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Dedicated to Professor Norio Kéno on his 80th birthday

ABSTRACT. For a d X d expanding matrix A, we investigate randomness of the
sequence {A*x} and prove the central limit theorem for > f(AFx) where f is
a periodic function with a mild regularity condition.

1. INTRODUCTION

For # > 1 and a real valued square integrable function f on R with period
1 satisfying fol f = 0, regarded as random variables on [0, 1] Riesz-Raikov sums
Z]iv:l f(6%2) obey the central limit theorem. This fact was first proved by Fortet
[5] and Kac [8] when 6 is an integer, and was extended to general case by Petit [16]
and by the author [6]. In [7] the case when 6 is a complex number was investigated.
In this note, we consider a multidimensional analogue of this problem.

Let R? denote the vector space of d-dimensional real column vectors and R
that of real row vectors.

Fan [4] assumed a very mild condition on A and proved that the sequence { A"z}
is uniformly distributed mod 1 for a.e. x, and Lesigne [11] extended this result.
Since the result of Fan implies the law of large numbers for {f(A"x)} where f is
periodic and continuous, it is very natural to ask whether the central limit theorem
holds.

To have the central limit theorem, we here assume that A is expanding, i.e., there
exists a ¢ > 1 such that

(1.1) |Az||2 > g||x|les for € RY,
or equivalently,
(1.2) I€A]2 > qll€ll2 for €& € R

Let f be a real valued square integrable function on R? which satisfies

(1.3) flx+e)=f(x) (i=1,...,d) and /[ f(x)dx =0,
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2 KATUSI FUKUYAMA

where ey, ..., e4 is the canonical basis of R?. We denote the Fourier series of f by
Z f )exp(2myv —1&x),
£€Z4

where Z¢ is regarded as a subset of R¢, and define the subsum f, by
(1.4) Z f Yexp(2mv —1&x),
£ER,

where R, = {& = (&1,...,&) € Z4\ {0} | |&1],..., €| < a}. Note that we have
f(0) = 0. We assume that f satisfies the condition

(1.5) D = fam

m=1

L2[0,1)¢ < o0.

Note that a function of bounded variation over [0,1)¢ in the sense of Hardy-
Krause satisfies this condition (Cf. [21]). An easy sufficient condition for (1.5) is
the L2-Dini condition

1
(1.6) /0 WdH < 00,

where

WO (H, ) = sup{ 1+ R) = F() oo

This fact is stated in Lemma 2.1.
To state our result, we introduce a quantity o2(f), the limiting variance of the
central limit theorem, by

(1.7) ()= 20 > FEFENE+EA =0).

1>0 £.L'eZd

h:(hl,...,hd)eRd,}
|h1|vv‘hd|§H

The series on the right hand side is shown to be absolutely convergent under the
conditions (1.1) and (1.5). We denote the Lebesgue measure on R? by Leb.

Theorem 1.1. Let A be a dxd real matriz satisfying (1.1), and let f be a real valued
function on R? satisfying (1.3) and (1.5). Then for every bounded measurable
I' c RY,

N—oco Jp

1 N 2
(1.8) lim (W > f(A%)) dx = Leb(I)o?(f),
k=1

and
. 1 &
o) g teof{eer| o > siate) < t} = Leb(D) 2 1)

Jor any t # 0, where ®,2(p) is the distribution function of N(0,02(f)). If o*(f) > 0,
then (1.9) holds also for t = 0.

In the case when every coefficient of A is an integer, that is the case when A™
are endomorphisms on T9, Leonov [10], Fan [3], Levin [12] and Conze, Le Borgne,
and Roger [2] assumed so called the partially expanding condition and proved the
central limit theorem.
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Lobbe [13] proved the central limit theorem, the law of the iterated logarithm,
and the metric discrepancy results for {A,x}, where A, is a d x d matrix with
integer coefficients satisfying

15 An+klloc = ¢"Anllos if j€Z? and k> log,||j]

for some g > 1.
By putting 7 = (1,0) and 1 < ¢; < cg, we see that this condition cannot be

satisfied even by
_(a 0 "
4, = (O Q) |

This example suggests the following inference. For a matrix A, the sequence of
matrix A, = A" satisfies this condition only if absolute values of characteristic
values of A are all equal.

Since the condition (1.1) implies that modulus of all eigenvalues of A are greater
than one, we expect that the central limit theorem is valid under this assumption.
But we could not prove because of some technical reason.

