He obtained two values R, and R*, and showed that if R, > 1,
then the heroin epidemic will be permanent, whereas if R* < 1, then it will go extinct.

In the aspect of partial differential equations (PDEs) models, a recent work of Fang ef al. [12] assumed that the
susceptibility of individuals varies significantly during their life time. They asserted that the level of susceptibility
of individuals may vary due to the development of the immune system and the change of their life style. They
constructed and investigated an age-structured heroin epidemic model, in which the incidence rate depends on the age
of susceptible individuals. They investigated the global asymptotic properties based on the principles of mathematical
epidemiology, and proved that the basic reproduction number completely determines the stability of each equilibrium.
In contrast, a model with treat age was studied by Fang et al. [13], and some generalized versions of it with nonlinear
incidence rates were studied by Yang ef al. [14] and Djilali ef al. [15].

Motivated by the work of Fang et al. [12, 13], we first consider the following heroin epidemic model with both of
the age-dependent susceptibility and treat age.

(ﬁ + i)S(I, a) = —-B@)St,a)U,(t) — uS (t,a), t>0, a>0,

ot da

—dlillt(t) - f cmﬁ(a)S (t,a)daU(t) — (u+ 61 + p)U(¥) + f ) v(@)Us(t,a)da, t>0,

9 9 0 ' (1.1)
(— + —) Us(t,a) = —(u + 62 + y(a)Us(t, a), t>0, a>0,

ot da

S(t, 0) = A, Uz(t, 0) = pUl(t)’ ‘> O’

S(O’ a) = S()(a), U](O) = UI,O, UQ(O, a) = Uz’o(a)’ a> 0

Here, ¢ denotes the calendar time and a denotes the class age (time elapsed since the entry in each class). S(z,a),
U, (t) and U,(t, a) denote the densities of susceptible individuals, heroin users without treatment, and heroin users in
treatment, respectively. A and u denote the recruitment rate and the natural death rate, respectively. B(a) and y(a)
denote the age specific transmission rate, the rate of which heroin users in treatment relapsing to the untreated class,
respectively. p denotes the rate of which drug users untreated class entering into heroin users in treatment class, §; and
0, denote the removal rate from the heroin users untreated and treated class, respectively, of which including the rates
of heroin-related deaths and recovery from the drug-life with permanent immunity. In this study, to make things not
too complicated, we restrict our attention on the simplest constant recruitment rate A, which is thought to be standard
for heroin epidemic models (see [1-10, 12, 13]). We remark that the case of variable recruitment rate A(¢) (see, e.g.,
[11]) is an important future subject, in which the system becomes nonautonomous.

In this study, we further incorporate the multi-group structure into model (1.1), which enables us to consider the
heterogeneity (sex, position, etc.) of each individual. During the past decades, multi-group epidemic models have
attracted much attention (see [10, 16-20] and the references therein). Let us divide the heterogeneous population into
n € N homogeneous groups, and let N := {1,2,--- ,n}. Each group is further divided into three disjoint classes as in
(1.1): susceptible class §;, heroin users without treatment Uj; and heroin users in treatment U,; for each group i € N.
Then, the multi-group heroin epidemic model is formulated as the following nonlinear coupled system of partial and
ordinary differential equations, which is a generalization of the model (1.1).

(% + (%)Si(f, a)=-— Z,Bij(a)si(t, AUy j(t) - wiS (1, a), 1>0, a>0, ieN,
=1
AU~ oo )
T = Z ; ﬁ,’j(d)S,‘(l, a)daUU(t) — (ﬂ,‘ + (51,’ + p,) U],‘(Z) + . y,-(a)Uz,-(t, a)da, t>0, i€ N,
=

0 0 .
Frirm Uyi(t,a) = — (u; + 62 + vi(a)) Uni(t, a), t>0, a>0, ieN,
Si(t,0) = A;, Uy(t,0) = p;Uyi(0), t>0, ieN,
§i0,a) = Sio(@), Ui(0) = Uiip, U2(0,a) = Usip(a), a>20, ieN.

(1.2)



Biological meaning of each parameter in (1.2) is similar to that in (1.1) although it depends on the group (see Table
B.1). We make the following assumption on the parameters.

Assumption 1.1. (i) A; >0, 4; >0, p; >0, 81; > 0 and 65; > O foralli e N;
(ii) vi(-) € LT (0, +00) with essential upper bound 7;' € (0,+0) forallie N. yi(a) >0 foralla>0andiec N;

(iii) B;j(-) € LT(0,+00) N LL(O, +00) with essential upper boundﬁ;'j € (0, +o0) for all i, j € N. The n-square matrix
(f()er/i’ij(a)da)i N is irreducible ([21]). There exists a 5(-) € L. (0, +o0) such that Bij(a) < B(a) foralla > 0
andi, je N. ’

The purpose of this study is to clarify the global asymptotic behavior of system (1.2). We obtain a threshold value
Ro in connection with the existence of a positive drug-endemic equilibrium of (1.2), and show that it determines
the global asymptotic stability (or attractivity) of each equilibrium: if Ry < 1, then the drug-free equilibrium is
globally asymptotically stable, whereas if R > 1, then the drug-endemic equilibrium uniquely exists and it is globally
attractive. That is, nontrivial bifurcations (backward bifurcation, Hopf bifurcation, etc.) do not occur at Ry = 1 (see
[3, 6] for studies on such bifurcations in heroin epidemic models), and social efforts for reducing Ry less than 1 have
significance in the eradication of the heroin epidemic.

The rest of paper is organized as follows. In Section 2, we prove the existence and uniqueness of each equilibrium.
It is shown that the drug-free equilibrium always exists, whereas the drug-endemic equilibrium uniquely exists if
Ro > 1 (see Theorem 2.1 and 2.2). In Section 3, we prove that the solution of the model exists globally by following
the procedure of the integrated semigroup formulation of system (1.2). Section 4 is devoted to show the asymptotic
smoothness of the semiflow generated by system (1.2). In Section 5, we prove that drug-free equilibrium is globally
asymptotically stable for Rg < 1. In the proof, we first prove that the drug-free equilibrium is locally asymptotically
stable by analyzing characteristic equation, and then prove that it is globally attractive by following the procedure
of constructing a suitable Lyapunov function and using an invariance principle. In Section 6, the persistence of the
heroin users without treatment for R > 1 is proved, which is important for the construction of a Lyapunov function in
Section 7. In Section 7, the global attractivity of the drug-endemic equilibrium of system (1.2) for R > 1 is proved.
We perform numerical simulation to illustrate our theoretical results in Section 8. We conclude the paper by Section
9, where some detailed conclusions and discussions are presented. For a special case (n = 2), we suggest whether
prevention or cure (treatment) are more suitable for male and female heroin user under reasonable circumstance.

2. Drug-free and drug-endemic equilibria

Let X := L'(0, +00; R") x R" X L (0, +00; R") and X, := L1(0, +00; R") X R" x L! (0, +c0; R"). Equilibria of system
(1.2) can be obtained by solving the following equations.

dS’,-(a < ~ ~ & .
9 D@8 @0y =S @) a>0, icN,
=
n +00 . B - oo -
0= Zf Bij(@)S (a)daUy; — (u; + 61; + p) Uy + f Yil@Usi(a)da, i€ N, 21
2 ), 0 2.1
Al i
U;a(a) = — (Ui + 62 + vi(@) Uzi(a), a>0, ieN,
§:0) = Ai, Uxi(0) = piUu, ieN.

When Uy; = 0 for all i € N, the following drug-free equilibrium can be obtained:
~ - - _ _ T T
EY: (S100 2800 One e s Ot O () 020()) = (890D . S0, Ope, Op1 .00 € X,

where S ?(a) := A;je ¥ for all i € N, and T denotes the transpose operation. It is easy to see that E® always exists.



When U}; > 0 for some or all i € N, the drug-endemic equilibrium can be obtained. We denote it by

~ ~ ~ ~ ~ ~ T T
E: ($10) .80 Ot O U (), . U0) = (S0 S50, Uiy U3 U3 (oo U3, () € X

Now, we investigate the existence and uniqueness of E*. From (2.1), we see that the components of E* satisfy the
following equations.

ds?i(a) z . . .
da _[Zﬂij(a)Ulj"Lﬂi]Si(a)a a>0, ieN,
J=1
n +oo +00
(i +61i + p)UY; = Zl\fo Bij(@S; (a)daUy; + I) Yi@Uj(a)da, i€N, (2.2)
=
dUy(a) . ,
a (Ui + 62i +vi(@) Uy(a), a>0, ieN,
$:(0) = A, Uy(0) = p;Uy;, ieN.

Integrating the first and third equations in (2.2), we have

Sl*(a) = Aje” 2 Uy fouﬂ[j(lr)d(r—lli(l — S?(a)e_ 2 Uy fo"ﬂij(o‘)d(r’ a>0, ieN, 2.3)
Usl(a) = piUj e b Girszieyitndo a0, ieN. .
Substituting them into the second equation in (2.2), we have
n +00 “
(i + 61 + p)U;,; = Zfo Bij(@)S (a)e X Ui ky ﬁff(”)d”danj +piUi6;, €N,
=1
where 0; := f0+00 vi(a)oi(a)da, oi(a) = ¢~ K a@nde g ai(a) := i + 62 + yi(a) for all a > 0 and i € N. Hence,
n [ Bii(a)s Yaye Ei Ui K oo g
U=y 0 T U, i€N. (2.4)
! ; pi+ 61+ (1= 6)p; b

Note that 1 —6; > 0 for all i € N. In fact, 0 < 6; = fo“’" yi(a)oi(a)da < fo“” yi(a)e™ b 797 4q < 1 forall i € N. To
investigate the existence of the drug-endemic equilibrium, we will employ the fixed-point problem of the following
nonlinear operator ¥ on R’}.

