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Abstract

In this paper, we are concerned with the global asymptotic stability of each equilibrium of an SIR epidemic
model with nonlocal diffusion. Under the assumption of Lipschitz continuity of parameters, the eigenvalue
problem associated with the linearized system around the disease-free equilibrium has a principal eigenvalue
corresponding to a strictly positive eigenfunction. By setting the eigenfunction as the integral kernel of
a Lyapunov function, we prove the global asymptotic stability of the disease-free equilibrium when the
basic reproduction number R0 is less than one. We also prove the uniform persistence of the system when
R0 > 1 by using the persistent theory for dynamical systems. Furthermore, in a special case where the
diffusion coefficient for susceptible individuals is equal to zero, we prove the existence, uniqueness and
global asymptotic stability of the endemic equilibrium when R0 > 1 by constructing a suitable Lyapunov
function.

Keywords: SIR epidemic model, Nonlocal diffusion, Basic reproduction number, Global asymptotic
stability, Lyapunov function

1. Introduction

Since the pioneering work of Kermack and McKendrick [32], differential equations as epidemic models
have attracted much attention of many researchers. The heterogeneity (position, age, sex, etc.) of each
individual is known to be an important factor in spread of infectious diseases, and hence, motivates more
realistic model (reaction-diffusion equations) for disease dynamics. It is well known that spatial heterogeneity
of environment and movement of individuals are ubiquitous in the real world. Incorporating these two
mechanism would give insights into disease spread and control, and there have been quite a few publications
along this line (see, for instance, [2, 7, 12, 21–23, 26, 33–36, 39, 44, 56, 58, 60, 62] and the references therein).
Recently, Allen et al. in [2] proposed a susceptible-infective-susceptible (SIS) reaction-diffusion model under
heterogeneous environment,

∂

∂t
S(t, x) = dS∆S(t, x)− β(x)S(t, x)I(t, x)

S(t, x) + I(t, x)
+ γ(x)I(t, x), t > 0, x ∈ Ω,

∂

∂t
I(t, x) = dI∆I(t, x) +

β(x)S(t, x)I(t, x)

S(t, x) + I(t, x)
− γ(x)I(t, x), t > 0, x ∈ Ω,

∂

∂n
S(t, x) =

∂

∂n
I(t, x) = 0, t > 0, x ∈ ∂Ω,

(1.1)

where S(t, x) and I(t, x) denote the density of susceptible and infective individuals in a given spatial region
Ω, which is assumed to be a bounded domain in Rn(n ≥ 1) with smooth boundary ∂Ω. Ω is isolated from
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outside for the host, implying the homogeneous Neumann boundary condition; n is the outward unit normal
vector on ∂Ω and ∂/∂n means the normal derivative along n on ∂Ω; dS and dI are diffusion coefficients for
the susceptible and infective populations, respectively; the positive functions β(x) and γ(x) represent the
rates of disease transmission and recovery at position x, respectively. They studied the existence, uniqueness
and particularly the asymptotic behavior of the endemic equilibrium as the diffusion rate of the susceptible
individuals goes to zero. Although the theoretical conclusions exhibit the delicacy by defining the low-risk
and high-risk sites, which is in terms of rate of disease transmission and rate of disease recovery, due to
the mathematical difficulties, they were unable to derive stability result for the endemic equilibrium if it
exists. Subsequently, Peng and Liu [48] discussed the global stability of the endemic equilibrium of (1.1)
in two special cases: (i) the diffusion rate of susceptible individuals and infective individuals are the same;
(ii) the rates of disease transmission is proportional to the rates of disease recovery for any fixed constant.
Biological results in [2, 48] revealed that controlling the diffusion rate of the susceptible individuals can help
eradicate the infection, while controlling the diffusion rate of the infectious individuals cannot.

Furthermore, Peng [47] studied the asymptotic profiles of the endemic equilibrium of (1.1) when the
diffusion rate of either the susceptible individuals or the infective ones goes to infinity or zero, which
provide new aspects and understanding of the impacts of diffusion rates on spatial-temporal dynamics of
infectious diseases. Note that the rates of disease transmission adopted in [2, 48] obey the standard incidence
mechanism. In this circumstance, the basic reproduction number is independent on the total population.
Very recently, Wu and Zou [61] continued to study the impacts of spatial heterogeneity of environment and
movement of individuals on the persistence and extinction of a disease. They explored the asymptotic profiles
of the endemic steady state for large and small diffusion rates by using the mass action mechanism. This leads
to more challenges in mathematical analysis that (i) the equilibrium problem is a nonlocal elliptic problem;
(ii) the mass action term exhibits an unbounded infection force. Cui and Lou [18] considered circumstances
that populations may take passive movement in certain direction due to external environmental forces such
as water flow [40, 41], wind [19] and so on. They added an advection term to model in [2, 48], and studied
the effects of diffusion and advection in heterogeneous environments.

The above mentioned works considered a fast disease by ignoring the demography of the host. In a
recent work [35], the authors studied the following diffusive SIR epidemic model with mass action infection
mechanism and homogeneous Neumann boundary condition.

∂

∂t
S(t, x) = kS∆S(t, x) + b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x), t > 0, x ∈ Ω,

∂

∂t
I(t, x) = kI∆I(t, x) + β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x), t > 0, x ∈ Ω,

∂

∂t
R(t, x) = kR∆R(t, x) + γ(x)I(t, x)− µ(x)R(t, x), t > 0, x ∈ Ω,

S(0, x) = S0(x), I(0, x) = I0(x), R(0, x) = R0(x), x ∈ Ω,

∂

∂n
S(t, x) =

∂

∂n
I(t, x) =

∂

∂n
R(t, x) = 0, t > 0, x ∈ ∂Ω.

(1.2)

S(t, x), I(t, x) and R(t, x) denote the populations of susceptible, infective and recovered individuals in
position x at time t, respectively. kS , kI and kR denote the diffusion coefficients for susceptible, infective and
recovered individuals, respectively. b(x), β(x), µ(x) and γ(x) denote the birth rate, the disease transmission
rate, the mortality rate and the recovery rate at position x, respectively. For two special cases where kS = 0,
kI > 0 or kS > 0, kI = 0, the basic reproduction number R0 (see, for instance, Diekmann et al. [20] and
Inaba [28]) for system (1.2) was obtained and the global asymptotic stability of the disease-free equilibrium
when R0 ≤ 1 and that of the endemic equilibrium when R0 > 1 were investigated, respectively. In the proof
of the main theoretical results, the authors constructed suitable Lyapunov functions based on those for the
corresponding discretized models as in [37].

As well known, the Laplacian operator in model (1.2) essentially accounts for the random diffusion of
each individual in adjacent spatial positions. However, the movements of individuals are often free, and
should not be limited to a small area. To be a more important and intuitively necessary circumstance,
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we should include the long range diffusion effect, as stated in [45, Section 9.5]. Coville and Dupaigne [17]
studied a one-dimensional non-local variant of Fisher’s equation describing the spatial spread of a mutant
in a given population. The dispersion of the genetic characters is assumed to follow a non-local diffusion
law modeled by a convolution operator, ∫

Ω

J(x− y)ϕ(y)dy − ϕ(x).