In the case of endomorphisms on T¢, if o(f) = 0, one can express f(x) =
g(Ax) — g(x) by using some locally square integrable periodic g. We could not
prove it in our case, since the situation is more complicated. For example if

(&)

we have o(f) = 0 for the function f of the form
f@) = 1(A%) — g1 (@) + g2(A°x) — ga(x) + g3(A%@) — g3()

where g1, g2, and g3 are locally square integrable and periodic, g2 does not depend
on xo, and g3 does not depend of z;. Although by a similar argument as one-
dimensional case, we can prove that o(f) = 0 implies this expression, we do not
have the result for general case so far.

2. REAL JORDAN FORM AND RELATED ESTIMATES

In this section we state some preliminary facts.
Irrespectively of the value of v € N, for vectors = 7(z1, ... ,zy) € R7 and € =

(&1,...,¢&) € RY, we define |z|| = maxs<~ | 5| andAH/;’H = maxs<~ |¢5]. Abusing

the notation we denote by 0 zero vectors in R” and R” for any ~.
For A € R a standard Jordan block J,(\) is a v X v matrix, and for A € C\ R
a real Jordan block C, () is a 2y X 2y matrix defined as follows.

Al 0 INZo  Zo 0
A NZy .
() = ol am= NZs 7
0 A 0 I\ Zo
cosf —siné
where Zy = <sin9 cos 0) and 0 = arg \.
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It is known (See e.g. Theorem 6.65 of [19]) that a real matrix is similar to the
matrix of the form

Jdl ()\1) 0
B — Ja, ()‘a) 7
Odu+1/2(>\0z+l)
0 CdB/Q()‘B)
where A1, ..., Aa € R, Aas1, Aoty - s A8, ;\g € C\ R are characteristic values,
i.e. there exists a real regular matrix
1 (2 2
Q = (q(l )7"'7q£il)vqg )vaqu)vaqgg)vvqfii))
B, 0

such that A = QBQ~'. We simply write B = )
0 Bs
Since @ is regular, there exists a constant 1 < D; g < oo such that

Qx| Q=] [§QI €@~

(21) ) 9 9 E(D_17D1, ) (m#()?é'?éo)
el = el gl 1€l L Te
Denoting the span of qgh)7 ey qg]? by Wp, we have
B B
R'=PW,, dimW,=d, and » dy=d.
h=1 h=1

By calculating J, (A\)¥ and C.,(A\)* for |A| > 1, we have ||.J, (A\)Fz|| < vEY|A|*||z|
and ||Cy(A\)*z| < 2vyk7|A*|z||. Hence there exists a constant D 4 depending only
on A such that

(2.2) ||Ak:ch|| <Dy g )\h|kk}dH$hH (:Bh S Wh).

Denote the d-th component of € by (£)s, and the 2-dimensional vector consisting
of the 0-th and the (6 + 1)-th components of & by (£)s,541-

Put m;(0) = 0 and m4(§) = |&] if € = (&1,...,&) € R satisfies & = -+ =
€51 = 0 # &. In the last case, we have (€J,(A\)*); = -+ = (£J,(AN)F)s-1 = 0,
(65 (NF)s = Ak€s, or ma (€, (VF) = AP (€): A )

Put my(0) = 0 and may(§) = ||nsll2 if € = (my,...,m,) € R* (y, ..., n, € R?)
satisfies 7y = -+ = m5_; = 0 # n;s. In the last case we have (€C,(\)F)12 =" =
(£C5(N)F)26-3,25-2 = 0 and (§C5(N)*)2s-125 = [\*15Zko, or ma(EC,(N)*) =
IA[Fma (). _ _ N R

For £ € Z%\ {0}, we write £€Q = (£,,...,&5) where &, € R%™. Put i(h) = 1
for h € [1,a] and i(h) = 2 for h € [+ 1,3]. The arguments above show that
mimny (€nBry) = [l mien) (€)-

We denote A = miny<g|An| > 1. Since @ is regular, there exists an h <
(3 such that Eh # 0. We denote the smallest such h by h(€). Denote D3, =
minger, mi(h(g))(gh(g)). The arguments above show that

(2.3) Mitn(e)) (Ene) Bhe)) = Da.alne)” = Dsah® (€ € Ra).
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We put

Daa(K) = { EnieBie) + Ence) O<k<K€£6Rm}
4,0 (K) = ming mine)) (Eniey Bhie) + &ne)
€nie) Biie) +Ene) # 0

and prove that Dy o := Dy 4(c0) is positive. Put ¢; = max{mi(h)(gh) | ¢ € R, h <

~/ ~/
B} and £y = min{m;(,)(&),) | € € Ra,h < ﬁ,ﬂji(h)(fh) # 0} > 0. By (2.3), there
exists a K such that & > K, implies mi(h(g))(fh(g)B’ﬁ(g)) > 20q.