1 @S aye e kB g

¥ = j ’ = > 5" nTERn~ 2.5
(®) [/Z; ot (=0 901] o =(p1,¢2 ©n) " (2.5)
- ieN

If the operator ¥ has the positive fixed point ¢* € R \ {Ogs} such that W(¢*) = ¢*, then it is no other than the positive
Uj,, i € N satisfying (2.4) and hence, from (2.3), the existence of the drug-endemic equilibrium E* follows. It is easy
to check that the Fréchet derivative of the operator ¥ at the origin Og» is given by the following matrix:

2.6)

¥ [Oge] = [ 2 wﬁij(a)S?(a)da ] = M°.
i,jeN

i+ 01+ (1 —6)p;
In what follows, we define R := r(M°), where r(-) denotes the spectral radius of a matrix M°. Since matrix M°
is nonnegative and irreducible under Assumption 1.1, it follows from the Perron-Frobenius theorem (see [21]) that

Ry = r(M°) is a positive eigenvalue of M?, associated with a strictly positive eigenvector. By constructing a monotone
nondecreasing sequence, we can prove the following theorem on the existence of the drug-endemic equilibrium E*:

Theorem 2.1. If Ry > 1, then system (1.2) has at least one drug-endemic equilibrium E*.
4



Proor. For ¢ = (¢1,¢2, - ,go,,)T € R, it follows from (2.5) that

lP =
@ Hi+ 61+ (1 =6)p;

b e Biae Em ¥ B892 §0(4)da )
ieN

+00

-3 @) o Bijledo o - X" @) Jo Bijlo)do qo o S o [ e
[—e 191 b B Sl.(a)] —pi ), e SETe S (@)da Ai_ﬂif()+ e ijleﬁ)ﬁu((r)drs?(a)da

+00
0

- Mi+ 01+ (1 =6)p; Hi+ 061+ (1 =6)p;
ieN ieN

2.7)

Hence, ¥ is monotone nondecreasing with respect to ¢ (that is, P(¢) > ¥(¥) if ¢ > ¢ in R}) and uniformly bounded
with the upper bound: [[¥(p)ll < X, Ai/ (ui + 61; + (1 — 6;)p;), where || - || denotes the norm in R” defined by |l¢|| :=
2y leil, @ = (@1, 02, -+ ,o.)" € R™. As stated above, Ry = r(M°) > 1is a positive eigenvalue of M, associated with
a strictly positive eigenvector v = (vi,va, -+ ,v,)'. Letus define w = (wy, wa, - -+ ,w,)" by w := In r(M®)v/(|IVl| ||B||Ll ).
Then, we have

im0y 10 A 5 1y
¥(w) b i wii(@e MIFL - §0(a)da IS wiBi@e IS X (a)da
w) = > -
Mi+ 01+ (1 =0)p; Hi+ 01+ (1 =0)p; N
ieN
+00
1 (< (@S (a)da 1 1 Inr(M° 1 Inr(M° In r(M°
L Zfo Bi 8 S ' S L4 /A0 S S L0 BV B
rMO) S+ o+ =0pi ") r(M°) (M) I ||B]], (M) I ||B]], Vi3],
Hence, from the monotonicity of ¥, we can construct the monotone nondecreasing sequence {‘P’"(w)};‘;"o such that
P+l (w) > W (w) forallm = 0,1,2, - - -. Since ¥ is uniformly bounded, the sequence has a limit w™ := lim,,_, ;oo ¥"(w)
such that w* = W(w*). Thus, w* is no other than the desired nontrivial fixed-point of ¥ and the system (1.2) has at
least one drug-endemic equilibrium E*. (]

On the uniqueness of the drug-endemic equilibrium E*, we prove the following theorem.

Theorem 2.2. System (1.2) has at most one drug-endemic equilibrium E*.

Proor. Let us consider another endemic equilibrium of (1.2) in the following notation: E: (.SA‘I(o), 8,0, 01,

A N T N T . N A A\T
++ 01 U1 (),+++ . Un()) € X,.. Suppose that U; # Uy, where U; := (U},.-++ . U;,) and Uy o= (011, O1)
Note that under Assumption 1.1, it follows from (2.4) that Uj; > 0 and Uy; > 0 for all i € N. There exist a positive
constant 7 > 0 and a nonempty subset &' C A such that Ui, = nU,; foralli € N, and Ui, > nU,; forallie N\ N.

From the monotonicity of operator ¥ (see (2.7)), we have
U; =% (U;) 2 ¥ (0)). (2.8)

Suppose that 7 € (0, 1). From (2.5), we have

. 1 _gm Bij(@S (a)e” iy Ao 4, 0 % fom Bij(@S (a)e” Ei O 5 Bii(re g N
= ) ;
(77 1) JZ::‘ Hi+ 61+ (1= 0)p; (s 1 Z:; Hi+ 61+ (1= 0)p; v .
ieN J ieN
=n¥(0,) = n01. 29)

where > implies that the strict inequality > holds for each element of vectors. From (2.8) and (2.9), we have Uj; >
nf]li for any i € N, which is a contradiction. Hence, n = 1, and thus, U} > nﬁl > ﬁl. Exchanging the roles of
Uj and le, we can prove in a similar way that le > Uj. Consequently, we have U} = ﬁl. From (2.3), we see that
S7() =8:(-) and U3,(-) = Uy(°) for all i € N. This completes the proof. O



3. Integrated semigroup formulation

We now use the approach introduced by Thieme [22] to reformulate the system (1.2) into an abstract Cauchy
problem. Let X := R" x L'(0, +00; R") x R" X R" x L'(0, +00; R") and X := {Or:} X L'(0, +00; R") x R" X {Ogn} X
L'(0, +00; R") C X, and let X, and X, be their respective positive cones. Let us define the norm ||-||x on X as follows.

(@) = > ] + D fo r@ida+ Y gl + Y o+ Y fo W2(@)da,
i=1 i=1 i=1 i=1 i=1

where g1 = (11,612, d1p)" € R Y11= (W11 120),++9140)' € L0, +005RY), @ 1= (01,02, )" €
R", ¢y = (¢21. 022, - . $2) € R and Y3 1= (Yo,1(),22(), -+ ,¥2a()) € L'(0,+00; R"). To reformulate the
system (1.2) into the abstract Cauchy problem, we define the following two operators A and F' on X.

—¢1(0)
ORn dd/] ((l) O]Rn
v —T—QHM(!I) ¥
Al ¢ |:= -Qup , | @ | € D) = (0pr} x WH(O0, +00; R") x R" X {On} X W0, +00; R,
Ogn —2(0) Ogn
) 229D o @)
da
O]Rn A ORn
vl | ~B(p)(@1(a) 7
Fl g [=|f" B@@yi@da+ [ T@ys@dal. | ¢ |€X, G-
Opn P(p Opn
Lﬁz OLl (0,+00;R™) '1[’2

where W'1(0, +00; R?) denotes the Sobolev space, and Q; := diag;., (1), Q2 := diagp, (u; + 61; + p), Q3(a) =
diag;.n, (i + 62; + yi(a)), A := diag,.n (Ai), B(p)(a) := diag;. (Z;’.zlﬂij(a)goj), I'(a) := diag;.p (yi(a)) and P :=
diag;.», (pi). Note that D(A) c X, and D(A) = X. Let

X(t) = (OR"a S(t, ')a Ul(t)v O]R”? Uz(t7 ))T and Xp = X(O) = (O]R”7 SO(')? Ul,O’ OR”a UZ,O('))T s

where S(1,-) := (S1(t,), -+ . Su(t, N, Ur(0) := (U (@), -+, Unn@)", Ua(t, ) 1= (Uai(t,2), -+, Una(t, )", So(-) =
(S1.00),-- ,Sn,o(-))T, U := Uy, ,Ulnyo)T and Uy o(+) := (Uz10(), - ,UZH(-))T. Under this setting, we rewrite
the problem (1.2) into the following abstract Cauchy problem:

% = AX() + F(x(1)), >0, x(0)=xo€ D@A)NX,. (3.2)

To prove the existence and uniqueness of the global classical solution to (3.2), we use the results in [23]. To this
end, we first prove the following lemma.

Lemma 3.1. (i) There exist real constants M > 1 and w € R such that (w, +o0) C p(A), and

a1 -4 < — forall neN and 1> w, (3.3)

M
1-w)
where p(A) denotes the resolvent set of A, and I denotes the identity operator. Furthermore, for all 1 > w,
U -A)" X)) cX,.
(i) For all C > 0, there exists K(C) > 0 such that

IF(0) — F@)llx < K(C)llo - dllx forall o := (Ogn, 1., O, y2)" € Xo N Be(0)
X A \T -
and 9 := (O, 1,4, 0mn, ) € Xo N Be(0), (34)

where Bc(0) := {0 € Xp : [lollx < C}.



Proor. (i) Let = := minep {1;} and A > —u~. For any (@1, 1, @, ¢, Uo)T € X, we easily see that

§1(0)
ol OA]RH 1 d .
v 0 o ad’l(a)+(/u+Q1)lﬁ1(a)
AW -A)7"¢|=| ¢ | implies | ¢ |= WU+Q)¢ ;
| | O b 02(0)
v) ) L@+ W+ Q@
and hence,
lz’l,i(a) _ ¢l.ie—(/l+;1,-)a + f(; wl’i(a_)ef(/lwi)(a—a)do_’ G = yrn fz‘éli - )

(2,2,’_(a) — ¢2J_e*f0(ﬂ+ﬂi+f52i+7i(ﬂ'))dﬂ' + f wzyi(o-)e*f(,(ﬂwﬁffzﬁ%(ﬂ))dpdo-’ ieN.
0

Hence, the latter part of (i) follows. Now, we have the following norm estimate.

¢

w] n n —+00 n n n +00
@W-afell =20+ fo Wri@lda+ Y igl+ D0+ ) fo |0(@)| da
033 i=1 i=1 i=1 i=1 i=1
v |,

a — a—o |110’
. Z [ ot da+Z [ [ st )do-da+Z R
+Zf |¢2,i|e_Jﬁa(ﬂ+ﬂ:+52i+7i(tf))dvda+,Zlfﬂof |ll/2,i(0—)|e_j:(’H/‘[‘H;Zi"')/[(ﬂ))dpda—da
i=1 Y0 =1 Y0 0

61 Z il & e |62 Z looill, 1
e = 1/l+;1 A+ A+p A+
o) |l
Hence, (3.3) holds for M = 1 and w = —u~.
(i) For any 0,9 € Xo N B¢(0), we have
Ogn
n TB@ @@ + 13(3)((1)@1 (@) -~
IF() = F@lix = ||| [, Blp)aw(@)da + [~ T(aa(a)da - [ B@) @i (a)da - [ T(a)jn(a)da
Py — P)
OL](0,+00;R”) X

(@ .i(a) = Zﬂij(a)%l@l,i(a) da + Z fo i@ (@) - yi(a)in.(a)| da + Z \pigi — pidil
! ! i=1
da+2 Z f+w

=1 Y0 [j=1
i ; fo |v2i(a) = foi(@)| da + p* ; loi — @il

<28°CY, fo V11(@) = dni(@] da+28°C Y ;= ¢ + 7" ) fo i@ — (@] da+p* ) lpi - @il
i=1 j=1 i=1 i=1

J@e @) = ) B i i@ H@eiih @) = ) Bij@pih @) da
j=1 j=1

where y* := max;en {y:“} p* = maxen {pi} and B := max; jey {,8 } Hence, we can take K(C) := max {28*C + p*,y*},
then (3.4) directly follows. O

We next prove the following lemma on the boundedness of the solution.

7



+00

Lemma 3.2. For all i € N, we have limsup, .., Ni(t) < A;/u;, where Ni(t) := fo Sit,a)da + Uy(t) +
I, Unilt, a)da.

Proor. By integrating the first and third equations in (1.2), we have the following differential equations.

