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We establish a concrete correspondence between a gradient flow and the renormalization group
flow for a generic scalar field theory. We use the exact renormalization group formalism with a
particular choice of the cutoff function.
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1. Introduction

The gradient flow, introduced in Refs. [1,2], has been attracting much attention lately. It is a continuous
diffusion oflocal fields, well defined not only in continuum space but also on discrete lattices. The flow
is much reminiscent of the renormalization group transformation [3], and it is especially important
for lattice theories which had only discrete renormalization group transformations available.

The gradient flow has been used for scale setting and for the definition of a topological charge
[2] (see Ref. [4] for a review). It has also been used to compute the expectation values of physical
quantities such as the energy—momentum tensor via small diffusion time expansions [5] of local
products of fields [6,7]. Conversely, the diffusion in the large-time limit leads to non-trivial infrared
behaviors of theories such as scalar theories with O(/V) invariance and QCD with massless quarks;
see, for instance, Refs. [8,9].

The similarity between the gradient flow and the renormalization group flow was already pointed
out at the beginning [2] and has been pursued further [8—15]. The purpose of this paper is to establish a
concrete correspondence between the two flows for a generic real scalar field theory in D-dimensional
Euclidean space. We introduce Wilson actions with a finite momentum cutoff using the formalism
of the exact renormalization group (ERG) [3]. Many readers may not have sufficient familiarity
with the formalism, and we have chosen to give ample background material at the expense of the
paper’s brevity.

In the gradient flow we introduce a diffusion time ¢+ > 0, and extend the local field ¢ (x) in D-
dimensional space by the solution of the diffusion equation (with no non-linear terms; see Ref. [16]
for the motivation for this simple choice):

al(p(t7x) = 82¢(t7x)9 (1)

where ¢(0,x) = ¢(x). We will show that the correlation functions of the diffused field ¢(¢,x)
evaluated in the bare action Sp,re 0f the theory are given by the correlation functions of the elementary
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field ¢ (x) evaluated in the Wilson action S, with a finite momentum cutoff A:

((p(tax)z Sbare) — (¢(X),SA), (2)
where ¢ and A are related by
1
t= vk 3)

Based on the correspondence in Eq. (2), the renormalized nature of the diffused field results from
the finite momentum cutoff of the Wilson action.

We organize the paper as follows. In Sect. 2 we give a brief overview of the ERG formalism; we
provide more as we proceed. In Sect. 3 we derive a gradient flow from ERG. We consider a generic
scalar theory, not necessarily renormalizable, and consider the behavior of the gradient flow at large
diffusion times. In Sect. 4 we extend the gradient flow to renormalizable theories. We follow Sect. 12
of Ref. [3] to renormalize a theory non-perturbatively. This is to prepare for the discussion of the
gradient flow at small diffusion times in Sect. 5, where we derive the small-time expansions of local
products of the diffused field. In Sect. 6 we conclude the paper.

We use the following shorthand notation for the momentum integrals:

dD
/p;/ﬁ, 5(p) = 2m)PsP (p). (4)

2. Overview of the ERG formalism

We give a brief overview of the exact renormalization group. There are many reviews available on the
subject (see Ref. [17] and references therein); we follow the convention of Ref. [18] in the following.
Let Sa[¢] beaWilson action of areal scalar field with amomentum cutoff A. The cutoff dependence
of the Wilson action is determined so that the physics contents remain unchanged. We use the
convention that the Boltzmann factor of functional integration is e5[¢] rather than the more common
e=5A9] The A dependence is given by the ERG differential equation in momentum space:

_AieSA[fp] — / [(A(p/A) _ Q) ¢(p)_8
p

A Kp/A) 2 s¢(p)
Ap/A) —nK(p/AN) (1 —K@p/A) 1 52 SAd]
+ 2 ~ € 5 (5)
p 28¢(p)dg(—p)
where K(p/A) is a positive cutoff function that decreases rapidly as p — oo, and
d
Ap/A) = MK (p/A). (©)