They argued that dispersion of the gene fraction at point y ∈ Rn should affect the gene fraction at x ∈ Rn
by a factor J(x− y)ϕ(y)dy, where J(·) is a probability density and is a non-negative even function of mass
1. In a one-dimensional setting and assuming, this diffusion process depends only on the distance between
two niches of the population. In the work of Garćıa-Melián and Rossi [24], J(x − y) is interpreted as the
probability of jumping from position y to position x, the convolution

∫
Ω
J(x− y)ϕ(y)dy is the rate at which

individuals arrive at position x from all other positions, while −
∫

Ω
J(y − x)ϕ(x)dy = −ϕ(x) is the rate

at which they leave position x to reach any other position. For example, in ecology, bees often jump from
one position to another. Indeed, this nonlocal diffusion problems have attracted many researchers in recent
years, and there have been quite a few publications along this line. See, e.g., [1, 3, 4, 6, 8, 9, 11, 13–
16, 16, 27, 30, 31, 38, 43, 45, 49, 51, 52, 55, 57, 59] and the references therein.

This paper is a continuation of [35], aiming to explore the following SIR epidemic model with nonlocal
diffusion, which is more realistic than the previous model (1.2),

∂

∂t
S(t, x) = kS

∫
Ω

J(x− y)S(t, y)dy − kSS(t, x) + b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x), t > 0, x ∈ Ω,

∂

∂t
I(t, x) = kI

∫
Ω

J(x− y)I(t, y)dy − kII(t, x) + β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x), t > 0, x ∈ Ω,

∂

∂t
R(t, x) = kR

∫
Ω

J(x− y)R(t, y)dy − kRR(t, x) + γ(x)I(t, x)− µ(x)R(t, x), t > 0, x ∈ Ω,

S(0, x) = S0(x), I(0, x) = I0(x), R(0, x) = R0(x), x ∈ Ω.
(1.3)

Here, the meaning of each symbol is similar to that in (1.2), except for the diffusion kernel function J(·).
The purpose of this paper is to investigate the global asymptotic stability of the system (1.3). Under the
assumption of Lipschitz continuity of parameters, the eigenvalue problem associated with the linearized
system of (1.3) around the disease-free equilibrium has a principal eigenvalue corresponding to a strictly
positive eigenfunction. By setting the eigenfunction as the integral kernel of a Lyapunov function, we prove
the global asymptotic stability of the disease-free equilibrium when the basic reproduction number R0 is
less than one. We also prove the uniform persistence of system (1.3) when R0 > 1 by using the persistence
theory for dynamical systems as in [50, Theorem 3]. Furthermore, in a special case where the diffusion
coefficient for susceptible individuals is equal to zero (kS = 0), we prove the existence, uniqueness and
global asymptotic stability of the endemic equilibrium when R0 > 1. For the proof, we construct a suitable
Lyapunov function, which has the infective population I∗(x) in the endemic equilibrium as the integral
kernel.

The organization of this paper is as follows. Section 2 is devoted to the preliminaries. In Section 3, we
prove the global asymptotic stability of the disease-free equilibrium when R0 < 1. In Section 4, we prove
the uniform persistence of system (1.3) when R0 > 1. In Section 5, we prove the existence, uniqueness and
global asymptotic stability of the endemic equilibrium of system (1.3) when R0 > 1 and kS = 0. In Section
6, we perform numerical simulation to verify the validity of our theoretical results.

2. Preliminaries

2.1. Existence and uniqueness of a positive solution

We make the following assumptions on the parameters of system (1.3).

Assumption 1. (i) kS ≥ 0, kI > 0 and kR > 0;
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(ii) b(x), β(x) and µ(x) are strictly positive and Lipschitz continuous on Ω;
(iii) γ(x) are nonnegative and Lipschitz continuous on Ω;
(iv) J(x) is Lipschitz on Ω and satisfies the following properties.∫

Rn
J(x)dx = 1, J(x) > 0 on Ω, J(x) = J(−x) ≥ 0 on Rn and J(0) > 0. (2.1)

From (ii) of Assumption 1, we see that there exists a positive lower bound µ > 0 such that

µ(x) ≥ µ for all x ∈ Ω. (2.2)

Since R(t, x) does not appear in the first two equations of (1.3), we can restrict our attention to the
following reduced system.

∂

∂t
S(t, x) = kS

∫
Ω

J(x− y)S(t, y)dy − kSS(t, x) + b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x), t > 0, x ∈ Ω,

∂

∂t
I(t, x) = kI

∫
Ω

J(x− y)I(t, y)dy − kII(t, x) + β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x), t > 0, x ∈ Ω,

S(0, x) = S0(x), I(0, x) = I0(x), x ∈ Ω.

(2.3)

Let us consider the following function spaces and positive cones.

X := C
(
Ω
)
, X+ := C+

(
Ω
)
, Y := C

(
Ω
)
× C

(
Ω
)
, Y+ := C+

(
Ω
)
× C+

(
Ω
)
.

The norms in X and Y are defined as follows, respectively.

‖ϕ‖X := sup
x∈Ω

|ϕ(x)|, ϕ ∈ X, ‖(ϕ,ψ)‖Y := sup
x∈Ω

√
|ϕ(x)|2 + |ψ(x)|2, (ϕ,ψ) ∈ Y.

Let us define the following linear operators on X.

ASϕ(x) := kS

∫
Ω

J(x− y)ϕ(y)dy − kSϕ(x)− µ(x)ϕ(x), ϕ ∈ X, (2.4)

AIϕ(x) := kI

∫
Ω

J(x− y)ϕ(y)dy − kIϕ(x)− (µ(x) + γ(x))ϕ(x), ϕ ∈ X. (2.5)

Under Assumption 1, AS and AI are bounded linear operators. Hence, from the standard theory of semi-
groups, they are generators of uniformly continuous semigroups {TS(t)}t≥0 and {TI(t)}t≥0 on X, respectively
(see, for instance, [46, Theorem 1.2]). In particular, from a similar argument as in [30, Section 2.1.1], we see
that the semigroups {TS(t)}t≥0 and {TI(t)}t≥0 are positive.

On the existence and uniqueness of a positive solution (S(t, x), I(t, x)) of system (2.3), we prove the
following proposition.

Proposition 2.1. System (2.3) has a unique positive solution (S(t, ·), I(t, ·)) ∈ Y+, provided (S0, I0) ∈ Y+.

Proof. Since AS and AI are generators of uniformly continuous semigroups {TS(t)}t≥0 and {TI(t)}t≥0,
respectively, the solution (S(t, x), I(t, x)) of system (2.3) can be written as follows.

S(t, x) = TS(t)S0(x) +

∫ t

0

TS(t− u) (b(x)− β(x)S(u, x)I(u, x)) du, t > 0, x ∈ Ω,

I(t, x) = TI(t)I0(x) +

∫ t

0

TI(t− u) (β(x)S(u, x)I(u, x)) du, t > 0, x ∈ Ω.