+

d 00 n +00 +00
- Si(t,a)da = A; - Z f Bij(a)S i(t,a)daU, (1) —u;—f S(t,a)da, t>0, ieN,
dr Jo = Jo 0

AU n +00 +00
% = Z f Bij(@S i(t,a)daUy;(t) — (u; + 61 + pi) Uni(o) + f vil@Us(t,a)da, t>0, ieN,
=10 0

@ Usi(t,a)da = pUy; (1) — (i + 62i)f Usi(t, a)da - f Yi(@Uai(t, a)da, t>0, ieN.
0 0 0
Adding up above equations yields
dN; (1) e .
vl A = uiNi(t) = 61;U1i(t) — 02 Usi(t,a)da < Aj —uiNi(), t>0, ieN. (3.5)
0

Note that the positivity of Uj; and Uy, i € N is obvious from the form of system (1.2) and Assumption 1.1. From
(3.5), we have limsup,_, ., Ni(t) < A;/p; foralli e N. O

From Lemmas 3.1-3.2 and the result in [23], we see that the following proposition holds on the existence and
uniqueness of the integral solution of (3.2).

Proposition 3.1. There exists a uniquely determined semiflow {®(#)},>0 on Xo 4 such that O(£)X is the integral
solution of (3.2) for any x¢ € Xo, that is, fol O(s)xpds € D(A) for all t > 0, and O(t)xg = xg + A fol D(s)xpds +
i F (@(s)x0) ds for all t > 0.

To investigate the differentiability of the integral solution ®(#)x(, we define the following set: D(Ag) := {x € D(A) :
AXx + F(x) € D(A)}. It can be shown as in [23, Proof of Theorem 6.3] that D(Ap) N Xy, is dense in X, ;. The differen-

R A T
tiability of the nonlinear operator F on X is obvious under Assumption 1.1. In fact, for any o = (ORn U1, 9, Opn, dfz) €
Xo, the differentiation of F at 0 is given by the following linear operator.

OIR“ OR” ORn
7 ~B(@) (@) (a) - B(p)@) (a) W
Fiall ¢ |=| " B @wi(@ + B @i @]da+ [~ T@ya@da|, | ¢ |eXo.
OIR” P(p ORn
123 OLl(O,JrM;Rn) 1)

Hence, by using the result in [23, Section 4], we obtain the following proposition on the existence and uniqueness of
the global classical solution of (3.2).

Proposition 3.2. Ifxo € D(A¢)NXo, then the integral solution O©(1)X is continuously differentiable with respect
to t, and X(t) := O(1)Xy is the global classical solution of the abstract Cauchy problem (3.2).

4. Asymptotic smoothness of the semiflow

In this section, we prove the asymptotic smoothness of the semiflow {®(#)};»9. To prove it, we will apply the
following classical theorem (see, for instance, [24, Lemma 2.3.2] and [25, Theorem 2.46]).

Theorem 4.1. The semiflow ® : R, X Xo, — X, is asymptotically smooth if there are maps Wy, W, :
Ry X Xo+ — Xo+ such that ®(t)xg = Wi()xo + Wa(t)Xo, and the following hold for any bounded closed set
that is forward invariant under ®: (i) 1i¥n inf diam W, (1)(Q) = 0; (ii) there exists a tq > 0 such that W, (t)(Q) has a

compact closure for each t > tq.



To apply Theorem 4.1, we define ‘W, and ‘W, by
A A T ~ - T
Wi(t)Xo := (Ogr, 8(2, ), Ogr, O, Ua(1,0)) and -~ W) (%o := (O, 8¢, ), Uy (1), Op, Ua(1,0))
A A A T ~ ~ ~ T A A A T -~
where S(z, ) := (Sl(t, 9,8, .)) S, ) = (Sl(z, 3, St .)) L0.(0,) = (Uﬂ(,, Dy, Uanlt, .)) JOut,) =
(T21(t,), -+, Una(t, )" and, forall i € N,

~ 0, t—a>0, & | Sit,a), t—a>0,
S’(t’a)'_{Si(t,a), a-1>0, S’(”“)“{o, a-1>0,

Uity a) = { 0. t—a>0, Us(t,a), t—a>0,

Un(t,a), a—t>0, b= { 0, a-1>0.

Then, we see that ®(1)xy = W (H)xg + Ws(£)x. We first verify the condition (i) in Theorem 4.1.
Lemma 4.1. ‘W, satisfies the condition (i) in Theorem 4.1.

Proor. Let Q c D(Ap) N Xy + be any bounded closed set that is forward invariant under ®@. Let C > 0 be a positive
constant such that |lollxy < C holds for any p € Q. Let X, € Q. Integrating the equations of S; and Uy; in (1.2) along
the characteristic line t — a = const., we have, foralli € N,

S.¢a) 0, t—a>0, o 0, t—a>0,
i(t,a) = nog . i, a) := .
’ B B )

Hence, we have

n +00 n +00
RACLITEDS fo Sia|da+ fo |02t )| da
i=1 i=1

n +00 ‘ n +00 .
= Z f Siola—t) e’fo{Z?:lﬁ,-,-(a—tw)U._,-(a)w,-}dgda " Z f Usio(a—1) e*fo{ﬂi+52i+}/[((t7l+(r)}d(rda
i=1 v! i=1 v!

n +00 n +00
<et! [Zf Sio(a)da + Zf Usip (a) da] = e xollx <e™'C—>0 as 1> +oo.
i=1 V0 i=1 Y0

Hence, li¥n inf diam W (#)(Q) = 0 and (i) is satisfied O

We next verify the condition (ii) in Theorem 4.1.

Lemma 4.2. ‘W, satisfies the condition (ii) in Theorem 4.1.

Proor. Let Q be as in the proof of Lemma 4.1. Without loss of generality, we can assume that C > max;en A;/u;.
Then, from Lemma 3.2, we see that Uy;(¢), i € N remains in the compact set [0, C]. In what follows, we prove that
S, ) and Ux(z,-), i € N remain in precompact subsets of X, which is independent of xy € Q. By integrating the
equations of S; and Uy; in (1.2) along the characteristic line 7 — a = const., we have

- Ae” f:{z;’zlﬁ;j(<)')U1/(l—a+(r)+,u;}do' t—a>0 .
Si(t,a):= ! > > JeN 4.1
(¢.a) { 0, a—t>0, @1
and r
- AT (f — = Jy ito2tyi(o)ldo _
Uy (t.q) = § Pillt—a)e” b Hre s tma>00 oy 4.2)
0, a—-t>0,

Hence, we have 0 < §;(¢,a) < Aje™® and 0 < Uy(t, a) < piCe ™4 for all i € N. From these inequalities, we see that
for any initial data xo € Q, Y7, fom Sit,a)da < Y1 Ai/u; < +oo and Y, f;w Usi(t,a)da < Y%, piClui < +oo.
Furthermore, the following convergences hold uniformly in xy € Q:

9



n +00 _ n A,‘ n +00 _ n [C
0< Zf Si(t,a)da < Z —eHi" 50 as h— 400, 0< Zf U,i(t,a)da < Z p—e'”"h — 0 as h— +oo,
i=1 v =1 Hi =1 Y =1 Hi

Oﬁgﬁhgi(l,a)dasg%(l—e"“f}’)ﬁo as h — 0+, OsZﬁhUZi(t,a)dasZiz_ic(l_e—mh)_,o as h— 0+ .

Hence, to complete the proof, we have to show the following convergences, which are uniform in xy € Q (see [25,
Theorem B.2]).

n +00 n +00
hli%l+z;fo |S: (t,a+h) = §; (t,a)|da = 0, hli%l+z;fo |0 (t,a+ 1) = Usi (t,@)|da = 0. (4.3)

To prove (4.3), without loss of generality, we can assume that % is sufficiently small such that 0 < & < ¢. Then, from
(4.1), we have

n 0 n t—h n i
Zf |§,-(t,a+h)—§i(t,a)|da=2f |§,~(t,a+h)—§,~(t,a)|da+2f 0~ 3 (t, )| da
i=1 Y0 =1 Y0 = Jr-h
o |- fo‘”"{ " By j(tfufhwto')ﬂ_l,-}du' - foa{z'f=lﬁ;/-(o')U1 j(tfaJro')ﬂl,-}dD' . ,
< Z Ajle J e J da + Z Aih
~ Jo i=1
n i—h +h n n n
st A,-f {Zﬁ,-j((r)Ulj(t—a—h+0')+/,t,-}d0'—f{Zﬂij((r)UU(t—a+0')+,u,-}d0'da+2/\ih
i=1 VY0 0 j=1 0 U= i=1

n i—h n n
stO A,Zﬁ;j(cmfwu(t—a—mc)—Ulj(t—a+a)|da)da+ZA,-h{1+u,-(t—h)}, 4.4)
i=1 j=1 i=1

where we have used the relation [e™ — e™| < |x — y|. Similarly, from (4.2), we have
n oo 5 n 1—h B B n ! 5
Zf | (1, + h) - Uz,-(t,a)|da:Zf | (1, + ) - Ty (t,a)lda+2f |0 - 05 (¢, )| da
-1 Y0 -1 YO0 =1 Ji-h
n 1—h n
< Zf pi ‘Ul,-(a +h— t)efﬁ)“ MitoryioNdo _ Ua—te f({'(uf+52f+7f<v))d0| da + Z piCh
i=1 Y0 i=1

n t—h
a+h a+h o
< Zf Di IU“(a +h— t)effo Wi+o2+yi(@lo _ 7 (g — t)e’fo (Hi+02i+7i(0'))d0" da
i=1 Y0

n i—h n
ra+h a 5.
+ z f Di ‘Uu(a —1e” I Mui+oai+yi(oNde _ Uia - t)effﬂ (M:+(>2,‘+7/(0'))d0'| da + E piCh
i=1 YO0 i=1

n t—h n t—h a+h a n

< pilUia+h—1)—Up(a—-10lda+ f Pic‘f {/~1i+5i+7i(0—)}d0—_f {ti + 02 + yi(o)ydo|da+ ) p.Ch
n —h n

Szf p,IUl,(a+h—t)—Ul,(a—t)lda+2p,Ch{l+(y,+52,+y:’)(t—h)} (45)
i=1 YO0 i=1

Now, from the second equation in (1.2), we have U{,(t) < Z;Ll,B;’jC2 + (i + 61 + p)C +y{C =: M; for all t > 0 and
i € N. Hence, Uy, is Lipschitz continuous on R, with Lipschitz coefficient M;, i € N. Then, from (4.4) and (4.5), we
have

n +00 n n _ 2 n
Zf IS (t.a+h) - $,(t,a)|da < ZAiZ,B;'j (Ch(t—h) + Mjh(t Zh) )+ ZAih{l +uit—h)} >0 as h— 0+,
i=1 Y0 i=1

i=1 j=1

n +00 n n
Zf |0 (ta+ by = Oy ()| da < " piMih(t = ) + 3" piCh{L+ (i + 6 +y))t =)} > 0 as h—0+.
i=1 Y0

i=1 i=1

Hence, (4.3) is shown and the proof is complete.
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From Lemmas 4.1 and 4.2, we can apply Theorem 4.1 to obtain the following proposition on the asymptotic
smoothness of the semiflow {D(f)},>o.

Proposition 4.1. The semiflow {O(t)};>0 defined as in Proposition 3.1 is asymptotically smooth.

By virtue of Proposition 4.1, we can apply the invariance principle (see [26, Theorem 4.2 in Chapter IV]) to show
the global asymptotic stability of each equilibrium of system (1.2). We define the following sets.