We have introduced a constant anomalous dimension 7 > 0. Any cutoff function will do as long as
K0)y=1, Ilim K(p/A)=0. (7)
p—>00
In this paper we choose
_ 2/A2
K(p/A) =e? (8)

so that the inverse squared cutoff 1/A? can play the role of a diffusion time ¢ for the gradient flow.
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Given a bare action Spyre[¢p] at Ag, we can solve Eq. (5) for A < A by an integral formula [18]:

p2

1
Salel _ ’ n__=
_/[d¢]exp Sbarel®'] 2/p( >771 “K@/h) <A0>n1—K(p/Ao)
m

K@/A) m K(@/Ao)

"
5 (@)3 ¢'(p) (3)3 $(P) <_) ) (g)g ¢ (—p) o)
w/) Kp/ho) \u) K@p/A) w) Kp/ho) \n) K@/N))|

The dependence on the reference momentum p is only apparent. In the next section we use this

formula to relate the correlation functions of Sz to the bare correlation functions.

As it is, the ERG differential equation of Eq. (5) has no fixed point. To obtain an ERG differential
equation with a fixed point, we must measure dimensionful quantities in units of appropriate powers
of the cutoff A. We introduce a dimensionless field with a dimensionless momentum by

- _ P
P=-r (10)
$() = AT p(pA). (1)
Defining 7 = In &, we can rewrite Eq. (5) for
S:[¢] = Sale] (12)
as follows:
AP Ap) D+2 g
Sclo] . 1 -
w8 [ (55 + 25 -3+ %) b0
A(P) —nK(p) (1 -K(p)) 1 52 i| Seld1 (13)
P* 256(5)8¢(—p)

With an appropriate choice of 7, this can have a non-trivial fixed point action S* for which the
right-hand side above vanishes.

3. Derivation of a gradient flow

To derive a gradient flow for the scalar field, we need to rewrite Eq. (9) for S:[#]. The calculation is
straightforward, and we just write down the result:

S. [zj}] / / 1 1_72
el = /[d¢]exp|:5bare[¢]_ 5/: —
P1-KG) (%)” 1K (p4y)

Aoy

X((ﬂ) A9 ¢@>)((ﬂ>" AT ¢/(=pA) ¢(—ﬁ))]. (14
W k) ) Ty

We introduce the generating functionals for S; and Spyre:

\_/O

Z[J] = / [d¢]exp [Sf[éH f J(—ﬁ)«i@)], (15)
P
ZolJ'] = / [d¢'] exp [Sbare[gb/] + / J/(—p)as’(p)]. (16)
P
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By substituting Eq. (14) into Eq. (15), and integrating over ¢ first, we obtain [17]

K]

f b2 A
Ze1 = / (') exp | Sharel'] + f J(—p)K(p)< ) Z(L(”)

= A
1 _K@? | 1-K@  [(Ao)' !~ KPA—O>
2/”’”‘](_) 7 | K@) _<A)

= A
L o[- - K@ |1-K@ (Ao “—K<A—o>
=Zo [J'] exp —ﬁJ(p)J(—p) = - —<—) ——1( |, a7
2 J; P K(p) A K( AAO)
where J' is given by
TGA) = J (@) —) (%)2 AT (18)

k()

The extra quadratic term in the J only affect the two-point function.
The result in Eq. (17) implies that the two-point function of S, differs from that of Spare by
normalization and a shift, both momentum dependent:

2
- - Ao\ K(p
6@ @)5 = (XO) AP+ _—(’;) (@BAS@GN))s, .
K (p1)
+3@+‘)K@2 - X®) _ (ﬂ)nﬂ (19)

