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Abstract

We investigate how the relaxation of financial constraints affects economic
growth in a dynamic game of the tragedy of the commons by introducing an
imperfect financial market into Tornell and Velasco’s (1992) model. It is shown
that whereas the relaxation of financial constraints enhances economic growth if
agents have access only to a common asset whose property rights are not secure,
the relaxation of financial constraints reduces economic growth if agents can have
access not only to a common asset but also to a private asset whose property rights
are secure.

Keywords: dynamic game; interest groups; property rights; financial market imperfec-
tions; economic growth.
JEL Classification Numbers: C73; D92; 043

*This work is financially supported by the Japan Society for the Promotion of Science, Grants-in-
Aid for Scientific Research (Nos. 15H05729, 16H02026, and 16H03598). We are grateful to anonymous
referees and a guest editor whose comments and suggestions helped improve and clarify this manuscript.
Of course, all remaining errors, if any, are ours.

tSchool of Economics, Kwansei Gakuin University, 1-155 Uegahara Ichiban-Cho, Nishinomiya,
Hyogo, 662-8501, JAPAN, Phone: +81 798 54 6482, Fax: +81 798 51 0944, E-mail: tku-
nieda@kwansei.ac.jp

fCorresponding author: Kazuo Nishimura. Research Institute for Economics and Business Admin-
istration, Kobe University, 2-1 Rokkodaicho, Nadaku, Kobe, 657-8501, JAPAN, Phone & Fax: +81 78
803 7005, E-mail: nishimura@rieb.kobe-u.ac.jp



1 Introduction

Engelbert Dockner, an incredibly good-natured scholar, has published many important
works on dynamic games. The second author of the current paper was fortunate to write
joint papers with him on dynamic games of capital accumulation.! Since Dockner has
also recently worked in the field of finance, we investigate a dynamic game of capital
accumulation by introducing a financial market.

The current paper belongs to the literature on the dynamic game of the tragedy of
the commons. Since the pioneering work of Tornell and Velasco (1992), the dynamic
game of the tragedy of the commons has been investigated by many researchers (e.g.,
Lane and Tornel, 1996; Tornell and Lane, 1999; Sorger, 2005; Long and Sorger, 2006).
Those works consider dynamic games in continuous time (differential games). In those
works, the tragedy of the commons can be mitigated if interest groups can hold not only
a commonly accessible asset but also a private asset whose property rights are secure.

In this study, we consider a dynamic game in discrete time (a difference game), and
introduce an imperfect financial market to investigate the effect that the relaxation of
financial constraints has on economic growth, which the previous works do not take into
consideration.

In the literature on finance and growth, many researchers have both theoretically
and empirically demonstrated a positive relationship between the relaxation of financial
constraints and economic growth (e.g., Greenwood and Jovanovic, 1990; Levine et al.,
2000; Aghion et al., 2005; Levine, 2005). Recently, empirical studies have reported
results indicating a negative relationship between the relaxation of financial constraints
and economic growth in some cases (e.g., Loayza and Ranciere, 2006; Saci et al., 2009;
Arcand et al., 2015). The aim of this paper is to present a theoretical model in which
the relaxation of financial constraints can impede economic growth.

In our model, there is a unit measure of infinitely lived firms. The corporate gover-

nance of these firms is so weak that interest groups exploit them. One can regard the

'Dockner et al. (1999) and Dockner and Nishimura (2001, 2004, 2005), among others.
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firms as commonly accessible assets in the context of the dynamic game of the tragedy
of the commons. Interest groups clustering around a firm are in a game theoretic situa-
tion, and each of them appropriates the firm’s product, while taking into consideration
other interest groups’ behaviors. Each firm receives uninsured idiosyncratic productivity
shocks in each period. A firm that draws a lower productivity shock becomes a lender,
and a firm that draws a higher productivity shock becomes a producer, borrowing up to
the limit imposed by the financial constraints. Therefore, lending firms and borrowing
firms endogenously appear in each period.

Our findings are as follows. If interest groups have access only to a common asset, the
growth rate increases as the financial constraint is relaxed. However, if interest groups
have access not only to a common asset but also to a private asset whose property rights
are secure and rate of return of which is inferior to that of the common asset, the growth
rate decreases as the financial constraint is relaxed. The latter result is consistent with
recent empirical evidence that indicates a negative relationship between the relaxation
of financial constraints and economic growth.

