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The applicability of the modified integration rule for time-domain finite-element analysis is tested
in sound field analysis of rooms involving rectangular elements, distorted elements, and finite im-
pedance boundary conditions. Dispersion error analysis in three dimensions is conducted to evalu-
ate the dispersion error in time-domain finite-element analysis using eight-node hexahedral
elements. The results of analysis confirmed that fourth-order accuracy with respect to dispersion
error is obtainable using the Fox—Goodwin method (FG) with a modified integration rule, even for
rectangular elements. The stability condition in three-dimensional analysis using the modified inte-
gration rule is also presented. Numerical experiments demonstrate that FG with a modified integra-
tion rule performs much better than FG with the conventional integration rule for problems with
rectangular elements, distorted elements, and with finite impedance boundary conditions. Further,
as another advantage, numerical results revealed that the use of modified integration rule engenders
faster convergence of the iterative solver than a conventional rule for problems with the same

degrees of freedom. © 2012 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4730920]
PACS number(s): 43.55.Ka, 43.55.Br [NX]

. INTRODUCTION

Wave-based numerical methods, such as finite-difference
time-domain method,lf3 finite-element method (FEM),‘FG
and boundary-element method,’ are indispensable tools used
to predict a sound-field accurately in an architectural space
with complicated boundary conditions. Time-domain finite-
element method (TD-FEM), which is FEM with direct time
integration such as Newmark f method,® is a powerful time-
domain wave-based numerical method used in the field of ar-
chitectural acoustics.”'” TD-FEM presents advantages in ac-
curacy and flexibility of geometrical modeling, but this
method incurs discretization error, called dispersion error,
which is known as an error in wave velocity. Because of the
error, the numerical wave velocity at each frequency differs
from the exact wave velocity. Moreover, the error magnitude
is dependent on the direction of wave propagation in multidi-
mensional analysis.

In time-domain finite-element (TD-FE) analysis, discre-
tization of both space and time, which maintain dispersion
error within acceptable levels, is required to yield a reliable
result. It engenders the solution of a large-scale linear system
of equations at each time step when a practical sized room
and/or practical frequency range is considered. Because the
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solution is computationally expensive, reduction of disper-
sion error is invaluable to realize efficient prediction of the
sound fields, which engenders a decrease in the degrees of
freedom (DOF) of the finite element (FE) model to obtain a
result with an equivalent level of accuracy.

Some methods are available to reduce the dispersion
error in TD-FE analysis, such as the dispersion-corrected
explicit time integration scheme,'' modified integration rule
(MIR),'” and high-order FEs.'*'* Among them, MIR, pro-
posed by Yue and Guddati,'? is an effective and simple
method of reducing dispersion error for low-order elements,
which is proposed for both implicit and explicit TD-FEM
using bilinear quadrilateral elements in two dimensions. In
fact, MIR can reduce the dispersion error at all directions of
wave propagation simply by modifying the numerical inte-
gration points of element mass and stiffness matrices, and
TD-FEM with MIR has fourth-order accuracy with respect
to the dispersion error. However, when MIR is applied to the
sound field analysis of an architectural space, some problems
remain in its application range. Yue and Guddati presented
that MIR cannot significantly reduce dispersion error for rec-
tangular elements, although the error for square elements
can be reduced. Moreover, the MIR performance on sound
field analyses with distorted elements and with finite imped-
ance boundary conditions has not been fully examined.
In Ref. 12, although only the performance of the explicit
method with MIR is tested on a distorted mesh, the method

© 2012 Acoustical Society of America



of determining a key parameter in the MIR (i.e., the size of a
square element) is unclear for a distorted mesh. An architec-
tural space typically has complicated boundary conditions.
Therefore, extension of the application range of MIR for
problems with rectangular and distorted elements, as well as
finite impedance boundary conditions, is desired. In addition,
although MIR is directly applicable to three-dimensional
analysis, dispersion error analysis in three dimensions has
not been reported in the literature. To determine the accuracy
of FE analysis using MIR in three dimensions and to provide
a basis for mesh generation, as well as time resolution, dis-
persion analysis is beneficial.

As described in this paper, the MIR is applied to sound
field analysis of rooms by TD-FEM using eight-node hexahe-
dral elements. The main purpose of this study is to demon-
strate the applicability of the MIR to sound field analysis of
rooms involving rectangular elements, distorted elements and
finite impedance boundary conditions, to realize the efficient
prediction of large-scale sound fields of rooms with compli-
cated boundary conditions. Dispersion error analysis in three
dimensions is performed and applicability of the MIR is tested
for sound field analysis with rectangular elements and distorted
elements, as well as finite impedance boundary conditions.

