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Abstract

In this paper, we are concerned with the global asymptotic stability of each equilibrium of an SIR epidemic
model with nonlocal diffusion. Under the assumption of Lipschitz continuity of parameters, the eigenvalue
problem associated with the linearized system around the disease-free equilibrium has a principal eigenvalue
corresponding to a strictly positive eigenfunction. By setting the eigenfunction as the integral kernel of
a Lyapunov function, we prove the global asymptotic stability of the disease-free equilibrium when the
basic reproduction number R is less than one. We also prove the uniform persistence of the system when
Ro > 1 by using the persistent theory for dynamical systems. Furthermore, in a special case where the
diffusion coefficient for susceptible individuals is equal to zero, we prove the existence, uniqueness and
global asymptotic stability of the endemic equilibrium when Ry > 1 by constructing a suitable Lyapunov
function.

Keywords: SIR epidemic model, Nonlocal diffusion, Basic reproduction number, Global asymptotic
stability, Lyapunov function

1. Introduction

Since the pioneering work of Kermack and McKendrick [32], differential equations as epidemic models
have attracted much attention of many researchers. The heterogeneity (position, age, sex, etc.) of each
individual is known to be an important factor in spread of infectious diseases, and hence, motivates more
realistic model (reaction-diffusion equations) for disease dynamics. It is well known that spatial heterogeneity
of environment and movement of individuals are ubiquitous in the real world. Incorporating these two
mechanism would give insights into disease spread and control, and there have been quite a few publications
along this line (see, for instance, [2, 7, 12, 21-23, 26, 33-36, 39, 44, 56, 58, 60, 62] and the references therein).
Recently, Allen et al. in [2] proposed a susceptible-infective-susceptible (SIS) reaction-diffusion model under
heterogeneous environment,

0 B B(x)S(t,x)I(t,x)

§S(t,x) =dsAS(t,x) — S{t2) + I(t, 2) +y(x)I(t,x), t>0, z€Q,

i) Bx)S(t, x)I(t,x)

a[(t,z) =d;AI(t,z) + o)+ Ite) y(@)I(t,x), t>0, z€Q, (1.1)
%S(t,m): %I(t,m)z& t>0, xed,

where S(t, ) and I(t,x) denote the density of susceptible and infective individuals in a given spatial region
(2, which is assumed to be a bounded domain in R™(n > 1) with smooth boundary 9. Q is isolated from
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outside for the host, implying the homogeneous Neumann boundary condition; n is the outward unit normal
vector on I and 9/0n means the normal derivative along n on 9€; dg and d; are diffusion coefficients for
the susceptible and infective populations, respectively; the positive functions 8(x) and ~(z) represent the
rates of disease transmission and recovery at position x, respectively. They studied the existence, uniqueness
and particularly the asymptotic behavior of the endemic equilibrium as the diffusion rate of the susceptible
individuals goes to zero. Although the theoretical conclusions exhibit the delicacy by defining the low-risk
and high-risk sites, which is in terms of rate of disease transmission and rate of disease recovery, due to
the mathematical difficulties, they were unable to derive stability result for the endemic equilibrium if it
exists. Subsequently, Peng and Liu [48] discussed the global stability of the endemic equilibrium of (1.1)
in two special cases: (i) the diffusion rate of susceptible individuals and infective individuals are the same;
(ii) the rates of disease transmission is proportional to the rates of disease recovery for any fixed constant.
Biological results in [2, 48] revealed that controlling the diffusion rate of the susceptible individuals can help
eradicate the infection, while controlling the diffusion rate of the infectious individuals cannot.

Furthermore, Peng [47] studied the asymptotic profiles of the endemic equilibrium of (1.1) when the
diffusion rate of either the susceptible individuals or the infective ones goes to infinity or zero, which
provide new aspects and understanding of the impacts of diffusion rates on spatial-temporal dynamics of
infectious diseases. Note that the rates of disease transmission adopted in [2, 48] obey the standard incidence
mechanism. In this circumstance, the basic reproduction number is independent on the total population.
Very recently, Wu and Zou [61] continued to study the impacts of spatial heterogeneity of environment and
movement of individuals on the persistence and extinction of a disease. They explored the asymptotic profiles
of the endemic steady state for large and small diffusion rates by using the mass action mechanism. This leads
to more challenges in mathematical analysis that (i) the equilibrium problem is a nonlocal elliptic problem;
(ii) the mass action term exhibits an unbounded infection force. Cui and Lou [18] considered circumstances
that populations may take passive movement in certain direction due to external environmental forces such
as water flow [40, 41], wind [19] and so on. They added an advection term to model in [2, 48], and studied
the effects of diffusion and advection in heterogeneous environments.