The paper proceeds as follows. In the next section, a difference game of capital
accumulation is presented, and a Markov perfect equilibrium is derived. In section 3,
we investigate how the growth rate is affected by the relaxation of financial constraints
when there is only a commonly accessible asset, and in section 4, we add a private asset
to the model and examine the effect of the relaxation of financial constraints on the

growth rate. The conclusion of the paper is presented in section 5.

2 Model

A closed economy continues from period 0 to 400 in discrete time. A unit measure of
infinitely lived firms populates the economy, and N infinitely lived agents cluster around
each firm, where N > 2. That is, there are N agents per firm. Each of the agents is
simultaneously a consumer and an interest group. An interest group is firm-specific,

implying that it has a relationship with only one firm. Agents clustering around a
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firm are in a game theoretic situation. An agent (interest group) decides how much of
the firm’s income it appropriates in each period, while taking into consideration other
interest groups’ behaviors. However, exploiting too much from the firm accelerates the
opponent interest groups’ exploitation, which leads to the exhaustion of the firm’s funds.
In each period, each firm earns income by producing general goods, which are used as
both capital and consumption, or it turns over its funds in the financial market. The
financial market is imperfect because of asymmetric information between lenders and
borrowers, and thus, each firm can borrow only up to a certain proportion of its own
funds.

The timing of events regarding firm h € Q in period 7 (where €2 is the whole set of
infinitely lived firms) is as follows. At the beginning of period 7, i) firm h acquires the
return from lending or producing general goods, ii) a firm-specific productivity shock,

(I)h

T

is realized, which is associated with general goods production in period 7 + 1, and
iii) upon knowing ®" N firm-specific interest groups appropriate general goods from
the firm and consume them. At the end of period 7, the firm makes a decision about the
portfolio allocation of its savings, i.e., whether to invest in a project for general goods

production or lend its funds in the financial market.

2.1 Agents as consumers

The lifetime utility of agent ¢ € {1,2,..., N}, which is firm A’s interest group, in period
t is given by
UZ’h = Et

S g ] | ()

where 3 € (0,1) is a subjective discount factor, c¢i" is consumption, and Ej(.) is an
expectation operator given the information about idiosyncratic productivity shocks until

period t. Agent i maximizes its lifetime utility (1).



2.2 Firms

The resource constraint of firm A in period 7 is given by

N
S st =yt bl = 1, 2)

where b" is lending if positive and borrowing if negative, r, is the gross interest rate, 3
represents the general goods produced by the firm, s" := k" + 0 represents the firm’s
savings, and I" is firm A’s income.? Equation (2) holds for 7 > 1. It is assumed that each
firm is endowed with the same amount of funds at 7 = 0, such that I = Iy. Therefore,

o N
at 7 = 0, the resource constraint is given by S ci" + st = I.

h

Firm A is endowed with a linear production function, y? = A®" |kt ||

in period T,
where k" | is the capital allocated in period 7 — 1 and A is a productivity parameter for
the production function. Capital depreciates entirely in one period, and one gestation
period is required for production.® ®” | is a firm-specific period-r productivity, which
is a random variable realized in period 7 —1. Although the firms can potentially become
producers of general goods, they receive uninsured idiosyncratic productivity shocks in
each period. The firms cannot insure their output against low productivity. ®2, &% ...
are assumed to be independent and identically distributed across both time and firms

4 Particularly, it is assumed that ®" has support over [0, 7],

(the i.i.d. assumption).
where n € R is the maximum of the productivity shock. The cumulative distribution
function of ®" is G(®").

As previously explained, the firms can borrow only up to the limit imposed by the

following financial constraint:

bt > —\sh (3)

2The interest rate, 7., is endogenously determined, as will be explained later (refer to equation (16)).

3The proofs of the main results carry through even if a capital depreciation rate is introduced. For
simplicity of exposition, we assume that capital fully depreciates in one period.

