<RNE,

T Kobe University Repository : Kernel

S
4ope

PDF issue: 2025-12-05

Are twin hyperplanes necessary?

Abe, Shigeo

(Citation)
Pattern Recognition Letters, 116:218-224

(Issue Date)
2018-12-01

(Resource Type)
journal article

(Version)
Accepted Manuscript

(Rights)

© 2018 Elsevier B.V.

This manuscript version is made available under the CC-BY-NC-ND 4.0 Llicense
http://creativecommons. org/licenses/by-nc-nd/4.0/

(URL)
https://hdl. handle. net/20.500. 14094/90006300

\j].\]\'l:lihl Y
AN



Pattern Recognition Letters
journal homepage: www.elsevier.com

Are Twin Hyperplanes Necessary?

ShigeoAbe?**

2Kobe University, Kobe, Japan

ABSTRACT

In a twin support vector machine (TSVM), the separating hyperplane associated with one class is
determined such that the hyperplane is near to the data belonging to the class and that it is away from
the other class. A data sample is classified into the class with the nearer hyperplane. In this paper
we discuss whether the twin hyperplanes are necessary for the TSVM. By theoretical analysis we first
show the equivalence conditions that one of the two decision boundaries of the TSVM coincides with
the decision boundary of the SVM. Then for the least squares (LS) version of the TSVM, we clarify the
equivalence conditions with the LS SVM or that with two hyperparameters for imbalanced data (one
for each class). A comparison of the LS TSVM with the LS SVMs, by computer experiments, shows
that the generalization abilities of the LS TSVM are comparable but not superior for 13 two-class
problems and an imbalanced two-class problem.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction iments, this is shown to improve the generalization ability but
with the heavier burden of computation for model selection.

A support vector machine (SVM) is a binary classifier that  Many variants of TSVMs have been proposed. In [10], the
separates one class from the other by a single hyperplane [1, 2]SVM is extended to the least squares version of the TSVM
Since the introduction of the SVM, a number of variants havg(LS TSVM), which has a square loss function. In [11], the reg-
been developed to improve the generalization ability [3, 4, 5, 6]ular SVM based formulation with the hinge loss is used for the

In [3], a twin support vector machine (TSVM) with two non- TSVM. This results in improved sparsity of the original TSVM.
parallel hyperplanes, which is an extension of the generalizeth addition to the hinge loss and the square loss, other types of
eigenvalue proximal support vector machine (GEPSVM) [7], isloss functions are developed [12, 13].
proposed. Each hyperplane is associated with a class and isas for the equivalence of the TSVMs with conventional clas-
trained such that the training data of the associated class agfiers, in [12], the LS TSVM with the same hyperparameter
enforced to the hyperplane with the square loss of the distanggy|,es is proved to be equivalent to the LS SVM.
from the hyperplane and that the training data of the opposite
plass are cc_)nst_rained to be as far as possible. This formmatiorﬂethods over previous methods, e.g., [3, 7, 9, 11], the accu-
is the combination of the least squares SVM (LS SVM) [8] andracy of the data held-out during cross-validation is used. But,

the re.gular'SVM. Because of the least squares formulation, tht‘ﬁis may lead to biased comparison because the accuracy is im-
sparsity (with respect to the number of support vectors) of th%rove d by tuning the hyperparameters

TSVM is reduced compared to the regular SVM. , ; i i

In [3], to avoid the singularity of the cdigcient matrix, a In this paper, we ¢sc_uss the?fect of tW'.n separatl_ng hy-
; IQerplanes to generalization ability. The twin separating hyper-
lanes produce two decision boundaries. Therefore, the TSVM
as more separation power than the regular SVM has in the
same feature space. In theoretical analysis we discuss the equiv-
alence of one of the two decision boundaries of the TSVM to

the decision boundary of the SVM.

