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ABSTRACT

In a twin support vector machine (TSVM), the separating hyperplane associated with one class is
determined such that the hyperplane is near to the data belonging to the class and that it is away from
the other class. A data sample is classified into the class with the nearer hyperplane. In this paper
we discuss whether the twin hyperplanes are necessary for the TSVM. By theoretical analysis we first
show the equivalence conditions that one of the two decision boundaries of the TSVM coincides with
the decision boundary of the SVM. Then for the least squares (LS) version of the TSVM, we clarify the
equivalence conditions with the LS SVM or that with two hyperparameters for imbalanced data (one
for each class). A comparison of the LS TSVM with the LS SVMs, by computer experiments, shows
that the generalization abilities of the LS TSVM are comparable but not superior for 13 two-class
problems and an imbalanced two-class problem.

c⃝ 2018 Elsevier Ltd. All rights reserved.

1. Introduction

A support vector machine (SVM) is a binary classifier that
separates one class from the other by a single hyperplane [1, 2].
Since the introduction of the SVM, a number of variants have
been developed to improve the generalization ability [3, 4, 5, 6].

In [3], a twin support vector machine (TSVM) with two non-
parallel hyperplanes, which is an extension of the generalized
eigenvalue proximal support vector machine (GEPSVM) [7], is
proposed. Each hyperplane is associated with a class and is
trained such that the training data of the associated class are
enforced to the hyperplane with the square loss of the distance
from the hyperplane and that the training data of the opposite
class are constrained to be as far as possible. This formulation
is the combination of the least squares SVM (LS SVM) [8] and
the regular SVM. Because of the least squares formulation, the
sparsity (with respect to the number of support vectors) of the
TSVM is reduced compared to the regular SVM.

In [3], to avoid the singularity of the coefficient matrix, a
small positive value is added to its diagonal elements. This cor-
responds to a regularization term with a small positive constant.
In [9], the regularization term with a hyperparameter is used to
control the generalization ability. According to computer exper-
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e-mail: abe@kobe-u.ac.jp (Shigeo Abe)

iments, this is shown to improve the generalization ability but
with the heavier burden of computation for model selection.

Many variants of TSVMs have been proposed. In [10], the
TSVM is extended to the least squares version of the TSVM
(LS TSVM), which has a square loss function. In [11], the reg-
ular SVM based formulation with the hinge loss is used for the
TSVM. This results in improved sparsity of the original TSVM.
In addition to the hinge loss and the square loss, other types of
loss functions are developed [12, 13].

As for the equivalence of the TSVMs with conventional clas-
sifiers, in [12], the LS TSVM with the same hyperparameter
values is proved to be equivalent to the LS SVM.

In some papers that discuss the superiority of the proposed
methods over previous methods, e.g., [3, 7, 9, 11], the accu-
racy of the data held-out during cross-validation is used. But,
this may lead to biased comparison because the accuracy is im-
proved by tuning the hyperparameters.

In this paper, we discuss the effect of twin separating hy-
perplanes to generalization ability. The twin separating hyper-
planes produce two decision boundaries. Therefore, the TSVM
has more separation power than the regular SVM has in the
same feature space. In theoretical analysis we discuss the equiv-
alence of one of the two decision boundaries of the TSVM to
the decision boundary of the SVM.

Modifying the TSVM in [11], we define the regular SVM-
based TSVM, and show that under the restricted conditions
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such that the bias terms are not included and the solutions are
unbounded, one of the two decision boundaries of the TSVM
reduces to that of the regular SVM.

For the LS TSVM, we define the regularized LS TSVM with
four hyperparameters. Then we clarify the conditions that one
of the decision boundaries of the LS TSVM is equivalent to
the decision boundary of the LS SVM or that with two hyper-
parameters for imbalanced data. This is an extension of the
equivalence proof of the LS TSVM and the LS SVM in [12].

Using several benchmark data sets, we examine whether the
LS TSVM generalizes better than the LS SVM or that with two
hyperparameters and the second decision boundary is important
in improving the generalization ability.

In Section 2, we explain the idea of the TSVM. And in Sec-
tions 3 and 4, we discuss the equivalence of the TSVM to the
SVM, and the LS TSVM to the LS SVMs, respectively. In Sec-
tion 5, we compare generalization ability of the LS TSVM and
LS SVMs using several benchmark data sets.