Il. THEORY
A. TD-FEM for sound field analysis of rooms

We consider a three-dimensional sound field Q (air den-
sity: p, speed of sound: c¢) with an impedance boundary sur-
face and with a vibrating surface. Following standard FE
discretization based on the principle of minimum potential
energy, the following semi-discretized equation in a time do-
main is derived:

Mp + ¢*Kp + ¢Cp = pc*i, W, )

where M, K, and C, respectively, denote the global mass ma-
trix, global stiffness matrix, and global dissipation matrix.
Further, p, v,, and W, respectively, denote sound pressure
vector, velocity of vibration, and distribution vector. The
global matrices are obtained by assembling the element stiff-
ness matrix, k,, the element mass matrix, m, and the element
dissipation matrix, ¢, defined as

k, = J VNTVN4Q, )
Q,
m, = J N'NdQ, (3)
Q.
! T
ce=—| N'NdT. 4)
Zn I,

Here, N and z,, respectively, represent the shape function
and normalized acoustic impedance ratio. Q, and I',, respec-
tively, denote the region of an element and surface area of
an element to be integrated.

In the time domain, Newmark f method is used to solve
Eq. (1). As an initial condition, if p”", p", and p" at time ¢
= nAt are known, then p**) and p"*V) can be given as
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1
pwmwumﬂ+MG‘@W+MﬁW% 5)

P =P+ Ar(1 — p)p" + Aryp Y, (6)

where Ar is the time interval between = nAt and ¢
= (n+ 1)At, and y and f are parameters that are related,
respectively, to the accuracy and stability of the method.
Commonly, y is set to 1/2 to maintain second-order accuracy
and to eliminate the dissipation error. Then, substitution of
Egs. (5) and (6) into Eq. (1) yields the following linear sys-
tem of equations:

At
M + BAPCK + %C pUD — D) _cp— 2KQ,  (7)
where
f(11+1) — pc2i)£’n+1)W’ (8)
- n At N
) 1 .
0 =p"+Ap" + (5 — /3) APPp". (10)

By solving Eq. (7) using a direct solver or an iterative solver,
1')'(”“) is calculable. In this study, as a Krylov subspace itera-
tive method, the conjugate gradient iterative solver with a di-
agonal scaling preconditioning is applied to solve the

equation. Finally, p"*!) and p"Y are calculable, respec-

tively, by substituting 13<"+1) into Egs. (5) and (6).

The following implicit Newmark f§ methods with differ-
ent parameters f§ are well known:'> Constant average accel-
eration method with ff = 1/4 (CAA), linear acceleration
method with f = 1/6 (LA), and the Fox-Goodwin method
with f = 1/12 (FG). Here, if f > 1/4, then the Newmark
method is unconditionally stable. Otherwise the method is
conditionally stable and the stability condition, which gives
the critical time interval, Az, is given as

1

wmax\/ 1/4_ﬁ

Here @pax is the maximum natural frequency, which is
obtainable by solving generalized eigenvalue problem (k,
— k?>m,)p, = 0 for all elements.

Al‘cril S (1 1)

B. Modified integration rules

To increase the accuracy of four-node quadrilateral FEs
for transient acoustic analysis in two dimensions, Yue and
Guddati proposed MIR,'? which is summarized briefly here.
Although MIR is proposed for both the implicit Newmark f
method and the explicit central difference method, this paper
presents specific examination only of the implicit Newmark
S method.

In the numerical integration of element stiffness and
mass matrices in Egs. (2) and (3) for four-node quadrilateral
isoparametric element, the Gauss quadrature rule with two
integration points in each direction is commonly used as

Okuzono et al.: Application of modified integration rule 805



WiVN (o, o) VN (o 7, o )det (J), (12)

=
1
(-

1

WiN (6 iy 1) N (i, 0 ) det (J), (13)

&
I

i=1

where oy ; and o, ; are coordinates of the ith integration point
for k, and m,, W; is the weight of ith integration points, J is
the Jacobian matrix. For the conventional Gauss quadrature
rule, o ; = o,; = =1/v/3and W; = 1.

