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Abstract

This paper presents a finite element method (FEM) using hexahedral 27-
node spline acoustic elements (Spl27) with low numerical dispersion for room
acoustics simulation in both the frequency and time domains, especially at
higher frequencies. Dispersion error analysis in one dimension is performed
to increase the accuracy of FEM using Spl27 by modifying the numerical inte-
gration points of element stiffness and mass matrices. The basic accuracy and
efficiency of the FEM using the improved Spl27, which uses modified integra-
tion points, are presented through numerical experiments using benchmark
problems in both the frequency and time domains, revealing that FEM using
the improved Spl27 in both domains provides more accurate results than the
conventional method does, and with fewer degrees of freedom. Moreover, the
effectiveness of FEM using the improved Spl27 over that using hexahedral
27-node Lagrange elements is shown for time domain analysis of the sound
field in a practical sized room.
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1. Introduction

The finite element method (FEM) is a physically reliable numerical method
based on wave acoustics for room acoustics simulation in both frequency and
time domains[1, 2, 3, 4]. Because FEM is frequently said to be compu-
tationally expensive for room acoustics simulation with complex boundary
conditions, application of the method is restricted to low-frequency regions
in general, but the situation is changing quickly with the rapid progress of
computer technology and with the development of efficient methods. There-
fore, the use of the method has recently become a realistic option to predict
the sound field in an architectural space at the high-frequency region up to
some kilohertz.

The authors have developed an efficient FEM[5, 6, 7, 8, 9] using high-order
elements, namely, hexahedral 27-node spline acoustic elements (Spl27)[10,
11], preconditioned iterative methods, and parallel computation techniques,
to predict large-scale sound fields in rooms with many degrees of freedom
(DOF) accurately and efficiently in both frequency and time domains. Here,
we define frequency domain FEM and time domain FEM respectively as FD-
FEM and TD-FEM. Using the methods, several sound fields in rooms such
as concert halls and reverberation chambers have been predicted at low fre-
quencies below one kilohertz, where accuracies were examined by comparison
with measurements or other numerical methods[6, 12, 13, 14].

An issue of great concern in finite element (FE) analysis of acoustics is
associated with the efficient prediction of sound fields at high frequencies in
some kilohertz ranges with reliable accuracy. That issue is reduction of the
discretization error, called dispersion error, which is defined as the difference
between the exact wave number and numerical wave number or between exact
wave velocity and numerical wave velocity. Because of the error, a spatial
discretization requirement is imposed in the mesh generation process. For
time domain analysis, time discretization error must also be considered in
order to yield reliable results. Because these requirements engender a marked
increase of computational cost in analysis at high frequencies, many methods
have been proposed to reduce the dispersion error[10, 15, 16, 17]. A useful
review[15] presents methods for reducing the error in spatial discretization.

Among the methods, there exist a simple but surprisingly efficient method
for low-order elements, called modified integration rules (MIR)[16, 18], for
reducing the dispersion errors in both frequency and time domain analyses.
By simply changing numerical integration points of element matrices from
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conventional points in standard FEM using four-node quadrilateral elements,
the resulting FEM has fourth order accuracy with respect to dispersion er-
ror, whereas standard FEM has second-order accuracy. Therefore, the use
of MIR can reduce the computational cost markedly to yield similarly ac-
curate results as the standard FEM with low dispersion error. Recently, we
have applied MIR to TD-FEM using hexahedral eight-node elements and an
iterative method for room acoustics simulation[19]. The accuracy and effi-
ciency of the TD-FEM using MIR in three dimensions was presented over
conventional TD-FEM through three-dimensional dispersion error analysis
and numerical experiments, in which we also revealed that the use of MIR
improves the convergence of an iterative method to a marked degree.

When modeling sound fields with curved surfaces, discretization of the
computational domain using high-order FEs is more efficient than that using
first-order FEs such as eight-node hexahedral elements from the perspective
of accuracy in geometrical modeling. Furthermore, because the use of the
high-order FEs generally produces much more accurate results than first-
order FEs does, and with fewer DOF, development of more accurate and
efficient FEM using high-order FEs is beneficial to predict sound fields in
rooms with complex boundary conditions at high frequencies.