**Corresponding author: Tek:81-78-994-3432; faxz81-78-994-3432; Modifying the TSVM in [11], we define the regular SV'_V_"
e-mail: abe@kobe-u. ac. jp (Shigeo Abe) based TSVM, and show that under the restricted conditions

In some papers that discuss the superiority of the proposed

responds to a regularization term with a small positive constant.
In [9], the regularization term with a hyperparameter is used t
control the generalization ability. According to computer exper




such that the bias terms are not included and the solutions are £,00 =0 1t 6] = If,00)]
unbounded, one of the two decision boundaries of the TSVM % . Class1l o ,/ (=0
reduces to that of the regular SVM.
For the LS TSVM, we define the regularized LS TSVM with
four hyperparameters. Then we clarify the conditions that one
of the decision boundaries of the LS TSVM is equivalent to
the decision boundary of the LS SVM or that with two hyper-
parameters for imbalanced data. This is an extension of the
equivalence proof of the LS TSVM and the LS SVM in [12]. Class1 N _
Using several benchmark data sets, we examine whether the
LS TSVM generalizes better than the LS SVM or that with two
hyperparameters and the second decision boundary is important 0
in improving the generalization ability. X
In Section 2, we explain the idea of the TSVM. And in Sec-
tions 3 and 4, we discuss the equivalence of the TSVM to the
SVM, and the LS TSVM to the LS SVMs, respectively. In Sec-
tion 5, we compare generalization ability of the LS TSVM and

[£,091 = 16,09

Fig. 1. Decision functions of the TSVM in a two-dimensional space

LS SVMs using several benchmark data sets. 3.1. Architecture
Assume that we havil training datax, . .., Xy and the first
2. ldea of Twin Support Vector Machines M; data belong to Class 1 and the remaining data, to Class 2.

Then the twin s ort vector machine proposed in [3] is defined
In contrast to the regular SVM, the TSVM has two decisionby Win stipportv 'ne prop (3] I

functions for class:

| . _ . o 1 My M
fi(x) =w ¢(x) + by for i=12 1) minimize E;ﬁiwl Z & (5)

wherex is the input vectorg(x) is the mapping function that 1=Mp+1

mapsx into thel-dimensional feature spaos; is thel-dimen- ~ subjectto wj ¢(x;)) +byi+&; =0 fori=1,...My,  (6)

sional codficient vector of the decision function, aiis the —(wi @(xi) +br) +é1 21, £ 20

bias term. o _ fori=Mi+1,...M, @)
Each decision function is determined separately such that the

training data of the associated class are as near as possibleaiod

the decision function and the training data of the opposite class L M My
are far from the decision function. . minimize = Z 2+ szgz ®)
In classificationx is classified into the class with the nearer 2 ymt] =

decision function: subjectto W] ¢(x)+ba+én =1 220

argi'ﬂ!?' GO @) fori=1,... My, 9)
Therefore, the decision boundaries are given by W] ¢(x) + by + &5 =0
F2001 = [f2(X)L. (3) fori=My+1,...M, (10)
This means that there are two decision boundaries: where (k=1,2,1=1,..., M) are slack variable€; andC,
F100 = 090, f1(X) = — (). ) are control parameters for Classes 1 and 2, respectively.

The first term of the objective function given by (5) is the sum
Figure 1 shows an example of the decision functions and thef squares of the slack variables for Class 1 and the second term
decision boundaries for two-class data in the two-dimensionab the sum of the slack variables for Class 2 multiplieddy
input space. In general, the two decision functions are not parFherefore, ifC; = 0, the minimization of the objective function
allel. Therefore, unlike regular SVMs, the feature space is diis linear regression fap(x1), ..., #(Xm,). If C1 # O, the second
vided into four regions and each class has two separate regioriefm works to minimize the violation of the constrairfitéx;) <
If the two decision functions are in parallel, the four regions—1fori = My +1,..., M as far as possible.
reduce to two, but this is rare. Because of the square loss, sparsity of the solution, which
is one of the advantages of SVMs, is lost. In addition, unlike
SVMs, the objective function does not include the regulariza-
tion termw;"w; (i = 1,2). According to the computer experi-
In this section, we discuss the architecture of the originaiments in [9], by the introduction of the regularization term, the
TSVM [3] and define the sparse version of the TSVM basedjeneralization ability is improved. Therefore, in the following,
on [11]. Finally, we discuss the equivalence of one of the dewe define regularized sparse TSVM with the hint of the Twin
cision boundaries of the TSVM to the decision boundary of theParametric-Margin SVM (TPMSVM) given by (8) and (9) in
SVM. [11].