Thus, the solution (S(t, x), I(t, x)) is continuous. To show the positivity, on the contrary, we suppose that
there exists t0 ≥ 0 such that

S(t, x) ≥ 0 for all t ∈ [0, t0] and x ∈ Ω, S(t0, x
∗) = 0 and

∂

∂t
S(t0, x

∗) < 0 for some x∗ ∈ Ω.
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However, from the first equation of (2.3), we have

∂

∂t
S(t0, x

∗) = kS

∫
Ω

J(x∗ − y)S(t0, y)dy + b(x∗) > 0,

which is a contradiction. Therefore, S(t, x) ≥ 0 for all t ≥ 0 and x ∈ Ω. The positivity of I(t, x) can be
proved in a similar way. The proof is complete. �

From Proposition 2.1, we can define a positive continuous semiflow {Φt}t≥0 : Y+ → Y+ for system (2.3) as
follows.

Φt ((S0, I0)) := (S(t, ·), I(t, ·)) , t ≥ 0, (S0, I0) ∈ Y+. (2.6)

2.2. Equilibria

Let E0 := (S0, 0) ∈ Y+ denote the disease-free equilibrium of system (2.3), where S0 ∈ X+ is the solution
of the following equation.

0 = kS

∫
Ω

J(x− y)S0(y)dy − kSS0(x) + b(x)− µ(x)S0(x), x ∈ Ω. (2.7)

On the existence of the disease-free equilibrium E0 and the Lipschitz continuity of S0(x), we prove the
following proposition.

Proposition 2.2. (i) System (2.3) has a unique disease-free equilibrium E0 = (S0, 0) ∈ Y+;

(ii) S0(x) is Lipschitz on Ω.

Proof. (i) Using the operator AS defined by (2.4), we can rewrite (2.7) as follows.

0 = ASS
0(x) + b(x), x ∈ Ω. (2.8)

As stated in Section 2.1, AS generates the positive uniformly continuous semigroup {TS(t)}t≥0. Hence, from
[53, Theorem 3.12], AS is a resolvent-positive operator. In particular, it is seen that s(AS) < 0 (see, for
instance, [55, Proposition 2.4]), where s(·) denotes the spectral bound of an operator. Hence, taking λ = 0
in the resolvent operator (λId−AS)−1 (where Id denotes the identity operator), we have from [53, Theorem
3.12] that

(−AS)−1ϕ(x) =

∫ ∞
0

TS(t)ϕ(x)dt, ϕ ∈ X.

Hence, from (2.8), we have

S0(x) = (−AS)−1b(x) =

∫ ∞
0

TS(t)b(x)dt, x ∈ Ω,

which is positive and uniquely exists.
(ii) From (2.7), we have

S0(x) =
kS
∫

Ω
J(x− y)S0(y)dy + b(x)

kS + µ(x)
, x ∈ Ω. (2.9)

Under Assumption 1, b(x), kS + µ(x) and J(x) are Lipschitz continuous on Ω. Hence, we have∥∥∥∥kS ∫
Ω

J(x− y)S0(y)dy − kS
∫

Ω

J(x̃− y)S0(y)dy

∥∥∥∥
X

≤kS
∫

Ω

‖J(x− y)− J(x̃− y)‖X S0(y)dy

≤kS
∫

Ω

S0(y)dy LJ |x− x̃| , x, x̃ ∈ Ω,

where LJ > 0 denotes the Lipschitz constant of J(x). Thus, S0(x) given as (2.9) is the fraction of strictly
positive bounded Lipschitz functions and therefore, Lipschitz itself. This completes the proof. �
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Let E∗ := (S∗, I∗) ∈ Y+ denote the endemic equilibrium of system (2.3), where S∗ ∈ X+ and I∗ ∈
X+ \ {0} must satisfy the following equations.

0 = kS

∫
Ω

J(x− y)S∗(y)dy − kSS∗(x) + b(x)− β(x)S∗(x)I∗(x)− µ(x)S∗(x), x ∈ Ω,

0 = kI

∫
Ω

J(x− y)I∗(y)dy − kII∗(x) + β(x)S∗(x)I∗(x)− (µ(x) + γ(x))I∗(x), x ∈ Ω.
(2.10)

The existence and global asymptotic stability of the endemic equilibrium E∗ will be discussed in the special
case where kS = 0 (see Section 5).

2.3. State space

On the boundedness of S(t, x), we prove the following lemma.

Lemma 2.1. S(t, x) ≤ S0(x) for all t > 0 and x ∈ Ω, provided S0(x) ≤ S0(x) for all x ∈ Ω.

Proof. The first equation of (2.3) can be evaluated as follows.

∂

∂t
S(t, x) ≤ kS

∫
Ω

J(x− y)S(t, y)dy − kSS(t, x) + b(x)− µ(x)S(t, x), t > 0, x ∈ Ω.

Let S̄(t, x) be a solution of the following equation.
∂

∂t
S̄(t, x) = kS

∫
Ω

J(x− y)S̄(t, y)dy − kSS̄(t, x) + b(x)− µ(x)S̄(t, x), t > 0, x ∈ Ω,

S̄(0, x) = S0(x), x ∈ Ω.

(2.11)

By the comparison principle, we have that S(t, x) ≤ S̄(t, x) for all t > 0 and x ∈ Ω. From (2.7), we have

b(x) = −kS
∫

Ω

J(x− y)S0(y)dy + kSS
0(x) + µ(x)S0(x), x ∈ Ω. (2.12)

Hence, (2.11) can be rewritten as follows.
∂

∂t
S̄(t, x) = kS

∫
Ω

J(x− y)
(
S̄(t, y)− S0(y)

)
dy − kS

(
S̄(t, x)− S0(x)

)
− µ(x)

(
S̄(t, x)− S0(x)

)
, t > 0, x ∈ Ω,

S̄(0, x) = S0(x), x ∈ Ω.

Let u(t, x) := S0(x)− S̄(t, x). Then, by multiplying −1 to both sides, we can rewrite the above equation as
follows. 

∂

∂t
u(t, x) = kS

∫
Ω

J(x− y)u(t, y)dy − kSu(t, x)− µ(x)u(t, x), t > 0, x ∈ Ω,

u(0, x) = S0(x)− S0(x) ≥ 0, x ∈ Ω.

(2.13)

Using the linear operator AS defined by (2.4), we can rewrite (2.13) to the following abstract form in X.

d

dt
u(t) = ASu(t), t > 0.

As stated in Section 2.1, AS is the generator of the positive semigroup {TS(t)}t≥0. Hence, we see from
(2.13) that u(t, x) = S0(x) − S̄(t, x) ≥ 0 for all t > 0 and x ∈ Ω. Thus, we have S(t, x) ≤ S̄(t, x) ≤ S0(x)
for all t > 0 and x ∈ Ω. This completes the proof. �
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Let us define the state space for system (2.3) as follows.

D :=

{
(S, I) ∈ Y+ : S(·, x) ≤ S0(x) for all x ∈ Ω,

∫
Ω

S(·, x)dx+

∫
Ω

I(·, x)dx ≤
∫

Ω
b(x)dx

µ

}
,

where µ is the positive lower bound of µ(x) defined in (2.2). On the positive invariance of D, we prove the
following proposition.

Proposition 2.3. State space D is positively invariant for system (2.3).