Therefore, the idea of MIR is applied herein to FEM using Spl27 as high-
order elements. As a consequence, we propose FEM having improved Spl27
that uses modified integration points in numerical integrations of element ma-
trices based on dispersion relation in one dimension. First, we briefly describe
theories of FD-FEM and TD-FEM for sound field analysis and Spl27. Sec-
ondly, a method to increase the accuracy of FEM using Spl27, which is based
on one-dimensional dispersion relation is presented, particularly addressing
reduction of only spatial discretization error. Furthermore, the accuracy
in one-dimensional analysis over FEM using conventional spline elements is
theoretically estimated as showing the dispersion errors for both methods
as a function of spatial resolution. We present the basic accuracy and effi-
ciency of FD-FEM and TD-FEM using the improved Spl27 over conventional
method assisted by numerical experiments using benchmark problems in the
frequency up to 4 kHz. Finally, the effectiveness of TD-FEM using Spl27
over standard Lagrange elements is demonstrated further.
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2. Theory

2.1. FEM for sound field analysis in frequency and time domains

The FE equation in the frequency domain for a three-dimensional sound
field (air density, ρ; speed of sound, c) with impedance boundaries and with
vibration boundaries, is derived from the principle of minimum potential
energy as

(K − k2M + ikC)p = iωρvnW , (1)

where K, M , and C respectively represent the global stiffness matrix, global
mass matrix, and global dissipation matrix. p is the sound pressure vector
and W is the distribution vector. k, ω, vn and i respectively denote the wave
number, the angular frequency, the velocity of vibration and the imaginary
unit. The respective global matrices K, M , and C are constructed from the
respective element matrices defined as follows:

Ke =

∫
Ωe

∇NT∇NdΩ, (2)

Me =

∫
Ωe

NTNdΩ, (3)

Ce =
1

zn

∫
Γe

NTNdΓ, (4)

with the normalized acoustic impedance ratio zn and shape function N . Ωe

and Γe respectively represent the region and surface areas of an element to be
integrated. p at an ω is obtainable by solving the linear system of equations
of Eq. (1) using a direct method or an iterative method.

FE formulation in the time domain of Eq. (1) can be written as

Mp̈ + c2Kp + cCṗ = ρc2v̇nW . (5)

p in time domain is calculable using a direct time integration method such
as Newmark β method[20]. Herein, a method in the Newmark family called
Fox–Goodwin method[21] is used for the time integration. The stability
condition of the Fox–Goodwin method is given as follows.

∆tcrit. ≤
1

ωmax

√
1/6

. (6)

Therein, ∆tcrit. is the critical time interval. The maximum natural frequency
of system ωmax is obtainable by solving a generalized eigenvalue problem
(Ke − ω2Me)pe = 0. Here, pe is sound pressure vector within an element.
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2.2. Spline acoustic elements

The Spl27[10, 11] is hexahedral 27-node isoparametric FEs using the nat-
ural cubic spline polynomial function Si for N . The shape function for Spl27
in three dimensions is defined as

Nm(ξ, η, ζ) = Si(ξ)Si(η)Si(ζ) (m = 1, 2, · · · , 27), (7)

with

(if ξi = ±1) Si(ξ) =

{
0.25ξ3 + 0.75ξ2 + 0.5ξiξ : ξ ∈ [−1, 0]
−0.25ξ3 + 0.75ξ2 + 0.5ξiξ : ξ ∈ [ 0, 1]

(8)

(if ξi = 0) Si(ξ) =

{
−0.5ξ3 − 1.5ξ2 + 1 : ξ ∈ [−1, 0]
0.5ξ3 − 1.5ξ2 + 1 : ξ ∈ [ 0, 1]

(9)

Here, ξ, η, ζ represent the coordinates of a hexahedron in a local coordinate
system. ξi is the local corner coordinate of the hexahedron in the ξ-direction.
For the η-direction and ζ-direction, the function forms of Si are identical.

3. Dispersion reduced spline acoustic elements

3.1. Dispersion error analysis in one dimension

The method described in 3.2., which was recently proposed by the authors
in a letter[22], uses a dispersion relation in one dimension to increase the
accuracy of FEM using Spl27. Here, the dispersion relation between exact
wave number k and numerical wave number kh is derived using a dispersion
error analysis in one dimension.