4The i.i.d. assumption for the productivity shocks can be interpreted in various ways. For instance,
defective products, illness among workers, or a fire may accidentally reduce production.
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and the non-negativity constraint of capital is

kE >0, (4)

where A € [0, 00). The extent of financial constraints is measured by A, with larger values
implying more-relaxed constraints, as in the model of Aghion and Banerjee (2005).%°
We investigate the optimal portfolio allocation of firm h’s savings, s'.” Each firm
starts a new investment project, borrowing in the financial market, or lends in the
financial market. Upon knowing ®”, the firm makes a portfolio allocation decision for
its savings. A firm that draws a productivity shock such that @’; > /A = ¢
becomes a producer, borrowing up to the limit of the financial constraint, whereas a
firm that draws a productivity shock such that ®* < r.,;/A lends its funds in the
financial market. In each period, the firms are divided into borrowers and lenders by the
cutoff, ¢,. Therefore, from (2), (3), and (4), we obtain the optimal allocation of firm A’s

savings as follows:

0 if®}<¢,
kY = . (5)
= if " > ¢,,
and
sp O < o,
b = ) | (6)
=i OF > ¢l

where p:= \/(1 + \). From (5), (6), and y* = A®" k" the return in period 7 from

T—1>

°For the setting of financial constraints, see also Aghion et al. (1999) and Aghion et al. (2005).

6Lamoreaux (1994) examines insider lending in post-Revolution New England in the early nineteenth
century and reports that insider lending resulted in the formation of investment clubs that pressured
financial intermediaries to lend funds. Insider lending could promote economic growth resolving the
asymmetric information between lenders and borrowers in a malfunctioning financial market. This
implies that the value of A\ might increase as the number of the interest groups increases. The result
of the current paper will hold also for that case as in the working paper version of the paper (Kunieda
and Nishimura, 2018). In the current paper, we assume A to be constant for simplicity.

"The derivation of an optimal portfolio allocation of firm h’s savings follows Kunieda and Shibata
(2016).



the firm’s saving is intensively written as

Adh | —r,
R := max {’I“T, LW} .

1—p

2.3 Agents as interest groups

The flow budget constraint that agent i faces is obtained from (2), (5)-(7) as follows:

N
Yyt = B = I ®)
J#1

Agent ¢ maximizes lifetime utility (1), subject to the flow budget constraint (8), by
choosing a sequence of controls, {cﬁ’h}, for t = 0,1,2,... where ¢ € [0, 00).

The maximization problem defined here is an infinite-time-horizon dynamic game
with N players.® The state of the game in period ¢ is given by firm A’s income, I" € X,
where X C R, is the state space of the game. The solution concept we use for the current
dynamic game is Markov perfect equilibrium, in which each interest group reoptimizes

its action in each period, while taking into consideration the policy functions of the other

interest groups. We now define a Markovian strategy.

Definition 1. Agent i’s Markovian strategy is given by {c:"(IM)}, i.e., for each t > 0,
agent i’s action, ¢, is a function of Il such that ¢ : X — [0, 00).
A Markov perfect equilibrium in the current dynamic game is defined below.
Definition 2. A Markov perfect equilibrium is given by an N -tuple of strategies, ({Etl’h(]th)},

MY, L AENMIMY) for t > 0 such that for any i € {1,2,..., N}, given the Marko-
vian strategies of other agents except for agent i, an optimal control path, {Ei’h}, exists,
and it holds that &" = &"(I") for all t > 0.

We call éi’h(fth) agent ¢’s policy function. In the current analysis, we consider

symmetric Markovian strategies across the firm-specific interest groups that are lin-

ear with respect to the firm’s income. Specifically, we guess a policy function such as

8Note that each firm optimally allocates its savings to k" and b” in each period. In this sense, one
can consider that the return, R", is determined by nature in this dynamic game.
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il = aRls in which « is an interest group’s appropriation rate, which is endoge-

T T 1
nously determined. Inserting this policy function into agent j’s consumption transforms
(8) into

M st =1 —a(N - 1)|Rs"_. 9)

Agent ¢ maximizes its lifetime utility (1) subject to (9). The Euler equation is given by

1 1
b=t ooy - et 5 (). 0
“t Cey1

Note that RI" ; is located outside of the expectation operator because ®! is known when
agent ¢ determines its appropriation and there is no aggregate uncertainty. Under the
Markov perfect equilibrium, the optimal control path, {éﬁ’h}, exists if and only if ¢/ =
&M = aRMst_ | in (9) and (10) and the transversality condition, lim, o, 5°E, [st '/t +5] =

0, is satisfied. Inserting &" = aRP's! | into (9) and (10) yields:
= (1 —aN)R!'s" (11)

and

s = Bl — a(N — D]R's;,, (12)

respectively. From (11) and (12), we obtain that a = (1 — 3)/[(1 — 8)N + 3].? Note

that « is an interest group’s appropriation rate.