For MIR,12 integration points are shifted from conven-
tional points to

2 2 1 c2AP?
O = i\/; O = i\/3+ (3 - 4/3> R (14)

where / signifies the size of the square element. With the
modification, fourth-order accuracy in dispersion error is
achieved as opposed to second-order accuracy in the conven-
tional Gauss rule. However, Eq. (14) is developed for square
mesh only. The quantity equivalent to /, and hence the pa-
rameter o,,;, will depend on the direction of wave propaga-
tion for a rectangular or distorted element. Further, as
another feature of the MIR, stability conditions of LA and
FG are1 ;‘elaxed, although the unconditional stability of CAA
is lost.

lll. DISPERSION ERROR ANALYSIS
A. Derivation of dispersion relation

Dispersion error analysis in three dimensions is per-
formed to evaluate the dispersion error in time-domain fi-
nite-element analysis with eight-node hexahedral linear
elements. The analysis follows the same procedure using the
following linear multistep form without the source and dissi-
pation terms presented in Ref. 12:

(M + BAPCK)p") 4 [—2M + (1 — 2B)APPKp"
+ (M + BAPCK)p" Y = 0. (15)

Equation (15) is based on Ref. 16, which presents a general
recurrence relation among p" !, p® and p*~!) as

(M + yAtcC + BAPCK)p+Y

+ [-2M + (1 — 29)AtcC + G +7y- 2/3) APK]p"
+ M + (=14 y)AtcC + G +y- 2ﬁ) APK]p Y
+BARFO 4 G ty— 2ﬁ) ARfY

+ G +y- Zﬂ) APFD = 0. (16)

For y = 1/2, Eq. (15) is obtainable by neglecting source and
dissipation terms from Eq. (16).

In a spherical coordinate system, the solution is a
plane wave of the form exp|i(kxsin 0 cos ¢ + ky sin 0 sin ¢
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+kzcosO —wt)], where i, k, w, 0, and ¢, respectively,
denote an imaginary unit, wave number, and angular fre-
quency, azimuth, and elevation. Meanwhile, the approximate

solution, p | _ at time nAt and location (x, y, z) is given as

Py, =expli (K"xsin 0 cos ¢ + K"y sin 0'sin ¢
+ k"zcos 0 — w'nAr)), (17)

where k" and ", respectively, denote the approximate wave
number and approximate angular frequency. Further, disper-
sion error, eg;s, 1s defined as

e = '

edis = . (18)
c

where ¢ is approximate speed of sound.

To evaluate the dispersion error, a region that consists
of eight elements with an eight-node linear element of size
dy X dy X d. as shown in Fig. 1 is considered. The dispersion
error can be evaluated by constructing the FE equation of
Eq. (15) at a center node (x,y,z). In Eq. (15) the element
mass matrix m, and stiffness matrix k., which are calculated
using the Gauss quadrature rule in three dimensions with
two integration points in each direction are given as

my my My, my M; Mz Ny, My
moy my Myy Mg M; Ny, Mgy,

moy My NMyy, Nly; My Mgy
my My, My, Mz My

me = i S a9

my  my My my
my My My
my niy
Ssym mo

k() kx kxy k) k: kzx kxyz ky

ko Ky kg ke ke ke ki

kO k X kxyz k yz kz kzx

_ k() kyz k)(_vz kzx kz

ke = R BECL

ko ky ok

k() k,x

sym ko

(x-d, y+dy, z+td:) (x+dx, y+d,, z+d;)
(x-dyf-dy, 2td:) N O gdly-dy, |2 )
ix, ¥ Z)
A rdizd) | A i yid) z-d)
. i Td
. dy
(x-dx, y-dy, z-d:) <T>(x+dx, y-dy, z-dz)

FIG. 1. Twenty-seven-node eight cubic element patch for dispersion error
analysis in three dimensions.
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Using the m, and k., Eq. (15) is calculated for the center
node. Then, substituting Eq. (17) into the resulting equation
[Eq. (15) for the center node after substituting components
of m, and k,] leads to

2(C,—1)(mo+mCy+my,Cy+m.C,
+ mxycxy + myzcyz + mzxczx + mxyZCXyz)

+ AP (2BC+1-2P) (ko +kCo+kyCy +k.C,
+ kxycxy + kyszz + kzxczx + kxyzcxyz) = 07 (21)

1 [2(1 = C)(mg + mCo 4+ myCy + m.C. + m,Cry 4 myCy. + moCo 4 myyCyz)

where

C, = cos(k"d, sin O cos ¢), C, = cos(k"d, sin 0sin ¢))
C. = cos(k"d. cos 0), C; = cos(c"k"At), C,, = C.C,
C,.=C,C., C., =C.Cy, Cyy. = C,.C,C..