Proof. By virtue of Lemma 2.1, it suffices to prove the inequality
∫

Ω
S(t, x)dx+

∫
Ω
I(t, x)dx ≤

∫
Ω
b(x)dx/µ

for all t > 0. From (2.1) and (2.3), we have

d

dt

∫
Ω

S(t, x)dx =kS

∫
Ω

∫
Ω

J(x− y)S(t, y)dydx− kS
∫

Ω

S(t, x)dx+

∫
Ω

(b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x)) dx

≤kS
∫

Ω

∫
Rn
J(x− y)dxS(t, y)dy − kS

∫
Ω

S(t, x)dx+

∫
Ω

(b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x)) dx

=

∫
Ω

b(x)dx−
∫

Ω

β(x)S(t, x)I(t, x)dx−
∫

Ω

µ(x)S(t, x)dx (2.14)

and

d

dt

∫
Ω

I(t, x)dx =kI

∫
Ω

∫
Ω

J(x− y)I(t, y)dydx− kI
∫

Ω

I(t, x)dx+

∫
Ω

(β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x)) dx

≤kI
∫

Ω

∫
Rn
J(x− y)dxI(t, y)dy − kI

∫
Ω

I(t, x)dx+

∫
Ω

(β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x)) dx

=

∫
Ω

β(x)S(t, x)I(t, x)dx−
∫

Ω

(µ(x) + γ(x))I(t, x)dx. (2.15)

Adding (2.14) and (2.15), we have

d

dt

(∫
Ω

S(t, x)dx+

∫
Ω

I(t, x)dx

)
≤
∫

Ω

b(x)dx−
∫

Ω

µ(x)S(t, x)dx−
∫

Ω

(µ(x) + γ(x))I(t, x)dx

≤
∫

Ω

b(x)dx− µ
(∫

Ω

S(t, x)dx+

∫
Ω

I(t, x)dx

)
.

Hence, from the variation of constant formula, we have∫
Ω

S(t, x)dx+

∫
Ω

I(t, x)dx ≤
∫

Ω
b(x)dx

µ
for all t > 0,

provided
∫

Ω
S0(x)dx+

∫
Ω
I0(x)dx ≤

∫
Ω
b(x)dx/µ. This completes the proof. �

2.4. Basic reproduction number

To define the basic reproduction number R0 following the definition by Diekmann et al. [20], we linearize
the second equation of (2.3) around the disease-free equilibrium E0 as follows.

∂

∂t
I(t, x) = kI

∫
Ω

J(x−y)I(t, y)dy−kII(t, x)+β(x)S0(x)I(t, x)−(µ(x)+γ(x))I(t, x), t > 0, x ∈ Ω. (2.16)

Let us define the following linear operator on X.

Fϕ(x) := β(x)S0(x)ϕ(x), ϕ ∈ X.

Then, using the operator AI defined by (2.5), we can rewrite (2.16) to the following abstract form in X.

dI(t)

dt
= AII(t) + FI(t), t > 0.
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Similar as in the proof of Proposition 2.2, we see that AI is resolvent-positive, s(AI) < 0 and hence,

(−AI)−1ϕ(x) =

∫ ∞
0

TI(t)ϕ(x)dt, ϕ ∈ X.

Hence, following the definition in [20], the next generation operator K := F (−AI)−1 is given by

Kϕ(x) = β(x)S0(x)

∫ ∞
0

TI(t)ϕ(x)dt, ϕ ∈ X. (2.17)

and the basic reproduction number R0 is defined by

R0 := r(K), (2.18)

where r(·) denotes the spectral radius of an operator. For R0 in a similar form, see, for instance, [55, 57, 58].

3. Global asymptotic stability of the disease-free equilibrium

Let us consider the following eigenvalue problem associated with (2.16).

λv(x) = kI

∫
Ω

J(x− y)v(y)dy − kIv(x) + β(x)S0(x)v(x)− (µ(x) + γ(x))v(x), x ∈ Ω. (3.1)

From Assumption 1 and Proposition 2.2, we see that β(x)S0(x) − (kI + µ(x) + γ(x)) is Lipschitz on Ω.
Hence, from [27, Theorem 3.1], we have the following lemma.

Lemma 3.1. There exists a principal eigenvalue λ0 for problem (3.1), which corresponds to a strictly posi-
tive continuous eigenfunction v0(x). More precisely, λ0 is given by

λ0 = max
‖v‖L2(Ω)=1

(
kI

∫
Ω

∫
Ω

J(x− y)v(x)v(y)dydx+

∫
Ω

(
β(x)S0(x)− (kI + µ(x) + γ(x))

)
v(x)2dx

)
.

Since λ0 is the principal eigenvalue for problem (3.1), we have λ0 = s(AI +F ) (see, for instance, [6, Lemma
2.2]). Since AI is resolvent-positive and s(AI) < 0 (see Section 2.4), it follows from [53, Theorem 3.5] that
λ0 = s(AI + F ) has the same sign as r(F (−A−1

I )) − 1 = r(K) − 1 = R0 − 1. Consequently, we have the
following lemma.

Lemma 3.2. R0 − 1 has the same sign as λ0.

Using Lemmas 3.1 and 3.2, we prove the following theorem on the global asymptotic stability of the
disease-free equilibrium E0.

Theorem 3.1. If R0 < 1, then the disease-free equilibrium E0 of system (2.3) is globally asymptotically
stable in D.

Proof. Let us construct the following Lyapunov function.

V1 :=

∫
Ω

v0(x)I(t, x)dx,

where v0(x) denotes the strictly positive eigenfunction for (3.1), associated with λ0. It is easy to see that
V1 ≥ 0 and V1 = 0 if and only if I ≡ 0. The derivative of V1 along the solution trajectory of system (2.3) is
calculated as follows.

V ′1 =

∫
Ω

v0(x)
∂

∂t
I(t, x)dx

=

∫
Ω

v0(x)

[
kI

∫
Ω

J(x− y)I(t, y)dy − kII(t, x) + β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x)

]
dx. (3.2)
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Now we have from (2.1) and (3.1) that∫
Ω

v0(x)kI

∫
Ω

J(x− y)I(t, y)dydx =

∫
Ω

I(t, y)kI

∫
Ω

J(y − x)v0(x)dxdy =

∫
Ω

I(t, x)kI

∫
Ω

J(x− y)v0(y)dydx

=

∫
Ω

I(t, x)
[
λ0v0(x) + kIv0(x)− β(x)S0(x)v0(x) + (µ(x) + γ(x)) v(x)

]
dx. (3.3)

Hence, substituting (3.3) into (3.2), we have

V ′1 =

∫
Ω

v0(x)
[
λ0I(t, x)− β(x)(S0(x)− S(t, x))I(t, x)

]
dx ≤ λ0

∫
Ω

v0(x)I(t, x)dx.

If R0 < 1, then it follows from Lemma 3.2 that λ0 < 0 and hence, V ′1 ≤ 0. Since v0(x) is strictly positive,
V ′1 = 0 if and only if I ≡ 0. This implies the global asymptotic stability of the disease-free equilibrium E0

in D. The proof is complete. �

4. Uniform persistence of the system

Let us define the following spaces.