The dispersion error edis. is defined as

edis. =
|kh − k|

k
. (10)

In the equation presented above, kh for evaluating edis. can be derived ana-
lytically, using a FE mesh discretized by three-node spline line elements of
nodal distance d, as presented in Fig. 1.

The element matrices Ke and Me for the three-node spline line elements
are calculable using the Gauss-Legendre rules with three numerical integra-
tion points as

Ke =
3∑

i=1

Wi∇N (ξK
i )T∇N (ξK

i )det(J), (11)
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Figure 1: One-dimensional FE mesh used to evaluate dispersion error.

Me =
3∑

i=1

WiN (ξM
i )TN (ξM

i )det(J), (12)

with a shape function defined as

Nm(ξ) = Si(ξ) (m = 1, 2, 3). (13)

Here J represents a Jacobian matrix. Wi, ξK
i and ξM

i respectively represent
the weight and the local coordinates of the i th integration point for Ke and
Me. We assume W1 = W3, ξK

1 = −ξK
3 = −αK , ξK

2 = 0, ξM
1 = −ξM

3 = −αM ,
and ξM

2 = 0, considering the symmetry of the integration points.
Neglecting the dissipation term and the source term, the element coeffi-

cient matrix (Ae = Ke − k2Me) of Eq. (1) with three-node spline elements
is given as

Ae =

 a11 a12 a13

a22 a12

sym. a11

 , (14)

where

a11 =
W1[4 + 9α2

K(αK − 2)2] + 2W2

8d
− k2dW1α

2
M [4 + α2

M(αM − 3)2]

8
, (15)

a12 =
−9W1α

2
K(αK − 2)2

4d
+

k2dW1α
2
M [(α2

M − 2αM − 2)(αM − 3)(αM − 1)]

4
,

(16)

a13 =
W1[−4 + 9α2

K(αK − 2)2] − 2W2

8d
− k2dW1α

2
M [−4 + α2

M(αM − 3)2]

8
,

(17)

a22 =
9W1α

2
K(αK − 2)2

2d
− k2d[W1(2 + α2

M(αM − 3))2 + 2W2]

2
. (18)
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Furthermore, FE solutions at node x in free space are given as

ph
x = eikhx. (19)

The FE equation at a node x is

a13(p
h
x−2d + ph

x+2d) + a12(p
h
x−d + ph

x+d) + 2a11p
h
x = 0. (20)

Similarly, FE equations at nodes x − d and x + d respectively denote

a12p
h
x−2d + a22p

h
x−d + a12p

h
x = 0, (21)

a12p
h
x + a22p

h
x+d + a12p

h
x+2d = 0. (22)

Combining Eqs. (20)–(22) and substitution of Eq. (19) into the resulting
equation yields

a13 cos(2khd) + a11 −
a2

12

a22

[1 + cos(2khd)] = 0. (23)

After simplification, we obtain the numerical wave number kh as

kh =
1

2d
cos−1

(
−a11 +

a2
12

a22

a13 − a2
12

a22

)
. (24)

From the equation presented above, numerical wave number for three-node
spline line elements can be evaluated. For three-node spline line elements
using conventional Gauss-Legendre rules (αK = αM =

√
3/5, W1 = 5/9 and

W2 = 8/9), the kh is given as

kh =
1

2d
cos−1

[
3105 − 540

√
15 − 6(762 − 119

√
15)(kd)2 + (336 − 22

√
15)(kd)4

3105 − 540
√

15 + 6(273 − 61
√

15)(kd)2 − (48 − 26
√

15)(kd)4

]
.

(25)
Using the equation presented above, edis. for conventional three-node spline
line elements is evaluated as |kh − k|/k.

3.2. Numerical integration points for reducing dispersion error

A method for increasing the accuracy of FEM using Spl27 described here
uses the dispersion relation of Eq. (24) in which the numerical integration
points αK and αM of element stiffness and mass matrices are modified from
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conventional integration points. The modified integration points can be de-
rived from a condition that minimizes the dispersion error at an arbitrary
nondimensional wave number kd on one-dimensional mesh. More specifically
the numerical integration points αK and αM that satisfy kh = k in Eq. (24)
are calculated under the assumption that αK = αM , and the calculated inte-
gration points are used in calculation of element matrices by Eqs (2) and (3)
instead of using the conventional values. For simplicity, weights for i-th inte-
gration points use conventional values, i.e., W1 = W3 = 5/9 and W2 = 8/9.
Although the dispersion error appears as the coupling of spatial and time dis-
cretization errors in time-domain analysis, the method presented here deals
with reduction only of spatial discretization error.