(22)

From Eq. (21), the relation between the exact speed of sound
¢ and the approximate speed of sound ¢” becomes

1/2

“T A 2BC, + 1= 2B) (ko + kxCy + kyCy + koCo + knyCry + Ky Crr + kexCox + kyoCiye)

Using Taylor expansion with respect to k", the dispersion
error egis can be evaluated as

k2
edis ™ ﬁ[){xdf' + Xydy2 + 2.4 — (1 = 128)PAF]

4/ 54 4 4 4
+ O[k*(d; + d), +d) + (cAr)], 24)
where

% = (302 — 2)cos* ¢ sin*0 — 3(af — o2)
x (cos?0sin®0 cos® ¢ + cos’¢p sin’¢p sin*0),
7%y = (30, — 2)sin*¢ sin*0 — 3(o; — o)
x (cos?0sin®0sin’¢ + cos®¢ sin®¢p sin*0),

2. = (302, — 2)cos*0 — 3(og — o )cos?0 sin®0. (25)

Equation (24) in three dimensions is similar to Eq. (13) of
Ref. 12 in two dimensions. The three-dimensional equation
can be reduced to the two-dimensional one by transforming
a spherical coordinate system into a two-dimensional polar
coordinate system.

For the conventional Gauss rule, the dispersion error of
Eq. (24) becomes

kZ
edis =~ 2 [df cos* ¢sin* 0+ d)z, sin* ¢ sin*6 + dz2 cos* 6

+ (1= 12B)P AP+ Ok (d} + dy +d2) + (cAr)].
(26)
The order of error is of second order. Meanwhile, the

second-order error term in Eq. (26) can be eliminated using
MIR, which is defined as

2 2 1 2AR2
= — L= * — —_ —
ka,t 37 ‘xm,l \/3 + <3 4ﬁ> T 9 (27)

where

© = d; cos” ¢ sin’ 0 + d; sin® ¢ sin® 0 + dZ cos® 0. (28)
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(23)

In the above-presented equation, o, ; depends on the direc-
tion of wave propagation, i.e., ¢» and 6 in 7. For CAA and
LA, the values of t cannot be determined uniquely for a
rectangular element unless the values of ¢ and 0 are deter-
mined at one direction. Consequently, the second-order
error term cannot be eliminated for a rectangular element.
For a cubic element (i.e., d, = dy, = d. = h), the value of ©
is determined uniquely as T = /4. The second-order error
term can be eliminated, as shown in Ref. 12. However,
using FG, o,,; is determined uniquely as i\/m, without
depending on the direction of wave propagation even for a
rectangular element because the last term in the square
root in Eq. (27) becomes zero if f is exactly 1/12, as in
FG. In this case, MIR can markedly reduce the dispersion
error even for a non-cubic (rectangular) element. Although
the integration points for FG are already pointed out in
Sec. III C. of Ref. 12, this special case is not described ex-
plicitly. Consequently, the dispersion error for FG with
MIR is

k4
edis. ™ 150 [dj(1 cos® ¢ sin® 0+ d;‘ sin ¢ sin®0 + dfcos(’H —c*ArY
646 | 16 , 46 6
+O[k°(d; +dy +d7) + (cAr)”]. (29)

The order of error becomes fourth-order, which is two
orders of magnitude smaller than the conventional rule in
Eq. (26). Using Egs. (26) and (29), the dispersion error in
FE analysis using an eight-node hexahedral linear element
can be estimated with various element sizes and time
intervals.

B. Stability condition

The stability condition of Eq. (11) for TD-FEM with
MIR using rectangular eight-node hexahedral elements and
the difference of the conditions between two- and three-
dimensional analyses are shown here. By solving the gener-
alized eigenvalue problem (k, —k*m,)p, =0 with oy
= 1/2/3, Wmax of Eq. (11) for three-dimensional analysis
using rectangular elements is given as

Okuzono et al.: Application of modified integration rule 807



2c 2¢ 2¢ ¢ |81 n 1 c |8
Dmax =MaAX [——,—— ,—— (= | =5+ = |,z | >
‘ ity dyty, d-oty 02, \(3\d2 2 )02 \| 3\ &

Consequently, for FG with MIR, the stability condition is

de dy d: 1 1 1

+1 c 81+1 4c
dz )’ o2 \|3\d?> d?)’ 3o,

1

At < min [—,
¢

€29

c'c’ L, 1 T, 1’ 1, 1 T, 1, 1|
fE+E o\farE ofarr ofhrETE

Meanwhile, the wn,x for rectangular elements with conventional Gauss rule is given as

2 ) > 2 :
\/§c7 \/567 \/56,2\/56
& 4 T d

Dmax = Max

1 1 1 1 [ 1 1
(E—Fz),%ﬁc (d—2+$>,2\/§C <E+ﬁ),2\/§c
X y y z z x

(32)

Consequently, stability condition for FG with conventional Gauss rule is

d, d. 1 1

1 1

At < min

From Egs. (31) and (33), it is confirmed that the stability
condition of FG with MIR in three dimensions is also
relaxed using MIR, as shown in Ref. 12. Further, the @y,
for cubic elements with MIR becomes

© ma 2¢ 4c 4c (34)
= XN Ty 7= 7= < |-
e h(xm \/ghocfn \/gha;”n

Compared to .y for two-dimensional analysis using square
elements'? (i.e., Wma = max[2c/(hay,),4c/(v/3he2)]), a
new eigenvalue 4c/(v/3ho})) appears in three-dimensional
analysis using cubic elements. From the result, the value of
At to satisfy the stability condition in three-dimensional anal-
ysis differs from that of two-dimensional analysis.