+00 +00 A
C:= {X = (O]Rn,l//h‘/;, ORn, l/lz)T € D(A()) N Xo_Jr . f z/fl,,-(a)da + @ + f l//z’i((l)d(l < - foralli e N} 5
0 0 Hi

Co = {x = (Opn, 1,90, 0pn, h2)T €C 1 @; >0 forsome i€ N or y,(a) >0 forsome a>0 and i€ N}, 0C :=C\ Cy.
By Assumption 1.1 and Lemma 3.2, we can prove the following lemma.
Lemma 4.3. (i) ®(r) (C) C C for all t > 0. (ii) ®(t) (OC) C dC for all t > 0. (iii) D(¢) (Cp) C Co for all t > 0.
Proor. (i) By (3.5) in the proof of Lemma 3.2, we have N;(f) < N;(0)e #'+(1—e A /u; = Ai/ui+(Ni(0) — A;/u;) e
forallt > 0andi € N. Hence, if N;(0) < A;/u; for alli € N, then Ni(f) < A;/w; for all > 0 and i € N. This implies

that ®(¢) (C) c C forall t > 0.
(i1) Integrating the second and third equations in (1.2), we have, for alli e N,

'8
U() = Ul’_,Oe’(l‘/'*dli*Pi)t +f e Witd1i+pi)(t-u)
0

Zfmﬁij(a)S,-(u,a)daUlj(u)+fmyi(a)Uzl»(u,a)da)du, t>0, (4.6)
=1 Y0 0

and
piU1(t — a)e™ Jo wirdzisyitonde t—a>0,

" 4.7
Usio(a—1) e*ﬂ(#i+b2i+7i<a*7+ﬁ))d07 a—1t>0. @7

Usi(t,a) = {

respectively. Suppose that xo € dC. We then have Uj;p = 0 and Uzjp(a) = Oforalla > 0 and i € N. From
(4.6)-(4.7) and the continuity, we see that Uy;(#) = 0 and U,;(¢,a) = O forall t > 0, a > 0 and i € N. This implies that
(1) (0C) c OC for all ¢ > 0.

(iii) If Uy, > O for some i € N, then it follows from (4.6) that U,;(t) > Uy;ge~#+0u*P)l > ( for all t > 0, which
implies that ®(1)xo € Cp for all # > 0. If Uy;p(a) > 0 for some a > 0 and i € N, then it follows from the continuity
(note that Uy € W0, +00; R™)) that there exists a nonempty interval (a;, a;) C (0, +00) such that Uy;g(a) > O for
all a € (a;, ay). Then, from the last term in (4.6) and the continuity, it follows again that U;;(t) > 0 for all # > 0, which
implies that (7)xy € Cy for all £ > 0. This completes the proof. U

In what follows, we use the following notations to denote the drug-free and drug-endemic equilibria in C.
_ T
EO = (OR"’ S(l)()’ e SS(), O, Og», 0L‘(O,+oo;]R")) eC,

% * * * * * * T
E* = (O]R”’S](')"' : ,Sn(')’ U]ls Y U]n’O]R”’ Uz](')"' Ty Uzn(')) € C

5. Global asymptotic stability of the drug-free equilibrium

In this section, we prove the global asymptotic stability of the drug-free equilibrium E° in C when Ry < 1. On
the local asymptotic stability of E°, we prove the following proposition.

Proposition 5.1. Suppose that Ry < 1. The drug-free equilibrium E° is locally asymptotically stable.

Proor. The second and third equations in (1.2) can be linearized around the drug-free equilibrium E° as follows.

dUu(t) < +00
d; = Z[ Bii(@)S (@)daU, (1) — (w; + 61; + p) Uni(t) + f Yil@Uy(t,a)da, t>0,i€N,
=10 0
0 0 .
— + | U2(t,a) = = (u; + 62 + vi(a)) Uai(t, ), t>0,a>0,ieN,
ot Oa
Uzi(t,0) = p;U1i(2), t>0,ieN.

G.n
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Substituting U,;(t) = uye and Uy(t, a) = upi(a)e, i € N, 1 € C into each equation in (5.1) and dividing both sides
of each equation by eV, we have

n oo +00
Auy; = Zf Bij(@)S N(@daur; — (i + 61; + py) ur; + f vil@uzi(a)da, i€ N,
j=1 70 0

d ) 5.2)
A+ i wi(a) = — (u; + 62 + yi(a) uzi(a), a>0,ieN,
a
u2i(0) = piun;, ieN.
From the second and third equations in (5.2), we have
(@) = piuyje™ b HHERINONT < b @y, a2 0, i€ N. (5.3)
Substituting (5.3) into the first equation in (5.2), we have
n +00 +00
Auy; = Z f Bij(@SY(@dauy; — (u; + 61 + p)uy; + Pif yilae “oia)dauy;, i€ N.
‘oo 0
Let A := x + iy, x,y € R. Comparing the real parts of both sides, we have
n +00 —+00
Xuy; = Z f Bij@S Y@)dauy; — (i + 81; + p)uy; + Pif Yi(a)e™™ cos (ya) oi(a)da uy;, i€ N.
=120 0
This equation can be arranged as follows.
S Bi@S dada N
up = pos s 1 .
x4+ i+ 64+ (1= [ yi@e < cos (ya) gi(@)da) p;
By using the matrix-vector form, we have
_ : X ) Bi@S dayda
u = My, wg = ey, MO(xy) = -t . (54

x+ i+ 64+ (1= [ vi@e cos (ya) oi(a)da) p; LN
Suppose that x > 0. Since fom vi(@)e ™ cos (ya)pi(a)da < 6; < 1 foralli € N and y € R, matrix M°(x,y) is
nonnegative and irreducible. Hence, from the Perron-Frobenius theorem ([21]) and the first equation in (5.4), we see
that r(M°(x,y)) = 1 for all x > 0 and y € R. Moreover, since M°(x,y) < M° for all x > 0 and y € R, it follows again
from the Perron-Frobenius theorem that 1 = r(M°(x,y)) < r(M°) = R for all x > 0 and y € R. This is a contradiction
to R < 1, and thus, x < 0, which implies that E° is locally asymptotically stable. This completes the proof. O

To construct suitable Lyapunov functions, we will use the following Volterra-type function (see, e.g., [27, 28]):
G(z) =z—1-Inz, 7> 0. Itis easy to see that G(z) > 0 for all z > 0 and G(z) = 0 if and only if z = 1. In the Lyapunov
function stated below, we use the following function.

Y e (Si@ .
Lit) = fo S,.(a)G( e )da, >0, ieN. (5.5)

To make this function finite, we need the following additional assumption on the initial data S;g(a), i € N.
Assumption 5.1. Foralli € N, we have fom |lnS,-,0(a)| e H%da < +oo.

In fact, since S;(#, @) has a structure comparable with A;e™i¢ for t — a > 0, and |In (Ae™)|e™“ is integrable, As-
sumption 5.1 seems mathematically natural. Biologically, in the initial invasion phase of the heroin epidemic, we can
assume that there are very few drug users, and thus, the age distribution S;o(a) of susceptible individuals in group
i € N is thought to be almost equal to S ?(a) = A;e™“, and Assumption 5.1 holds. Under Assumption 5.1, we have
the following lemma.
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Lemma 5.1. Let Assumption 5.1 be satisfied. Ly;(¢) is finite for all t > 0 and i € N.

Proor. By integrating the equations of S;, i € NV in (1.2) along the characteristic line t — a = const., we have

S,
§%(a)In S((? |S?(@)InSi(t,a) - ${(a) In S (a)|
Ae i n (Aie—fo (Z;?:lﬁi;(o‘)Ul,-(t—a+0')+Hi)d(r) 4 |Aieﬁu,a In (Aie—yiu) . t—a>0,
<
Ae i 1n (SLO(a _ t)e’fr)(zyzl/3Ij(1171+o')U1j(v)+H,)d(r) n |Aie—yia In (A;e i a-1>0
A Hi9In A — AjeHe f [Z Bii(Uy(t—a+o)+ p,) do| + A InA; — A “wal, t—a>0,
j=1
- a n
AeHInS g(a — 1) — Aje™i¢ f [Z,Bij(a —t+o)U, (o) + pi] do| + |A[e"“"“ InA; — Ae™wal, a—t>0
o '3
e vl A
2A;[In Ay e + Ae i Zﬂij— + 2 la, t—a>0,
— M
< Jj=1 4 . ieN.
—pia —pia —pia + A
Ai|InSigla -0 + Aglin Ale™ + A | 3" 5= + 2 |a, a=-120,
= Mi
Jj=1

Hence, from Lemma 3.2, we have

| prom o= [rom e [

f +00 +00
< A;[InA f e Hida + A; f [InS:o(a—1)|e*“da + f A [In A e + Aje ¢
0 t 0
_ Ailln Ayl

; Z,B,j +2u]

Ailln A; +oo , A LA
QAdInAL A[f n S o(a)| e *da + = Zﬁ;j— + 2], >0, ieN.
Mi 0 H\m K

S(t,a)

0
S%a)In @

S%a)In

S%a)In da

n A
Z,B:’/—’ +2u; la|da
i,

J=1 !

+o0
(1 —e™ + Aif |lnS,-,o(a)| e H@dq + A |1nA |
0

i

i

Under Assumption 5.1, the last expression in the above inequality is finite. Hence, from Lemma 3.2, we have

Si(t,a) e _ 0
S?(a) ) dasjo‘ (S,(t,a)+Sl-(a)+

This completes the proof. U

Lii(t) < |Lii(0)] < fo

S?(a)G(

s?(a)ln‘gs"g;(’?‘)dmwo, 1>0, ieN.
l-a

In the Lyapunov function below, we also use the following function.

Lyi(t) := f ) Li(@)Us(t,a)yda, t>0, ieN, (5.6)
0

where e
Li(a) = f yi(s)e™ b @ @oqs 450, ie N (5.7)

(see [29, Proof of Theorem 9.5] for similar functions). Note that {;(a) € (0,1) for 0 < a < 400 and £;(0) = 6;.
The derivative of {i(a) satisfies {/(a) = i(a)ai(a) — yi(a) for all @ > 0 and i € N. Using functions Li; and Ly;,
we construct a suitable Lyapunov function to prove the following theorem on the global asymptotic stability of the
drug-free equilibrium.