2. Idea of Twin Support Vector Machines

In contrast to the regular SVM, the TSVM has two decision
functions for classi:

fi(x) = w⊤i ϕ(x) + bi for i = 1,2, (1)

wherex is the input vector,ϕ(x) is the mapping function that
mapsx into thel-dimensional feature space,wi is thel-dimen-
sional coefficient vector of the decision function, andbi is the
bias term.

Each decision function is determined separately such that the
training data of the associated class are as near as possible to
the decision function and the training data of the opposite class
are far from the decision function.

In classification,x is classified into the class with the nearer
decision function:

arg min
i=1,2
| fi(x)|. (2)

Therefore, the decision boundaries are given by

| f1(x)| = | f2(x)|. (3)

This means that there are two decision boundaries:

f1(x) = f2(x), f1(x) = − f2(x). (4)

Figure 1 shows an example of the decision functions and the
decision boundaries for two-class data in the two-dimensional
input space. In general, the two decision functions are not par-
allel. Therefore, unlike regular SVMs, the feature space is di-
vided into four regions and each class has two separate regions.
If the two decision functions are in parallel, the four regions
reduce to two, but this is rare.

3. Twin Support Vector Machines

In this section, we discuss the architecture of the original
TSVM [3] and define the sparse version of the TSVM based
on [11]. Finally, we discuss the equivalence of one of the de-
cision boundaries of the TSVM to the decision boundary of the
SVM.

Class 1

x1

x2

0

Class 2

f1(x) = 0

f2(x) = 0

Class 1

Class 2

|f1(x)| = |f2(x)|

|f1(x)| = |f2(x)|

Fig. 1. Decision functions of the TSVM in a two-dimensional space

3.1. Architecture

Assume that we haveM training datax1, . . . , xM and the first
M1 data belong to Class 1 and the remaining data, to Class 2.
Then the twin support vector machine proposed in [3] is defined
by

minimize
1
2

M1∑
i=1

ξ21i +C1

M∑
i=M1+1

ξ1i (5)

subject to w⊤1 ϕ(xi) + b1 + ξ1i = 0 for i = 1, . . .M1, (6)

−(w⊤1 ϕ(xi) + b1) + ξ1i ≥ 1, ξ1i ≥ 0

for i = M1 + 1, . . .M, (7)

and

minimize
1
2

M∑
i=M1+1

ξ22i +C2

M1∑
i=1

ξ2i (8)

subject to w⊤2 ϕ(xi) + b2 + ξ2i ≥ 1, ξ2i ≥ 0

for i = 1, . . .M1, (9)

w⊤2 ϕ(xi) + b2 + ξ2i = 0

for i = M1 + 1, . . .M, (10)

whereξki (k = 1,2, i = 1, . . . ,M) are slack variables,C1 andC2

are control parameters for Classes 1 and 2, respectively.
The first term of the objective function given by (5) is the sum

of squares of the slack variables for Class 1 and the second term
is the sum of the slack variables for Class 2 multiplied byC1.
Therefore, ifC1 = 0, the minimization of the objective function
is linear regression forϕ(x1), . . . ,ϕ(xM1). If C1 , 0, the second
term works to minimize the violation of the constraintsf1(xi) ≤
−1 for i = M1 + 1, . . . ,M as far as possible.

Because of the square loss, sparsity of the solution, which
is one of the advantages of SVMs, is lost. In addition, unlike
SVMs, the objective function does not include the regulariza-
tion termw⊤i wi (i = 1,2). According to the computer experi-
ments in [9], by the introduction of the regularization term, the
generalization ability is improved. Therefore, in the following,
we define regularized sparse TSVM with the hint of the Twin
Parametric-Margin SVM (TPMSVM) given by (8) and (9) in
[11].
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The regularized sparse TSVM is given by

minimize
1
2

w⊤1 w1 +C11

M1∑
i=1

ξ1i +C12

M∑
i=M1+1

ξ1i (11)

subject to yi (w⊤1 ϕ(xi) + b1) + ξ1i ≥ 0 for i = 1, . . .M1, (12)

yi (w⊤1 ϕ(xi) + b1) + ξ1i ≥ 1

for i = M1 + 1, . . .M (13)

