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1. Introduction
This paper describes reduction of the dispersion error

of absorption finite elements (FEs) based on an equivalent
fluid model, which has been used widely to model porous
sound absorbers in the acoustic finite element method (FEM)
[1–7]. In absorption FEs, the air in a rigid porous medium is
modeled at a macroscopic scale as an equivalent fluid with
a complex effective density and a complex bulk modulus.
The model incorporates consideration of the dissipative
effects of viscosity and heat conduction. In doing so, sound
propagation in a rigid porous medium is described by a
Helmholtz equation with a complex wavenumber.

Acoustic finite element analysis governed by Helmholtz
equation is well known to have inherent discretization error,
called dispersion error, which is defined as the difference
between the exact wavenumber and the numerical wave-
number. Because of that error, the spatial discretization
requirement, known as a rule of thumb, is imposed to yield
reliable results. The dispersion error can be reduced by
increasing mesh resolution, but the strategy is computation-
ally expensive for large-scale problems such as analyses in
spatially large domains. Several methods that been well
reviewed in the literature have been designed to achieve
efficient analyses by reducing the dispersion error [8]. For
reducing the dispersion error of absorption FEs based on an
equivalent fluid model, the present paper uses a simple
dispersion reduction method called modified integration rules
(MIR) [9].

MIR reduces the dispersion error by simply changing the
numerical integration points of element stiffness and mass
matrices from conventional integration points, without addi-
tional computational cost. The modified integration points
are derived using dispersion error analysis to minimize the
dispersion error. Some reports have described the effective-
ness of MIR for wave propagation problems with real
wavenumbers [9–11]. However, the applicability of MIR to
absorption FEs based on an equivalent fluid model that
discretizes the Helmholtz equation with complex wavenumber
remains unclear.

This paper first presents that the dispersion error of eight-
node hexahedral absorption FEs is reduced by the same MIR
as in the case of real wavenumber. Then two basic plane wave

propagation problems in a porous domain and coupled air-
porous domain demonstrate the effectiveness of absorption
FEs using MIR.

2. Theory
2.1. Absorption FEs based on an equivalent fluid model

Sound propagation in isotropic porous media �p (com-
plex effective density: �e, complex bulk modulus: Ke) with a
rigid frame is described by the following Helmholtz equation
with complex wavenumber ke as

r2pþ k2
e p ¼ 0; ð1Þ

where p represents the sound pressure. The FE discretization
of the weak form of Eq. (1) engenders the following system of
linear equations

Kp � k2
eMp þ ik0

�e

�0

� �
Cp

� �
p ¼ i!�evpW ; ð2Þ

with rigid, vibration, and impedance boundary conditions. As
shown above, Kp, Mp, Cp respectively represent the stiffness,
mass, and dissipation matrices. Vectors p and W are the sound
pressure vector and distribution vector. Furthermore, i, �0, !,
and vp respectively denote the imaginary unit, air density,
angular frequency, particle velocity at the boundary of �p.
In the use of the equivalent fluid model, the quantities of
complex effective density �e and complex bulk modulus Ke of
equivalent fluid (or complex wavenumber ke and character-
istic impedance Zc) are necessary. These quantities are
obtained from empirical models such as the Miki model
[12] and semi-phenomenological models such as the JCA
model [13]. The present analyses use the Miki model [12] to
calculate the ke and Zc of porous material.
2.2. Coupling of air-porous domains

Sound propagation in air domain �0 (air density, �0; bulk
modulus, K0) is described using the following Helmholtz
equation with real wavenumber k0 as

r2pþ k2
0 p ¼ 0: ð3Þ

The FE discretization of the equation above with rigid,
vibration, and impedance boundary conditions engenders a
linear system of equations for �0:

½K0 � k2
0M0 þ ik0C0�p ¼ i!�0v0W ; ð4Þ

where K0, M0, and C0 respectively denote the stiffness, mass,�e-mail: okuzono@port.kobe-u.ac.jp
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and dissipation matrices in terms of �0. Furthermore, v0 is the
particle velocity at the boundary of �0. The air domain �0

and porous domain �p are coupled by the continuity condition
of sound pressure and particle velocity at the interface of both
domains. The coupled linear system of equations is expressed
as

½ðK0 � k2
0M0 þ ik0C0Þ

þ ð"Kp � "k2
eMp þ ik0CpÞ�p ¼ i!�0vW ; ð5Þ

with parameter " ¼ �0=�e. The value v is the particle velocity
of boundary surfaces.
2.3. Modified integration rules