Lemma 1. The policy function of agent © under the linear Markovian strateqy is given

by
~zh h 1— B h

and firm h’s savings under the Markov perfect equilibrium are given by

N

T-oN+5" .

h _
S =

9%aN = a(N)N is smaller than 1 and increasing in N.
8



Proof. The first part of the claims is obtained by inserting o = (1 — 8)/[(1 — B)N + ]
into the guessed policy function, c’ = aRMs! |. The second part is obtained by inserting
=(1-p)/[(1 = B)N + g] into (11). [O0.
Lemma 1 implies that given I, both each interest group’s consumption and the
firm’s savings decrease as the number of interest groups increases. We can verify from

(13) and (14) that the transversality condition, lim_, ., °E; [st '/t +S] = 0, is satisfied.

Remark 1. Thus far, we have considered a dynamic game in which N > 2. However,
note that (9) and (10) hold even though N = 1, in which case the model is reduced
to a standard representative-agent growth model. Moreover, from (9), (10), and the
transversality condition, one obtains (13) and (14) with N = 1. Therefore, we have all

the results obtained in section 3 below regarding the total product and the growth rate for

N > 1.

3 Aggregation under Markov perfect equilibrium

3.1 Total product

Because the total product, Y; := fheﬂ A®! kM | dh, is equal to the total savings, S; :=
fheQ shdh, plus the total consumption, C; = fheQ ~’h(_fh)dh in the economy, it
follows from (13) and (14) that Y; = [, _, A®} k' \dh = [, _, Rf's}  dh. From (13)
and (14), again, the total consumption, C; = fheﬂ ”h (IMdh, and savings, S; :=

Jreq Stdh, in the economy are given by
C;=(1-pH)Y; and S, = fY;, (15)

where 5 := 8/[(1 — B)N + 3.
The financial market clearing condition is given by fheﬂ bildh = 0. Given s, each
firm becomes a lender with probability G(¢;) and becomes a borrower with probability

1—G(¢). Therefore, the population of lenders is G(¢;) and that of borrowers is 1 —G(¢;)



in period ¢. Thus, it follows from (6) and the i.i.d. assumption for productivity shocks

that the financial market clearing condition, f heg bidh = 0, becomes as follows:

S
Sy x G(¢y) — 1“_t

x [1=G(¢)] =0,

or equivalently,

G(e) = p. (16)

Define a cutoff that satisfies (16) as ¢* = G~!'(u). From (5), a firm that draws a
productivity shock, ®" greater than ¢* produces general goods, and thus, the total

product in period ¢ + 1 is given as follows:

AH(¢") o ABH(")

Y, —
t+1 11—/ 11—/

Y, (17)

where H(¢*) = [ ®"dG(®"). The second equality in (17) follows from (15). Because
one unit measure of infinitely lived firms populates the economy, the per capita total
product, y; := Y;/N, is obtained by substituting Y; = Ny, into (17) as follows:

ABH(¢7)

. 18
1— 4 Yt (18)

Yt+1 =

Remark 2. [t follows from (15) that the marginal propensity to save in the Markov
perfect equilibrium is equal to B := B/[(1 — B)N + ] whereas it is straightforward to
show that the marginal propensity to save under a cooperative solution is equal to [3.
Note that B is strictly greater than B when N > 2. This outcome means that given the
total income, Yy, in any period, over-consumption occurs in the economy in the Markov

perfect equilibrium.

3.2 Growth rate

In this section, we explicitly derive the growth rate in equilibrium. To do this, the

distribution of ®" is specified as in Assumption 1.
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Assumption 1. ®" is uniformly distributed over [0, 1].