and

minimize
1
2

w⊤2 w2 +C21

M1∑
i=1

ξ2i +C22

M∑
i=M+1

ξ2i , (14)

subject to yi (w⊤2 ϕ(xi) + b2) + ξ2i ≥ 1 for i = 1, . . .M1, (15)

yi (w⊤2 ϕ(xi) + b2) + ξ2i ≥ 0

for i = M1 + 1, . . .M, (16)

whereξ1i ≥ 0, ξ2i ≥ 0 (i = 1, . . . ,M), yi = 1 for Class 1 and
−1 for Class 2 (i = 1, . . . ,M), andC11, C12, C21, andC22 are
hyperparameters to control the trade-off between the accuracy
for the training data and the generalization ability.

Each SVM of the TSVM given by (11) to (16) is very similar
to the regular SVM: If we setC11 = C12 in (11) and replace
0 in the right hand-side of (12) with 1, we obtain the regular
SVM. This model is used to show the conditions that the TSVM
reduces to SVM.

We solve (11) to (13) in the dual form. Introducing the La-
grange multipliersα1i andβ1i , we obtain the unconstrained min-
imization problem:

minimize
1
2

w⊤1 w1 +C11

M1∑
i=1

ξ1i +C12

M∑
i=M1+1

ξ1i

−
M1∑
i=1

α1i

(
yi (w⊤1 ϕ(xi) + b1) + ξ1i

)
−

M∑
i=M1+1

α1i

(
yi (w⊤1 ϕ(xi) + b1) + ξ1i − 1

)
−

M∑
i=1

βi ξ1i , (17)

whereα1i ≥ 0 andβ1i ≥ 0 for i = 1, . . . ,M.
The optimality conditions for (17) are given by

w1 =

M∑
i=1

α1i yi ϕ(xi), (18)

M∑
i=1

yi α1i = 0, (19)

C11 − α1i − β1i = 0 for i = 1, . . . ,M1, (20)

C12 − α1i − β1i = 0 for i = M1 + 1, . . . ,M, (21)

α1i

(
yi(w⊤1 ϕ(xi) + b1) + ξ1i

)
= 0 for i = 1, . . . ,M1, (22)

α1i

(
yi(w⊤1 ϕ(xi) + b1) + ξ1i − 1

)
= 0

for i = M1 + 1, . . . ,M. (23)

Substituting (18) to (21) into (17), we obtain the following
optimization problem

maximize
M∑

i=M1+1

α1i −
1
2

M∑
i, j=1

α1i α1 j yi y j K(xi , x j) (24)

subject to
M∑

i=1

yi α1i = 0, (25)

0 ≤ α1i ≤ C11 for i = 1, . . .M1, (26)

0 ≤ α1i ≤ C12 for i = M1 + 1, . . .M, (27)

whereK(xi , x j) = ϕ⊤(xi)ϕ(x j) and K(xi , x j) is a kernel func-
tion. In our study we use RBF kernels: exp(−γ∥x− x′∥2) where
γ (> 0) is a positive parameter to control the spread.

Likewise, the optimization problem given by (14) to (16) are
converted into

maximize
M1∑
i=1

α2i −
1
2

M∑
i, j=1

α2i α2 j yi y j K(xi , x j) (28)

subject to
M∑

i=1

yi α2i = 0, (29)

0 ≤ α2i ≤ C21 for i = 1, . . .M1, (30)

0 ≤ α2i ≤ C22 for i = M1 + 1, . . .M. (31)

3.2. Relations between Twin Support Vector Machines and
Regular Support Vector Machines

Now investigate the relation between the TSVM and the reg-
ular SVM.

To simplify the discussion, we make the following assump-
tions:

1. The decision functions do not include the bias terms.
Then, we can delete the equality constraints (25) and (29).

2. Let the set of support vectors for (24) to (27), that for (28)
to (31), and that for the regular SVM beS1, S2, andS.
And letS1 = S2 = S.

3. All the support vectors are unbounded, namely, 0≤ αki <
Cki for k = 1,2, i = 1, . . . ,M, whereCki = Ck1 for i =
1, . . . ,M1 andCki = Ck2 for i = M1 + 1, . . . ,M.

Exclusion of the bias terms is not a serious problem because the
constant terms in the kernels work to generate bias terms im-
plicitly. The widely-used RBF kernels include constant terms.
And if the constant terms are not included, we need only to add
1 to the kernels [2].