3. Twin Support Vector Machines
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The regularized sparse TSVM is given by Substituting (18) to (21) into (17), we obtain the following

optimization problem

PR 1 - S N M M
minimize  =w;w; +Cy3 » &1 +Cio &ii (11) - 1
21 ; ! i=le+l ' maximize Z @i - 5 Z i a1j Vi Yj K(Xi, X)) (24)
subjectto y; (W] ¢(x;) +by) + & >0 fori=1,... M1, (12) ':'\AM“l h=
Yi (W1 ¢(xi) +ba) + &3 > 1 subjectto ) yiay =0, (25)
fori=Mi1+1,...M (13) i=1
O0<ay<Cqyy fori=1,...Mq, (26)
and 0<ai<Cip fori=Mi+1,...M, 27)
M1 M T .
L 1. whereK(x;,x;) = ¢'(x) ¢(x;) andK(x;, x;) is a kernel func-
minimize - 5Wp Wa + Cﬂzfz + CZZ, %:lfz“ (14 tion. In our study we use RBF kernels: exp(x — X'||?) where
1= =M+

. ) v (> 0) is a positive parameter to control the spread.

Yi (Wy @(Xi) + D2) + &2 > 1 fori =1,... My, (15) Likewise, the optimization problem given by (14) to (16) are
¥i (W3 ¢(xi) +2) + &2 > 0 converted into

fori=M;+1,...M, (16) My 1M

maximize Z g — E Z a2 @2jYiYj K(Xi,Xj) (28)

subject to

where&; > 0,8 >0(@ =1,...,M),y; = 1 for Class 1 and i=1 =1
-1 for Class 2i(= 1,..., M), andCy3, Ciz, Cp1, andCy; are M
hyperparameters to control the trad&4oetween the accuracy subject to Z Yi as = 0, (29)
for the training data and the generalization ability. i=1

Each SVM of the TSVM given by (11) to (16) is very similar O0<ay<Cy fori=1,...My, (30)
to the regular SVM: If we se€;; = Cyz in (11) and replace O0<ay<Cyp fori=Mi+1,...M.(31)

0 in the right hand-side of (12) with 1, we obtain the regular
SVM. This model is used to show the conditions that the TSVM3.2. Relations between Twin Support Vector Machines and
reduces to SVM. Regular Support Vector Machines

We solve (11) to (13) in the dual form. Introducing the La-  Now investigate the relation between the TSVM and the reg-
grange multipliersr;; andgs;, we obtain the unconstrained min- yjar SVM.

imization problem:

To simplify the discussion, we make the following assump-
tions:

Mz M
minimize }WIW1+CHZ§H +C1 Z &1j 1. The decision functions do not include the bias terms.
2 i=1 i=Mp+1 Then, we can delete the equality constraints (25) and (29).
Mi 2. Let the set of support vectors for (24) to (27), that for (28)
- Z ai (yi (wy é(xi) + by) +§1i) to (31), and that for the regular SVM I, S,, andS.
i=1 And letS; =S, =S.
M 3. All the support vectors are unbounded, namely, 8y; <
T . .
- Z @i (yi (wy é(Xi) + by) + &1 - 1) Cifork =12,i=1,...,M, whereCy = Cy fori =
i=My+1 1,...,M;andCy =Cefori=M;+1,..., M.
M
_ - 17 Exclusion of the bias terms is not a serious problem because the
,3| flh ( ) . . .
— constant terms in the kernels work to generate bias terms im-

whereay; > 0andBy = 0fori=1,..., M.
The optimality conditions for (17) are given by

plicitly. The widely-used RBF kernels include constant terms.
And if the constant terms are not included, we need only to add
1 to the kernels [2].