For k > Ko, we can verify mj; g))(gh(g)Bk + E;(g)) > {1 A {>. Here we prove
it in the case h(€) = 1. The other case can be proved in the same way. Suppose

that (&) Bfe)1 = - (fSh(g)Bh(g))é 1 =0, |(hie) B e))sl = ma(€, g)Bh(E))
I£ €)= 0, we have €h(€)Bh(£) + € = &nce) B and mn (£h(€)Bh(£) + &) =
ml(gh(E)B’g(g)) > 2¢;. If not, suppose that (E;L(E))l =...= (E/h(g))(g/ 1 =0 and
\(E;L( Jsr| = ml(ﬁh(s )sr. If 8 < 4, then we have (&,)B +$h(g))1 ==
(Eh(g)Bh(g)+€h(§))5’—1 = 0and \(Sh(g)Bh(g)+€;L(g))6’| = |(€h(g))6'| = ml(gh(g))ﬁ’ =
¢5. Hence we have ml(gh(g)B}’f(E) —1—51(5)) > {5 in this case. If ¢ = ¢, then we have
Enie) Bl Henoh = - = Ene) BliieyTEhie))o—1 = 0 and | Ene) Bhe) +Ence) sl =
(Ener Blie))ol — [Ene)sl = 261 — 1. Hence we have my e Blie) + Enge)) = 1
in this case. If &' > 4, then we have (£, €)BZ(E + E/h(s))l =... = (Eh(g)Bﬁ(g) +
Eh(&))g 1 =0 and |(£h(£)Bh(€) + Sh 5))5| = |(£,L(€)Bh(£))5| > 2¢;. Hence we have
ml(&h(s)Bh(g) + £h(§)) > 2{; in this case.
Since Dy o(Ky) is positive, we have Dy, > 0.
Lemma 2.1. The condition (1.6) implies the condition (1.5).

Proof. Let ||h|| < H. By
f(x+h) Z f )exp(2my/—1€x) (exp(?wﬁﬁh) -1),
gezd
we have
(W (H, D) 2 (- + h>f FC) 70,10
=2 Z 1F(& *(1 — Reexp(2mv/—1£h)).

¢ezd
By integrating both sides over [—H, H]? by h and dividing by (2H)?, we have
sin(2m&; H)
(2) (H, > 92 N2 (1 - bm(il )
(W (H, 1)) ij 17 (&)l H onEHl

If ||| > 1/H, then there exists a jo such that |¢;,|H > 1. Since we have

¢ sin(2n& H) 1 1
I I < <
2n&; H 2n|&,|H — 2w

i=1
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we have

(A0 85 ) R O RS V2 B I (3]

£€Z4:|€ll21/H
Hence we have w®(27™, f) > ||f — fom | £2[0,1)¢- Since the condition (1.6) is equiv-
alent to 3, w®(27™ f) < oo, it implies the condition (1.5). O
3. FOURTH MOMENT ESTIMATES

In this section, we assume the condition (1.1), Put

Po(l"):( )2 and  py(x) = po(2/Vd) + po(x/V2d).

sinx

X
By

Po(€) = /R po(@)e*™TE d = (1 — lg]) v 0,

we obtain p1(€) = 0 if || > 1/(7V/d) and pi(z) > 0 for z € R. By putting
d
px) = [ pr(zs) >0 (@ = (21,...,24) € RY),
s=1

by V€]l = [|€]|2, we obtain
pE) =0 for &eR? with [|g]>1/(xvVd) or €] >1/m.

Lemma 3.1. Assume that A satisfies (1.1), For any bounded measurable set T' C
RY, and for any trigonometric polynomial f, satisfying (1.8), there exists a constant
Dsr a,¢, such that

4
(3.1) /Pgleag( > fa(Akac)) dx < Dsp a5, (FA)?

keA:k<n
for any finite set A C N.

Proof. Since we can take a constant Dgp < oo such that 1p(x) < Dgr p(x), it is
sufficient to prove

/R max( 3 fa(Akas))4p(a:)dw§D77A7fa(](#A)2.