If support vectors are all unbounded, the non-zero elements
of the solution for (24) to (27) are obtained by solving

K1αS1 = g1, (32)

whereαS1 is the |S1|-dimensional vector whose elements are
α1i for i ∈ S1, g1 is the|S1|-dimensional vector whose elements
are 0 fori ∈ {1, . . . ,M1} and 1 fori ∈ {M1 + 1, . . . ,M}, and

K1 =
{
yi y j K(xi , x j)

}
for i, j ∈ S1. (33)

Likewise, the non-zero elements of the solution for (28) to
(31) are given by solving

K2αS2 = g2, (34)
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whereK2 = K1, αS2 is the |S2|-dimensional vector whose ele-
ments areα2i for i ∈ S2, g2 is the|S2|-dimensional vector whose
elements are 1 fori ∈ {1, . . . ,M1} and 0 fori ∈ {M1+1, . . . ,M}.
Therefore,

g1 + g2 = 1S1, (35)

where1S1 is the|S1|-dimensional vector whose elements are all
1.

The non-zero elements of the solution for the regular SVM
are obtained by solving

K αS = 1S1, (36)

whereK = K1 = K2.
Assume thatK is nonsingular. Then, from (32) to (36),

αS = αS1 + αS2. (37)

Therefore one of the decision boundaries for the TSVM,f1(x) =
f2(x), is equivalent to the decision boundary for the regular
SVM.

The above assumptions for the TSVM are too restrictive to
realize the equivalent decision boundary by the regular SVM in
real applications. For the LS TSVM, however, we can prove
the equivalence of the LS TSVM with the LS SVM without any
assumptions as the following section shows.

4. Least Squares Twin Support Vector Machines

In this section, we define the regularized version of the LS
TSVM [10]. Then, we clarify the conditions where one of the
decision boundaries of the LS TSVM coincides with the deci-
sion boundary of the LS SVM.

4.1. Architecture

The regularized version of the LS TSVM proposed in [10] is
given by

minimize
1
2

w⊤1 w1 +
C11

2

M1∑
i=1

ξ21i +
C12

2

M∑
i=M1+1

ξ21i (38)

subject to w⊤1 ϕ(xi) + b1 + ξ1i = y1i for i = 1, . . .M, (39)

whereξ1i are slack variables, andy1i = 0 for Class 1 and−1 for
Class 2, and

minimize
1
2

w⊤2 w2 +
C21

2

M1∑
i=1

ξ22i +
C22

2

M∑
i=M1+1

ξ22i , (40)

subject to w⊤2 ϕ(xi) + b2 + ξ2i = y2i for i = 1, . . .M, (41)

whereξ2i are slack variables, andy2i = 1 for Class 1 and 0 for
Class 2.

In (38) and (39), ify1i = 1 for Class 1 and−1 for Class 2,
we obtain the LS SVM with a separate hyperparameter for both
classes. IfC11 = C12, we obtain the regular LS SVM. The LS
SVM with two hyperparameters are used for unbalanced data
to improve the generalization ability of the class with a smaller
number of data.

To solve (38) and (39) in the dual form, we derive the uncon-
strained optimization problem:

minimize
1
2

w⊤1 w1 +
C11

2

M1∑
i=1

ξ21i +
C12

2

M∑
i=M1+1

ξ21i

−
M∑

i=1

α1i(w⊤1 ϕ(xi) + b1 + ξ1i − y1i), (42)

whereα1i are Lagrange multipliers. Taking the partial deriva-
tive of (42) with respect tow1, b1, andξ1i together with the
equality constraints, we obtain the following optimality condi-
tions:

w1 =

M∑
i=1

α1i ϕ(xi), (43)

M∑
i=1

α1i = 0, (44)

α1i = C11 ξ1i for i = 1, . . . ,M1, (45)

α1i = C12 ξ1i for i = M1 + 1, . . . ,M, (46)

w⊤1 ϕ(xi) + b1 + ξ1i = y1i for i = 1, . . .M. (47)

Substituting (43) into (47), we obtain

M∑
i=1

α1i ϕ
⊤(xi)ϕ(x j) + b1 + ξ1 j

=

M∑
i=1

α1i Ki j + b1 + ξ1 j = y1 j for j = 1, . . .M, (48)

whereKi j = K(xi , x j) = ϕ⊤(xi)ϕ(x j). We substitute (45) and
(46) into (48) and obtain

M∑
i=1

α1i Ki j + b1 + α1 j/C1 j = y1 j for j = 1, . . .M, (49)

whereC1 j = C11 for j = 1, . . . ,M1 andC1 j = C12 for j =
. . . ,M1 + 1, . . . ,M.