If support vectors are all unbounded, the non-zero elements

M . . .
of the solution for (24) to (27) are obtained by solvin

wi= anyi 6x). 18) (291N Y soing

i=1 Kias, =01, (32)
M
Zy az =0 (19) whereas, is the|S;|-dimensional vector whose elements are
— T ay; fori € Sq, g is the|S1|-dimensional vector whose elements
Cu—ay-pi=0 fori=1,...,M (20) areOforie {1,...,Ms}and 1 fori e {My +1,..., M}, and
Ci-—ai—-B1i=0 fori=Mi+1,...,M, (21) Ki={yiy;K(x.x;)] fori,jes. (33)

an (W] (xi) +by) +€y) =0fori=1,.... My, (22

o (Yi(W] $0) +bn) + €1~ 1) =0
fori=Mi+1...,M 23)

Likewise, the non-zero elements of the solution for (28) to
(31) are given by solving

K2 as, = 02, (34)
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whereK; = Kj, s, is the|S;|-dimensional vector whose ele-  To solve (38) and (39) in the dual form, we derive the uncon-
ments arexy; fori € Sy, gz is the|S,|-dimensional vector whose  strained optimization problem:
elementsare 1 fare {1,...,M;}andOfori € {M{+1,..., M}. "

Therefore, o Cu C12 )
O1+02= 181, (35) minimize WlWl + > Zé:ll Z fli

wherelg, is the|S;|-dimensional vector whose elements are all
1 —Zali(wz $(x;) + by + &1i — yui), (42)
The non-zero elements of the solution for the regular SVM i=1
are obtained by solving whereay; are Lagrange multipliers. Taking the partial deriva-
Kas = 1s (36) tive of (42) With. respect tawy, by, andéy .togeth.er With the .
v equality constraints, we obtain the following optimality condi-
whereK = K; = K. tions:
Assume thakK is nonsingular. Then, from (32) to (36),

i=Mp+1

M
Wy = a1 ¢(Xi), (43)
as = as, + @s,. (37) ' ; ! I
Therefore one of the decision boundaries for the TSYik) = ZM: o =0 (44)
f2(x), is equivalent to the decision boundary for the regular =
SVM. - :
i=C i fori=1,...,My, 45
The above assumptions for the TSVM are too restrictive to @ 1161 . ! (45)
realize the equivalent decision boundary by the regular SVM in @i = Cr2&yi fori=Mi+1,..., M, (46)
real applications. For the LS TSVM, however, we can prove Wy ¢(x)) +br+ &=y fori=1,...M. (47)
the equivalence of the LS TSVM with the LS SVM without any o _ )
assumptions as the following section shows. Substituting (43) into (47), we obtain
T (x . ‘
4. Least Squares Twin Support Vector Machines Z azi @7 (X)) (X)) + by + &1
. . . . . M
In this section, we define the regularized version of the LS _ . o -
TSVM [10]. Then, we clarify the conditions where one of the — ZJC”' Kij +br+&j =y forj=1... M (48)

decision boundaries of the LS TSVM coincides with the deci-

sion boundary of the LS SVM. whereKi; = K(xi,Xj) = ¢7(x) ¢(X;). We substitute (45) and
(46) into (48) and obtain