The connected parts of the higher-point functions are simply related by the same change of
normalization as

n conn A 7 % “ K _l' - - nn
(6@) - @) =<<7") AD+2> ]‘[_LA)-<¢@1A)---¢@,1A>>§§M, (20)
i=1 K <PiA—0)

where n # 2. (These results are well known in the ERG literature; see, for example, the review
article in Ref. [17].)
To understand the above results better, let us introduce a A-dependent field by

Kp/A)
21
@(t,p) = K(p/A)cb(p) (21)

where the diffusion time ¢ is given by

[—1 1 eZ‘L’ 1 (22)
=N2 T A2 7T 2T a2
A Aj W Aj

Using the explicit form in Eq. (8) of the cutoff function, we obtain

o(t.p) = e 7 $(p). (23)
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In coordinate space, this gives

o(t,x) = f P t,p), (24)
P
which satisfies the diffusion equation
(3 — 3%) p(t,x) =0 (25)
and the initial condition
000 = 900 = [ 9. 26)
P
Integrating Egs. (19) and (20) over the momenta, and using the notation ¢, we obtain
- Ao\" oo K(p) (1 - K(Pp))
o)y = (20) a2 o)y, [KOLZED g
p
i} Ao\" 5 \?
(po"e™ = ((X) A? D) (o0 (28)

where, assuming A < Ag and n < 2, we have set K(pA/Ag) = 1 in evaluating the constant shift

in the two-point function. The above gives an explicit relation between the expectation values of the

diffused fields with the bare action and those of the elementary fields with the Wilson action.
Using Egs. (27) and (28), we obtain, for example,

L .
2 - 2 - _ S N2°
b, le@?s,. (192, — J, KzKon)

Similarly, we obtain

A2 (e 0025 (9.6@3.8()5, — [,KP) (1 - K(p)) 0

2 7 Kp)(A-KPp))
(D25, (@2, — J; “RGEE
Suppose the bare theory Spar is critical so that S; approaches a fixed point as T — oo (hence
t — 00):
rli)n;OS} =S* (31

We then obtain

o (* e

( 2)§bare -3 tjf <¢ >S - (32)

n K@ (A-K(p))
(e, <<¢2>S* ~; 5—2)

L (ke 00,005 o (@b @)5. — [ KE) (1= K@)
RN

2 y K@ A-KPp)
(o(0?) ()5, — J, KO KD

(33)

Sbare

The large-¢ behavior of the left-hand sides have been calculated explicitly in the large-N limit of the
O(N) linear sigma model in D = 3 [13,14].
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4. Gradient flow for a renormalizable theory

We next consider a bare action Spyre that corresponds to a renormalizable theory. To discuss renor-
malization non-perturbatively, we need to construct a renormalized trajectory S, that can be traced
back to the fixed point S* under the ERG flow:

lim S, =S*. (34)

T—>—00

Let us outline the construction of the renormalized trajectory, following Sect. 12 of Ref. [3].
Given a bare action Spare[¢p] With momentum cutoff Ay, let

Sbare [é] = Spare [¢] (35)

be the corresponding action for the dimensionless field

- D2

o) = Ay* d(PAo). (36)
We can take the dimensionless squared mass m? as the free parameter of the bare action Share (M) [P].
We assume that the theory is critical at

-2 __ =2
m- = mg

(37

re

This means that the solution S; of the ERG differential equation Eq. (13) with the initial condition

Sr:O = Sbare (ﬁigr) (38)
satisfies
lim S; = S*. (39)
T—>00

We assume that the fixed point S* has only one relevant direction with scaling dimension y > 0.
(Otherwise, we need to tune more than m?2.) Let S; (g, Ag/u) be the solution of Eq. (13) satisfying
the initial condition

Sc—0(g, Ao/1) = Soare (M (g, Ao/)), (40)
where
) ) m\
(g, Ao/w) = i +¢ <A—) . (4D
0
w is an arbitrary reference momentum scale where the parameter g is defined. Note that (g, Ao/ 1)
satisfies
O 4 Ao ) ig. Aofu) = 0 (42)
— — | m°(g, = 0.
yg og U Ao g, Mo/
This implies that
8+Aa Sc—o(g, Ao/p) =0 (43)
ygag OE)A() =0 gv 0 ,bL - Y
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Fig. 1. ERG flows S, and a renormalized trajectory S(g).