Expressing (44) and (49) in a matrix form,

Ω(C11,C12)

(
α1

b1

)
=

(
y1

0

)
, (50)

whereα1 = (α11, . . . , α1M)⊤, y1 = (y11, . . . , y1M)⊤,

Ω(C11,C12) =

(
D(C11,C12) + K 1M

1⊤M 0

)
, (51)

D(C11,C12) = diag(1/C11, . . . ,1/C11,1/C12, . . . ,1/C12), (52)

K = {Ki j }, and1M is theM-dimensional column vector with all
elements being 1.

Similarly the solution of (40) and (41) is expressed by

Ω(C21,C22)

(
α2

b2

)
=

(
y2

0

)
, (53)

whereα2 = (α21, . . . , α2M)⊤ andy2 = (y21, . . . , y2M)⊤.
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4.2. Analysis of Least Squares Twin Support Vector Machines
In this section, we clarify the relationship between LS

TSVMs and LS SVMs and consider the limitation of the num-
ber of hyperparameters from model selection.

According to the definition of the LS TSVM given by (38)
to (41), one of the decision boundaries of the LS TSVM given
by (4), f1(x) + f2(x) = 0, relates to the boundary given by the
LS SVM. The following theorem shows the equivalence of the
decision boundaries of the LS TSVM and LS SVM.

Theorem 1. The decision boundary off1(x)+ f2(x) = 0 for the
LS TSVM given by (38) to (41) withC11 = C21 andC12 = C22 is
the same as that of the LS SVM with the same hyperparameters,
C11,C12.

Proof. From (50) and (53), and from the assumption ofC11 =

C21 andC12 = C22,

Ω(C11,C12)

(
α

b

)
=

(
y
0

)
, (54)

whereα = α1 + α2, b = b1 + b2, y = (y1, . . . , yM)⊤ andyi =

y1i + y2i . Therefore,y1i = 1 for Class 1 and−1 for Class 2.
This means that (α,b) is the solution for the LS SVM with the
hyperparameters ofC11 andC12.

Therefore, (
w
b

)
=

(
w1

b1

)
+

(
w2

b2

)
. (55)

Thus for the decision boundaries of the LS SVM and the LS
TSVM, the following relation holds:

w⊤ϕ(x) + b = f1(x) + f2(x) = 0. (56)

This means that the decision boundary of the LS SVM coin-
cides with one of the decision boundaries of the LS TSVM.■

It is easy to show that twin hyperplanes of the LS TSVM are
nonparallel even whenC11 = C21 andC12 = C22. Therefore, as
shown in Fig. 2, we must notice that in addition to the decision
boundary with− f1(x) = f2(x), which is the same as that of the
LS SVM, the decision boundary withf1(x) = f2(x) exists; and
that the both classifiers give the same classification results only
for the upper half plane off1(x) = f2(x).

By the LS TSVM, the linearly inseparable case as shown in
Fig. 3 can be separated using linear kernels. This is, however,
not possible by the LS SVM without using nonlinear kernels.

The LS TSVM given by (38) to (41) includes four hyper-
parameters and if RBF kernels are used, five hyperparameter
values need to be determined. The generalization ability of the
LS TSVM depends heavily on the parameter values selected
and usually reliable but inefficient cross-validation is used. Be-
cause the regular LS SVM uses two hyperparameters including
a kernel parameter, cross-validation for five parameters is pro-
hibitive. Therefore, we restrict the number of hyperparameters
to two excluding the kernel parameter.

Let C1 andC2 be two hyperparameters assigned toC11, C12,
C21, andC22 andC1 be selected even times. Then the combi-
nations of the assignment are shown in Table 1. According to
Theorem 1, the LS TSVM with Case 1 is equivalent to the regu-
lar LS SVM, and the LS TSVM with Case 3 is equivalent to the
LS SVM with two hyperparameters. For Cases 2 and 4, there is
no equivalent LS SVM. In [11], Case 4 is used.