Theorem 5.1. Suppose that R < 1 and Assumption 5.1 holds. The drug-free equilibrium E° of system (1.2) is
globally asymptotically stable in C.
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Proor. Since matrix M° is nonnegative and irreducible, we can use the Perron-Frobenius theorem (see [21]) to find

that M° has a strictly positive left eigenvector (w,w,,--- ,w,) corresponding to the eigenvalue Ry = p(M°) <

1. Let ¢; := w;i/ (u; +1; + (1 —6;)p;) for all i € N, and construct the following Lyapunov function: Vy(x(?)) :=

2y i (L) + Uyi() + Ly(9)], ¢ > 0, where Ly;() and Ly;(¢) are defined by (5.5) and (5.6), respectively. By virtue of

Lemmas 4.3 and 5.1, the Lyapunov function Vj(x(?)) is finite for all # > 0, provided X, € C and Assumption 5.1 holds.
The derivative of Ly;(f) along the solution trajectory of system (1.2) is calculated as follows.

oo S%a\ 1 88t a) oo Si(t,a) 8,8:(t,a) u ,
’ _ 0 _ i i - _ 0 i _ av i . B )
L”(’)'fo S"(“)(l s,-(z,a))s?(a) o fo S’(a)(s?m) 1) Sia) M ’+Z_,-:.ﬁ”(a)U”(t) da TEN:

where 0, denotes d/da. Recalling that dS ?(a) /da = —u;S ?(a), it follows that

0 Si(t,a) _ S,(t,a)_ 3,5 i(t,a) ‘ .
%G(S?w))‘(sg’(a) 1)(Si<t,a> ”")’ reN

Hence, using integration by parts, we have, for alli € N,

, oo 4 _(Sit,a) oo S(t,a) <
Ln(t)=—f0 S?(a)%G( %) )da—fo SYa )(50() —1);ﬁi,-(a)U|j(t)da

oS\ f Sit.a) dS7@ f“’", " B @)U, f*"" 0w S B (@0
S()G(SU)N - c( O(a)) s 0 S’(t’a),;ﬁ”(a)U“(t)d“ 0 Si<a>JZlﬁ,_,(a)Ul_,(r)da

o (Si @\ o (S:,0) _f*"" <0 (S,-a,a))

- S"(G)G(sg’(a)) +S,-(O)G(S?(O)) RRZHCE e da

- f D Bil@S it )V j(nda + f D Bi@S @)U (nda
0 = 0 j=1

S, a=+co too s, too N
~5%a )G( ff(‘;)) - fo °(a)G( ff(‘;))da— f Zﬁl,(a)s (6. a)U(1)da + f Zﬂlj(a)SO(a)Ul,(t)da

(5.8)

Note that G (S (,0)/S%(a)) = 0, i € N since $%(0) = $(1,0) = A; and G(1) = 0
The derivative of L,;(f) along the solution trajectory of system (1.2) is calculated as follows.

f - fa 2D gq = - f - P2 g f " f@a@Us(t, a)da
0 0 0

L@Un( = + f Ut g - f L@@ Un(t, ada
0

Ly®

=5(0)Ux(2,0) + f Ui, a)(gi(a)ai(a) - )’i(ll))dll - f Li(@ai(@)Uy(t, a)da
0 0

+00

=§i(0)U21(f,0)—f ) Usi(t,a)yi(a)da = 9iPiU1i(f)—f Usi(t,a)yi(@)da, ieN. (5.9
0 0

n

From (5.8)-(5.9) and the second equation of (1.2), the derivative of the Lyapunov function Vj,(x(¢)) is calculated as
Vix) = Y e

Si(t, a)) _f‘x’ Ry (a)G(S f)t a))da
i=1 0 Si(a)

§9%(a)
+ f Zﬁij(a)s?(a)Ulj(t)da — [ui + 61 + pi(1 - 6)] Uli(l)]
0

=1

a=+00

-S%a)G (

IA

Z Ci [f Zﬁi_/(“)S?(Q)Ulj(t)da = [ui + 61 + pi(1 = 91)]U|i(l)]
- 0

n

-

ij=1

I Bi@S @)Uy (1)da
i+ 61 + pi(1 = 6)

- Uli(t):i = (Wi, w2, , wy) (MU (1) = Uy (1)
= (M) = D) (W, w2, -+, w,) Ui(t) = (Ro— 1) (w1, w2, , w,) U (0). (5.10)
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Therefore, it follows from R < 1 that V{(x(#)) < 0 holds for all # > 0.
To apply the invariance principle in [26, Theorem 4.2 in Chapter IV], we use the following notation.

Y(Xp) := Upso (P(OX0} = Uz (X))}, M; = {x €eC:Vix) = 0} , M : the largest invariant subset of M;.

By Lemma 4.3 and Proposition 4.1, we see that y(xo) C C and y(Xq) is precompact. It is obvious from the first equality
in (5.10) that if x = E°, then Vy(x) = 0. In contrast, if Vj(x) = 0, then it follows from the first equality in (5.10) that

T o[ Sita)
fo “’S"(“)G[S?(a))da

n a=+oo

5 o [Sita)
O‘ZC’[ S"(“)G(S?@)

i=1

+(Ro - ) (wi,wz, -+, w,) U (@). (5.11)

From the second term in the right-hand side of (5.11), we have that §; = S? foralli e N. If Uy;(t) > O for some t > 0
and i € N, then it follows from the first equation in (1.2) that S; £ S ?, which is a contradiction. Hence, U;; = 0 for
all i € N. Then, we see from the third equation in (1.2) that the largest invariant subset M of set M, is the singleton
{E®} c C. By the invariance principle in [26, Theorem 4.2 in Chapter IV], we see that the drug-free equilibrium E° is
globally attractive in C. By Proposition 5.1, it is globally asymptotically stable. This completes the proof. U

6. Persistence of the heroin users without treatment

In this section, we prove the uniform persistence of the heroin users without treatment for R > 1, which is needed
to guarantee the boundedness of the Lyapunov function in Section 7. Let us consider the following distance function
e R* > Ry p(p) := max (lei1], leal, -+ 5 lenl)s 0 = (01,02, - ,t,Dn)T € R". We first prove the following lemma on
the uniform weak p-persistence of the heroin users without treatment.

Lemma 6.1. Suppose that Ry > 1. There exists a positive constant & > 0 such that if Xy € Cy, then

lim sup p (U (?)) > «. (6.1)

t—+0c0

Proor. Since R = r(M°) > 1, it follows from the continuity and the Perron-Frobenius theorem ([21]) that there exist
sufficiently small €y > 0, small 1y > 0 and large Ty > O such that r(M) > 1, where

M= oT0 Bij(@)S Yaye™® b T Byorie g
= — .
Ao + i + 61 + (1 -5 Vi(a)Qi(a)e_/l"“da) Pi);ien

For such ¢ > 0, suppose that (6.1) does not hold. Then, without loss of generality, we can assume that T > 0 is large
so that Uy;(t) < € for all t > Ty and i € N. From the first equation in (1.2), we have, for all t > T and a € (0, ),

Sit,a) > Aemh i Bu@dra - g0(gye=e [ ThiBulr e pr (6.2)

From the second equation in (1.2), we then have, forallr > Ty and i € N,

T2 Y [ Bu@sS it adati(n - G+ 1+ p) Vs + [ @)Ut a)ta
dr = 0 0

n To t
= f Bij(@)S daye™ b Z Pl dau (1) — (i + 615 + pi) Unid) + f Yi@piUi(t — ayoi(@)da. (6.3)
‘oo 0

By taking ®(7T)x¢ € Cy as a new initial condition, we can assume without loss of generality that the inequality (6.3)
holds for all # > 0 and i € N. Multiplying e’ by both sides of (6.3) and integrating from 0 to +co, we have

T e dUL) (T ‘g d
f =gz, f Bi@S a)e @ b ZR 0% da L1051 (1)
0 dr o Jo

— (i + 61+ pi) LUl (A) + Pif yi(@oi(@e " da L[U)](d), i€ N, (6.4)
)
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where L [Uy;] (Ap) := fom e~ U, (H)dt, i € N denotes the Laplace transform of Uy;, i € N. Note that L[U};] (o) €
(0, +00) for all i € N by virtue of Lemma 4.3. By applying integration by parts to (6.4), we have, for alli € N,

+00 1 To
{/l() + M+ 01 + (1 - f yi(a)g[(a)e—/loada) P,‘} LUyl (Ag) > Z f ﬁ,-j(a)S?(a)e—fo J: Z?ﬂﬁij(()’)do’da -E[Ulj] (o).
0 =1 o

Hence, we obtain the following inequality in the vector-matrix form: £ [U;] (4p) > ML [U;] (), where £L[U;1(1p) :=
(LU0, -+, LIU1,1 (10)T. Let W be the left positive Perron-Frobenius eigenvector of matrix M, associated
with 7(M) > 1. We then have WL[U;]1 (1) > WML[U1(l) = r(M)WL[U1 () > WL[U;](A), which is a
contradiction. This completes the proof. O

Using Lemma 6.1, we next prove the uniform strong p-persistence of the heroin users without treatment for
?{0 > 1.

Proposition 6.1. Suppose that Ro > 1. There exists a positive constant €, € (0, &) such that if Xg € Cy, then

lilm+infp Ui(0) = €. (6.5)

Proor. Suppose that (6.5) does not hold. By Lemma 6.1, there exist increasing sequences {t,,}:;”1 and {s,,};;”l such
that, forall n € N,

tn < $p, p(Uitn)) = p(Ui(sy)) = € and p (Ui (1) < & forall 1 € (1, sp). (6.6)

From the second equation in (1.2), we have U{(¢) = — (u; + 61; + p;) Uy;(t) =2 —=dUy;(¢) for all £ > 0 and i € N, where
d := max;en {i; + 61; + pi}. Hence, we have

Uit > Upi(t,)e™ ™ te(ty,s0), n€N, ieN. (6.7)

If there exists a positive constant 7'y > 0 such that sup,.y(s, — #,) < Ty, then we have from (6.6) and (6.7) that
liminf,— 10 o (U1(£)) > e "', Hence, (6.5) holds for €, = ge . If sup,en(8n — t,) = +oo, then we can take
subsequenges (T, 30)11S) € At s0)}i2] such that §, — 7, > T, for all n € N, where {T, 1o] is an increasing sequence
such that T, — +o0 as n — +oo. For sufficiently large n € N, we have 7, > T, where Ty > 0 is as in the proof of
Lemma 6.1. For such n € N, it follows from the last inequality in (6.6) that the inequality (6.2) holds for all ¢ € (,, §,),
a € (0,r) and i € N. Hence, as in the proof of Lemma 6.1, the inequality (6.3) holds for all 7 € (7,, 5,) and i € N. By
taking ®(7,)xo € Cy as a new initial condition, we can assume without loss of generality that the inequality (6.3) holds
forall t € (0,T,) c (0,5, —1,) and i € N. Let Ao > 0 be as in the proof of Lemma 6.1. Multiplying e =%’ by both sides

of (6.3) and integrating from O to T, we have
T, n T, 7,
n dU it 0 "o n
f oo 0 4, zz f Bij(@)S daye b ZiAr@r g, f e MUy (0)dt
0 dt i Jo 0

T»x T,, !
— (Wi +61i + Pi)f e U (ndt + Pif e_/lotf Yil@oi(@U(t — a)dadt, i€ N. (6.8)
0 0 0

Taking n — +o0 in (6.8), we obtain (6.4). Hence, as in the proof of Lemma 6.1, we can show a contradiction. This
completes the proof. U