The above mentioned works considered a fast disease by ignoring the demography of the host. In a
recent work [35], the authors studied the following diffusive SIR epidemic model with mass action infection
mechanism and homogeneous Neumann boundary condition.

gS(t,x) =kgAS(t,x) + b(x) — f(x)S(t,x)I(t,x) — p(x)S(t,z), t>0, x €,

ot
%I(t,x) = ki AI(t,z) + B(z)S(t, x)I(t, z) — (u(z) + y(x)I(t,x), t>0, z€Q,
%R(t,x) — krAR(t 2) +v(2)I(t, 2) — p(@)R(E, 2), 150, zeQ, (1.2)
S(0,z2) = So(z), I1(0,z2) =Is(z), R(0,z)= Ro(z), x € Q,
0 0 0
a—nS(t,x) = a—nl(t,x) = a—nR(t,x) =0, t>0, xeo.

S(t,x), I(t,x) and R(t,x) denote the populations of susceptible, infective and recovered individuals in
position z at time ¢, respectively. kg, k; and kg denote the diffusion coefficients for susceptible, infective and
recovered individuals, respectively. b(z), 8(z), u(x) and y(x) denote the birth rate, the disease transmission
rate, the mortality rate and the recovery rate at position x, respectively. For two special cases where kg = 0,
kr > 0 or kg > 0, k; = 0, the basic reproduction number Ry (see, for instance, Diekmann et al. [20] and
Inaba [28]) for system (1.2) was obtained and the global asymptotic stability of the disease-free equilibrium
when Ry < 1 and that of the endemic equilibrium when Ry > 1 were investigated, respectively. In the proof
of the main theoretical results, the authors constructed suitable Lyapunov functions based on those for the
corresponding discretized models as in [37].

As well known, the Laplacian operator in model (1.2) essentially accounts for the random diffusion of
each individual in adjacent spatial positions. However, the movements of individuals are often free, and
should not be limited to a small area. To be a more important and intuitively necessary circumstance,
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we should include the long range diffusion effect, as stated in [45, Section 9.5]. Coville and Dupaigne [17]
studied a one-dimensional non-local variant of Fisher’s equation describing the spatial spread of a mutant
in a given population. The dispersion of the genetic characters is assumed to follow a non-local diffusion
law modeled by a convolution operator,

/Q J(@ — y)e(y)dy — o).

They argued that dispersion of the gene fraction at point y € R™ should affect the gene fraction at z € R
by a factor J(x — y)¢(y)dy, where J(-) is a probability density and is a non-negative even function of mass
1. In a one-dimensional setting and assuming, this diffusion process depends only on the distance between
two niches of the population. In the work of Garcia-Melidn and Rossi [24], J(x — y) is interpreted as the
probability of jumping from position y to position z, the convolution [, J(z —y)¢(y)dy is the rate at which
individuals arrive at position @ from all other positions, while — [, J(y — )¢(x)dy = —p(z) is the rate
at which they leave position x to reach any other position. For example, in ecology, bees often jump from
one position to another. Indeed, this nonlocal diffusion problems have attracted many researchers in recent
years, and there have been quite a few publications along this line. See, e.g., [1, 3, 4, 6, 8, 9, 11, 13—
16, 16, 27, 30, 31, 38, 43, 45, 49, 51, 52, 55, 57, 59] and the references therein.

This paper is a continuation of [35], aiming to explore the following SIR epidemic model with nonlocal
diffusion, which is more realistic than the previous model (1.2),

9 St 2) = ks /Q Iz — 9)S(t y)dy — ksS(t o) + b(@) — B@)SE 2)[(t 7) — p(@)S(tz), t>0, z€T,

ot

%I(t, x) = kz/ J(z —y)I(t,y)dy — krI(t,x) + B(x)S(t, ) (t,z) — (w(x) +v(x))I(t,z), t>0, =€,
Q

%R(t,x) =kr ; J(x —y)R(t,y)dy — krR(t,z) + v(x)I(t,z) — p(z)R(t, ), t>0, z€Q,

S(0,x) = So(x), I(0,z)= Iy(z), R(0,z)= Ro(x), z € Q.