4 MEA N} e Ah<n
Komlés-Révész [9] proved the following: Suppose that X is a non-empty set,

m is a o-finite measure on X, and {y;} is a sequence of real valued measurable
functions satisfying

(32) / (pil dm < M, / Py Phoo Pz Phea dm =0 (kl < kg <kz< li’4)7
X X

for some M < oo, then there exists an absolute constant Dg such that
N 4 N 2
(3.3) / (Z ckgok) dm < Dg (Z c§> (N € N).
X N\g=1 k=1
Noting this estimate and by applying Erdés-Steckin Theorem (See [15]), we can

derive
N

n 4 2
/X;nga&((; ckgok) dm < Dy (Z ci) (N e N),

k=1



THE CENTRAL LIMIT THEOREM FOR RIESZ-RAIKOV SUMS II 7

where Dy is an absolute constant. Note that any subsequence of {¢} satisfying
(3.2) also satisfies (3.2) and our version

4 2
dm < D 2
[ 35 ) om< ()

keA:k<n keA

follows.
We use the expression

fa(m) = D |F(€)] cos(2méa + ¢)
£ER,

to have
N

D falAFz) = Y [F(ED ] cos(2mEA T + 7e).

k=1 £€ER, k=1

Because of } .. 1F(&)] < o0, if we have (3.3) for @i(-) = cos(2rEAF - +¢), then
we have (3.3) for pi(-) = fu(A* ). Hence it is enough to prove that the sequence
{cos(2m€A*x + v¢) }ren satisfies (3.2) under the measure p(z) dz.

Take p € N large enough to satisfy

A% > (3D; D1 ,q/m) v 3%

For 7 =0, 1, ..., p— 1, we show that {cos(2r€A*P~"x + ~¢)}ren satisfies (3.2)
under the measure p(x) dex. Then we can see that it satisfies (3.3), and then by
using Minkowski’s inequality we see that {cos(2r€A*T + v¢)}ren itself satisfies
(3.3).
We first note that for h < 8 and k1 < ko < k3 < k4,
|>\£4pr £ )\ZSP*T + /\}13217*7“ + A’;1P*T|
kap—r ka—1)p—r ka—2)p—
> ‘/\hu) ‘7|>‘/(%4 )P T|7‘)‘§14 )p 7“|7

(1- |Ag|1 1)|AZ“”‘TI > (1- Apl, 1)Ak4p-r

lAkwfr > EA?)p.
2 2

%

Y

By putting ¢4 = 1, we have

4
H cos(2mE APz 4 )

s=1

4
=8! Z exp (271'\/—71 ZgS(EQBkSp_TQ_lm —|—*y§))

§1,62,63==%1 s=1

=81 Z exp(?wx/j (614 +<a)ve)

61,62,63=+%1

4 4
X exp (27“/—1 ({1 Z G BFPTT &5 ngBgsp_r) Q_1w>.
s=1 s=1

Suppose that h(€) < «. By denoting h(£) simply by h, denoting Eh by
(&1,...,&a4,), and by taking a 0 such that & = -+ = {1 = 0 # &, by [&5] =
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m1(€,) > D3 4, we have

4
(5o
s=1 §

Ds ,A3P
5

4
ksp—
éézgs/\h'p "l >
s=1

Hence we have

4 -1 3
D DS aA P 1
BReprQl|| > TR S 2
H@;f Q> ——=>
which implies
(3.4) /RdHcos (2m€ARP~"x + v¢)p(z) d = 0.
s=1

Suppose that h(€) > «. By denoting h(£) simply by h, denoting Eh by
(M1, Ma, /2), and by taking a ¢ such that 9, = -+ = n;_; = 0 # 74, we

have
4
I(o:zom)

‘7752% P TZO (ksp—r)
2

Il (Anl 47 = PP = [ [F2777 = A 777
ma(€,) A% S Dg A%
2 - 2 )
Hence in the same way as before, we can verify (3.4). 0

26—1,25112

v

Y

4. MARTINGALE APPROXIMATION

Take Lgh) eR((6=1,...,dpn, h=1,...0) and L > 0 arbitrarily and put

(4.1) {ZZt5 (k) <t <Ll )+L}.

h=16=1
Let F be the Borel o-field on Q and put
Leb(B)
Po(B) = B .

We consider the sequence {f,(A¥-)} on the probability space (2, F, Pg). We state
the almost sure invariance principle for the sequence. We denote the Lebesgue
measure on [0, 1) by leb.