Class 1

x1

x2

0

Class 2

f1(x) = 0

f2(x) = 0

Class 1

Class 2

-f1(x) = f2(x)

f1(x) = f2(x)

Fig. 2. Decision boundaries of the LS TSVM and the LS SVM in a two-
dimensional space. The decision boundaries of the LS TSVM aref1(x) =
f2(x) and f1(x) = − f2(x), while the decision boundary of the LS SVM is
f1(x) = − f2(x).

Class 1

x1

x2

0

Class 2

f1(x) = 0

f2(x) = 0

Class 1

Class 2

Fig. 3. An example of inseparable case in a two-dimensional space

5. Performance Evaluation

We compared the accuracies of the LS TSVMs for the four
cases shown in Table 1 using UCI two-class data sets [14]. For
Cases 1 and 3, we used the LS SVM, because one of the deci-
sion boundaries of the LS TSVM is equivalent to the decision
boundary of the LS SVM.

Because the imbalanced data may widen the difference of
the generalization abilities, we also analyze the effect of the LS
TSVM and the LS SVM to imbalanced data.

5.1. Model Selection

To compare classifier performance we need to determine the
optimum parameter values. This process is called model se-

Table 1. Equivalence of LS TSVMs with LS SVMs
Case C11 C12 C21 C22 Equivalence

1 C1 C1 C1 C1 LS SVM
2 C1 C1 C2 C2 —
3 C1 C2 C1 C2 LS SVM
4 C1 C2 C2 C1 —
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Table 2. Benchmark data for two-class problems
Problem Inputs Train Test Sets Ratio
Banana 2 400 4,900 100 1.20 (1.23)
Breast cancer 9 200 77 100 2.40 (2.47)
Diabetes 8 468 300 100 1.86 (1.88)
Flare-solar 9 666 400 100 0.81 (0.81)
German 20 700 300 100 2.32 (2.35)
Heart 13 170 100 100 1.25 (1.25)
Image 18 1,300 1,010 20 0.74 (0.76)
Ringnorm 20 400 7,000 100 1.01 (1.02)
Splice 60 1,000 2,175 20 1.07 (1.08)
Thyroid 5 140 75 100 2.28 (2.36)
Titanic 3 150 2,051 100 2.11 (2.10)
Twonorm 20 400 7,000 100 0.98 (1.00)
Waveform 21 400 4,600 100 2.02 (2.04)

lection. In our case we need to determine the parameter val-
ues ofC1, C2, andγ for RBF kernels. We used fivefold cross-
validation for model selection because it gives a reliable result
although time consuming.

In cross-validation, we randomly split a training data set into
five approximately-equal-size subsets and train the classifier us-
ing four subsets and evaluate the classifier using the remaining
subset. We repeat the procedure five times with different com-
binations and evaluate the total accuracy of the subsets that are
held out during training using the four subsets. We call the
accuracy thus evaluated accuracy by cross-validation. We eval-
uate the accuracies by cross-validation for the parameter values
assigned for each hyperparameter and select the hyperparame-
ter values that realize the best accuracy by cross-validation.

In cross-validation, we selected theC1 andC2 values from
{0.1, 1, 10, 50, 100, 500, 1000, 2000} and theγ values from
{0.01, 0.1, 0.5, 1, 5, 10, 15, 20, 50, 100, 200}.

For Cases 2 to 4, we need to determine one more parameter
value than for Case 1. To speed up cross-validation, in addition
to grid search we also tried the combination of grid search and
line search; First we determine the values ofC1 andγ. Then we
determine the value ofC2 fixing the values ofC1 andγ.

Setting the parameter values determined by cross-validation,
we trained the classifier using the training data and evaluated
the accuracy of the associated test data. We evaluated the av-
erage accuracies and the standard deviations and compared the
pairwise statistical significance using Welch’s t test.

To avoid insufficient convergence by iterative methods, and
thus to avoid the imprecise comparison of accuracies, we train
the LS TSVM and LS SVM by matrix inversion. This will lead
to slow training especially for large size problems. But we use
matrix inversion to keep the comparison of classifiers accurate.