D0 :=
{

(S, I) ∈ D : I(·, x) > 0 for some x ∈ Ω
}
,

∂D := D \D0 =
{

(S, I) ∈ D : I(·, x) = 0 for all x ∈ Ω
}
,

M∂ := {(S0, I0) ∈ ∂D : Φt ((S0, I0)) ∈ ∂D for all t ≥ 0} ,

where {Φt}t≥0 denotes the semiflow defined by (2.6). System (2.3) is said to be uniformly persistent in D0

if there exists a positive constant ξ > 0 such that

lim inf
t→+∞

S(t, x) ≥ ξ and lim inf
t→+∞

I(t, x) ≥ ξ for all x ∈ Ω

for any initial condition (S0, I0) in D0. To prove the uniform persistence of system (2.3) for R0 > 1, we
prove the subsequent three lemmas.

Lemma 4.1. ω ((S0, I0)) =
{

(S0, 0)
}

= {E0} for any (S0, I0) ∈ M∂ , where ω ((S0, I0)) denotes the omega
limit set of the positive orbit {Φt ((S0, I0)) : t ≥ 0}.

Proof. For any (S0, I0) ∈M∂ , the dynamics of S(t, x) is governed by

∂

∂t
S(t, x) = kS

∫
Ω

J(x− y)S(t, y)dy − kSS(t, x) + b(x)− µ(x)S(t, x), t > 0, x ∈ Ω.

From (2.12), this equation can be rewritten as follows,

∂

∂t
S(t, x) = kS

∫
Ω

J(x− y)
(
S(t, y)− S0(y)

)
dy − kS

(
S(t, x)− S0(x)

)
− µ(x)

(
S(t, x)− S0(x)

)
, t > 0, x ∈ Ω.

Let U(t, x) := S0(x)− S(t, x). Then, by multiplying −1 to both sides, the above equation can be rewritten
as follows,

∂

∂t
U(t, x) = kS

∫
Ω

J(x− y)U(t, y)dy − kSU(t, x)− µ(x)U(t, x), t > 0, x ∈ Ω. (4.1)

Using the operator AS defined by (2.4), the equation (4.1) can be rewritten to the following abstract form
in X,

d

dt
U(t) = ASU(t), t > 0.
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From Assumption 1, it follows as in Lemma 3.1 that there exists a principal eigenvalue λ∗ = s(AS) < 0 such
that λ∗v∗(x) = ASv

∗(x), where v∗(x) is a strictly positive continuous eigenfunction. That is, it follows that

λ∗v∗(x) = kS

∫
Ω

J(x− y)v∗(y)dy − kSv∗(x)− µ(x)v∗(x). (4.2)

Let us construct the following Lyapunov function.

V2 :=

∫
Ω

v∗(x)U(t, x)dx.

It is easy to see that V2 ≥ 0 and V2 = 0 if and only if U ≡ 0. The derivative of V2 along the solution
trajectory of (4.1) can be calculated as follows.

V ′2 =

∫
Ω

v∗(x)
∂

∂t
U(t, x)dx =

∫
Ω

v∗(x)

[
kS

∫
Ω

J(x− y)U(t, y)dy − kSU(t, x)− µ(x)U(t, x)

]
dx. (4.3)

Now we have from (2.1) and (4.2) that∫
Ω

v∗(x)kS

∫
Ω

J(x− y)U(t, y)dydx =

∫
Ω

U(t, y)kS

∫
Ω

J(x− y)v∗(x)dxdy =

∫
Ω

U(t, x)kS

∫
Ω

J(x− y)v∗(y)dydx

=

∫
Ω

U(t, x) [λ∗v∗(x) + kSv
∗(x) + µ(x)v∗(x)] dx. (4.4)

Hence, substituting (4.4) into (4.3), we have

V ′2 = λ∗
∫

Ω

v∗(x)U(t, x)dx.

Since λ∗ = s(AS) < 0 and v∗(x) is strictly positive, V ′2 ≤ 0 and V ′2 = 0 if and only if U ≡ 0, that is, S ≡ S0.
This implies that ω ((S0, I0)) =

{
(S0, 0)

}
= {E0} and the proof is complete. �

Lemma 4.2. S(t, x) > 0 and I(t, x) > 0 for all t > 0 and x ∈ Ω, provided (S0, I0) ∈ D0.

Proof. By integrating the differential equations in (2.3), we have

S(t, x) =S0(x)e−
∫ t
0 (kS+β(x)I(u,x)+µ(x))du +

∫ t

0

(
kS

∫
Ω

J(x− y)S(τ, y)dy + b(x)

)
e−

∫ t
τ (kS+β(x)I(u,x)+µ(x))dudτ,

I(t, x) =I0(x)e−(kI+µ(x)+γ(x))t +

∫ t

0

(
kI

∫
Ω

J(x− y)I(τ, y)dy + β(x)S(τ, x)I(τ, x)

)
e−(kI+µ(x)+γ(x))(t−τ)dτ.

Hence, from the positivity of J(x) on Ω (see (2.1)), we see that S(t, x) > 0 and I(t, x) > 0 for all t > 0 and
x ∈ Ω, provided (S0, I0) ∈ D0. The proof is complete. �

Lemma 4.3. If R0 > 1, then the disease-free equilibrium E0 is a uniform weak repeller for D0, that is,
there exists a sufficiently small positive constant ε > 0 such that

lim sup
t→+∞

∥∥Φt ((S0, I0))− (S0, 0)
∥∥
Y
≥ ε

for any (S0, I0) ∈ D0.

Proof. From Lemma 3.2, R0 > 1 implies that λ0 = s(AI +F ) > 0. Hence, there exists a sufficiently small
ε > 0 such that the eigenvalue problem

ηφ(x) = kI

∫
Ω

J(x− y)φ(y)dy − kIφ(x) + β(x)
(
S0(x)− ε

)
φ(x)− (µ(x) + γ(x))φ(x), x ∈ Ω (4.5)
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has a positive principal eigenvalue η > 0, which corresponds to a strictly positive continuous eigenfunction
φ(x).

Suppose that
lim sup
t→+∞

∥∥Φt ((S0, I0))− (S0, 0)
∥∥
Y
< ε (4.6)

and show a contradiction. (4.6) implies that there exists a positive constant T0 > 0 such that S(t, x) >
S0(x)− ε for all t ≥ T0 and x ∈ Ω. Then, from the second equation in (2.3), we have

∂

∂t
I(t, x) > kI

∫
Ω

J(x−y)I(t, y)dy−kII(t, x)+β(x)
(
S0(x)− ε

)
I(t, x)−(µ(x)+γ(x))I(t, x), t ≥ T0, x ∈ Ω.

The positivity of I(T0, x) for all x ∈ Ω implies that there exists a sufficiently small ε̃ > 0 such that
I(T0, x) ≥ ε̃φ(x) for all x ∈ Ω. From (4.5) we see that eη(t−T0)ε̃φ(x) is the solution of

∂

∂t
I(t, x) = kI

∫
Ω

J(x−y)I(t, y)dy−kII(t, x)+β(x)
(
S0(x)− ε

)
I(t, x)−(µ(x)+γ(x))I(t, x), t ≥ T0, x ∈ Ω.