Proposition 4.1. Let A be a d x d real matriz satisfying (1.1), and let f, be a
trigonometric polynomial on R® satisfying (1.3). By taking the product probability
space (2% [0,1), FoB([0,1)), Py x leb) and regard the sequence {f,(A*-)} defined
on this space. If 0(f,) > 0, then we can define a sequence {Z;} of standard normal
i.2.d. such that

N
(4.2) S faAF )= > Zi+o(N®/1%) s,
k=1

iSNa'z(fa)
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From this proposition, we can derive the central limit theorem.

Corollary 4.2. Let A be a d x d real matriz satisfying (1.1), and let f, be a
trigonometric polynomial on RY satisfying (1.3). Then for any probability measure
P on R? which is absolutely continuous with respect to Lebesque measure, on the
probability space (R, B, P) we have the convergence in law

1 )
(4.3) o ;fa(flk ) 2 N(0,6%(f) (N — o0).

Proof of Proposition 4.1. We divide the increasing sequence N of positive integers
into consecutive blocks

N=AUATUALUAU...
where
#A; = [i%3] and FAL = |1+ (9+5d/3)log, i].
Put i~ = minA; and i* = max A;. Clearly we have
it < (24 (945d/3)/log N)i®/3 and im —(i—1)t = #AL
Put ”
pn (i) = [logy (I TP\, ) .
Fori € N,1<h<f,1<6<d, and ™ =0,..., 22() —1 we set

.o .(1 (1 (2 (2 . .
J(Zv(Lﬁ )7'--7]¢(11))7(j§ )a7]¢(12))a7(.7£ﬁ)a7]5(li)))

B8 dn

h — i) - (h h h

_ {ZZ(Lfs ) b 12O 4 00
h=146=1

and denote the collection of all such cubes by J(i). Let F; be the o-field on 2
generated by J(i). {F;} forms a filtration on (Q, F, Py). Let
Fi={F x[0,1)| F e F;}.
Clearly {F;} forms a filtration on (Q x [0,1), F x B[0,1), P x leb).
For (,z) € Q x [0,1), we here put

Ti(x,2) = T(@) = Y fa(A'w)

keA;

0<t < 1}

and prove
(4.4) BTy | Fit)(@,2) = E(T, | Fiy)(@) = OG~™),

where E(- | -) denotes the conditional expectation on Q x [0,1) and E(- | -) that
on . The first equality is trivial. Take & € Q arbitrarily and take J € J(i — 1)
such that & € J. We note that

1
E(X | Fio1)(z) = m/]X(y) dy.
By putting
L2=mOE, o) o 0
0] L2720 By :

: . . 0
O 0] L2_Nﬁ(i)Edﬁ
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where I, is the unit matrix of size v X 7, we can write
J = {b+ QRi,ﬂZ | te [0, 1)d}
by using some b € R%. Changing variables by y = b + QR,;_1t and noting

19}
o = |det(QR;-1)| = Leb(J),
we have
E(exp(27r\/771£A’c | Fici)(x)
_ 1 k
= / exp(2mV/—1€QB*Q (b + QR;_1t)) dt
[0,1)¢
B
= exp(2mv/—1¢) H / exp(2my/—1 L2701, BE,) dty,
—17/[0,1)%n

where ¢ = §QB*Q'b, and €, € R% and t;, € R are given by £€Q = (£, ...,£p)
t
o . s ko (h) (h)
and t = [ : |. If we write §,B; = (¢, ..., (g, ), we have

s
/ exp(2my/—1 L2~ #0=1D¢E, BE,) dty,
[0,1)n

dp, 1
= H / exp(2myv—1 L2_“”(i_1)C§h)t) dt
6=1"0

dp,

= H qS(ﬂ'LQ*“"(Fl)Cgh)) exp(mv—1¢),
5=1

where ¢ = L2*“h(i*1)((h) ¢(z) = (sinz)/z if x # 0 and ¢(0) =
By (2.3), there exists a §(§) such that |C5h(£))| > Ds a| el /2 Hence we have

¢(7rL2*lth(£)(i*1 Cé?}g&é))) /ﬂ.LQ*Ufh,(g)(i—l)D3)a|>\h(€)|

< 9;4+5d/3 p (i- 1)t —i~ /ﬂ'DgaL o(i —5)

< 2( 1)4-&-5(1/3‘)\ |(1’—1)+/ﬂ.l)3 a|)\h £)li’L

By
Ti(y)= Y Y f(&exp2rV/-1¢4ky),
kEA; EER,
we have (4.4).
Secondly, we prove
(4.5) E(T; | Fi)(@,2) - Ty(w, ) = E(T; | F))(@) — Ti(x) = O(i®).
Assume that k € A; and « € J € J(i). Again the first equality is trivial. We have