C. Comparison of dispersion error

To confirm the difference of accuracy between the con-
ventional rule and MIR, the dispersion errors at all directions
of wave propagation calculated using Eqgs. (26) and (29) are
compared. In those calculations, k = 9n/2, ¢ =343.7 m/s,
and Ar=1/16384s are considered. The element size is
dy=0.1m,d,=0.09 m, and d; = 0.06 m. Newmark methods
of three types (CAA, LA, and FG) are used in the calculation
of Eq. (26).

Figures 2(a)-2(d) present a comparison of dispersion
errors at all directions of wave propagation in CAA, LA, and
FG with the conventional Gauss rule and FG with MIR.
Results show that FG with MIR performs much better than
other conventional methods with smaller dispersion error at

808  J. Acoust. Soc. Am., Vol. 132, No. 2, August 2012

dy
V2 V2 V2 e [h B Vae [k Ve [ Ve [F k|

(33)

all propagation directions. The maximum error of FG with
MIR is 0.83% at (0, ¢) = (90°,0°) and the errors of other
conventional methods are, respectively, 7.60% (CAA),
7.96% (LA), and 8.33% (FG) at (0, ¢) = (90°,0°). The rea-
son underlying the maximum error at (0, ¢) = (90°,0°) is
that the element size of x-direction (i.e., d,) is the longest.
To show other aspects of dispersion error for FG with
MIR, the relation between dispersion error and 1/d, at
(0,¢) = (90°,0°), where A is wavelength, is shown in

(c) Conventional (FG)

(d) MIR (FG)

FIG. 2. Comparison of dispersion errors at all directions of wave propaga-
tion among various Newmark § methods with conventional Gauss rule and
with MIR: (a) CAA with conventional rule, (b) LA with conventional rule,
(c) FG with conventional rule, and (d) FG with MIR.

Okuzono et al.: Application of modified integration rule
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FIG. 3. Relations between dispersion errors and nodal distance per wave-
length, A/d,, at (0,¢) = (90°,0°) of FG with MIR at different time
intervals.

Fig. 3. Here, the angle occurring with maximum error is
selected to estimate the error on the safe side. Then we con-
sider At of three kinds, which are 1/7695, 1/15 390, and
1/30 780s. The largest At is slightly lower than At.;, which
is 1/7694.8 s for a given element. The others are, respec-
tively, one-half and one-quarter of Az.;. Results show that
the errors become almost equal even if a smaller time inter-
val is used. Therefore, the use of a slightly lower time inter-
val than At is beneficial for efficient computation.

IV. NUMERICAL EXPERIMENTS

In the dispersion analysis described in Sec. III, we
assumed that the use of rectangular elements in free space,
and MIR are therefore not strictly applicable to analyses
with distorted elements and with impedance boundary condi-
tions. In addition, the source term is not considered. There-
fore, the accuracy and efficiency of FG with MIR for these
conditions are examined using three numerical experiments.
First, we consider a problem with a source term to confirm
the finding of the previous section numerically. Then prob-
lems with distorted elements and finite impedance boundary
conditions are regarded as more general problems. For all
numerical experiments, we assume that ¢ =343.7m/s and
p=1.205kg/m>.

A. Source term

The sound field in a rectangular room with acoustically
hard surfaces is analyzed using FG with MIR and with a con-
ventional Gauss rule, the results are compared with the ana-
lytical solution (method of variable separation)'’ with a
Gaussian pulse. Figure 4 portrays the analyzed room with
volume of 540 m>®. We calculate the sound pressures at three
receiving points radiated from a sound source as shown in
Fig. 4. The sound source used here is a modulated Gaussian
pulse, which is also used for subsequent numerical experi-
ments. Its waveform and frequency characteristics are
depicted in Fig. 5. The upper limit frequency is assumed as
682 Hz that has —3 dB gain. In Ref. 17, this sound source is
presented as a sound source of spatial distribution type. The
analytical solution used here is derived using the Gaussian
pulse as an initial condition. Meanwhile, the temporal source
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FIG. 4. Rectangular room to be analyzed.