From Assumption 1 and (16), it follows that H(¢*) = (1 — p?)/2.1°
Inserting H(¢*) = (1 — p2)/2 and 3 := B/[(1 — B)N + f] into (18) computes the
growth rate as follows:

 AB(+p)
Yer1/Yr = 21— )N + 4]

—: T(N, ). (19)

Theorem 1. Under Assumption 1, the following hold.
e ['(N, 1) decreases as N increases.
e ['(N, 1) increases as p increases.

Proof. The claims immediately follow from (19). O
The negative impact of an increase in N on economic growth (the first result in
Theorem 1) is derived because, given the total product Y;, the total saving becomes

L' This result is

smaller as the number of interest groups increases, as seen in (15).!
similar to that obtained by Tornell and Valasco (1992).

The positive impact of the relaxation of financial constraints on economic growth
(the second result in Theorem 1) is obtained because as the financial constraint becomes
more relaxed, more production resources are utilized by higher productivity firms and the

allocative inefficiency regarding production resources is mitigated. As a result, economic

growth is enhanced. A similar result is reported in the literature on finance and growth.

10We assume the uniform distribution for simplicity of exposition, as it significantly simplifies our
analysis. We can investigate the growth rates in this and the next sections by applying more general
distributions for productivity shocks (especially in the next section) without changing the main results.

1 One notes from (13) that as the number of interest groups increases, the appropriation rate, c,
decreases, and thus, given I}, each individual interest group’s consumption decreases. However, the
aggregate appropriation rate, which is given by aN = (1— 3), increases as the number of interest groups
increases. Therefore, given the total product Y;, the total consumption becomes larger and the total
saving becomes smaller as the number of interest groups increases, as seen in (15).
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4 Introducing private assets

Thus far, we have investigated the dynamic game with a commonly accessible asset only.
In this section, a private asset is introduced into the dynamic game, following Tornell
and Velasco (1992). The property rights for the private asset are secure and the return
from it is ensured when agents hold the asset. In the current paper, we consider the
private asset as a foreign asset: agents can utilize investment opportunities in foreign
countries with secure property rights to acquire a constant rate of return upon capital
account liberalization. Note that each firm’s portfolio decision is the same as in section
2 once its savings, s!, are determined. Additionally, the process of aggregating variables
is the same as in section 3, and thus, the cutoff, ¢, is given by (16) in equilibrium.
The difference is in that in the case of two assets, agents make separate decisions about
appropriation and consumption. Therefore, the flow budget constraint (8) separates into

the following two equations:

N
A+ dh st = REsh | =10 (20)
ji
and
fil 4t = pfrt 4+ di, (21)

where f&" > 0 is the stock of the private asset held by agent i in period 7, di" is the
amount of appropriation, and p is the rate of return from the private asset.'?> From
(16) with ¢, = ri1/A, the equilibrium interest rate under Assumption 1 is given by

riy1 = Ap. Furthermore, we impose the following assumption:

Assumption 2.

A1+ p)

N <P< Ap. (22)

Assumption 2 guarantees that the amount of appropriation and firm A’s savings in the

Markov perfect equilibrium are positive under Assumption 1.

121t is assumed that agents cannot borrow from abroad, and thus, f&* > 0.

12



Remark 3. For p to exist, it must hold that N > 3.

Proof. Suppose that N = 2. For p to exist, it must hold that A(1+ p)/2 < Au <=
@ > 1. This is a contradiction. [
Because of Remark 3, we focus on the case in which N > 3 in what follows.!?

The separation between appropriation and consumption revises the definitions of the

Markovian strategy and the Markov perfect equilibrium as follows.

Definition 3. Agent i’s Markovian strategy is given by {d"(IM}Y, i.e., for each t > 0,

agent i’s action d" is a function of I such that d" : X — [0, 00).