Using Proposition 6.1, we prove the uniform strong persistence of the heroin users without treatment for Rg > 1.
Theorem 6.1. Suppose that Ry > 1. There exists a positive constant € > 0 such that if Xy € Cy, then
liminf Uy;(t) > e, forall i e N. (6.9)

t—+00
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Proor. From the first equation in (1.2) and Lemma 4.3, we have, for all # > 0 and a € (0, ),

n Aj o)do— n N o)do
Sit,a) > Aje 27 b Ao _ g0 e X i BRI (6.10)
From the second equation in (1.2), we then have, for all ¢ > 0,

dUy;
Ul (t) > Z f B,j(a)S i(t, a)daUlj(t) (i + 61 + p) Ui(¥)

_yn Mo Vo
> Z f ﬂij(a)S?(a)e 21 ) fo Bijtd daUlj(t) - (ﬂi +0; + pi) Uj(t), ieN.
j=1v0
Then, by the variation of constants formula, we have

3] n U n A opa
0 )(t— -2 = i (0)d
Uri(0) zf e (o= fﬁij(a)s?(a)e B 5 WP 40, (updu
0 : 0
j=1

! ¢ o n A ij(o)do
= f DY f Bi@S%ae = 7 b B Gy 1~ wydu, e N (6.11)
0 - 0
j=1

By Proposition 6.1, there exists a j* € N such that liminf,_, . p (U(?)) = liminf,_,, U;(t) > €. Taking t — +o0
in both sides of (6.11), we have

+00 —+00 g ﬁ a d
lim inf Uy;(7) Zf e—(/1z+6n+m)uf Bij (a)S?(a)e i 7 Iy Bijto) 7 dadu lim inf UL (1)
t—+00 0 0 t—+00

—+00 +00 n Ajopa
S, -3 2o .
Zf e W’”“”’””f Bij (@S (a)e e iy b Bt g € = &, I€N.
0 0

Note that & ; > 0 for some i # j* by virtue of Assumption 1.1. Let j** € N, j** # j* be such that €, ;- > 0. Similar to
the above inequality, we have

+00 +00 0 A
. (US4 D - = ;i(o)d - .
liminf Uy;(f) > f e~ (Hrtdutpu f Bij (@S (a)e ¥ 7 B A9 440 6 = &, i€N.
t—+00 0 0

Note that & ; > 0 for some i # j** from Assumption 1.1. By repeating this argument, we see from the irreducibility of
matrix ( fom Bi j(a)da)ijeN that there exists an € > 0 such that (6.9) holds. This completes the proof. O

7. Global attractivity of the drug-endemic equilibrium

In this section, we prove the global attractivity of the drug-endemic equilibrium E* € Cy when Ry > 1. By
Theorem 2.1, the drug-endemic equilibrium E* exists when R, > 1. To prove the global attractivity of it, we will
construct the Lyapunov function that includes the following functions. For all # > 0 and i € NV, we define

S St a) . (U1 Usi(t, a)
Wyi(t) = fo S,:(a)G( 5 (a‘; )da, Wai(r) = UI,G( (‘] ) Wait) = f Ha)U(a )G( lj;[(a‘)‘ )da, (7.1)

where G(-) is defined as in Section 5, and £;(+), i € N is defined by (5.7). Let us define the following set.

.~ @\ (e "~ L@ A2)
. ::{x — Ogeo 1. 0.0 )" € C j; S,-'(a)G(l??(Z) )da, UliG(;]Ol*i) and fo {i(a)Uzi(a)G(% (a))

are finite for all i € N},

which exists only if Ry > 1. We prove the following lemma.
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Lemma 7.1. Suppose that Ry > 1. C| attracts all solutions x(t) = ®(1)x( with X, € Cy.

Proor. By Theorem 6.1, there exist a sufficiently large 7o > 0 and small €3 (< €) such that Uy;(¢) > e; forall t > 79
and i € N. Hence, it follows from Lemma 4.3 and the definition of G(-) that

UG (Ui(0)/Uy;) < U max (G (e/U3,) . G ((Aifui) | U3,)) < +oo (7.2)
forall t > 79 and i € N. By (4.7) and (6.10), we have, for all # > 0 and a € (0, ),
n Ajag o)do a
Sit,a) = S%ae ¥ B Py a) = pU - aye Kb e (7.3)
Let 7; > 0 be an arbitrary large constant and 7, = 7| + 7. Then, from (7.3), the following inequalities hold for all

t>T1yand a € (0,7)): Si(t,a) > S%(a)e” Zi(slwi) @3 17 (1, a) > piese” b oMo i e Ar Hence, we have,
forallt> 1, andi e N,

T| . T]
f S}‘(a)G(S,Et,a))da < f S*(@)ymax |G
0 Si(a) 0
T Aj a a
= f 1 S7(a) max (G (e7 Zy:l(#iuj")f“ ﬁij(o)dg) ,G (e27:1 Uiih 5if(”)d(’)) da
0

< fo " max(s?(a)e‘ S 7 By S'(a) +S;(a) Z (2—/’ - U;‘_,) j: Bij(o)dor, S%a) - Si(a) - S:(a) ]Z; U;; f ﬁi_,(o)da)da

=

STIS? Si@)+S; " vfl,--ddsflS? 2 n-fa,--dd
fo [ (@) +Si(a)+ (a);K_, | Bij(0) 0'] a A (a)( +;K_, A Bij(o)do |da
SwaS?(a)da[2+ijf0wﬁij(a)d0']<+oo,

J=1

n Nipag
S?(a)e_ P }Tj Iy Bijlo)der . S?(a) ;
Si(a) \si@)|™

where «; := Aj/u; — Uy; > 0, j € N. Since 7y is arbitrary large, we have

+00

lim S¥a)G (Sggt(’;;))da < fo ) §%a)da [2 + ,Z‘ K fo ) ﬁij(O')do'] <400, Pi€N. (7.4)

t—+00 0

In addition, we have, forall t > 75, a € (0,7;) and i € N,
4S04y Ai = [ it Saiyi(o))d
& _ piese T it yi(@))dor 3 Usi(t. a) 3 pifte 1 itbai+yi(o)dor

A
Uy, — piUTie—foa(lli+5zi+7i(0'))d0 - U@ T pure b wirbryionde — U3,

Hence, similar to (7.4), we have

) e . Usi(t,a) e : . € A; .
lim fo 4,-<a>Uz,-<a>G( U;(a))das fo fz(a)Uzi(a)damax(G(UTi),G(M i‘,-))<+°°’ N, (15)

From (7.2), (7.4) and (7.5), the assertion holds. This completes the proof. O

By virtue of Lemma 7.1, under the assumptions that Ry > 1 and xy € Cp, we can restrict our attention on the
solution in Cy, in which the Lyapunov function below is well constructed. To apply the graph-theoretic approach as
in [16], we define the following Laplacian matrix.

Zafu Pu o o B
B2 Zp2Bu 0 B . +oo . .

) . . . Bij= f Bij@S;(ada Uy;, i,jeN.

: : - : 0

_Bln _B2n e z:lqtménl
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We see that B is irreducible under Assumption 1.1. Hence, as in [16, Section 2], we see that for the cofactor v;, i € N
of the (i,7) entry of B, it follows that Bv = Og., where v = (v, v, - )T By using this vector v, we define the
following Lyapunov function: Vi(x(£)) = X\, vi (Wy:(£) + Wyi(t) + W5,(1)), where W;, Wy; and Ws;, i € N are defined
by (7.1). Using this Lyapunov function, we prove the following theorem on the global asymptotic stability of the
drug-endemic equilibrium £* in Cy when R > 1.

Theorem 7.1. Suppose that Rq > 1. The drug-endemic equilibrium E* of (1.2) is globally attractive in Cy.

Proor. By Lemma 7.1, in the asymptotic analysis of system (1.2), we can restrict our attention on the solution in C,
in which V;(x(?)) is finite. We first calculate the derivative of Wy;(¢) along the solution trajectory of system (1.2).

Y CSi@)\ 1 8Sdna) (0, (Sita) N\ [GSdta) x5 _ .
Wl,.(t)_fo Si(a)(l S,-(t,a))S:f(a) o da= j; Si(a)(S;(a) 1){&0,@ +u,+;ﬁ,j(a)U1,(t) da, ieN,
where d, denotes d/da. Recalling that (S7)(a) = — (X', Bi/@U;, + i) S (@), i € N, it follows that

6 Si(tsa) _ Si(t’a)_ aaSi(t9a) . : B *
%G( Si@ )‘( Si@ 1)( Sia) TH +;ﬁ”(“)U”
Hence, by using the integration by parts, we have
’ _ e * ﬁ Si(t9 a) _ oo * Si(t’ a) - B . _r*
Wi (1) = fo Si(a)aaG(ST(a))da fo S,-(a)(S;(a) )jzlﬁ,_,(a)(ul_,(r) U;;)da
e S\ L (Siha) d .
= Si(a)G( S:(@ )a=0 +f(; G( 5@ )daSi(a)da

-2 | B aa U0 - Ui) + [ patasiana(vio-ui)
- S )G( i, a)) ) _f G(S i, a))[Zﬁlj(a)U1]+ﬂ,)S (a)da
0

Si(a)
_Z f Bij(@)S (. a)da (Uy;(1) - U;) + f Bij(@S;(@)da(Uy;(t) - Uy,), i€N. (7.6)

, 1eN.

Note that G(S,-(t, O)/Sj(O)) =0,i€ N since §7(0) = §4(£,0) = A; and G(1) =
We next calculate the derivative of W5;(¢) along the solution trajectory of system (1.2). By using the second
equation of (2.2), we have

Wy(0) = (1 U (t))(Zf Bijf(@S (1, a)daU, (1) = (ui + 61 + pi) Uri(1) +f )’i(a)Uzi(t,a)da)
= (1 UW))(Z f Bii(@)S (¢, a)daU (1) + f h y,»(a)Uz,»(t,a)da)
Ui .
+ (1 1 (l‘))(Zf Bij(@)S} (a)daUlj f(; y,(a)Uzl-(a)da]

n

- - . Uii(t)
= fo ﬁ,«,(a)si(z,a)da(ul,«(z) Uy,(0 m) ; fo /3U<a)5,~<a>da(ul, u;, I‘J* )

J=1

+f oo')’i(a)U;i(a)(l _ Ui + Vailt, @) _ Uy Ualt, @) )da
0

Ui, Ui UnUia)
o . Uyi(h)
- Z f Bi@)S(t, a)da(UU(z) Ul,(t)U (t)) ,Z‘ fo Bij(a)Si(a)da(Ulj U;; l'] )
e . Uy(t) U,i(t,a) UL, Ux(t,a) .
¥ fo r@Ua@ [_G(U_l) ’ G( Us (@) ) B G(Ul,»(z)U;(m )} da. PeN. 7
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We then calculate the derivative of W3;(¢) along the solution trajectory of system (1.2). For all i € NV, we have

A Uy 1 ita Usi(t,a)  \(9Unita)
ng(l)—j(; éi(a)UZi(a)(l U2,-(t,a)) U@ ar f Li(@)Uy(a )( Ui (@) )( Ut ) + aj(a)] da.