Hence, by the comparison principle, we have

I(t, x) ≥ eη(t−T0)ε̃φ(x), t ≥ T0, x ∈ Ω.

Since η > 0, the right-hand side of the above inequality goes to infinity as t → +∞. This contradicts with
the boundedness proved in Proposition 2.3 and the proof is complete. �

Using Lemmas 4.1, 4.2 and 4.3, we prove the following theorem on the uniform persistence of system
(2.3) for R0 > 1.

Theorem 4.1. If R0 > 1, then system (2.3) is uniformly persistent in D0.

Proof. From Lemmas 4.1, 4.2 and 4.3, we see that E0 = (S0, 0) is isolated in D, there is no cycle in M∂

from E0 = (S0, 0) to itself, and D0 ∩W s((S0, 0)) = ∅, where W s(·) denotes the stable manifold of a point.
Therefore, from [50, Theorem 3], there exists a positive constant ξ > 0 such that

min
(ϕ,ψ)∈ω((S0,I0))

[
min

(
inf
x∈Ω

ϕ(x), inf
x∈Ω

ψ(x)

)]
> ξ

for all (S0, I0) ∈ D0. This implies that lim inft→+∞ S(t, x) > ξ and lim inft→+∞ I(t, x) > ξ for all x ∈ Ω.
Thus, system (2.3) is uniformly persistent and the proof is complete. �

5. Existence, uniqueness and global asymptotic stability of the endemic equilibrium

In the proof of the existence, uniqueness and global asymptotic stability of the endemic equilibrium E∗

for R0 > 1, we restrict our attention to the special case where kS = 0. This case has been considered for,
e.g., the spatial spread of rabies (see [29]). In this case, (2.3) can be rewritten as follows.

∂

∂t
S(t, x) = b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x), t > 0, x ∈ Ω,

∂

∂t
I(t, x) = kI

∫
Ω

J(x− y)I(t, y)dy − kII(t, x) + β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x), t > 0, x ∈ Ω,

S(0, x) = S0(x), I(0, x) = I0(x), x ∈ Ω.
(5.1)

Furthermore, R0 is obtained as the spectral radius r(K) of the following next generation operator.

Kϕ(x) = β(x)
b(x)

µ(x)

∫ +∞

0

TI(t)ϕ(x)dt, ϕ ∈ X.
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(2.10) can be rewritten as follows,
0 = b(x)− β(x)S∗(x)I∗(x)− µ(x)S∗(x), x ∈ Ω,

0 = kI

∫
Ω

J(x− y)I∗(y)dy − kII∗(x) + β(x)S∗(x)I∗(x)− (µ(x) + γ(x))I∗(x), x ∈ Ω.
(5.2)

From the first equation of (5.2), we have S∗(x) = b(x)/(β(x)I∗(x) + µ(x)), x ∈ Ω. Hence, existence of the
endemic equilibrium E∗ can be shown by finding the positive solution I∗(x) of the following equation.

0 =kI

∫
Ω

J(x− y)I∗(y)dy − kII∗(x) + β(x)
b(x)

β(x)I∗(x) + µ(x)
I∗(x)− (µ(x) + γ(x))I∗(x) (5.3)

=kI

∫
Ω

J(x− y)I∗(y)dy − kII∗(x) + β(x)S0(x)

(
1− β(x)I∗(x)

β(x)I∗(x) + µ(x)

)
I∗(x)− (µ(x) + γ(x))I∗(x),

where S0(x) = b(x)/µ(x), x ∈ Ω. Let

H(ϕ)(x) := kI

∫
Ω

J(x− y)ϕ(y)dy − kIϕ(x) + β(x)S0(x)

(
1− β(x)ϕ(x)

β(x)ϕ(x) + µ(x)

)
ϕ(x)− (µ(x) + γ(x))ϕ(x), x ∈ Ω.

To find the positive root I∗(x) of H(I∗(x)) = 0, we will construct a sub-solution I(x) and a super-solution
I(x) such that

H(I(x)) ≥ 0, H(I(x)) ≤ 0 and 0 < I(x) ≤ I(x) for all x ∈ Ω.

We prove the following proposition on the existence of the endemic equilibrium E∗.

Proposition 5.1. If R0 > 1, then system (5.1) has at least one endemic equilibrium E∗ = (S∗, I∗) in D0.

Proof. It follows from Lemma 3.2 that the eigenvalue problem (3.1) has the positive principal eigenvalue
λ0 > 0 which corresponds to the strictly positive eigenfunction v0(x). Let I(x) := ε0v0(x), where ε0 > 0 is
a sufficiently small positive constant. Then, we have

H (I(x)) =kI

∫
Ω

J(x− y)ε0v0(y)dy − kIε0v0(x) + β(x)S0(x)

(
1− β(x)ε0v0(x)

β(x)ε0v0(x) + µ(x)

)
ε0v0(x)

− (µ(x) + γ(x))ε0v0(x)

=ε0v0(x)

[
λ0 − β(x)S0(x)

β(x)ε0v0(x)

β(x)ε0v0(x) + µ(x)

]
, x ∈ Ω.

Since λ0 > 0, we have that H(I(x)) ≥ 0 for sufficiently small ε0 > 0.
On the other hand, let I(x) := M , where M > 0 is a sufficiently large positive constant such that

I(x) = ε0v0(x) ≤M = I(x) for all x ∈ Ω. Then, we have

H
(
I(x)

)
=kI

∫
Ω

J(x− y)Mdy − kIM + β(x)S0(x)

(
1− β(x)M

β(x)M + µ(x)

)
M − (µ(x) + γ(x))M

≤kIM
(∫

Rn
J(x− y)dy − 1

)
+

(
β(x)S0(x)

(
1− β(x)M

β(x)M + µ(x)

)
− (µ(x) + γ(x))

)
M

=

(
β(x)S0(x)

(
1− β(x)M

β(x)M + µ(x)

)
− (µ(x) + γ(x))

)
M, x ∈ Ω.

Since 1−β(x)M/(β(x)M +µ(x)) converges to zero as M → +∞, we have that H
(
I(x)

)
≤ 0 for sufficiently

large M > 0. Consequently, we see that I(x) and I(x) are a sub-solution and a super-solution, respectively.
Hence, system (5.1) has at least one endemic equilibrium E∗ = (S∗, I∗). We have

S∗(x) =
b(x)

β(x)I∗(x) + µ(x)
≤ b(x)

µ(x)
= S0(x), x ∈ Ω
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and, by integrating the equations in (5.2) and adding them, we have as in the proof of Proposition 2.3 that∫
Ω

S∗(x)dx+

∫
Ω

I∗(x)dx ≤
∫

Ω
b(x)dx

µ
.

This implies E∗ = (S∗, I∗) ∈ D0 and the proof is complete. �

We next prove the following theorem on the uniqueness of the endemic equilibrium E∗.

Proposition 5.2. System (5.1) has at most one endemic equilibrium E∗ = (S∗, I∗).