Definition 4. A Markov perfect equilibrium is given by an N-tuple of strategies, ({d}" (I},
{th(lth)}, s {Ji\[h([f)}), fort >0 such that for any i € {1,2,..., N}, given the Marko-
vian strategies of other agents except for agent i, an optimal control path, {cﬁ’h,ci’h},

exists, and it holds that dv" = d'"(I1) for all t > 0.

h  h
7'87'71'

As in section 2, we guess a policy function such as Jih =60.R Again, 0, is an
interest group’s appropriation rate, which is endogenously determined. In the case of
two assets, the appropriation rate is subject to R as seen later, and thus, , has a time
subscript. This policy function transforms (20) into

dih 4 st =1 —0.(N - 1)|R"s" (23)

ToT—1)

where R" is the same as (7) because firm h’s portfolio decision is the same as (5) and

(6). Agent i maximizes its lifetime utility:

UZ’h = Et

S g ] | (21)

T=t

subject to (21) and (23).

13In addition to Remark 3, for p to exist, the extent of financial constraints, x, must be somewhat
large. More concretely, it must hold that g > 1/(N —1). Therefore, if p > 1/2, p satisfying Assumption
2 can exist for all NV > 3.
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Lemma 2. Suppose that Assumptions 1-2 hold. For N > 3, the policy function of agent

h

T

1 under the Markovian strategy with JJTh = 0.R!'s" | is given by

dih (I = MI’Z —: 0,I" (25)
t 1t _R?(N—l)t_'tt'

Moreover, firm h’s savings and agent 1’s consumption under the Markov perfect equilib-

rium are given by

h pN - R}
sy = I
*TRIN-1)
pN 1
=N 151}3—1 - ﬁR?3?_1 (26)
and
" = p(L=B)(f1 + i), (27)
respectively.

Proof. See the Appendix.
Note that the Markov perfect equilibrium obtained in Lemma 2 matches the interior
equilibrium derived in Tornell and Valasco (1992).

Aggregating (26) across all firms by using V; = | heo Rlst | dh yields

pN 1
N—lSt_l N—1

By applying the first equality of (17), we obtain from (28) the following equation:

s (@) G (e

Under Assumption 1, inserting H(¢*)/(1 — p) = (1 + p)/2 into (29) yields

2pN — A(1 + p)

Yer1/Ye = 2(N — 1) = f(N7 14)- (30)

14



Theorem 2. Under Assumptions 1 and 2, the following hold.
° f‘(N, @) increases as N increases.
° f‘(N, w) decreases as p increases.

Proof. See the Appendix.

The first result in Theorem 2 regarding the positive effect of an increase in the number
of interest groups on economic growth is also obtained by Tornell and Valasco (1992) and
Tornell and Lane (1999). When there are two assets, the no-arbitrage condition between
the rate of return on the commonly accessible asset and the rate of return on the private
asset holds, as (B.6) in the Appendix demonstrates, and accordingly, as the number of
interest groups increases, each interest group must reduce its appropriation rate. The
positive effect of the decrease in the appropriation rate on economic growth exceeds the
negative effect of the increase in the number of interest groups in equilibrium. As a
result, the growth rate increases.

The second result of Theorem 2 is new in that it shows that the relaxation of financial
constraints is harmful to economic growth. The mechanism that causes this result is
closely related to the voracity effect discussed in Tornell and Lane (1999). In the current
model, as the financial constraint is relaxed, allocative inefficiency regarding production
resources is mitigated and the aggregate productivity in the economy increases. At a
microeconomic level, each firm can receive a higher return on average as the financial
constraint is relaxed. Because of the higher return, each interest group perceives that the
firm it exploits can afford more appropriations, and thus, the individual appropriation
rate is increased. Then, the voracity effect works such that the increase in the aggregate
appropriation rate is more than proportional to the increase in aggregate productivity.
As a result, the growth rate decreases. This result is consistent with empirical evidence
reported by Arcand et al. (2015) and others that indicates a negative relationship

between the relaxation of financial constraints and economic growth in some cases.
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5 Conclusion

We have investigated how the relaxation of financial constraints affects economic growth
by introducing an imperfect financial market into Tornell and Velasco’s (1992) dynamic
game of the tragedy of the commons. When interest groups have access only to a com-
mon asset, whose property rights are not secure, the relaxation of financial constraints
promotes economic growth. However, when interest groups can have access not only
to a common asset but also to a private asset, whose property rights are secure, the
relaxation of financial constraints impedes economics growth.