3.3. Comparison of dispersion error in dispersion-reduced spline elements
with that in conventional spline elements

The dispersion error in FD-FEM using improved three-node spline line
elements that use modified integration points is theoretically evaluated using
Eq. (24) and compared with that in FD-FEM using conventional spline
line elements, to demonstrate the effectiveness. For the improved spline
elements, three modified integration points were designed: αK=αM=0.8700,
0.8669, and 0.8558. These were derived from the conditions that minimize
the dispersion error at kd corresponding to λ/d=4.8, 5.5, and 6.8, where λ
is the wavelength of the upper limit frequency. The other integration points
are derived from each condition, but the presented integration points are the
most effective values.

Figure 2 presents a comparison of dispersion errors in FD-FEM using the
improved spline elements that use three modified integration points and us-
ing conventional spline elements, as a function of spatial resolution of mesh.
As expected, dispersion errors for FD-FEM using the improved spline ele-
ments are minimized at the corresponding λ/d and significant error reduc-
tions achieved around λ/d. The theoretically evaluated results clearly showed
the effectiveness of FD-FEM using the improved spline elements over con-
ventional methods with smaller dispersion error in one dimension.

4. Numerical examination of the basic accuracy and efficiency of
an improved method using benchmark problems

The method described in the previous section modifies numerical integra-
tion points based on one-dimensional dispersion error analysis. Therefore,
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Figure 2: Comparison of dispersion errors as a function of spatial resolution for conven-
tional and improved spline elements.

the effectiveness in three-dimensional analysis remains unclear. This section
presents the basic accuracy and efficiency of FEM using Spl27, which uses
modified integration points based on one-dimensional dispersion error analy-
sis through the numerical experiments in both frequency and time domains.

For the investigations, two problems, B0-1F Task B and B0-1T Task A, of
the benchmark platform on computational methods for architectural / envi-
ronmental acoustics[23] were selected. These are the problems of computing
frequency response or transient response at three receiving points R2, R3,
and R4 inside a cubic cavity of 1.0 m3 (Fig. 3) with rigid boundaries. In the
problems, c=343.7 m/s and ρ=1.205 kg/m3 were respectively assumed.

Three FE meshes with different spatial resolutions were used. The respec-
tive values of λ/d are 4.29, 5.16 and 6.0 at 4 kHz. The respective correspond-
ing DOFs are 132,651, 226,981, and 357,911. An iterative method, namely,
Conjugate Gradient Conjugate Orthogonal (COCG) method[24] with abso-
lute diagonal scaling as a preconditioning was used to solve the linear system
of equations at each frequency in FD-FEM or at each time step in TD-FEM.
The convergence tolerance used for the stopping criterion was 10−6. For
improved Spl27, three modified integration points derived in the previous
section were again used, i.e., αK=αM=0.8700, 0.8669, and 0.8558.

9



R1

R2

R3
R4

S
O

0.5

0.5
0.5

0.4

0.3
0.2

x

y

z

1.0

1.0

1.0

Unit : m

Source point

Receiving point

Figure 3: Cubic cavity to be analyzed with a point source S and three receiving points
R2, R3, and R4 in the benchmark problems, B0-1F and B0-1T.

4.1. Frequency domain analysis

Sound pressures calculated using FD-FEM with the improved Spl27 and
using the conventional Spl27 were respectively compared with those calcu-
lated using modal summation method (MS) at frequencies of 20 Hz to 4 kHz
with 1 Hz interval. As a sound source, the volume acceleration iωvn=1.0
m3/s2 was given at source point S in each frequency.

Figure 4 presents comparisons of relative sound pressure levels of R2 at
higher frequencies of 3 kHz to 4 kHz calculated using MS and FD-FEM using
conventional Spl27 and improved Spl27(αK=αM=0.8700) for most coarse
mesh with λ/d=4.29. The agreement of frequencies, at which peaks and
dips occur, is much better between MS and FD-FEM using improved Spl27
than that using conventional Spl27, which means that dispersion error can be
reduced effectively by FD-FEM using improved Spl27 in three-dimensional
analysis.