Recalling that (U3,)' (a) = —ai(@)U},(a), i € N, we have
EG(Uzi(f, a)) _ (Uzi(t, a) 1)(3aUzi(t, a)

(a)], 1eN.
9a \ Uy ) "\ Uy@ Unta) (“)) a
Hence, using integration by parts, we have

I v 0 (Us(t,a) _ . Uxlt, )\ Uz,(t a)

. . Uay(,0)\ (™ . Uai(t, a) I /ST O AU . Uai(t, a)
_g,(O)Uzi(O)G( U3,0) ) j(; y,(a)Uzt-(a)G( Us(@) )da = 9,p,U1iG( ) fo y,(a)Uzt-(a)G( )da

Ui, Us (@
(T Ui\ . (Ux(t,a) .
= fo y,(a)Uz,-(a)[G( Ui‘,-) G( T )]da, e N

(7.8)
Note that £i(0) = 6;, U3,(0) = p;U},, Ux(t,0) = p;Uy(¢) and hence, G (Un(t,0)/U3(0)) = G (Un()/U7,). i € N.
From (7.6)-(7.8), we can calculate the derivative of the Lyapunov function V;(x(¢)) as follows.
Vi) = ) vi (Wi + Wi,(0) + Wi ()
i=1
S\ (St . .
= Zv,[ -Si(a )G( S (a )) —fo G( '@ ){;ﬁij(a)UljJrﬂi]Si(a)da
e * Ult(t)
+Z ,B,J(a)S (t,a)da Ul] A Bij(@)S;i(a)da|U, (1) — U1, U
1
e % liUZi(La)
— L yi(a)UZi(a)G (m) da]
Sit,a)\ Sit a) Si([sa)Ulj(t)UT,' Ui U@
;v,;f Bij(@S; (a)Ul,[ (S “(a) )+ Si@)  SH@U U * Ui, U ]da
_ _ +eo ) ) . Si(t,a) Sit,a)\ Si(t,a)U,;(OU7; Ui () A (Uu®
- szo s |- o) ol 5 G(Sf(a)Ulj*U1i<z>)+G( U*-) o % )
ZWZ f Bi@S: (a)daUU[ {Ullj_f*(z)] (Ul,(r))] ZV'Z ﬁx,[ (Ul,*(o] (ugfﬁ)}. 7.9)
i=1 1j 1i
Since Bv = Og», we have }5_, vii; = X, v;Bji for all i € N. Hence, from (7.9), we have
Uy i(t Ui Ui Uy
Vi(x(1) < ZZV,ﬁ,, [ "()] ZZ VG ( I‘Jf’)) = ZZ viBiG ( 1(”) ZZ VG ( lf’))
=1 j=1 J=1 li i=1 j=1 Jj=1
Uii(1) Uii(n) Uii(n) ~ ~ (U@
_ZG( ] )Zvﬁﬂ ZZ viBijG ([I]* )— Z ( 1 )Z iﬂij—ZZwﬁijG( (1]* )
i=1 j=1 i li /7 j=1 i=1 j=1 li
~ Ui Ui
- Zzwﬁg ( '(Z)) ZZ viBiiG ( 'ft)) (7.10)
i=1 j=1 i=1 j=1

Thus, we see that V{(x()) < 0 holds for all 7 > 0.
We define y(xg) as in the proof of Theorem 5.1, and

M ={xeC: Vi(x) = 0}, M : the largest invariant subset of M.
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By Proposition 4.1 and Lemma 7.1, we see that y(xo) C C; and y(Xo) is precompact. It is easy to see from the second
equality in (7.9) that if x = E*, then V{(x) = 0. In contrast, if V{(x) = 0, then it follows from (7.9) and (7.10) that

“ore ) e Si(ta (,Z) * e . * UT[ U2i(t’ a)
— Hi fo G( ') )Si (a)da - fo Yil@U(a)G (—Uli(t)U;(a)) da

n

O e[ Sittia)
-5 soef35)

i=1
n +00 . . Si(t’a)Ulj(t)UTi
_; fo ﬁij(a)Si(a)UUG(—S; @UUn (t))da].

From the last three terms in this equality, we have S(t,a) = S (a) and Uy(t, @)/ U3 (a) = U;(1)/ U7, = U1 ()] U T]. =c
forall >0, a>0andi, je N, where ¢ > 0 is a constant. Substituting S; = S} and Uy; = cUj,, i € N into the first
equation in (1.2), we have

dSi(a) z . . )
c{—a = —cZ,Bij(a)Si Uy —wiSia), ieN.
j=1
From the uniqueness of the drug-endemic equilibrium (see Theorem 2.2), we have ¢ = 1. Hence, the largest invariant
subset M of set M, is the singleton {£*} c C;. By the invariance principle in [26, Theorem 4.2 in Chapter V], we

see that the drug-endemic equilibrium E* is globally attractive. This completes the proof. g

8. Numerical simulation

In this section, we perform numerical simulation to illustrate our theoretical results. We consider the case where
n = 2, which is suitable for considering sexual heterogeneity, that is, i = 1 implies male and i = 2 implies female. Note
that the purpose of this section is to confirm the threshold property of Ry, and the parameters below are determined
only from the technical purpose.

Method: We will employ an implicit Euler method (see Appendix for detailed program code).

Parameters setting: For uniform random variable X € (0, 1), we determine, for all i, j € {1, 2},

Ai=1+X, gi=1+X, pi=0.11+X), 61 =02(1+X), 6 =0.051 +X),

vi(a) =51 +X) forall a >0, B;j(a)=«;;Ba), «j;=1+X,

where 8(a) = 0.5 for all a < 3, and B(a) = 0 for all a > 3.
Initial condition setting: We determine, for alla > O and i € {1, 2},

+00
Siola) = A,-e‘“""/f Ae™da, U;(0) =0, Uzpla) =0.01XS;0(a).
0

We can easily check that Assumption 5.1 is satisfied for this initial condition.

Example 1 We set A} = 1.3664, A, = 1.7719, p; = 1.3692, up, = 1.2057, p; = 0.1685, p, = 0.1388,
011 = 0.3196, 615 = 0.3104, 67, = 0.0895, 62, = 0.0614, y(a) = 6.8383, y»2(a) = 8.2097, «;; = 1.2060, 1, = 1.0867,
Ky = 1.4845, kpp = 1.1518 and Ry ~ 0.9077 < 1. By Theorem 5.1, we can expect that the drug-free equilibrium is
globally asymptotically stable. In fact, in Figure B.1 (a), U;,(#) and U/, (¢) converge to zero as time evolves.

Example 2 We set A; = 19116, A, = 1.5846, u; = 1.6393, u, = 1.2851, p; = 0.1255, p, = 0.1828,
(511 = 0.2]77, 612 = 02382, 521 = 00919, 622 = 0.0721, 71(&) = 79236, ’)/2(61) = 6.9671, K11 = 1.9481, K1 = 1.0610,
ka1 = 1.8266, kn = 1.6769 and Ry ~ 1.0998 > 1. By Theorem 7.1, we can expect that the drug-endemic equilibrium
is globally attractive. In fact, in Figure B.1 (b), U;,(¢) and U,,(f) converge to positive values as time evolves.

9. Discussion

In this paper, we have investigated the global dynamics of the age-structured multi-group heroin epidemic model
(1.2). We have obtained R in connection with the existence of the drug-endemic equilibrium E* (Theorem 2.1),
and shown that Ry is the sharp threshold for heroin spreading and vanishing in the sense of the global stability (or
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attractivity) of each equilibrium: if Ry < 1, then the drug-free equilibrium is globally asymptotically stable (Theorem
5.1), and if R > 1, then the drug-endemic equilibrium is globally attractive (Theorem 7.1).

Since R completely determines the persistence of the heroin epidemic, social efforts for reducing Ry less than 1
have significance in the eradication of the heroin epidemic. As men are about 2 to 3 times more likely to use heroin
than women, and young people (18 to 25 year olds) are most at risk of heroin addiction ([30]), it seems reasonable to
consider n = 2 as in Section 8 and assume that gy j(a) = kB2;(a), k € [2,3], j € {1,2}, and there exists a maximum age
of susceptibility a; < +co such that 8;;(a) = 0 for all a > a+ and i, j € {1,2}. In this case, Ry is explicitly given by

k )" Ba1(@)S Y(a)da N I B(@)$ Y(a)da

R
0 Hr+on+(1-0)pr  p+on+(1-0)p

1
2

ay

+J[ k[ Bau(@SSa)da [ Brn(a)Sa)da 2+4 k [ Bo(@SS@da [ Bri(@)S(a)da

1 +o + (1 -0)p - H2+ 012+ (1 =6)ps ur+ 0+ (1 -6 . o+ +0-60)p, |

For simplicity, we further assume that 8;(a) = 8,; > O for all a € [0,a;] and j € {1, 2}, and investigate the sensitivity
of Ry to parameters B»1, B2z, p1 and p; as in [1, Section 3.1.4]. In this case, Ry is simplified to
kB [ $%a)da B [ $3(a)da

0_ﬂ1+51|+(1—91)l71 ﬂ2+512+(1—92)P2,
and the normalized forward sensitivity index for each parameter (see [31]) is calculated as follows.

_ B dRe _ k  Bu I $%a)da _BndRy _ 1 B I $%a)da
LT R 0B Rom+on+(1—00)p 2T RoBn  Ropm+6n+ (1 -6)py
_ p1 0Ry _ (1-61)p _ P2 0Ry (1-6)pa

A, = 2LO%0 , = P2 _ N
"L R dp o0 +(1=6)p, P27 Ro dps fr + 612 + (1 = G)py 72

It always holds that |Ag, | > |A,, | and |Ag,,| > |A,,|. Hence, reducing transmission rate 35; (resp. »2) is more effective
than increasing treatment rate p; (resp. p»). Thus, “prevention is better than cure”, proposed in [1, Section 3.1.4], still
holds in this sense. However, if 8| = 8, and each parameter for male is not so different from that for female, then

(I-60)p:
|A/322
m+011 + (1 =-61)p

Hence, if k is sufficiently large, then we have |A,, | > |Ag,,| and thus, increasing treatment rate for male is more effective
than reducing transmission rate from female to female. This case seems more likely to occur if natural death rate y
and removal rate §;; is much smaller than treatment rate p;, whereas less likely to occur if 1 — 6; is small. Since
01 = y1/(u1 + 621 +y1) if y1(a) = y; > 0 for all a > 0, we arrive at the following conclusion: if the rate y; of return to
the untreated class of male is large, then 6; ~ 1 and prevention is better than cure as stated in [1], whereas if the rate
1 is small, then cure of untreated men can be better than prevention of the spread among females.

Finally, we give a remark on Ry. Since R, determines the persistence of the heroin epidemic, we expect that it
could correspond to the basic reproduction number, which is a well-known epidemiological threshold value (see, for
instance, [32-34]). As the derivation of R in this paper is related to the existence of the drug-endemic equilibrium
E*, in a strict sense, it is different from the basic reproduction number, which is defined by the spectral radius of
the next generation operator. However, we can expect that R is equivalent to the basic reproduction number as a
threshold value, that is, Ry > 1 if and only if the basic reproduction number is greater than 1. We leave the proof for
it as a future task.