The effect of the relaxation of financial constraints when there are both common and
private assets may be explained in the following way. If the return of a firm (which
can be regarded as a commonly accessible asset) increases, on average, following the
relaxation of financial constraints, each interest group increases the appropriation rate
through the no-arbitrage condition between the two assets. Then, the increase in the
aggregate appropriation rate surpasses the increase in aggregate productivity in the

economy, which lowers the growth rate.

Appendix

Proof of Lemma 2

We set up the Lagrangian as follows:

Li" = B[22, Inch"]
O[S 5 (1 0N — 1)REsh, — di* — 57)]

b B[S0 570G (pfys + % — i — )] (B.1)

The first-order conditions are given by

1 i
W _ tah — O, (B.Q)
Ct’



—@DZ’h +B(1 = O (N ))R?HEtWtH] (B.3)
—" 4 G =0, (B4)

and

—G" + BpEG] = 0. (B.5)

Under the Markov perfect equilibrium, the optimal control path, {Ji’h,ci’h}, exists
if and only if d" = d" = 6,RPs! | in (21) and (23), and the first-order condi-
tions, (B.2)-(B.5) and the transversality conditions, limg . 8°E; [st '/ C +S} = 0 and
lim, o B°E; [ t+s/ct+s} = 0, are satisfied.

From (B.3)-(B.5), we have

(1= (N — )Rl = p (B.6)
or, equivalently,
R, —p

Opp1 = . B.7
T RN T) B

From (B.7), we obtain
&I = hﬂl = 0,1". (B.8)

RI(N -1 7 ’

This is equation (25). From (23), with d" = 6,1/ = 6,RI's! |, it follows that s =

(1 —6,N)Rhsh |. From this equation and (B.7), we obtain

h pN — Ry

S =

Wt)lh (B.9)

This is equation (26). We must verify that d-"(I!) > 0 and s > 0. Because R — p >
r—p = Au—p > 0, from Assumption 2, we obtain d""(I!) > 0. Moreover, from
Assumption 1, it follows that R < (A — ryu)/(1 — p) = A(1 + p). Therefore, we

obtain pN — R > pN — A(1 + u) > 0 from Assumption 2. Finally, we derive agent i’s
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consumption schedule in equilibrium. From (21), (23), and (B.6), it follows that

i,h h ,h h
41 T St i s
HELISEL 4= pt (B.10)
Ciy1 Ciy1

Taking the expectation operator Ey(.) for both sides of (B.10) yields

f+1 + 3t+1
i, T ik
Cit1

+1=(f"+s))pE

. ] . (B.11)

Ci1

By applying (B.2) and (B.5) to the right-hand side of (B.11), we obtain

i,h h i,h h
Tt +s
Lt = B4 BB, | (B.12)
Cy Cii1
From (B.12), it follows that
i,h h i,h h
' _'_ S S + S S
;:ﬁ+ﬁ2+...+55+ﬁsbjt t+z—ht+
Ct’ Ct+5
’ S
-t pE, % (B.13)
1— ﬁ 5—00 Ci,Jrs

From the transversality conditions, we have lim, ., 5°E; [( t’fs + st/ +S} = 0, and

thus, £ + st = Bci™ /(1 — B). This equation and (B.10) yield

Ct = p(1 = B)( tz—hl + 3?—1)~ (B.14)

This is agent i’s consumption schedule given by (27). Conversely, we verify that the
transversality conditions hold. Suppose that agent ¢ consumes following the schedule
given by (B.14). Then, from (B.10) and (B.14), we obtain fi" + s} = 8" /(1 — B).

From the last equation and (B.13), it follows that

’ + h/
lim B°E, “—h” =0. (B.15)
§—00 ct+8
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In (B.15), because f", > 0 and s}, , > 0, it holds that lim, .., 5°E; [S?Jrs/cifs} =0 and

limg o0 3°E [ ik /Ci’fs} 0.0

Proof of Theorem 2

The second claim is obvious. For the first claim, define a function such that f(z) =
(2pr — A(1 4+ p))/(x — 1) in x € (0,00). Then, it follows from Assumption 2 that
sign(f’'(z)) = sign(A(1 + p) — 2p) > 0. The first claim follows from the last inequality.
U
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