(1.3)
Here, the meaning of each symbol is similar to that in (1.2), except for the diffusion kernel function J(-).
The purpose of this paper is to investigate the global asymptotic stability of the system (1.3). Under the
assumption of Lipschitz continuity of parameters, the eigenvalue problem associated with the linearized
system of (1.3) around the disease-free equilibrium has a principal eigenvalue corresponding to a strictly
positive eigenfunction. By setting the eigenfunction as the integral kernel of a Lyapunov function, we prove
the global asymptotic stability of the disease-free equilibrium when the basic reproduction number Ry is
less than one. We also prove the uniform persistence of system (1.3) when Ry > 1 by using the persistence
theory for dynamical systems as in [50, Theorem 3]. Furthermore, in a special case where the diffusion
coefficient for susceptible individuals is equal to zero (ks = 0), we prove the existence, uniqueness and
global asymptotic stability of the endemic equilibrium when Ry > 1. For the proof, we construct a suitable
Lyapunov function, which has the infective population I*(z) in the endemic equilibrium as the integral
kernel.

The organization of this paper is as follows. Section 2 is devoted to the preliminaries. In Section 3, we
prove the global asymptotic stability of the disease-free equilibrium when Ry < 1. In Section 4, we prove
the uniform persistence of system (1.3) when Ry > 1. In Section 5, we prove the existence, uniqueness and
global asymptotic stability of the endemic equilibrium of system (1.3) when Rg > 1 and ks = 0. In Section
6, we perform numerical simulation to verify the validity of our theoretical results.

2. Preliminaries

2.1. Ezistence and uniqueness of a positive solution

We make the following assumptions on the parameters of system (1.3).

Assumption 1. (i) ks >0, k; > 0 and kg > 0;



(ii) b(x), B(z) and p(x) are strictly positive and Lipschitz continuous on €;
(iii) () are nonnegative and Lipschitz continuous on €;
(iv) J(z) is Lipschitz on © and satisfies the following properties.

/n J(x)dx

From (ii) of Assumption 1, we see that there exists a positive lower bound p > 0 such that

1, J(x)>0 on Q, J(x)=J(—z)>0 on R® and J(0)>0. (2.1)

w(z) > p for all z € Q. (2.2)

Since R(t,x) does not appear in the first two equations of (1.3), we can restrict our attention to the
following reduced system.

55t = ks [ Iz = 9)S(t)dy ~ ksS(t,3) +ba) ~ B@S(E)I(3) - (@St o), >0, 2,
Q

S 1ta) =kr [ I = It p)dy -~ kil(t2) + S@)SE DI 0) ~ (u(o) + 1@ (ta), >0, 2,
Q
$(0,2) = So(x), 1(0,) = Io(a), veq,
(2.3)
Let us consider the following function spaces and positive cones.
X=C@), X, =0, (Q), Yi=C@)xC(@Q), Yy=0,(Q)xC: ().
The norms in X and Y are defined as follows, respectively.
lellx :=suple@)], veX,  l(p.¥)lly = sup/lp@@)]? + [¥(@)]%  (p¢) €Y.
e e
Let us define the following linear operators on X.
Aspla) i= ks [ (@ = p)elu)dy — kspla) ~ n(@hpla), € X, (2.4
Arp(@) =k | Ta = )pl)dy = krgle) = (n(o) +9(@) pla). 9 € X. (25)

Under Assumption 1, Ag and A; are bounded linear operators. Hence, from the standard theory of semi-
groups, they are generators of uniformly continuous semigroups {7’ (¢) }+>0 and {T7 () }+>0 on X, respectively
(see, for instance, [46, Theorem 1.2]). In particular, from a similar argument as in [30, Section 2.1.1], we see
that the semigroups {Ts(t)}i>0 and {T7(¢)}1>0 are positive.

On the existence and uniqueness of a positive solution (S(t,x),I(t,x)) of system (2.3), we prove the
following proposition.

Proposition 2.1. System (2.3) has a unique positive solution (S(t,-),I(t,-)) € Y, provided (So, Ip) € Y.

PROOF. Since Ag and Aj are generators of uniformly continuous semigroups {Ts(t) >0 and {T7(¢)}i>o0,
respectively, the solution (S(t,z), I(t,z)) of system (2.3) can be written as follows.