BULA*) | F) (@) = fo(449) = s [ (1(4%) = ful ') dy
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By x, y € J, we have

B dp,
y—x= Z Lo~ Hn(7) Z t((;h)q((;h)
h=1 6=1
(h)

for some —1 < t;’ < 1. By (2.2), we have
| A" g5 | < Do, a(max g5 Al (i)

and

6] dp,
|AFy — AFz|| <37 L2 @37 || AR | = 0.
h=1 S=1

Lipschitz continuity of f implies
|E(fa(A" ) | Fi) (@) — fa(AFz)| = O(i™Y),

and thereby (4.5).
Put

Y; = E(T, | i) — E(T; | Fi_1) and Y; = E(T; | %) — E(T; | Fi_1).

Clearly {Y;, F;} and {172,.7?,} are martingale differences and f/,(ac,x) = Y;(x). By
combining (4.4) and (4.5), we have

(4‘6) ||}72 - CZ~—‘z||c>o = HYZ - Tz“oo = O(i_?))'

By |[Tills = O(i), we have ||E(T; | Fi)llec, [|E(Ti | Fiz1)llec = O(i), and
IYillco = O(4), which implies ||Y; + T;||co = O(7) and

IV = T2l = OG™2).
By ||Y? 4+ T7?||oc = O(i?), we have
1Y = Tl = O(1).
By the last inequality and (3.1), we have

(4.7) EY! = ET!+0(1) = ET} + 0(1) = O(i*/?).
‘We have
2
(Z fa(A’“fv)) =3 > FerE) Y. Y expenV/-1(e4k + 4N )z).
keA, EER, ¢'ER, keA; ke,
Put R ,
vi= Y > FONE) D Y 1¢Ab + €AY —o).
E€ER, ¢'ER, ke, k'eA;

There exists an Iy such that for all € € R, and €& € R,, EA'+& # 0and E+&'A £ 0
hold for I > ly. If | < Iy and & + &' A' = 0, we have

0<i—#{(kk)eA?|¢AF +&A" =0} =i—(i—1+1)V0<lI.
By noting

i (f) =iy, > FefEn

€€R. E'ER,

(EAl—i—ﬁ/:Oorﬁ—i—é/Al:O)

for some [ > 0
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we have

(4.8) oi =i (f)l < 1o > Y F€FE)].

€€R. €'ER,

For € ), take J € F;_; such that € J. Under the condition £€A* + & A #0,
in the same way as before, we have

E(exp(2rv/—1 (£AF + € AF) ) | Fioy)(x)
/J exp(2my/ T (€A + €AY )y) dy

- 1
~ Leb(J)
B
= exp(2mv/—1¢) H /[ ) exp(2mv/—1 (EhB}’i*k/ + E;)B,’flLQ_”h(i_l)th) dty,
h=1 0,1)%

~ ’ ~/
and by mi(h(g))(ﬁh(g)B,’j(—&? +&n¢e)) = Daa, as before we have
E(exp(2ryV/—1(EA" + €' AF) ) | Fioy)(m) = O(7?).

Since the number of choices of (£,&’) is finite and the number of choices of (k, k')
is at most 7, we have
E(T} — v | Fis)(x) = OG™Y).

By putting
M
5M=Zvi and Iy =7A1+-+ 7 Ay,
i=1
we have

=0(1) and |Bu —lno?(fa)| < Dio g, M

oo

M
ST E(T? | Ficr) - Bu
=1

for some D ¢, < 00. Since we have
M

M
Z(E(Tf | Ficr) — E(Y? | Ficv)) H < Z |T? — Y?||oo = O(1),
oo =1

i=1

we have
(4.9) IVar = Batloe < D,
where
N Mo M
Vie =Y E(Y?|Fi1) =) E(Y?|Fi1) and Di <oc.
i=1 i=1

Now we use the theorem which is a version of Strassen’s theorem (Theorem 4.4
of [18]).