function is generally used for TD-FEM, which is given as a
volume acceleration waveform. Consequently, the transfor-
mation process from spatial distribution to a temporal distri-
bution is necessary and the transformation is conducted
as follows. The Gaussian pulse'’ is defined as p(r)
= exp(—r?/d?), where r is the distance from the source and
d is a constant. Considering propagation of a spherical wave
in a free field, the analytical solution for sound pressure,
p(r,1), is given as'’

1 e
prst) =5 (r = enje T, (35)

where only the outgoing wave is shown. The relation
between p(r, t) and the volume velocity of sound source Q is
given as

P A r
p(rt) = -0 (1=2). (36)
Using this relation, the volume acceleration waveform is cal-
culated. Here, d =0.218 is used. However, using this rela-
tion, the time lag of r/c s occurs between the FE solution
and an analytical solution. Therefore, we shifted the origin
of the temporal axis of the FE solution from =0 s to
t =r/c s for comparison.

For spatial discretization, three meshes with different
spatial resolutions are created and the respective spatial reso-
lutions 1/dp,x are 6.1, 12.1, and 18.1, where A and di,y,

-3dB

[ .| Volume acceleration [m?/s?]
E | 06 \
-30F

E oo \
-40r

Relative level [dB]
)
(=]
T

E 1-0.6 \
-50 : 0.0 Time [s] 0.01 \
C 1 1 1 PR | 1 1 1 1111
'6010 100 1000

Frequency [Hz]

FIG. 5. Volume acceleration waveform and its frequency characteristics of
Gaussian pulse as a sound source for time-domain finite-element analysis.
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respectively, denote the wavelength of the upper limit fre-
quency and maximum nodal distance. The DOFs of these
meshes are, respectively, 1771561, 13997521, and
47 045 881. The critical time intervals of FG with MIR
for each mesh are, respectively, 1/9234, 1/18 468, and
1/27 701 s. For the conventional Gauss rule, the values are,
respectively, 1/13 059, 1/26 117, and 1/39 176 . The sound
pressure is calculated up to 200 ms with A¢r=1/28 000 s for
MIR and 1/40 000 s for a conventional rule. They are deter-
mined to satisfy the stability conditions for the finest mesh.
The stopping criterion of the conjugate gradient method is
used as

- (n+1 n
lap" — oD
50D,

<10°°, (37

where A, ﬁ;nﬂ), and b, respectively denote the coefficient

matrix, solution vector on jth iteration, and right-hand side
vector in Eq. (7). This criterion is also used for subsequent
experiments.

Figure 6 presents comparisons of waveforms at a receiv-
ing point R3 obtained by FG with both integration rules for
mesh with 1/dy. > 6.1 and using analytical method. The
fine structure of the waveform by FG with MIR agrees well
with an analytical solution, and the agreement is much better
than that between the solution by FG with the conventional
rule and the analytical solution. Further, the error in sound
pressure of entire time range analyzed is measured as the rel-
ative error defined by

1 Nslep
ep = Moo ; e(t)), (38)

with

N
Z [Pana (x1,1) — prem (x;, 1))

e(r) = N ; (39)
2
Z Pana (xi N )
i=1
- 003
e L Conventional ~ —— Analytical
o 0.0 1 5 r I
2
8 0
S
2 -0.015F
]
=3
175} -0.03 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05
Time [s]
(a) Conventional integration rule
- 0.03 -
2 MIR — Analytical
e 0.015F .
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(b) Modified integration rule

FIG. 6. Comparisons of sound pressure waveforms at a receiving point R3
obtained using (a) FG with a conventional Gauss rule and obtained using an
analytical method and (b) FG with MIR and obtained using an analytical
method.
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where pan.(x;,¢) and prgm(x;, 1), respectively, denote sound
pressures at receiving point x; at time ¢ obtained using the
analytical method and FG with both integration rules. N and
Ngep, tespectively, denote the number of receiving points
and the total number of time step.

Figure 7 presents relations between the relative error in
sound pressure e, and nodal distance per wavelength for FG
with MIR and conventional rules. Results show that the
errors of FG with MIR are much lower than those of FG
with conventional rules. Moreover, the reduction rate of
errors of the FG with MIR follows a theoretical slope.

Further, to present other advantages of the use of MIR,
the convergence properties of an iterative solver using both
integration rules for each mesh are presented in Fig. 8, which
shows the mean quantity of iterations of diagonal scaled con-
jugate gradient method required for convergence at each time
step. Clearly, the numbers of iterations of MIR are less than
those of the conventional Gauss rule for all meshes. Although
direct comparison of computational cost is difficult because
the accuracy of waveforms obtained by both integration rules
differs, the reduction rate of the number of iterations, Ry,
using MIR for each mesh are 34.1% (1/dyax > 6.1), 46.6%
(Afdmax > 12.1), and 56.8% (A/dmax > 18.1), which means
that the computational time of MIR is at least 34.1% shorter
than that of the conventional Gauss rule for problems with
same degrees of freedom. Here, Ry defined as Ry = (Ncony
—Nmir)/Ncony X 100(%), where Ncony and Nyr, respec-
tively, denote the mean numbers of iterations per time step
for the conventional Gauss rule and MIR.