S(t,x) = Ts(t)So(z) —|—/O Ts(t —u) (b(z) — B(x)S(u, 2)I(u,x))du, t>0, x€Q,

I(t,x) =Ty (t)Io(x) + /Ot Tr(t — u) (B(x)S(u, 2)I(u,x)) du, t>0, ze.

Thus, the solution (S(t,x), I(t,x)) is continuous. To show the positivity, on the contrary, we suppose that
there exists tg > 0 such that

_ 9 _
S(t,z) >0 forall t€[0,tg] and z€Q, S(to,z*)=0 and aS(to,x*) <0 for some z* € Q.
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However, from the first equation of (2.3), we have

0
550" = ks [ I = 9)S(ta,n)dy + bla") >0,
Q

which is a contradiction. Therefore, S(t,z) > 0 for all t > 0 and = € Q. The positivity of I(¢,z) can be
proved in a similar way. The proof is complete. O

From Proposition 2.1, we can define a positive continuous semiflow {®,},>0 : Y3 — Y, for system (2.3) as
follows.
o, ((SOaIO)) = (S(t7)7l(t7))a t>0, (SO,IO) € Y—‘r' (26)

2.2. Equilibria

Let E° := (S°,0) € Y, denote the disease-free equilibrium of system (2.3), where S € X is the solution
of the following equation.

0= ks/ J(z —y)S°(y)dy — ksS°(z) + b(z) — u(z)S°(z), = €. (2.7)
Q
On the existence of the disease-free equilibrium E° and the Lipschitz continuity of S°(x), we prove the

following proposition.

Proposition 2.2. (i) System (2.3) has a unique disease-free equilibrium E° = (S°,0) € Y, ;
(ii) SO(x) is Lipschitz on Q.

PROOF. (i) Using the operator Ag defined by (2.4), we can rewrite (2.7) as follows.
0=AsS(z) +b(z), z€Q. (2.8)

As stated in Section 2.1, Ag generates the positive uniformly continuous semigroup {7T’s(t)}¢>0. Hence, from
[53, Theorem 3.12], Ag is a resolvent-positive operator. In particular, it is seen that s(Ag) < 0 (see, for
instance, [55, Proposition 2.4]), where s(-) denotes the spectral bound of an operator. Hence, taking A =0
in the resolvent operator (A; — Ag)~! (where I; denotes the identity operator), we have from [53, Theorem
3.12] that

(~As)pta) = [ Tsletadt, pex.

Hence, from (2.8), we have

S%(z) = (—Ag) 'b(z) = /OO Ts(t)b(x)dt, =€,
0

which is positive and uniquely exists.
(ii) From (2.7), we have

T — 0 €T —
oy Feh DS g o9

Under Assumption 1, b(z), ks + u(z) and J(z) are Lipschitz continuous on 2. Hence, we have

where L; > 0 denotes the Lipschitz constant of J(x). Thus, S°(z) given as (2.9) is the fraction of strictly
positive bounded Lipschitz functions and therefore, Lipschitz itself. This completes the proof. O

5

ks / J(@ — 1) (y)dy — ks / J(@ - y>s°<y>dyHX <ks / 1z = ) — J (@ — )l S°(w)dy

<ks / SO(y)dy Ly |z — 3|, z7eq,
Q



Let E* := (S*,I*) € Y} denote the endemic equilibrium of system (2.3), where S* € X, and I* €
X+ \ {0} must satisfy the following equations.

0=ks /Q J(x —y)S*(y)dy — ksS*(z) + b(x) — B(z)S*(z)[*(x) — u(x)S*(x), =€Q,
(2.10)

0=k /Q J(& = y)I* (y)dy — k1" (2) + B(2)S" (2)I* (2) — (n(z) + 7)) (@), = €T

The existence and global asymptotic stability of the endemic equilibrium E* will be discussed in the special
case where kg = 0 (see Section 5).

2.8. State space

On the boundedness of S(t, ), we prove the following lemma.

Lemma 2.1. S(t,z) < S%x) for allt > 0 and z € Q, provided So(z) < S°(z) for all x € Q.

PROOF. The first equation of (2.3) can be evaluated as follows.

%S(t,x) < ks/ J(x —y)S(t,y)dy — ksS(t,x) + b(x) — u(x)S(t,z), t>0, =€ Q.
Q

Let S(t,z) be a solution of the following equation.