Although quantitative estimation of accuracy in sound pressure at fre-
quencies having peak value between MS and FEM is difficult for this prob-
lem because all boundaries of the room have infinite acoustic impedance, we
simply calculated the following error in sound pressure level between modal
summation method and FD-FEM using conventional and improved Spl27 at
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(a) Modal summation method vs. FD-FEM using 

conventional Spl27

(b) Modal summation method vs. FD-FEM using improved 

Spl27 (αK = αM = 0.8700)
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Figure 4: Relative sound pressure levels at a receiving point R2 in frequencies of 3 kHz
to 4 kHz for FE mesh with λ/d=4.29: (a) MS vs. FD-FEM using conventional Spl27 and
(b) MS vs. FD-FEM using improved Spl27 (αK=αM=0.8700).

frequencies of 20 Hz to 4 kHz:

eL =
1

Nf

Nf∑
j=1

e(fj), (21)

with

e(f) =

√
1

N

∑N
i=1[LMSM(xi, f) − LFEM(xi, f)]2∑N

i=1 LMSM(xi, f)2
, (22)
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Figure 5: Comparison of relative errors in sound pressure level as a function of spatial
resolutions for FD-FEM using conventional Spl27 and using the improved Spl27.

where Nf and N respectively represent the number of frequencies and the
number of receiving points. LMSM(xi, f) and LFEM(xi, f) respectively repre-
sent the sound pressure level of frequency f at receiving point xi calculated
using modal summation method and FD-FEM using conventional and im-
proved Spl27. Figure 5 presents results for all meshes. Results show that
the errors in FD-FEM using improved Spl27 were reduced to 1/2.0–1/3.1 of
those in FD-FEM using conventional Spl27.

Furthermore, the convergence property of COCG method must be ex-
plained from the perspective of computational efficiency. Figure 6 shows a
comparison of the mean iteration number of COCG method at frequencies
of 20 Hz to 4 kHz. The use of the improved Spl27 engenders a slight increase
of iteration number for convergence, but the increase amounts to only 1.09
times the number in the use of conventional Spl27 at maximum. It can be
considered that the increase of iteration number using the improved Spl27 is
not significant compared to that of operation using finer FE mesh.

The numerical evidences in accuracy and convergence property clearly
showed the effectiveness of FD-FEM using improved Spl27 that uses modi-
fied integration points based on one-dimensional dispersion error analysis for
three-dimensional analysis.
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Figure 7: Waveform of a modulated Gaussian pulse for sound source and its frequency
characteristics (a) waveform. (b) frequency characteristics.

4.2. Time domain analysis

The sound pressures calculated using TD-FEM with the improved Spl27
and using the conventional Spl27 were, respectively, compared with analytical
solution calculated using an analytical method (method of variable separa-
tion) with Gaussian pulse[25]. Here, the upper limit frequency was assumed
as 4 kHz. A modulated Gaussian pulse was given at source point S as a
volume acceleration waveform. Its waveform and frequency characteristics
are given in Fig. 7.

The sound pressure was calculated up to 50 ms with the time interval ∆t
= 1/48,000 s for TD-FEM using improved Spl27 and with ∆t = 1/55,000 s
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for conventional Spl27, respectively. These ∆t’s were determined to satisfy
the stability condition of Eq. (6) for FE mesh with λ/d=6.0. For TD-FEM
using improved Spl27 that uses three modified integration points, the crit-
ical time intervals are, respectively, 1/46,682 s (αK=αM=0.8700), 1/46,909
s (αK=αM=0.8669) and 1/47,738 s (αK=αM=0.8558). The value for con-
ventional method is 1/54,421 s. Here, the stability condition was relaxed
using modified integration points. Approximately 1.14∼1.17 times larger ∆t
can be used for the presented modified integration points. To confirm the
relaxation theoretically, as an example, ωmax in the stability condition of Eq.
(6) for one-dimensional analysis using three-node spline elements is given as

ωmax = max

[
3c√

5dαM

,
9cαK(αK − 2)

2dα2
M(αM − 3)

]
. (26)

From the equation above, the ωmax depends clearly on αK and αM , and
the relaxation of the stability condition for improved method can be found,
substituting conventional and modified integration points into Eq. (26), re-
spectively. Although this relaxation in low-order four-node quadrilateral and
eight-node hexahedral FEs for two and three-dimensional analyses has been
pointed out[16, 19], we newly revealed here the effect for the high-order spline
elements.