For the eight-node hexahedral FEs the Gauss–Legendre
rules with two integration points in each direction are
commonly used to calculate the element stiffness and mass
matrices. The integration points are given as

�k ¼ �m ¼ �
ffiffiffiffiffiffiffiffi
1=3

p
; ð6Þ

where �k and �m respectively denote the integration points of
element stiffness and mass matrices. Instead of Eq. (6), MIR
uses the following modified integration points [9] derived
from dispersion error analysis as

�k ¼ �m ¼ �
ffiffiffiffiffiffiffiffi
2=3

p
: ð7Þ

As described previously, the effectiveness of MIR for wave
propagation problems with real wavenumber has been
demonstrated in earlier papers [9,11]. Nevertheless, the
applicability for the problems with complex wavenumber
has not been discussed.

3. Dispersion error analysis
The dispersion error is defined as the relative error

between exact complex wavenumber ke and numerical
complex wavenumber ~ke. In a spherical coordinate system,
the solution is a plane wave of the form exp½ikeðx sin � cos �þ
y sin � sin�þ z cos �Þ�, where � and � respectively denote the
azimuth and elevation. The approximate solution of the plane
wave is given as

~px;y;z ¼ exp½i ~keðx sin � cos�þ y sin � sin�þ z cos �Þ�: ð8Þ

Hereinafter, we consider plane wave propagation in
infinite porous media, discretizing uniformly by rectangular
eight-node hexahedral FEs of size dx � dy � dz. In the actual
evaluation of dispersion error, only a region that consists of
eight elements is examined here, as shown in Fig. 1. The
dispersion error can be evaluated by constructing the FE
equation of Eq. (2) at the center node ðx; y; zÞ. Then
substituting the approximate plane wave solution of Eq. (8)
into the FE equation engenders the following dispersion
relation between ke and ~ke as

ke ¼
2

dxdydz

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C0xByBzd2

yd
2
z þ C0zBxByd2

xd
2
y þ C0yBzBxd2

z d
2
x

AxAyAz

s
; ð9Þ

with

Ax ¼ �2
kCx � �2

k � 1� Cx; Ay ¼ �2
kCy � �2

k � 1� Cy;

Az ¼ �2
kCz � �2

k � 1� Cz; Bx ¼ �2
mCx � �2

m � 1� Cx;

By ¼ �2
mCy � �2

m � 1� Cy; Bz ¼ �2
mCz � �2

m � 1� Cz;

C0x ¼ Cx � 1; C0y ¼ Cy � 1; C0z ¼ Cz � 1; ð10Þ

and

Cx ¼ cosð ~kedx sin � cos�Þ; Cy ¼ cosð ~kedy sin � sin�Þ;

Cz ¼ cosð ~kedz cos �Þ: ð11Þ
Taking Taylor expansion of ke in terms of ~ke, the dispersion
error for conventional integration points of Eq. (6) can be
expressed approximately as

ke � ~ke

ke

�
k2
e

24
ðd2

x sin4 � cos4 �þ d2
y sin4 � sin4 �

þ d2
z cos4 �Þ: ð12Þ

The conventional eight-node hexahedral absorption FEs have
second-order accuracy in terms of dispersion error. However,
the dispersion error with modified integration points of
Eq. (7) is given approximately as

ke � ~ke

ke

�
�k4

e

480
ðd4

x sin6 � cos6 �þ d4
y sin6 � sin6 �

þ d4
z cos6 �Þ: ð13Þ

The absorption FEs with MIR have fourth-order accuracy.
The MIR reduces the dispersion error even for a Helmholtz
equation with a complex wavenumber.

4. Numerical experiments
The performance of absorption FEs with MIR was tested

using two plane wave propagation problems: plane wave
propagation in a porous domain and plane wave propagation
in an air–porous domain. We also use conventional air and
absorption FEs for comparison.
4.1. Plane wave propagation in a porous domain

We consider plane wave propagation in porous domain
�p (the flow resistivity of medium R ¼ 5;000; 10;000; 20;000

N s/m4) with vibration boundary �v (vp ¼ 1 m/s) and rigid
boundary �0, as presented in Fig. 2(a). The sound pressure
was calculated, respectively, at 1 kHz, 1.5 kHz, 2 kHz,
2.5 kHz, and 3 kHz. Cubic elements with the length of
0.025 m were used for spatial discretization. The theoretical
sound pressure pp at point x is calculated using superposition

dx

dz

dy
x

y

z

(x, y, z)