4.1. Architecture

M
The regularized version of the LS TSVM proposed in [10] is Z a1 Kij + b1+ 21j/Cqj =y1; for j=1,... M, (49)

given by i=1
My M whereCy; = Cyyfor j = 1,...,M; andCyj = Cyp for j =
S 1 C C 1j 11 J seees My 1j 12 J
minimize swiwi+—2r > &+ 20 > &g (38) L Mi+l...M.
i=1 i=My+1 Expressing (44) and (49) in a matrix form,
subjectto wj ¢(xi) + by + &=y fori=1,...M, (39)
Y1
whereé;; are slack variables, and; = 0 for Class 1 and-1 for Q(Cu, C12)( ) (0) (50)
Class 2, and

wherea: = (@11, ..., @1m)", Y1 = Y11, .-, Yim) 7,

_ Co C22 S
minimize W2 W2 + —= Z §2| Z é:gi’ (40) D(Cll, ClZ) + K 1y
=My +1 Q(C11,Cro) = 1 o | (51)

subjectto w3 ¢(x) +bp+ & =y fori=1...M, (41) D(C11,C12) = diag(1/Cy1,...,1/C11,1/C1a, ..., 1/C12), (52)

whereéy are slack variables, ang; = 1 for Class 1 and 0 for K
Class 2.
In (38) and (39), ify;; = 1 for Class 1 and-1 for Class 2,
we obtain the LS SVM with a separate hyperparameter for both
classes. IfC;; = Cy,, we obtain the regular LS SVM. The LS Yo
Q(Ca, sz)( ) ( )

= {Kij}, and1y is theM-dimensional column vector with all
elements being 1.
Similarly the solution of (40) and (41) is expressed by

SVM with two hyperparameters are used for unbalanced data 0 (33)

to improve the generalization ability of the class with a smaller
number of data. wherea; = (az1,...,@2v)" andyz = (Ya1,...,Yz2m)



4.2. Analysis of Least Squares Twin Support Vector Machines f00=0 f (=1,
In this section, we clarify the relationship between LS X, ., (Class1i o .’ 09 =0
TSVMs and LS SVMs and consider the limitation of the num-
ber of hyperparameters from model selection.
According to the definition of the LS TSVM given by (38)
to (41), one of the decision boundaries of the LS TSVM given
by (4), f1(x) + f2(x) = 0, relates to the boundary given by the
LS SVM. The following theorem shows the equivalence of the

decision boundaries of the LS TSVM and LS SVM. Class1
Theorem 1. The decision boundary df(x) + f,(x) = O for the f,060 =109
LS TSVM given by (38) to (41) Wi€@y1 = Coy andCqr = Cyois
the same as that of the LS SVM with the same hyperparameters, 0 X,
Ci1,Cyo.
. _ Fig. 2. Decision boundaries of the LS TSVM and the LS SVM in a two-
Proof. From (50) and (53), and from the assumptiolCof = dimensional space. The decision boundaries of the LS TSVM arg(x) =
Co1 andCy; = Coo, f2(x) and f1(x) = —fo(x), while the decision boundary of the LS SVM is
a\ [y f100) = —fa(x).
Q(Cyy,C =], 54
cacafp) = (3) 54
wherea = @1 + a2, b=by + by, y = (y1,...,ym)" andy; = f,00=0
Vi + Y2i. Therefore)y;; = 1 for Class 1 and-1 for Class 2. % Class1 o f,()=0

This means thatdf, b) is the solution for the LS SVM with the
hyperparameters @;; andCi,.

Therefore,
W _ W1 Wo
(o) (o) (52} =)

Thus for the decision boundaries of the LS SVM and the LS
TSVM, the following relation holds: Class 1

WT(x) + b = fi(X) + f2(x) = O. (56)

This means that the decision boundary of the LS SVM coin- 0
cides with one of the decision boundaries of the LS TS\IM. &
It is easy to show that twin hyperplanes of the LS TSVM are
nonparallel even whe@;; = C,; andC,, = Cy. Therefore, as
shown in Fig. 2, we must notice that in addition to the decision
boundary with-f;(x) = f,(x), which is the same as that of the
LS SVM, the decision boundary with (x) = f,(x) exists; and 5. Performance Evaluation

that the both classifiers give the same classification results onl )
MeTs giv eat u y We compared the accuracies of the LS TSVMs for the four

for the upper half plane of; (x) = f2(x). , ;
By thePIF_)S TSVI\F;I, the Ii;\(eglrly ia(se):parable case as shown ircases shown in Table 1 using UCI two-class data sets [14]. For