5.2. Two-class problems

Table 2 lists the numbers of inputs, training data, test data,
data set pairs, and the ratio of imbalance for the two-class prob-
lems. Each data set pair consists of the training data set and
the test data set. The ratio of imbalance shows the ratio of the
number of data for Class 2 to that for Class 1. The numeral in
the parentheses shows the ratio for the test data. The ratios of
imbalance range in 0.7 to 3 for both training data and test data
and thus all the problems are relatively balanced.

Table 3. The distribution of p-values
Problem p < 0.05 pmin pmax

Banana — 0.0707 0.7730
Breast cancer — 0.0958 0.5557
Diabetes — 0.7068 0.9716
Flare-solar — 0.2509 1.0000
German — 0.5546 0.8753
Heart — 0.2329 0.4650
Image — 0.2329 0.7804
Ringnorm — 0.0973 1.0000
Splice — 0.6524 0.8916
Thyroid — 0.4447 0.8264
Titanic — 0.6185 0.9399
Twonorm 0.0498 0.0994 1.0000
Waveform — 0.2480 0.8212

We performed Welch’s t test with the confidence intervals of
95% (p < 0.05) for the average accuracies of each problem ob-
tained by the LS TSVM4 and each of the remaining classifiers,
where superscript 4 denotes Case 4 in Table 1. Table 3 shows
the distribution of thep-values. In the table, column “p < 0.05”
shows thep-value smaller than 0.05, if it exists, andpmin and
pmax show the minimum and maximump-values forp > 0.05,
respectively. Ifp < 0.05, the average accuracies of LS TSVM4

and each of the remaining classifiers are statistically different,
and otherwise, statistically the same. The statistical difference
only appear for the twonorm problem and also the associated
p-value is very close to 0.05.

Table 4 shows the average accuracies and their standard devi-
ations of the classifiers. The superscript for each classifier name
is the case number shown in Table 1 and (l) denotes that the
cross-validation was performed by combining the grid search
and line search.

Among seven classifiers the best average accuracy is shown
in bold and the worst one is underlined. The “Average” row
shows the average accuracy of the 13 average accuracies and
the two numerals in the parentheses show the numbers of the
best and worst accuracies in the order. The “W/T/L” row shows
the results of Welch’s t test; W, T, and L denote the numbers
of times that the LS TSVM4 shows statistically better than, the
same as, and worse than another classifier, respectively. The
superscript “−” for the average accuracy means that the LS
TSVM4 is statistically worse than the associated classifier. For
example, W/T/L for the LS TSVM4 (l) is 0/12/1: W= 0 because
the LS TSVM4 is not statistically better than the LS TSVM4 (l)
for any problem; T= 12, because statistically comparable for
12 problems; and L= 1 because statistically inferior for the
twonorm problem.

From the average accuracy, the LS TSVM2 and LS TSVM2

(l) performed best and the LS TSVM4, worst. (For the vali-
dation data sets, the LS TSVM4 was the best. But because of
the space limitation, we cannot include the results.) Statisti-
cally, the accuracy of LS TSVM4 is comparable to LS TSVM2,
LS TSVM2 (l), and LS SVM3, but slightly inferior to the LS
TSVM4(l), LS SVM3 (l), and LS SVM1. Therefore, seven clas-
sifiers are statistically comparable.

The above results indicate that the second decision bound-
ary, f1(x) = f2(x), did not work to improve the generalization
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Table 4. Accuracy comparison of the test data for the two-class problems
Problem LS TSVM4 LS TSVM4 (l) LS TSVM2 LS TSVM2 (l) LS SVM3 LS SVM3 (l) LS SVM1