Figure 8 presents comparisons of sound pressures at R3 calculated using
the analytical method and TD-FEM using conventional Spl27 and improved
Spl27 (αK=αM=0.8669) for most coarse mesh with λ/d=4.29. The fine struc-
ture of sound pressure calculated using TD-FEM using the improved Spl27
agrees well with analytical solution, and the agreement is much better than
that between TD-FEM using conventional Spl27 and analytical method, with
smaller numerical oscillation. As shown in Fig. 9, the small oscillation in
sound pressure calculated using TD-FEM using the improved Spl27 disperse
for finer mesh with λ/d=6.0, whereas the oscillation can still be observed
in sound pressure after the first reflection calculated using TD-FEM using
conventional Spl27.

For quantitative estimation of accuracy in TD-FEM using improved Spl27,
the relative error in sound pressure between analytical method and TD-FEM
using conventional and improved Spl27 was calculated as

ep =
1

Nstep

Nstep∑
j=1

e(tj), (27)

14



Analytical Conventional

Improved (αK = αM = 0.8669)

0.0 0.005 0.010

Time [s]

0.015 0.020

(a) Analytical method vs. TD-FEM using conventional Spl27

(b) Analytical method vs. TD-FEM using improved Spl27 (αK = αM = 0.8669)

0.12

0.00
S

o
u

n
d

 p
re

ss
u

re
 [

P
a]

-0.12

0.08

0.04

-0.04

-0.08

Analytical Improved (αK = αM = 0.8669)

Time [s]

(a) Analytical method vs. TD-FEM using conventional Spl27

(b) Analytical method vs. TD-FEM using improved Spl27 (αK = αM = 0.8669)

Analytical
0.12

0.00

S
o

u
n

d
 p

re
ss

u
re

 [
P

a]

-0.12

0.08

0.04

-0.04

-0.08

0.0 0.005 0.010

Time [s]

0.015 0.020

Figure 8: Comparison of sound pressures at R3 for FE mesh with λ/d=4.29: (a) Analytical
vs. TD-FEM using conventional Spl27 and (b) Analytical vs. TD-FEM using improved
Spl27 (αK=αM=0.8669).

with

e(t) =

√
1

N

∑N
i=1[pAna.(xi, t) − pFEM(xi, t)]2∑N

i=1 pAna.(xi, t)2
, (28)

where Nstep denotes the number of time steps. pAna.(xi, t) and pFEM(xi, t)
denote sound pressures at receiving point xi at time t calculated using the
analytical method and TD-FEM using conventional and improved Spl27,
respectively. Figure 10 presents a comparison of relative errors for all meshes,
in which the errors in TD-FEM using improved Spl27 were reduced to 1/2.0–
1/3.7 of those in TD-FEM using conventional Spl27 for mesh with same λ/d.

To present further advantages of using the improved Spl27, Figure 11
shows a comparison of mean iteration number of COCG method in TD-
FE analysis using conventional and improved Spl27 for each mesh. Results
show that mean iteration numbers for improved Spl27 are less than those
for conventional Spl27, which means the use of improved Spl27 engenders
improvement in convergence property of the iterative method. Including the
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Figure 9: Comparison of sound pressures at R3 for FE mesh with λ/d=6.0: (a) Analytical
vs. TD-FEM using conventional Spl27 and (b) Analytical vs. TD-FEM using improved
Spl27 (αK=αM=0.8669).
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Figure 11: Mean iteration numbers of COCG method as a function of spatial resolution
for TD-FEM, obtained using conventional and improved Spl27.

reduction effect of time-step because of the relaxation of stability condition
presented above, the reduction rate of number of iterations of 36.5%–43.9%
were obtained. Improvement in convergence of the iterative method can also
be found for low-order eight-node hexahedral FEs with modified integration
points[19].

Results of numerical experiments showed the effectiveness of TD-FEM
using improved Spl27 over the conventional method in term of accuracy and
computational efficiency for three dimensional analysis.