Ωp,e

Fig. 1 27 node 8 element patch for dispersion error
analysis: �p,e represents an absorption element.
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of two plane waves propagating toward the positive and
negative abscissas,

ppðxÞ ¼ Ae�ikex þ A0eikex; ð14Þ

with the following boundary conditions:

@ppð0Þ
@n
¼ �i!�evp;

@ppð0:5Þ
@n

¼ 0: ð15Þ

Figure 3 presents a comparison of sound pressure level
(Lp) at 2 kHz among theory, FEM with the absorption FEs
using MIR and FEM with conventional absorption FEs for the
case of R ¼ 20;000 N s/m4. The present FEs with MIR agree
well with theory. Conventional FEs tend to underestimate
dissipation for longer propagation distance. Although the
result is omitted, the present FEs with MIR tend to over-
estimate the dissipation for longer propagation distance at
higher frequencies. The results are the same as those obtained
in cases with other flow resistivity values. Figure 4 shows
the relative error norm eL of Lp in terms of location x in �p

calculated as

eL ¼
kLp � ~Lpk2
kLpk2

; ð16Þ

where Lp and ~Lp respectively represent the theoretical and
numerical values. The present FEs with MIR are more
accurate than the conventional FEs in all cases. The present
FEs show nearly equal error up to 2 kHz independent of the
flow resistivity values. At higher frequencies, the error
increases for larger flow resistivity, but the magnitude is
smaller than that of the conventional FEs.
4.2. Plane wave propagation in air–porous domain

We consider a plane wave propagation in air �0–porous
domain �p (R ¼ 5;000; 10;000 N s/m4) with vibration boun-

dary �v (v0 ¼ 1 m/s) and rigid boundary �0, as presented in
Fig. 2(b). The sound pressure was calculated, respectively, at
1 kHz, 1.5 kHz, 2 kHz and 2.5 kHz. Element size is the same
as that given in the previous section. The theoretical sound
pressure at point x is given as

p0ðxÞ ¼ Ae�ik0x þ A0eik0x ð�0:5 � x � 0Þ;

ppðxÞ ¼ Be�ikex þ B0eikex ð0 � x � 0:2Þ; ð17Þ
with the following boundary conditions of

@p0ð�0:5Þ
@n

¼ �i!�0v0;
@ppð0:2Þ
@n

¼ 0;

�
1

i!�0

@p0ð0Þ
@n
¼ �

1

i!�e

@ppð0Þ
@n

; p0ð0Þ ¼ ppð0Þ; ð18Þ

where p0 denotes the sound pressure in �0.
Figures 5 and 6 present complex sound pressure at

1.5 kHz and 2.5 kHz among theory, FEM with MIR in both
air and porous domains, and conventional FEM without MIR
in both domains, for the case of R ¼ 10;000 N s/m4. Both the
present FEM with MIR and conventional FEM show good
agreement with theory at 1.5 kHz. However, detailed obser-
vations show that the conventional FEM has slightly longer
wavelength with increasing distance x. This results from the
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Fig. 2 Plane wave propagation problems in (a) a porous
domain and (b) air–porous domain.
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Fig. 4 Relative error norm eL of FEM with absorption
FEs using MIR (MIR), and FEM with conventional
absorption FEs (Conv) for the case with R ¼ 5;000,
10,000, and 20,000 N s/m4.
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slight increase of numerical sound speed, as expected from
Eq. (12). At 2.5 kHz, the present FEM shows much better
agreement than the conventional FEM. The conventional
method shows marked discrepancy because of the larger
dispersion error. We measured the relative error norm ep of
complex sound pressure in terms of location x, which is
defined as

ep ¼
kp� ~pk2
kpk2

; ð19Þ

where p and ~p respectively denote theoretical and numerical
complex sound pressure. Figure 7 presents the results. It is
clear that the present FEM with MIR exhibits lower error in
all cases.

5. Conclusions
Dispersion error analysis showed that the eight-node

hexahedral absorption FEs based on equivalent fluid model
has fourth-order accuracy in terms of dispersion error using
the same MIR, as in the case of a real wavenumber.
Furthermore, the two basic plane wave propagation problems
confirmed that absorption FEs using MIR show better
accuracy than conventional FEs, even in coupled analysis of
air–porous domains. More detailed error analyses under
various conditions remain as subjects of future research.
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