Banana 89.06±0.81 89.24±0.57 89.21±0.64 89.17±0.65 89.09±0.65 89.17±0.67 89.17±0.66
B. cancer 72.75±4.42 73.25±4.63 73.61±4.72 73.39±4.94 73.82±4.62 73.27±4.81 73.13±4.68
Diabetes 76.20±1.96 76.13±1.99 76.30±1.79 76.25±2.00 76.13±2.07 76.19±2.00 76.19±2.00
Flare-solar 65.94±1.94 66.23±1.97 66.22±1.98 66.26±1.99 65.94±1.98 66.25±1.98 66.25±1.98
German 75.92±2.20 76.09±2.11 76.00±2.27 76.07±2.08 75.97±2.30 76.10±2.10 76.10±2.10
Heart 82.05±3.74 82.47±3.62 82.74±3.48 82.52±3.52 82.64±3.50 82.43±3.60 82.49±3.60
Image 97.64±0.47 97.45±0.52 97.60±0.43 97.62±0.48 97.44±0.58 97.49±0.51 97.52±0.54
Ringnorm 98.21±0.26 98.21±0.33 98.17±0.36 98.18±0.33 98.14±0.33 98.19±0.33 98.19±0.33
Splice 89.03±0.65 88.95±0.72 88.99±0.65 88.94±0.71 89.00±0.73 88.93±0.74 88.98±0.70
Thyroid 94.84±2.62 95.09±2.54 94.92±2.53 95.12±2.55 94.95±2.35 95.08±2.55 95.08±2.55
Titanic 77.45±0.88 77.40±0.82 77.43±0.86 77.40±0.82 77.44±0.99 77.39±0.82 77.39±0.83
Twonorm 97.36±0.23 97.43−±0.27 97.35±0.31 97.42±0.28 97.36±0.33 97.43−±0.27 97.43−±0.27
Waveform 89.96±0.63 89.98±0.62 89.90±0.57 90.06±0.59 89.88±0.68 90.05±0.59 90.05±0.59
Average (B/W) 85.11(4/6) 85.23 (3/1) 85.26(2/1) 85.26(3/0) 85.22 (1/5) 85.23 (2/2) 85.23 (2/1)
W/T/L — 0/12/1 0/13/0 0/13/0 0/13/0 0/12/1 0/12/1

ability. To check this, we carried out the simulation for the LS
SVM1 using the LS TSVM4 with C1 = C2. For all the 13 prob-
lems, both LS SVM1 and LS TSVM4 with C1 = C2 gave the
same classification accuracies for the validation and test data.
Therefore, the decision boundary,f1(x) = f2(x), was not used
at all.

5.3. Effect of LS TSVMs and LS SVMs to Imbalanced Data

To clarify the effect of the LS TSVMs and LS SVMs to the
imbalanced data, we used two-class data from the three-class
thyroid data (93 data for Class 1 and 3488 data for Class 3) [15].
We changed the ratio of imbalance from 1 (93 data for Class 3)
to 37.5 (3488 data for Class 3) randomly selecting Class 3 data,
and examined the total accuracies of the test data (73 data for
Class 1 and 3178 for Class 3) and the accuracies of the Class
1 data (the number of correctly classified data divided by the
number of Class 1 data).

Table 5 shows the total accuracy of the test data. The nu-
merals in the parenthesis show the accuracy of Class 1 data.
And B and W in “B/W” denote the numbers of times that the
classifier associated with the column shows the best and worst
accuracies, respectively. From the table the total accuracy of
LS TSVM4 is the best and that of LS SVM3, the worst. But the
accuracy of Class 1 data for the LS SVM3 is the best and that
for the LS SVM2 (l), the worst. So, at least a separate hyperpa-
rameter for each class works to improve the accuracy of the LS
SVM3 for the class with the smaller number of data.

6. Conclusions

We investigated theoretically and experimentally whether
twin support vector machines (TSVMs), which employ twin
hyperplanes, improve generalization abilities compared to reg-
ular support vector machines (SVMs). We focused on one of
the two decision boundaries, which works similar to the deci-
sion boundary of the SVM. Under restricted conditions such as
all the support vectors are unbounded, we proved that one of
the decision boundaries of the TSVM is equivalent to the deci-
sion boundary of the SVM. For the LS (least squares) TSVM,
we clarify the conditions that one of the decision boundaries of

the LS TSVM is equivalent to the decision boundary of the LS
SVM.

By computer experiments we compared accuracies of the LS
TSVMs and LS SVMs for the test data. For the UCI two-class
problems, pairwise statistical analysis of the accuracy of one
type of LS TSVM with those of the other classifiers for the
test data shows that the LS TSVM is comparable or inferior
to other classifiers. By experimenting the LS SVM by the LS
TSVM with the same hyperparameters, the accuracies of both
classifiers were the same for the test data. Therefore, the second
decision boundary of the LS TSVM did not work to improve the
generalization ability.

For the imbalanced data, the LS SVM with two hyperparam-
eters showed better accuracy for the class with the smaller num-
ber of data.
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