We can then define a renormalized trajectory by the limit
S@= lim S (g Ao/w). (44)
Ag— 00 i
For the limit to exist, we must find
J - Aog—00
Aoa_A()Sln % (g, Ao/n) —> 0. (45)

For an explanation that such a limit exists, we refer the reader to standard references such as Sect. 12
of Ref. [3]. Since Eq. (43) implies that

d 0
— + Ay S A =0 46
(ygang Yy ) (g, Ao/w) = (46)
for any t > 0, we obtain, from Eq. (45),
9 S(g) = lim (A 9 S (g, A/1) 47)
ygag - Ag—>00 OaA() ln% g5 M Aehg .

Hence, from Eq. (13), S(g) satisfies the ERG differential equation

9 s@id) _ /[(A_(P) D+2 n > 8
ygag K(p)+ > 2+p ¢(p)8¢(p)

2 .
A(p) - 77K(p2) (I1-K@p)l ) :| eS(g)[¢], (48)
p 256()sd(—p)
where we have omitted the bar over the dimensionless momentum p to simplify the notation (see

Fig. 1).

Now that we have constructed a renormalized trajectory S(g), let us rewrite Eq. (44) as the relation
between bare and renormalized Wilson actions of dimensionful fields. We first define a bare action
with cutoff Ag by

Sbare (g5 A0/1)[$] = Soare (7 (2, Ao/ 1)) (8], (49)
where
_D+2 _

o) =Ny > (/Ao (50)

The squared mass of Spare(g, Ao/ 1) is given by

y
AGm*(g, Mo/w) = A§ing +gA2<f) : (51)
0
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We then define a renormalized Wilson action with cutoff A by
Salg] = S(gn)l@),
where
b)) = AT G(p/N)

and the dimensionless parameter g is defined by

Since

m(ga, Ao/ AN) = m*(g, Ao/,
Eq. (44) gives
S(ga) = AliinOO Sln@(gA,AO/M)
= lim S 0 ho (gn,No/AN)

Aop— o0

= lim S Ao(g,AO/M)
Aop— o0

(52)

(53)

(54)

(55)

(56)

Since S is S(ga) for the dimensionful field of Eq. (53), and Share (2, Ao/ L) 1S Spare (m*(g, Ao/1)) =
Sr—o (g, Ao/ ) for Eq. (50), we find that S5 is obtained from the bare action Spyre (g, Ao/ 1) by solving
the ERG differential equation in Eq. (5) from A to A (and taking the limit A9 — 00). Hence, Sp

and Spare (g, Ao/ 1) are related by Eq. (9) as

1
S0 = / [de'] exp[Sbare<g, Ao/wIg1 — >

m

5 <ﬂ)3 ¢'(p) (g)g () (@)3 ¢'(—p)
w) Kop/no \w) Ke/ny ) \\w) Kp/ao

This implies that the correlation functions are related by

A\ [ Ag\"
DO, ( K/ )) <—°> DD D) 50t/

K(p/Ao) A

)
FOPTOT S TR/

Ap—oo [ Ao n
v (T) (@t PO D)5, (a.00/10)

Kp/A) (1 =K(p/A))

2/p (Ao)"1 K(p/A) ( )”1 —K(p/Ao)

K@p/A) {1 —K@/N) (ﬂ

+ép+9) 3
p

8/13
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w) Kp/h)

71 —K(p/Ao)}
K(p/Ao)

(58)
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and

Ao\ 27 K(p;/A
—0) [T 28R 1) ™ aoe

w0 oo = (32) g

—_

=
Ayg—00 A() n
= (T) (@tpD) - QP o/ (59)