5. Comparison of accuracy and efficiency of the improved method
with those of FEM using conventional hexahedral 27-node ele-
ments with Lagrange polynomial function

The accuracy and efficiency of the TD-FEM using improved Spl27 is fur-
ther demonstrated by comparison with TD-FEM using standard hexahedral
27-node elements with Lagrange polynomial function (Lag27) for a more
practical sized room. The sound field in a rectangular room of dimensions of
3 m × 4 m × 2.5 m with acoustically rigid boundaries was analyzed using
both methods and the computed sound pressures up to 50 ms were compared
with analytical solutions. The sound source was located at a position (1.0,
1.0, 1.25) and 69 receiving points were located at (1.0, 0.1–3.5 with 0.1 steps
but 1.0 is for source, 1.25) and (2.0, 0.1–3.5 with 0.1 steps, 1.25). The same
sound source as that in the previous section was used.

17



5.1. Setup of FE analysis

The rectangular room was discretized by rectangular elements and spatial
resolution λ/dmax of the mesh with DOF of 9,783,015 is 5.64 at 4 kHz, where
dmax is the maximum nodal distance. Three modified integration points pre-
sented in the previous section were used for the improved Spl27. The time
intervals ∆t’s for TD-FEM using improved Spl27 and Lag27 are, respec-
tively, 1/47,000 s and 1/65,000 s, where the critical time intervals are, respec-
tively, 1/45,725 s (αK=αM=0.8700), 1/45,947 s (αK=αM=0.8669), 1/46,759
s (αK=αM=0.8558) and 1/64,537 s (Lag27). Here, it was presented that the
larger time interval is available for the improved method.

5.2. Results and discussions

Figure 12 shows sound pressures at a position (2.0, 3.5, 1.25) calculated
using the analytical method and TD-FEM using improved Spl27 (αK=αM=0.8669)
and Lag27. A fine structure of sound pressure calculated using TD-FEM us-
ing improved Spl27 agrees well with that calculated using an analytical solu-
tion, whereas numerical oscillation is observed for sound pressure calculated
using TD-FEM using Lag27. The relative errors from an analytical solu-
tion for TD-FEM using both improved Spl27 and Lag27 are, respectively,
0.032(αK=αM=0.8700), 0.028 (αK=αM=0.8669), 0.028 (αK=αM=0.8558)
and 0.086 (Lag27). Furthermore, the mean iteration numbers for both meth-
ods are, respectively, 6.98 (αK=αM=0.8700), 7.0 (αK=αM=0.8669), 7.1 (αK=αM=0.8558)
and 11.2 (Lag27). Including the effect of reduction of time steps, reduction
rates of number of iteration of 54.3–54.8% were obtained. These results un-
derscore the effectiveness of TD-FEM using improved Spl27 over that using
Lag27.

6. Conclusions

For efficient room acoustics simulation with complicated boundary condi-
tions at higher frequencies, this paper presented an FEM using the improved
Spl27 that uses modified integration points in numerical integrations of el-
ement matrices based on dispersion relation in one dimension. Here, we
specifically examined reduction of only spatial discretization error. The ba-
sic accuracy and computational efficiency over FEM using conventional Spl27
and Lag27 were tested through numerical experiments in three dimensions,
where frequencies up to 4 kHz were analyzed. Numerical experiments using
benchmark problems in both frequency and time domains showed that FEM
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Figure 12: Sound pressures at (2.0, 3.5, 1.25) obtained from the analytical method
and TD-FEM using both elements: (a) Analytical vs. TD-FEM using improved Spl27
(αK=αM=0.8669) and (b) Analytical vs. TD-FEM using Lag27.

using the improved Spl27 provides more accurate results than FEM using
conventional Spl27 in both domains, on the FE meshes with the same spa-
tial resolution. We also showed additional advantages using improved Spl27,
i.e., relaxation effect of stability condition and improvement in convergence
of an iterative method, for time domain analysis. Furthermore, a numeri-
cal experiment with a practical sized room showed TD-FEM using improved
Spl27 performs better than that using Lag27 with fewer time steps and with
a better convergence property of the iterative method.

As the results showed, it can be concluded that the presented FEM en-
ables us to predict sound fields of rooms at the high-frequency region more
accurately than conventional methods can, and with a lower computational
cost.

As a subject of future study, it might be possible to reduce the dispersion
error further by modifying both numerical integration points and weights
in numerical integration process. Application of the improved method to
sound field analysis with complicated geometry and with finite impedance
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boundary conditions is also a subject of future research.
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