Ap, = kAg,, and hence, |A, |~k I

Acknowledgments

The authors would like to thank the anonymous reviewers for their valuable comments and suggestions to the
manuscript. JW was supported by National Natural Science Foundation of China (Nos.11401182, 11471089), Hei-
longjiang Provincial Key Laboratory of the Theory and Computation of Complex Systems and Postdoctoral scientific
research developmental fund of Heilongjiang Province (LBH-Q16196). TK was supported by Grant-in-Aid for Young
Scientists (B) of Japan Society for the Promotion of Science (No.15K17585) and the program of the Japan Initiative
for Global Research Network on Infectious Diseases (J-GRID); from Japan Agency for Medical Research and Devel-
opment, AMED.

22



References

(1]
[2]
[3]
[4]

(3]
[6]

[7]
[8]
[9]
[10]

(11]
[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
(20]
[21]
[22]
(23]
(24]
[25]
(26]
[27]
(28]
[29]
(30]
(31]
[32]
[33]

[34]

E. White, C. Comiskey, Heroin epidemics, treatment and ODE modelling, Math. Biosci. 208 (2007) 312-324.

G. Mulone, B. Straughan, A note on heroin epidemics, Math. Biosci. 218 (2009) 138-141.

M. Ma, S. Liu, J. Li, Bifurcation of a heroin model with nonlinear incidence rate, Nonlinear Dyn. 88 (2017) 555-565.

Y. Muroya, H. Li, T. Kuniya, Complete global analysis of an SIRS epidemic model with graded cure and incomplete recovery rates, J. Math.
Anal. Appl. 410 (2014) 719-732.

J. Mushanyu, F. Nyabadza, G. Muchatibaya, A.G.R. Stewart, Modelling multiple relapses in drug epidemics, Ricerche Mat. 65 (2016) 37-63.
.M. Wangari, L. Stone, Analysis of a heroin epidemic model with saturated treatment function, J. Appl. Math. 2017 (2017) Article ID
1953036. https://doi.org/10.1155/2017/1953036

J. Liu, T. Zhang, Global behaviour of a heroin epidemic model with distributed delays, Appl. Math. Lett. 24 (2011) 1685-1692.

G. Huang, A. Liu, A note on global stability for a heroin epidemic model with distributed delay, Appl. Math. Lett. 26 (2013) 687-691.

B. Fang, X. Li, M. Martcheva, L. Cai, Global stability for a heroin model with two distributed delays, Disc. Cont. Dyna. Sys. 19 (2014)
715-733.

X. Liu, J. Wang, Epidemic dynamics on a delayed multi-group heroin epidemic model with nonlinear incidence rate, J. Nonlinear Sci. Appl.
9 (2016) 2149-2160.

G.P. Samanta, Dynamic behaviour for a nonautonomous heroin epidemic model with time delay, J. Appl. Math. Comput. 35 (2011) 161-178.
B. Fang, X. Li, M. Martcheva, L. Cai, Global stability for a heroin model with age-dependent susceptibility, J. Syst. Sci. Complex. 28 (2015)
1243-1257.

B. Fang, X. Li, M. Martcheva, L. Cai, Global asymptotic properties of a heroin epidemic model with treat-age, Appl. Math. Comput. 263
(2015) 315-331.

J. Yang, X. Li, F. Zhang, Global dynamics of a heroin epidemic model with age structure and nonlinear incidence, Int. J. Biomath. 9 (2016)
1650033. https://doi.org/10.1142/S1793524516500339

S. Djilali, T.M. Touaoula, S.E.H. Miri, A heroin epidemic model: very general non linear incidence, treat-age, and global stability, Acta Appl.
Math. 152 (2017) 171-194.

H. Guo, M.Y. Li, Z. Shuai, Global stability of the endemic equilibrium of multigroup SIR epidemic models, Canada Appl. Math. Quart. 14
(2006) 259-284.

H. Guo, M.Y. Li, Z. Shuai, A graph-theoretic approach to the method of global Lyapunov functions, Proc. Amer. Math. Soc. 136 (2008)
2793-2802.

G. Huang, J. Wang, J. Zu, Global dynamics of multi-group dengue disease model with latency distributions, Math. Meth. Appl. Sci. 38 (2015)
2703-2718.

M.Y. Li, Z. Shuai, C. Wang, Global stability of multi-group epidemic models with distributed delays, J. Math. Anal. Appl. 361 (2010) 38-47.
M.Y. Li, Z. Shuai, Global-stability problem for coupled systems of differential equations on networks, J. Diff. Equat. 248 (2010) 1-20.

A. Berman, R.J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Academic Press, New York, 1979.

H.R. Thieme, Semiflows generated by Lipschitz perturbations of non-densely defined operators, Differential Integral Equations 3 (1990)
1035-1066.

P. Magal, Compact attractors for time-periodic age-structured population models, Electron. J. Diff. Equ. 2001 (2001) 1-35.

J.K. Hale, Asymptotic Behavior of Dissipative Systems, in: Math. Surv. Monogr., vol. 25, Am. Math. Soc., Providence, RI, 1988.

H.L. Smith and H.R. Thieme, Dynamical Systems and Population Persistence, Amer. Math. Soc., Providence, 2011.

J.A. Walker, Dynamical Systems and Evolution Equations, Plenum Press, New York and London, 1980.

C.C. McCluskey, Complete global stability for an SIR epidemic model with delay - distributed or discrete, Nonlinear Anal. RWA 11 (2010)
55-59.

C. Vargas-De-Ledn, On the global stability of SIS, SIR and SIRS epidemic models with standard incidence, Chaos, Solitons & Fractals 44
(2011) 1106-1110.

C.C. McCluskey, Global stability for an SEI epidemiological model with continuous age-structure in the exposed and infectious classes,
Math. Biosci. Eng. 9 (2012) 819-841.

Centers for Disease Control and Prevention, Today’s Heroin Epidemic. https://www.cdc.gov/vitalsigns/heroin/index.html (accessed 27 March
2018).

L. Arriola, J. Hyman, Forward and adjoint sensitivity analysis with applications in dynamical systems, Lecture Notes in Linear Algebra and
Optimization, 2005.

P. van den Driessche, J. Watmough, Reproduction numbers and sub-threshold endemic equilibria for compartmental models of disease
transmission, Math. Biosci. 180 (2002) 29-48.

O. Diekmann, J.A.P. Heesterbeek, J.A.J. Metz, On the definition and the computation of the basic reproduction ratio Ry in models for
infectious diseases in heterogeneous populations, J. Math. Biol. 28 (1990) 365-382.

H. Inaba, Age-Structured Population Dynamics in Demography and Epidemiology, Springer Singapore, 2017.

Appendix A. MATLAB code for numerical simulation

Function file named bet.m

1

2.
3.

. function y=bet (x)
if x<3
y=0.5;
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4. else
5. y=0;
6. end

Script file for computation of ‘R and plot of numerical solutions U,;(z) and U ,(¢)

1. n=2;
2. da=0.01; ae=30; na=ae/da;
3. fori=1:1:n
4. Lam(i)=1+rand;
5 mu(i)=1+rand;
6. p(1)=0.1*(1+rand);
7. d1(i)=0.2*(1+rand);
8 d2(1)=0.05*(1+rand);
9. gam(i)=5*(1+rand);
10. theta(i)=gam(i)/(mu(i)+d2(i)+gam(i));

11. for j=1:1:n

12. kap(i,j)=1+rand;

13. end

14. for a=1:1:na

15. SO(a,i)=Lam(i)*exp(-mu(i)*a*da);

16. end

17. end

18. fori=1:1:n

19. for j=1:1:n

20. for a=1:1:na

21. betS0(a,i,j)=kap(i,j)*bet(a*da)*S0(a,i);
22. end

23. BetS0(i,j)=sum(betS0(:,i,j))*da;

24, K(1,j)=BetS0(i,j)/(mu(i)+d1(i)+(1-theta(i)) *p(i));
25. end

26. end

27. RO=max(eig(K))

28. dt=0.01; te=30; nt=te/dt;
29. fori=1:1:n

30. pS(1,1,i))=Lam(i);
31. Ul1(1,i)=0;

32. for a=2:1:na

33. pS(1,a,i)=Lam(i)*exp(-mu(i)*a*da);
34, U2(1,a,1)=0;

35. end

36. for a=1:1:na

37. S(1,a,i)=pS(1,a,1)/(sum(pS(1,:,i))*da);
38. U2(1,a,i)=0.01%S(1,a,i);

39. end

40. end

41. fort=1:1:nt
42. fori=1:1:n

43. for a=1:1:na

44. for j=1:1:n

45. bSUI(t,a,i,j)=kap(i,j)*bet(a*da)*S(t,a,i))*Ul(t,j);
46. bU1(t,a,i,j)=kap(i,j)*bet(a*da)*Ul(t,j);

47. end
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48. sum_bSUl(t,a,i)=sum(bSU1(t,a,i,:));

49, sum_bU1(t,a,i)=sum(bUl(t,a,i,:));

50. end

51. int_sum_bSU1(t,i)=sum(sum_bSU1(t,:,i))*da;

52. int_gU2(t,i)=gam(i)*sum(U2(t,:,i))*da;

53. end

54. fori=1:1:n

55. S(t+1,1,i))=Lam(i);

56. Ul(t+1,1)=(U1(t,i)+dt*(int_sum_bSU1(t,i)+int_gU2(t,i)))/(1+dt*(mu(i)+d 1 (1)+p(i)));
57. U2(t+1,1,1)=p()*U1(t,i);

58. for a=2:1:na

59. S(t+1,a,1)=(S(t,a,i)+dt*(-(S(t,a,1)-S(t,a-1,i))/da))/(1+dt*(sum_bU1(t,a,i)+mu(i)));
60. U2(t+1,a,1)=(U2(t,a,i)+dt*(-(U2(t,a,i)-U2(t,a-1,i))/da))/(1+dt*(mu(i)+d2(i)+gam(i)));
61. end

62. end

63. end

64. T=1:1:nt;

65. plot(T,U1(T,1),T,U1(T,2))

Appendix B. Table and figure

Parameter Interpretation
A; Recruitment rate of newborns into group i
i Natural death rate of individuals in group i
Di Treatment rate for drug users in group i
01 Removal rate that includes drug-related deaths of heroin users without treatment in group i
02 Removal rate that includes drug-related deaths of heroin users in treatment and a rate of successful
care in group i
vi(a) Rate of which a treated individual of age a returns to heroin users without treatment class in group i
Bij(a) Rate of disease transmission from heroin users without treatment in group j to susceptible

individuals of age a in group i

Table B.1: Biological meaning of the parameters in model (1.2).

0.01 0.2

0.009 0.18 |

0.008 0.16 -

0.007 0.14 1
1

0.006 0.12 F

0.005 01f

0.004 0.08 | -

0.003 0.06 |
.

0.002 0.04 -

0.02f -

0.001

(a) Rp =~ 0.9077 < 1 (b) R ~ 1.0998 > 1

Figure B.1: Time variation of untreated heroin users Uy (f) and Uj,(¢) for different R
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