Fig. 3 can be separated using linear kernels. This is, howeve?,ases 1and .3’ we used the LS S.VM’ bgcause one of th? Qeu-
not possible by the LS SVM without using nonlinear kernels. slon boundaries of the LS TSVM is equivalent to the decision

. . boundary of the LS SVM.
The LS TSVM given by (38) to (41) includes four hyper- . . .
parameters and if RBF kernels are used, five hyperparamet% Because the imbalanced data may widen dfedince of

Fig. 3. An example of inseparable case in a two-dimensional space

values need to be determined. The generalization ability of th € generalization ab|I|t|es,. we also analyze tfieat of the LS
LS TSVM depends heavily on the parameter values selecte SVM and the LS SVM to imbalanced data.
and usually reliable but irfécient cross-validation is used. Be- 1. Model Selection
cause the regular LS SVM uses two hyperparameters including ™"
a kernel parameter, cross-validation for five parameters is pro- 10 compare classifier performance we need to determine the
hibitive. Therefore, we restrict the number of hyperparameter@Ptimum parameter values. This process is called model se-
to two excluding the kernel parameter.

Let C; andC; be two hyperparameters assignedtq, Cio,

C,1, andC,, andCq be selected even times. Then the combi- Table 1. Equivalence of LS TSVMs with LS SVMs
nations of the assignment are shown in Table 1. According to Ci‘se %11 %12 CCZl %22 EE;“?\'/‘?JCE
Theorem 1, the LS TSVM with Case 1 is equivalent to the regu- G G G G

2 —
lar LS SVM, and the LS TSVM with Case 3 is equivalent to the 3 |c C C GC,| LSswM
LS SVM with two hyperparameters. For Cases 2 and 4, there is 4 |G G C G —
no equivalent LS SVM. In [11], Case 4 is used.




Table 2. Benchmark data for two-class problems Table 3. The distribution of p-values
Problem Inputs  Train Test Sets Ratio Problem p < 0.05 Pmin Pmax
Banana 2 400 4,900 100 1.20(1.23) Banana — 0.0707 0.7730
Breast cance 9 200 77 100 2.40(2.47) Breast cance — 0.0958 0.5557
Diabetes 8 468 300 100 1.86(1.88) Diabetes — 0.7068 0.9716
Flare-solar 9 666 400 100 0.81(0.81) Flare-solar — 0.2509 1.0000
German 20 700 300 100 2.32(2.35) German — 0.5546 0.8753
Heart 13 170 100 100 1.25(1.25) Heart — 0.2329 0.4650
Image 18 1,300 1,010 20 0.74(0.76) Image — 0.2329 0.7804
Ringnorm 20 400 7,000 100 1.01(1.02) Ringnorm — 0.0973 1.0000
Splice 60 1,000 2,175 20 1.07 (1.08) Splice — 0.6524 0.8916
Thyroid 5 140 75 100 2.28(2.36) Thyroid — 0.4447 0.8264
Titanic 3 150 2,051 100 2.11(2.10) Titanic — 0.6185 0.9399
Twonorm 20 400 7,000 100 0.98(1.00) Twonorm 0.0498 0.0994 1.0000
Waveform 21 400 4,600 100 2.02(2.04) Waveform — 0.2480 0.8212

lection. In our case we need to determine the parameter val- we performed Welch’s t test with the confidence intervals of

ues ofCy, C,, andy for RBF kernels. We used fivefold cross- 959 (p < 0.05) for the average accuracies of each problem ob-

validation for model selection because it gives a reliable resulfained by the LS TSVMand each of the remaining classifiers,