Theorem 4.3 (Monrad-Philipp [14] Theorem 7. This version is Lemma A.4 in
Philipp [17]). Let {Y;, F;} be a square integrable martingale difference satisfying

V 3 E(Y, a o~ }’;7/21{}72>¢({7)}
Vv = ZE(YE | Fi_1) — o0 a.s. and E E<m> < 0
i=1 i

i=1
for some non-decreasing 1 such that ¥ (x)(logx)*/x is non-increasing for some
a > 50 and lim,_,o ¥(x) = oco. If there exists a uniformly distributed random
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variable U which is independent of {Y,}, there exists a sequence {Z;} of standard
normal i.i.d. such that

(4.10) D Vilgg oy =Gt o(t2((0)/)/°) (t—o0) as,

i>1

where

=> Z.

i<t
From now on, we regard f,(A*z) as a random variable on  x [0, 1).
Recall that o2(f,) > 0 and put ¢(z) = 2*/5. One can see that

B ~ Iyo?(f,) and Vi — 0o as.
by (4.8) and (4.9).
Since B
Var > Bar — D11 > 02(fa)lar/2
holds for large M, we see by (4 7) that
Y E(VPLgasy iy V(i) < D0 EY 0707 (f)li/2) < Y i*3)1E < oo
Because of Bar11 — By = vpr41 — 00, we obtain
Var < Bar + D11 < Barg1 — Dit < Vg

for large M, and 12 < Bum + D11 becomes equivalent to ¢ < M. By putting ¢ =
By + D11 in (4.10) and by noting (4.6) we have

M
(4.11) ST = ZY +0(1) =Gy, p, +0(377°),  as.

Put
A=A U---UAy and Al =AjU---UA),.
By #A?w = O(M log M), we obtain

Z.XI =y +#AI§VI ~ .

Note that
._ k 2/3 _ 2/5
(4.12) = meax Z fu(A ‘ < M2 fll0 = OB[).
‘We can prove
(4.13) thw ‘= max Z fa(AF | = o(l]lv?/m) a.s.,
mEA?M

kEAL,k<'m
since (3.1) implies
—~19/40 _
E((1y """ Fiy)") = O(M~T/%(log M)?),

and is summable in M.
Hence for N € A, U Ay, we obtain

(4.14) S (AP ) = STT)| < By 4 Fiy = o(1)*°) = o(N19/10),
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Now we apply the following result on the fluctuation of the standard Wiener process
W (t) due to Csorg6-Révész ((1.2.4) in Theorem 1.2.1 of [1]). For non-decreasing
ar such that 0 < ap < T and T'/ar is non-decreasing, we have

— [W(t+s)—W(t)
lim sup sup =1, as.
T—00 0<t<T—ar 0<s<ar /2a7(log(T/ar) + loglogT)

By putting

T =il,0%(f.,) and ar =#(A); UAN)+ Dig s, M = O(M log M),

we have
(4.15) Go2(siyn — Gppsnn | = O(MY?log M) = O(N*'%log N)  as.
By combining (4.11), (4.14) and (4.15) we have (4.2). O

5. VARIANCE CONTROL

We first prove that the series in (1.7) is absolutely convergent. By using the
convention f(&) = 0 for & ¢ Z<, we have

~

IFE)F(E)L(E+E A =0) = |f(E'A)f(E).
Hence by noting
€AY > ||€AY|o/Vd > ¢|1€]l2/Vd > ¢V

for £ € Z%\ {0}, we have

SN FOFEHE+EA =0)

1>0 ¢.¢'€Zd
=Y Y |Fefea)
1>0 ¢czd
(5.1) o R )\ /2
< Z(Z FOP S | feah) )
>0 “¢ezZd gczd
< ||fHL2[0,1)d Z If— fqz/\/g||L2[0,1)d < 0.

1>0

Let I' ¢ R? be a bounded measurable set. Since we have L? convergence f, — f
n [0,1)% and by periodicity, we have the convergence on any bounded set I".
By changing variable we have L?(I") convergence f,(A*x) — f(A*z). Hence we
have L'(I') convergence f,(A¥x)f,(AF x) — f(AFz)f(AF x), and hence conver-
gence in measure. Thus we have the convergence

(é fa(Akw)>2 = (éf(fl’“w)f
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in measure on I' under the measure p(x)dx. That is why we can apply Fatou’s
Lemma and have

/F<§:1 f(A%))zda;
b (S50 i

< Dyr lim (i fa(Akw)>2P($) da

<2r Y. > |FOFE)1(leA + €AY <1/xVd).
£.6'eZd k<ISN

By (1.2), we obtain
ea + & A| > [[(€ + &AM AV > [lg + € AH] V.

For n € R, there is at most one & € Z? such that ||p — &||z < 1/7. In case such
€ exists, let x(n) = &, and x(n) = 0 otherwise. If £ # ¢, then [|£A™ — &A™ ||y >
1€ — €[l > 1, and x(§A™) # x(&'A™) if x(A™) # 0 and x(§'A™) # 0. If
X(§A™) # 0, then

IX(EA™)I| = [[X(EA™)ll2/Vd = (€A™ |2 = 1/m)/Vd = g™ /2V/d.