B. Distorted element

As described previously, the presented dispersion analy-
sis is based on the use of rectangular elements. However, FG
with MIR might be applicable to analysis using distorted ele-
ments because o,,; of FG with MIR has no parameter in
terms of element size, which is confirmed here. The sound
field in a rectangular room of 120 m?® with acoustically hard
surfaces as shown in Fig. 9 is analyzed using FG with both
integration rules. The results are compared with the analyti-
cal solution. Here, the room is discretized using distorted
elements. The sound pressures at five receiving points are

10" a—
3 1
100; TA-- LT 2
= E .n -
S10'f
R 4|1>"‘~-.._
5107 m
SV
10°t - -MIR
- - -a--Conventional
10— -
4 5 6 7 8910 20 30
ﬂ/dmax

FIG. 7. Relation between relative error in sound pressure and nodal distance
per wavelength, 1/dpay, for FG with MIR and conventional rule.
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FIG. 8. Comparisons of mean iteration numbers per time step of diagonal
scaled conjugate gradient method for both integration rules.

calculated using FG with both integration rules for three
meshes with 1/dpmax > 6.0, 12.1, and 24.2 that consist of
distorted elements. These meshes including distorted ele-
ments are created by discretizing side Al, IB, DJ, JC, EK,
KF, HL, and LG with n, elements in the y direction. We
used n, =42, 84, and 168 elements, respectively, for meshes
with A/dmax > 6.0, 12.1, and 24.2. For x and z directions, we
used 72, 144, and 288 elements, respectively. The DOFs of
these meshes are, respectively, 452 965, 3553225, and
28 146 577.

The sound pressure is calculated up to 200 ms with
Ar=1/40 000s for FG with MIR and with Ar=1/57 000s
for FG with conventional rule. Here, these Af’s are deter-
mined to satisfy the stability condition for the finest mesh.
The At.’s for both integration rules are, respectively,
1/39 636.8 s (MIR) and 1/56 054.9 s (conventional).

Figure 10 presents relations between the relative error in
sound pressure e, and nodal distance per wavelength for FG
with MIR and conventional rules. It is observed that FG with
MIR has second-order accuracy for distorted elements, but
the errors of FG with MIR are much lower than those of FG
with conventional rules. For meshes with 1/d.x > 12.1 and
24.2, the errors of FG with MIR are 1 order of magnitude
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Coordinates of source point, S and receiving points, R1~RS.

S:(2.5,2.875, 1.5) R3: (4.375,4.375, 1.0)
R1:(1.25,1.375, 1.0) R4 : (2.5,4.375, 1.0)
R2 : (4.375, 1375, 1.0) R5: (1.25,4.375, 1.0)

FIG. 9. Rectangular room to be analyzed for the distorted elements case.
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FIG. 10. Relation between relative error in sound pressure and nodal dis-
tance per wavelength, 1/dmax, for FG with MIR and conventional rule (dis-
torted elements case).

smaller than those of FG with conventional rules. As the
results show, it can be inferred that element shape does not
hugely affect the applicability of FG with MIR by eliminat-
ing the term of element sizes, i.e., d,, dy, and d- in a,,;.
Further, the mean iteration numbers of the diagonal
scaled conjugate gradient method for both integration rules
are presented in Fig. 11. For the use of distorted elements,
the number of iterations of MIR is also less than those of
the conventional Gauss rule for a problem with equal DOF.
The reduction rate of the number of iterations, Ry, using
MIR for each mesh are 40.6% (1/dmax > 6.1), 42.3%
(Afdmax > 12.1), and 61.7% (A/dmax > 24.2). Although
more systematic investigation is necessary to reveal the
actual accuracy of FG with MIR for distorted elements, it is
confirmed that FG with MIR fundamentally performs better
than the conventional one, even for the distorted elements.