SR

where the diffused field ¢(¢, p) is given by Eqgs. (22) and (23). Integrating over the momenta and
taking A9 — oo, we obtain the expectation values of local products:

N~ gim (Ao 2 p-2 [Kp) (1 —K@p)
<¢ (X) )SA - A(l)inoo (T) <§0(t,x> >Sbare(g,A0/lL) +A /p p2 > (60)
conn . A "} n\conn
<¢ (x)n>SA - A(l)inoo (KO) ((ﬂ(t, .Xf) >Sbare(gaA0/li) ’ (61)

Note that the diffused field only needs the standard wave function renormalization in the continuum
limit Ag — oo. Local products of ¢ (x) have no short-distance singularities thanks to the momentum
cutoff A. Equations (60) and (61) give the concrete correspondence between the gradient flow (¢)
and RG flow (A) for the renormalized theory.

Before closing this section, we would like to relate the correlation functions in the continuum limit
to those obtained by the Wilson action S, . From Egs. (58) and (59) we obtain

. Ao\ A\
Ailil)loo (7) <¢ (p)¢(q)>sbare(gaA0/M) = <ﬁ) (¢(p)¢(q))A 5 (62)
1 Ao gn conn A %n conn
2o (7) D@ P Spete, o/ = (;) (P pEFX™,  (63)

where we define

Kp/A) (1 —-—K(p/A
<(¢(P)¢(CI)>SA— v/ )(pz v/ ))a<p+q>>, (64)

(6@ (D) p = K@/A)?

n

B0 o™ =]]

i=1

Koi/A) @@ @IS (65)
The field of the Wilson action corresponds to a diffused field of the continuum limit, and we use the
factor 1/K (p/A) for each ¢ (p) to reverse diffusion. Thus, using a Wilson action with a finite cutoff
A, we manage to construct the correlation functions in the continuum limit, valid for any momenta.

The correlation functions with double brackets are the continuum limit defined at renormalization
scale A. They satisfy the RG equation with anomalous dimension %:

A Ui
(0@ (D) = (p) (@D (D) A> (66)
A2
(D) d))X™ = <K> {p(@1) - d(Pn)) - (67)

This explains the powers of A/u, necessary to make the right-hand sides of Egs. (62) and (63)
independent of A.
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5. The small-time expansions

In the previous section we obtained the relation in Egs. (60) and (61) between the expectation value

of ¢(¢,x)" in the continuum limit and that of ¢ (x)” with the Wilson action S5. We now wish to

understand the behavior of the latter as A — oo, or equivalently # — 0. In particular, we wish to

derive small-¢ expansions analogous to those obtained for QCD in Ref. [5].
By construction, see Egs. (52) and (53), we obtain

@DD@)s, = AP PP/ Mg/ D)5, )
(BP1) - SPNE™ = AP GP1/A) -+ $Pa/ D)ien-
Hence, integrating over the momenta, we obtain
<¢2)S,\ = AP? (‘Z’Z>S(g,\)’
)5 = AP s

Let us introduce the dimensionless analogs of Egs. (64) and (65) by

r O 1 o K(p) (1 —K(p))
@@W@%AEK@V(@@W@%@Q_ e Mp+@)
T conn ‘ 1 e conn
(B0 dpa) = U TR AGLRR A
These satisfy the scaling laws
(pweNP(geN),, o = € PTG (PIP (@),

conn

(q;(plet) T Qg(pnet)) — ¢~ 2(D+2-m)T (¢_>(p1) ¢(pn )conn‘

gne’t

Correspondingly, the correlation functions in coordinate space, defined by

(B0, f f 3@,
(60 - $L-DPO) " = H /
i=1"vPi
satisfy the scaling laws
(6 (e P(0)),, e = P2V (S0P (0),,
(perie™™) - e ), e = PG - G(xn)

Thus, we obtain

Plsin = [ B3,

)C onn

/TK@ PPIP(@),,

_ K 1-K
_ / dPx K ) (B (0)),, + f 2 : 2
P

/K(p)(l — K@)