although time consuming. . . ~ where superscript 4 denotes Case 4 in Table 1. Table 3 shows
In cross-validation, we randomly split a training data set intothe distribution of thep-values. In the table, columrp‘< 0.05”

five approximately-equal-size subsets and train the classifier ugshows thep-value smaller than 0.05, if it exists, apgi, and

ing four subsets and evaluate the classifier using the remaining|, .. show the minimum and maximumvalues forp > 0.05,

subset. We repeat the procedure five times wiffednt com-  respectively. Ifp < 0.05, the average accuracies of LS TS¥YM

binations and evaluate the total accuracy of the subsets that as8id each of the remaining classifiers are statisticatfiedint,

held out during training using the four subsets. We call theand otherwise, statistically the same. The statisticidince

accuracy thus evaluated accuracy by cross-validation. We evadnly appear for the twonorm problem and also the associated

uate the accuracies by cross-validation for the parameter valugsvalue is very close to 0.05.

assigned for each hyperparameter and select the hyperparameTap|e 4 shows the average accuracies and their standard devi-

ter values that realize the best accuracy by cross-validation.  ations of the classifiers. The superscript for each classifier name
In cross-validation, we selected tk andC; values from s the case number shown in Table 1 and (I) denotes that the

(0.1, 1, 10, 50, 100, 500, 1000, 2Q0énd they values from  cross.validation was performed by combining the grid search

{0.01,0.1,0.5, 1, 5, 10, 15, 20, 50, 100, 20O and line search.

For Cases 2 to 4, we need to determine one more parameteramong seven classifiers the best average accuracy is shown
value than for Case 1. To speed up cross-validation, in additiop, ,o|qd and the worst one is underlined. The “Average” row
tp grid search' we also tried 'the combination of grid search andy, s the average accuracy of the 13 average accuracies and
line search; First we determine the value€glandy. Thenwe  he two numerals in the parentheses show the numbers of the
determine the value @@ fixing the values o, andy. ~ best and worst accuracies in the order. The Y’ row shows

Setting the parameter values determined by cross-validatiogy« results of Welch’s t test: W. T. and L denote the numbers
we trained the classifier u§ing the training data and evaluateg times that the LS TSVMshows statistically better than, the
the accuracy of the associated test data. We evaluated the a&me a5, and worse than another classifier, respectively. The
erage accuracies and the standard deviations and compared g"tﬁ)erscript “» for the average accuracy means that the LS
pairwise statistical significance using Welch's t test. TSVM* is statistically worse than the associated classifier. For

To avoid instificient convergence by iterative methods, a”dexample WT/L for the LS TSVM () is 0/12/1: W = 0 because
thus to avoid the imprecise comparison of accuracies, we traighe | S TSVM is not statistically better than the LS TSVNI)
the LS TSVM and LS SVM by matrix inversion. This will lead ¢4, any problem; T= 12, because statistically comparable for

to slow training especially for large size problems. Butwe use| problems; and L= 1 because statistically inferior for the
matrix inversion to keep the comparison of classifiers accuratgy,onorm problem.

From the average accuracy, the LS TS¥&hd LS TSVM

5.2. Two-class problems () performed best and the LS TSWworst. (For the vali-

Table 2 lists the numbers of inputs, training data, test dateajation data sets, the LS TSVMvas the best. But because of
data set pairs, and the ratio of imbalance for the two-class protihe space limitation, we cannot include the results.) Statisti-
lems. Each data set pair consists of the training data set arelly, the accuracy of LS TSVRiis comparable to LS TSVK
the test data set. The ratio of imbalance shows the ratio of theS TSVM? (I), and LS SVM, but slightly inferior to the LS
number of data for Class 2 to that for Class 1. The numeral if SVM*(l), LS SVM2 (I), and LS SVM. Therefore, seven clas-
the parentheses shows the ratio for the test data. The ratios sifiers are statistically comparable.
imbalance range in 0.7 to 3 for both training data and test data The above results indicate that the second decision bound-
and thus all the problems are relatively balanced. ary, f1(x) = fo(x), did not work to improve the generalization