C. Finite impedance boundary condition

The sound field in an irregularly shaped room of 170.1 m?
with finite impedance boundary conditions as shown in
Fig. 12 is calculated using FG with MIR and with a conven-
tional Gauss rule for three meshes with different spatial reso-
lutions. The results are compared with reference solution.
Here, the solution calculated using FG with MIR for mesh
with high spatial resolution 1/dpax > 21.0 is assumed as a
reference solution because MIR basically performs better

30 ¢
E 25; - -l -MIR .
g i - -A- - Conventional
2 20
g :
= 15 |E
5 L
= 10k Ao LA
= SF Wy W |

0: L ] A

4 5 6 7 8910 20 30

A./dmax

FIG. 11. Comparisons of mean iteration numbers per time step of diagonal
scaled conjugate gradient method for both integration rules (distorted ele-
ments case).
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FIG. 12. Irregularly shaped room to be analyzed with a sound source point,
S and five receiving points, R1-RS5.

than a conventional Gauss rule, even for distorted elements,
as described in a previous section. Including the high-
resolution mesh with A/dp. > 21.0, we created three
meshes, and the remaining two meshes have spatial resolu-
tions of A/dpax > 7.0 and 14.0, respectively. The DOFs of
these meshes are, respectively, 557 403, 4374 117, and
14 667 679.

Regarding the boundary condition, the normalized
acoustic impedance ratios z,’s corresponding to statistical
absorption coefficients oy’s of 0.3 (ceiling), 0.15 (floor), and
0.08 (wall) are given for each boundary. The z,’s are derived
from the Paris formula with an assumption that z, is a real
number, which is defined as'’

8
o == |1+zs — —21In(1 +z,)|. (40)
z

Z 1+ 2z,

Further, we assumed that z,, is a frequency independent value
in the entire frequency range. With the assumptions, the
effect of phase changes and frequency dependence of imped-
ance boundary conditions are not tested here. The reverbera-
tion time calculated using Sabine’s equation is 0.91s.
Therefore, the sound pressure is calculated up to 1000 ms
with Ar=1/44 100 s.

Figure 13 presents the relation between the relative error
in sound pressure e, and nodal distance per wavelength for
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§
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102 -
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Aldmax

FIG. 13. Relation between the relative error from the reference solution and
the nodal distance per wavelength, 4/dma, for FG with MIR and the con-
ventional rule (finite impedance boundary case).
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FIG. 14. Comparisons of mean iteration numbers per time step of diagonal
scaled conjugate gradient method for both integration rules (finite imped-
ance boundary condition case).

FG with MIR and conventional rules. The e, is calculated
using reference solution instead of analytical solution.
Therefore, we assume here that results of FG with MIR for
mesh with A/dy.x > 21.0 give the lowest error. Results show
that FG with MIR gives lower error than FG with conven-
tional rules for mesh with same DOF. Based on numerical
results, the basic effectiveness of MIR for problem with real
and frequency-independent finite impedance boundary con-
ditions is confirmed. Finally, mean iteration numbers of di-
agonal scaled conjugate gradient method for both integration
rules are presented in Fig. 14. The mean iteration numbers of
diagonal scaled conjugate gradient method with MIR are
also less than those with conventional rules, and the Ry
for each mesh are 40.4% (1/dmax > 7.0), 38.3% (1/dmax
> 14.0), and 46.5% (1./dmax > 21.0), respectively.

V. CONCLUSIONS

To conclude, the applicability of the modified integra-
tion rule is tested for sound field analysis of an architectural
space using TD-FEM through dispersion error analysis and
numerical experiments. First, the dispersion error in finite-
element analysis with eight-node hexahedral elements is
evaluated through dispersion error analysis in three dimen-
sions, which provides the basis of estimating spatial resolu-
tion of a FE mesh and time resolution. Here, the dispersion
error analysis in three dimensions is an extension of that in
two dimensions described in Ref. 12. The analyses con-
firmed that using Fox—Goodwin method with the modified
integration rule of oy ; = o, = i\/m, fourth-order accu-
racy with respect to dispersion error is obtainable even in the
use of rectangular elements. The stability condition for
three-dimensional analysis using rectangular elements is also
shown, and the condition of three-dimensional analysis dif-
fers from that of two-dimensional analysis. Then, the accu-
racy and efficiency of FG with MIR are tested using three
numerical examples. From the problem with a source term,
we confirmed that FG with MIR has fourth-order accuracy.
Numerical evidence also shows that MIR fundamentally per-
forms much better than the conventional Gauss rule, even
for a problem with distorted elements, as well as finite im-
pedance boundary conditions (normal acoustic impedance
ratio of real and frequency independent values is assumed
here).
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Further, as another advantage of MIR in computational
efficiency, a Krylov subspace iterative method converges
more rapidly than a conventional Gauss rule for a problem
with the same DOF. The use of FG with MIR engenders effi-
cient computation with fewer DOF than the use of a conven-
tional Gauss rule to obtain results of the same level of
accuracy, and enables us to compute problems with larger
room volume and/or higher frequencies more efficiently.
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