10/13

i / (@1 - dw),,

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)
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and

conn conn

P = [ @w0-den
< )S(gA) pl,--~,pn< 1 )S(gA)

:Ll [1x®d (¢@)---d@n),,

> Pn j—q
= dexl---den_l Kn(xr, o sxam1) (0G) - pn-DPO),, . (81)
where we have defined
. 1 1
Kax) = /eWK(p)2 = ——5 €Xp (—gxz), (82)
» (2v2r)
_— n—1
/Cn(xl,---,xn—l)E/ L=t PR [TK(p) - K (—=p1 =+ — pu_1) (83)
P1s--Pn—1 i=1
1
= — 5 €Xp |: Zx + —(xl +- +xn—1)2i| .
(21’1—17.["7 ﬁ)

The functions K are Gaussian with a range of order 1 in coordinate space.
1

Since the mass scale of S(gy) is of order gi, the distance of order 1 is very short compared with
_1
the inverse mass g, ”
take

as long as gp < 1. Because gy is given by Eq. (54), we obtain gy < 1 if we

1 . 1 gié
A > gy, orequivalently ¢= Az < 2

(84)

Hence, for such large A and the coordinates of order 1, we can use the short-distance expansions
(60 0),, Z C2,i(ga3%) (O0i(0)) 54, > (85)

conn

(B01) - 1O Zcm<gA XD {OH0)3 g, - (86)

where O; is a local composite operator of scale dimension D — y; whose expectation values are
given by

D—y;

<Oi>§(gA) = gAy . (87)

The coefficient functions satisfy the RG equations:

(vgadgy —x-0x — (D =241 — (D —y)) Cai(ga;x) =0, (88)

n—1
n
(ygAagA ~Y wi oy = (30-24m—® —yi))) Cri(gns®t, %) = 0. (89)
i=1
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For x’s of order 1, the coefficient functions C, ;(ga;X1,...,X,—1) can be expanded in powers of
ga < 1. Hence,

Cr,i(ga) = / dPx ICa(x) Cai(ga; %), (90)
Cni(gn) = /del e dPxy Ky (X1, Xn—1) Cri(GAS X1 -+ oy Xnm1) (29)

can be expanded in powers of g .
We thus obtain the large-A expansions as

<¢;2>5~(g1\) = Z <Oi>§(g/\) CZ,i(gA): (92)
("5, = D (ON5 (g Cnilgn)- 93)

i

Using Egs. (60), (61), (70), and (71), we can rewrite the above for the continuum limit:

: Ag\" 2 _ AD=2 A\
A (7) O spetecromr = A7 Xl: (Oi)g(gy) C2i(8n), ©9
Ao\ A"
. _0 n\conn _ A2 (2 N\ '
A})lgloo< p ) OO fgpetgnonn = A2 ( u) 2 (O5gy Crilgn) - (99)

i

This is the analog of the small-# expansions obtained for QCD in Ref. [5]. Here, we have derived
them by relating them to the standard short-distance expansions of Egs. (85) and (86).

6. Conclusions

In this paper we have considered the gradient flow of a real scalar field obeying the simple diffusion
equation without potential terms. We have then shown that the correlation functions of diffused fields
match with those of elementary fields of a Wilson action that has a finite momentum cutoff. We have
only discussed formalism, and we plan to provide concrete examples of the correspondence in a
future publication.

Obviously we have scratched only the tip of an iceberg. In theories such as gauge theories and non-
linear sigma models, the fields are continuous but live naturally in a compact space, and the diffusion
equations that respect the geometry of the compact space should be and have been introduced [2,19].
Both gauge theories and non-linear sigma models can be formulated in ERG, but the realization
of symmetry is not manifest (see Ref. [17], for example). The exact manner of the correspondence
between the gradient flow and RG flow is not obvious, but we would be surprised if there were not any.
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