Proof. Let Ĩ ∈ X+ \ {0} be a function satisfying (5.3) and Ĩ 6≡ I∗. From the continuity, we see
that there exists a small positive constant ζ > 0 such that I∗(x) ≥ ζĨ(x) for all x ∈ Ω. Let ζ∗ :=

sup
{
ζ ∈ R+ : I∗(x) ≥ ζĨ(x) for all x ∈ Ω

}
. Suppose that ζ∗ < 1 and show a contradiction. From the

definition of ζ∗, we see that there exists an x̄ ∈ Ω such that I∗(x̄) = ζ∗Ĩ(x̄). From (5.3), we have

0 =kI

∫
Ω

J(x̄− y)I∗(y)dy − kII∗(x̄) +
b(x)

β(x̄)I∗(x̄) + µ(x̄)
β(x̄)I∗(x̄)− (µ(x̄) + γ(x̄))I∗(x̄)

≥kI
∫

Ω

J(x̄− y)ζ∗Ĩ(y)dy − kIζ∗Ĩ(x̄) +
b(x)

β(x̄)ζ∗Ĩ(x̄) + µ(x̄)
β(x̄)ζ∗Ĩ(x̄)− (µ(x̄) + γ(x̄))ζ∗Ĩ(x̄)

>ζ∗
(
kI

∫
Ω

J(x̄− y)Ĩ(y)dy − kI Ĩ(x̄) +
b(x)

β(x̄)Ĩ(x̄) + µ(x̄)
β(x̄)Ĩ(x̄)− (µ(x̄) + γ(x̄))Ĩ(x̄)

)
=0,

which is a contradiction. Therefore, ζ∗ ≥ 1 and hence, I∗(x) ≥ ζ∗Ĩ(x) ≥ Ĩ(x) for all x ∈ Ω. By changing
the role of I∗(x) and Ĩ(x), we can show in a similar way that Ĩ(x) ≥ I∗(x) for all x ∈ Ω. Thus, I∗ ≡ Ĩ and
the proof is complete. �

We finally prove the following theorem on the global asymptotic stability of the endemic equilibrium E∗.

Theorem 5.1. If R0 > 1, then the unique endemic equilibrium E∗ = (S∗, I∗) of system (5.1) is globally
asymptotically stable in D0.

Proof. From Propositions 5.1 and 5.2, we see that system (5.1) has the unique endemic equilibrium E∗ =
(S∗, I∗). Let us construct the following Lyapunov function,

V3 := 2

∫
Ω

I∗(x)

[
S∗(x)g

(
S(t, x)

S∗(x)

)
+ I∗(x)g

(
I(t, x)

I∗(x)

)]
dx,

where g(x) = x−1− lnx, x > 0. Note that g(x) ≥ 0 for all x > 0 and g(x) = 0 if and only if x = 1 (see e.g.,
[42] for the usage of this function in a Lyapunov function). From Theorem 4.1, we see that this Lyapunov
function is well-defined. The derivative of V3 is calculated as follows,

V ′3 =2

∫
Ω

I∗(x)

[(
1− S∗(x)

S(t, x)

)
∂

∂t
S(t, x) +

(
1− I∗(x)

I(t, x)

)
∂

∂t
I(t, x)

]
dx

=2

∫
Ω

I∗(x)

[(
1− S∗(x)

S(t, x)

)
(b(x)− β(x)S(t, x)I(t, x)− µ(x)S(t, x))

+

(
1− I∗(x)

I(t, x)

)(
kI

∫
Ω

J(x− y)I(t, y)dy − kII(t, x) + β(x)S(t, x)I(t, x)− (µ(x) + γ(x))I(t, x)

)]
dx.

(5.4)
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From (5.2), we have
b(x) = β(x)S∗(x)I∗(x) + µ(x)S∗(x), x ∈ Ω,

(kI + µ(x) + γ(x))I∗(x) = kI

∫
Ω

J(x− y)I∗(y)dy + β(x)S∗(x)I∗(x), x ∈ Ω.

Using these equations, (5.4) can be calculated as follows,

V ′3 =2

∫
Ω

I∗(x)

[(
1− S∗(x)

S(t, x)

)
b(x)−

(
1− S∗(x)

S(t, x)

)
(β(x)S(t, x)I(t, x) + µ(x)S(t, x))

+

(
1− I∗(x)

I(t, x)

)(
kI

∫
Ω

J(x− y)I(t, y)dy + β(x)S(t, x)I(t, x)

)
+

(
1− I(t, x)

I∗(x)

)
(kI + µ(x) + γ(x))I∗(x)

]
dx

=2

∫
Ω

I∗(x)

[(
1− S∗(x)

S(t, x)

)
(β(x)S∗(x)I∗(x) + µ(x)S∗(x))−

(
1− S∗(x)

S(t, x)

)
(β(x)S(t, x)I(t, x) + µ(x)S(t, x))

+

(
1− I∗(x)

I(t, x)

)(
kI

∫
Ω

J(x− y)I(t, y)dy + β(x)S(t, x)I(t, x)

)
+

(
1− I(t, x)

I∗(x)

)(
kI

∫
Ω

J(x− y)I∗(y)dy + β(x)S∗(x)I∗(x)

)]
dx

=2

∫
Ω

I∗(x)

[(
2− S∗(x)

S(t, x)
− S(t, x)

S∗(x)

)
(β(x)S∗(x)I∗(x) + µ(x)S∗(x))

+

(
1− I∗(x)

I(t, x)

)
kI

∫
Ω

J(x− y)I(t, y)dy +

(
1− I(t, x)

I∗(x)

)
kI

∫
Ω

J(x− y)I∗(y)dy

]
dx. (5.5)

Now we have∫
Ω

I∗(x)

[(
1− I∗(x)

I(t, x)

)
kI

∫
Ω

J(x− y)I(t, y)dy +

(
1− I(t, x)

I∗(x)

)
kI

∫
Ω

J(x− y)I∗(y)dy

]
dx

= kI

∫
Ω

∫
Ω

J(x− y)I∗(x)I∗(y)

(
1− I(t, x)

I∗(x)
+
I(t, y)

I∗(y)
− I∗(x)I(t, y)

I(t, x)I∗(y)

)
dydx. (5.6)

On the other hand, by changing the order of integration, we have∫
Ω

I∗(x)

[(
1− I∗(x)

I(t, x)

)
kI

∫
Ω

J(x− y)I(t, y)dy +

(
1− I(t, x)

I∗(x)

)
kI

∫
Ω

J(x− y)I∗(y)dy

]
dx

= kI

∫
Ω

∫
Ω

J(x− y)I∗(x)I∗(y)

(
1− I(t, x)

I∗(x)
+
I(t, y)

I∗(y)
− I∗(x)I(t, y)

I(t, x)I∗(y)

)
dxdy

= kI

∫
Ω

∫
Ω

J(y − x)I∗(y)I∗(x)

(
1− I(t, y)

I∗(y)
+
I(t, x)

I∗(x)
− I∗(y)I(t, x)

I(t, y)I∗(x)

)
dxdy

= kI

∫
Ω

∫
Ω

J(x− y)I∗(x)I∗(y)

(
1− I(t, y)

I∗(y)
+
I(t, x)

I∗(x)
− I∗(y)I(t, x)

I(t, y)I∗(x)

)
dxdy. (5.7)
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Figure 1: Diffusion kernel function J(x) defined by (6.1) on (−1, 1).