By
[F@FE)1(|eA* + & A" < 1/mvd) < [J€)FE)|1(]|6A* + € A", < 1/7)
= |F(x(€ A’“ NFEN),
we have
7€) F(&)|1(||eA" + & Al < 1/xVd)
£.&'cZd k<IN
< |FOFEA)] <N Y S |Fe)f(xeam)
k<I<N gezd m<N gezd
1/2
<N 3 (X If@r X ideamr)
m<N “¢geZd gczd

< NI fllzzpye D 1 = Fpm javall 2.1y
m<N

We have proved

N 2 N
(5.2) / (Z f(Akw)) dz < ON|f| 0.1
k=1

where C = Dg.r Zﬁ:o If - fqm/Q\/EHLz[O,l)d'
If §Ak/ + ¢’ # 0, by Riemann-Lebesgue Lemma we have

/ exp(2my/—1 (€AY + &) AF) do = 1p (€A + ¢')A%) — 0
T
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as k — oo. Hence for a trigonometric polynomial f,, we have (1.8) as below:

NLeb /(Zfa (AFx) )2da:

N-1

2

-l

=3 ¥ A0S yiaq X [ even 1€ €44t e
€ER. ¢£'ER, eb( )k:1 r

=3 DT FOFE)D (2-0)1(E+ A =0) = 0?(fa).
€€ER, E'ER, =0

Because of the absolute convergence (5.1), we obtain

o(fa) = o(f).

Proof of Corollary 4.2. Put

XN \/foa Ak

First we assume o2(f,) > 0 and prove the central limit theorem under the measure
Pq. By using Proposition 4.1 we have

- GNgz(fa)/\/N — 0 a.s.

and the law of GNUz(fa)/\/N is N(0,0%(f.)), we see that the limit law under Pq xleb
of X% is N(0,02(f,)). Since the law of X¢ under Pqo x leb is identical with the
law under P, we see that N (0,0%(f,)) is also the limit law under P of X%.

Now, denote by G the class of integrable functions g on R satisfying

(5.3) Jim g(@) dz = B2 (1) / g@)dz (teR),
—oo J{xe <t} R

and denote by H the collection of 1 € G given by (4.1) using arbitrary L > 0 and
Lgh) eR(G=1,...,dp, h=1, ..., 3). We can easily show

(54) 91,92 € ga Qag, Q2 € R — Q191 + Qage € ga
(5.5) 91,92, €G, kILH;O”g_gk”Ll(Rd) =0 = g€eg.

By the above argument we have already proved H C G, and by (5.4) we can see that
any simple function which is given as a linear combination of indicator functions
with supports in H belongs to G. Since any continuous function with compact
support can be arbitrarily approximated in the sense of L'(R?) by such simple
function, we see that it belongs to G. Since any integrable function with compact
support can be arbitrarily approximated in the sense of Ll(Rd) by a continuous
function with compact support, we see that it belongs to G. Hence we can see that
(4.3) holds under any probability measure P on R? which is absolutely continuous
with respect to the Lebesgue measure.

In case when o2(f,) = 0, by (1.8) we see that the limit law of X§ is the delta
measure concentrated on 0, that is N(0,0). It proves (4.3) for o2(f,) = 0. O
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Proof of Theorem 1.1. Put

N
1
Xn(z) = N > f(AFz) and Y§ = Xy - X§.
k=1

We have proved
EIYN[? < CIf = fallzzpo,)es
which implies
P(|Y§| > ba) < Cba,

where b, = || f — fa”};/jfo,nd‘ By

P(X% <t—1b,) — P([Y#| >b,) < P(Xy <)
< P(X{ <t+ba) + P(YN] > ba)

we have

Do) (t —ba) — Cb, < lim P(Xy < 1)

N—o0

< lim P(Xy <t)

~ N—oo
< (s, )(t + ba) + Cby.

By letting a — oo, we have (1.9).
By putting

1 1/2
X0y = (o [ ¥o(@)de)

we have
1% ey = 1Y ey < 1 2oy < I8 2oy + 18z
and hence by letting N — oo,
U(fa) - (5172)1/2 < lim ||XN||E2(F) < lim HXNHE?(F) < U(fa) + (61)2)1/2-
N—o0 N—oo
By letting a — oo, we have (1.8). O
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