Table 4. Accuracy comparison of the test data for the two-class problems

Problem LSTSYM* LSTSVM*() LSTSVMZ LSTSVMZ() LSSVM® LSSVME() LS SVM!
Banana 89.06:0.81 89.24:057 89.2%0.64 89.140.65 89.020.65 89.140.67 89.1%0.66
B. cancer 72.75:4.42  73254.63 73.6%4.72 73.394.94 73.82:462 73.2%4.81 73.134.68
Diabetes 76.20:1.96  76.131.99 76.30:1.79 7625200 76.132.07 76.192.00 76.12.00
Flare-solar ~ 65.941.94 66.231.97 66.221.98 66.26:1.99 6594198 66.251.98 66.251.98
German 75.922.20  76.022.11  76.082.27 76.0£2.08 759%2.30 76.10:2.10 76.10:2.10
Heart 82.05:3.74 82.4%3.62 82.74:3.48 8252352 82.64350 82.433.60 82.433.60
Image 97.64:0.47 97.45052 97.680.43 97.620.48  97.440.58 97.42051 97.520.54
Ringnorm 98.21:0.26 98.21k0.33 98.1%0.36 98.180.33 98.140.33 98.120.33  98.120.33
Splice 89.03:0.65 88.950.72 88.920.65 88.940.71 89.080.73 88.930.74 88.980.70
Thyroid 94.84:2.62 9509254 9492253 9512255 9495235 9508255 95.082.55
Titanic 77.45:0.88  77.480.82 77.430.86 77.460.82 77.440.99 77.320.82  77.320.83
Twonorm 97.36:0.23 97.43:0.27 97.380.31 97.420.28 97.380.33 97.43:0.27 97.43+0.27
Waveform 89.96:0.63 89.980.62 89.980.57 90.06:0.59  89.880.68 90.080.59  90.050.59
Average (BW) 85.11(4/6)  85.23 (31)  85.26(2/1) 85.26(3/0) 8522 (5) 85.23(22) 85.23 (21)
W/T/L — 0121 0/130 0/130 0/130 0/12/1 0121

ability. To check this, we carried out the simulation for the LSthe LS TSVM is equivalent to the decision boundary of the LS
SVM! using the LS TSVM with C; = C,. For all the 13 prob- SVM.
lems, both LS SVM and LS TSVM with C; = C, gave the By computer experiments we compared accuracies of the LS
same classification accuracies for the validation and test dataSVMs and LS SVMs for the test data. For the UCI two-class
Therefore, the decision boundarfy(x) = f»(x), was not used problems, pairwise statistical analysis of the accuracy of one
at all. type of LS TSVM with those of the other classifiers for the
test data shows that the LS TSVM is comparable or inferior
5.3. Hfectof LS TSVMs and LS SVMs to Imbalanced Data to other classifiers. By experimenting the LS SVM by the LS

To clarify the dfect of the LS TSVMs and LS SVMs to the TSVM with the same hyperparameters, the accuracies of both

imbalanced data. we used two-class data from the three-cla§i@ssifiers were the same for the test data. Therefore, the second
thyroid data (93 data for Class 1 and 3488 data for Class 3) Higeusmn boundary of the LS TSVM did not work to improve the

We changed the ratio of imbalance from 1 (93 data for Class enerallza}non ability. ]
to 37.5 (3488 data for Class 3) randomly selecting Class 3 data, FOr the imbalanced data, the LS SVM with two hyperparam-
and examined the total accuracies of the test data (73 data f6fers showed better accuracy for the class with the smaller num-
Class 1 and 3178 for Class 3) and the accuracies of the Cla8§T of data.
1 data (the number of correctly classified data divided by the
number of Class 1 data).
Table 5 shows the total accuracy of the test data. The nuReferences
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