Hence, using (5.6) and (5.7), (5.5) can be calculated as follows.

V ′3 =2

∫
Ω

I∗(x)

(
2− S∗(x)

S(t, x)
− S(t, x)

S∗(x)

)
(β(x)S∗(x)I∗(x) + µ(x)S∗(x)) dx

+ kI

∫
Ω

∫
Ω

J(x− y)I∗(x)I∗(y)

(
1− I(t, x)

I∗(x)
+
I(t, y)

I∗(y)
− I∗(x)I(t, y)

I(t, x)I∗(y)
+ 1− I(t, y)

I∗(y)

+
I(t, x)

I∗(x)
− I∗(y)I(t, x)

I(t, y)I∗(x)

)
dxdy

=2

∫
Ω

I∗(x)

(
2− S∗(x)

S(t, x)
− S(t, x)

S∗(x)

)
(β(x)S∗(x)I∗(x) + µ(x)S∗(x)) dx

+ kI

∫
Ω

∫
Ω

J(x− y)I∗(x)I∗(y)

(
2− I∗(x)I(t, y)

I(t, x)I∗(y)
− I∗(y)I(t, x)

I(t, y)I∗(x)

)
dxdy.

By using the arithmetic-geometric mean, we see that V ′3 ≤ 0 and V ′3 = 0 if and only if (S, I) = (S∗, I∗).
This implies the global asymptotic stability of the endemic equilibrium E∗ and the proof is complete. �

6. Numerical simulation

In this section, we perform numerical simulation to verify the validity of our theoretical results. For
simplicity, we consider the spatially one-dimensional case where Ω = (−1, 1) ⊂ R. We restrict our attention
to the special case in Section 5, that is, the case where kS = 0. As in [30], we employ the following diffusion
kernel function,

J(x) =

{
C exp

(
1

x2−1

)
, −1 < x < 1,

0, otherwise,
(6.1)

where C is a positive constant taken to be 2.2523 so that
∫
R J(x)dx =

∫ 1

−1
J(x)dx ≈ 1 (see Figure 1). The

initial functions are fixed as follows.

S0(x) = 0.99 cos
π

2
x, I0(x) = 0.01 cos

π

2
x, x ∈ [−1, 1] .

For the approximation of the basic reproduction number R0 defined by (2.18), we consider a correspond-
ing discretized system. Let m ∈ N be the number of space subintervals, ∆x := 2/m be the size of each
subinterval and xk := −1 + k∆x, k = 0, 1, 2, · · · ,m. Then, we have −1 = x0 < x1 < x2 < · · · < xm = 1.
Let us define

Ij(t) := I(t, xj), bj := b(xj), µj := µ(xj), γj := γ(xj), βj := β(xj), Jjk := J(xj − xk), j, k = 1, 2, · · · ,m.
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By the rectangle method, we have the following approximation.∫ 1

−1

J(xj − y)I(t, y)dy ≈
m∑
k=1

J(xj − xk)I(t, xk)∆x =

m∑
k=1

2

m
JjkIk(t), t > 0, j = 1, 2, · · · ,m.

Then, the linearized equation (2.16) can be rewritten to the following multi-group system (see, for instance,
[25, 37]).

d

dt
Ij(t) = kI

m∑
k=1

2

m
JjkIk(t)− kIIj(t) + βjS

0
j Ij(t)− (µj + γj) Ij(t), t > 0, j = 1, 2, · · · ,m, (6.2)

where S0
j := S0(xj) = bj/µj , j = 1, 2, · · · ,m. From [54], the next generation matrix Km of the multi-group

system (6.2) can be calculated as Km := Fm (−AI,m)
−1

, where

Fm =


β1S

0
1 0 · · · 0

0 β2S
0
2

...
...

. . .

0 · · · βmS
0
m

 ,

AI,m =



kI
2

m
J11 − (kI + µ1 + γ1) kI

2

m
J12 · · · kI

2

m
J1m

kI
2

m
J21 kI

2

m
J22 − (kI + µ2 + γ2)

...

...
. . .

kI
2

m
Jm1 · · · kI

2

m
Jmm − (kI + µm + γm)


.

Under Assumption 1,
∑m
k=1(2/m)Jkj / 1 for all j = 1, 2, · · · ,m and hence, −AI,m is a nonsingular M -

matrix. Therefore, the inverse (−AI,m)
−1

is positive and Km = Fm (−AI,m)
−1

is positive and irreducible.
From the Perron-Frobenius theorem (see, for instance, [5]), r(Km) is the positive dominant eigenvalue. Let
R0,m := r(Km). From the definition, we can expect that R0,m → R0 as m→ +∞. To prove it rigorously, we
should show not only the pointwise convergence but also the strong stability of {Km}m∈N (see, for instance,
[10]). In this paper, we leave this as a future work and use R0,m for sufficiently large m as the approximated
threshold value instead of R0.

First we consider the case of constant parameters. Fix

b(x) = 1, µ(x) = 0.5, γ(x) = 0.5, kI = 0.5, x ∈ [−1, 1] (6.3)

and vary β(x) to observe the stability change with different R0,m. When β(x) = 0.52, R0,m converges
approximately to 0.9785 < 1 as m increases (see (a) of Figure 2). In this case, the infective population
I(t, x) converges to 0 as time evolves (see (b) of Figure 2). This is consistent with the global asymptotic
stability of the disease-free equilibrium E0, which was proved in Theorem 3.1. When β(x) = 0.54, R0,m

converges approximately to 1.0162 > 1 as m increases (see (a) of Figure 3). In this case, the infective
population I(t, x) converges to a positive distribution I∗(x) as time evolves (see (b) of Figure 3). This is
consistent with the global asymptotic stability of the endemic equilibrium E∗, which was proved in Theorem
5.1.

Next we consider the case where some parameters are nonconstant. Fix

b(x) = 1 + 0.1x2, µ(x) = 0.5, γ(x) = 0.5, kI = 0.5, m = 100, x ∈ [−1, 1] (6.4)

and vary β(x) to observe the stability change with different R0,m. When β(x) = 0.51(1 + 0.1 cos 5πx),
R0,m converges approximately to 0.9924 < 1 as m increases (see (a) of Figure 4). In this case, the infective
population I(t, x) converges to 0 as time evolves (see (a)of Figure 4). This is consistent with the global
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Figure 2: Numerical simulation result with constant parameters (6.3) and β(x) = 0.52.
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Figure 3: Numerical simulation result with constant parameters (6.3) and β(x) = 0.54.

asymptotic stability of the disease-free equilibrium E0, which was proved in Theorem 3.1. When β(x) =
0.52(1 + 0.1 cos 5πx), R0,50 converges approximately to 1.0119 > 1 (see (a) of Figure 5). In this case, the
infective population I(t, x) converges to a positive distribution I∗(x) as time evolves (see (b) of Figure 5).
This is consistent with the global asymptotic stability of the endemic equilibrium E∗, which was proved in
Theorem 5.1.
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