; ) 7 . _
55(t.2) = ks /Q J(@ —y)S(t,y)dy — ksS(t,2) +b(z) — p(2)5(t,2), t>0, z e (2.11)

5(0,7) = So(z), x € Q.

By the comparison principle, we have that S(¢,z) < S(t,z) for all + > 0 and x € Q. From (2.7), we have
b(z) = —ks /Q J(x —y)S°(y)dy + ksS®(z) + u(2)S°(z), z €. (2.12)
Hence, (2.11) can be rewritten as follows.
%S'(t, v) = ks | J@—y) (Stty) = ) dy — bs (S(t.2) ~ ') — (@) (S(t,2) = (@), £>0, w €D,
5(0,z) = So(), z € Q.

Let u(t,z) := S°(z) — S(t,x). Then, by multiplying —1 to both sides, we can rewrite the above equation as
follows.

Q

u(0,z) = S%(z) — So(x) > 0, z € Q.

(2.13)

Using the linear operator Ag defined by (2.4), we can rewrite (2.13) to the following abstract form in X.

d
%u(t) = Agu(t), t>0.

As stated in Section 2.1, Ag is the generator of the positive semigroup {T’s(t)}¢>0. Hence, we see from
(2.13) that u(t,z) = S°(x) — S(t,x) > 0 for all t > 0 and = € Q. Thus, we have S(t,z) < S(t,z) < S°(z)
for all ¢ > 0 and x € . This completes the proof. O



Let us define the state space for system (2.3) as follows.
D::{(S,I)€Y+: S(-,z) < 8%x) forall z € Q, /S(-,x)dm—i—/[( dgc<fQ },
Q Q jad
where 4 is the positive lower bound of y(z) defined in (2.2). On the positive invariance of D, we prove the
following proposition.

Proposition 2.3. State space D is positively invariant for system (2.3).

PROOF. By virtue of Lemma 2.1, it suffices to prove the inequality [, S(t,z)dz+ [, I(t, x)dx < [, b(x)dx/p
for all ¢ > 0. From (2.1) and (2.3), we have

/S (t,z)dx ks// xT—y tydydm—ks/St x dac—i—/ (b(z) — B(x)S(t,x)I(t,z) — p(x)S(t,z)) dz

Q

<hs / / (@~ y)dwS (e, )dy — hs /Q S(t, o)z + /Q (b(x) — B(2)S(t,2)I(t,7) — p(x)S(t, ) da
/ d:r—/ﬁ I(t x)dm—/ﬂ,u(:c)S(t,x)dx (2.14)

and

c;lt I(t, z)dx kz// x—y)I(t,y dyd:r—kz/I(t,a:)dx—i—/ﬂ(ﬁ(m)S(t,x)I(t,as) (w(z) +y(x))I(t,x)) dz

<hi [ / I —)dal(ty)dy — ks [ 1ty + [ (5@)S(00)I(00) = (ua) + 32 (1. 0) do
/,B tx)dz—/ﬂ(,u(a:)+’y(m))[(t,x)dz. (2.15)

Adding (2.14) and (2.15), we have

jt(/ﬂ S(Ll’)d%-i-/ﬂf(t,x)dit) S/Qb(x)dx_/Qﬂ(x)s(tvff)dl"—/Q(M(ir)-k’y(x))f(t,x)dx

§/Qb(z)d:c — [ (/Q S(t,x)der/S)I(t,x)d:r) .

Hence, from the variation of constant formula, we have

S(t,x)da:+/ I(t,z)dx < fﬂ i d for all ¢>0,

Q Q

provided [, So(z)dz + [, Io(z)dz < [, b(x)dx/pu. This completes the proof. O

2.4. Basic reproduction number

To define the basic reproduction number R following the definition by Diekmann et al. [20], we linearize
the second equation of (2.3) around the disease-free equilibrium E° as follows.

%I(t,x) =k /Q J(x—y)I(t,y)dy—krI(t,z)+B8(x)S(x)I(t, x)—(u(x)+y(x))I(t,z), t>0, z€ Q. (2.16)

Let us define the following linear operator on X.
Fo(x) = B(z)S°(z)p(z), ¢ € X.
Then, using the operator A; defined by (2.5), we can rewrite (2.16) to the following abstract form in X.

ar)

o = Al(t) + FI(t), t>0.

7



Similar as in the proof of Proposition 2.2, we see that A; is resolvent-positive, s(Ar) < 0 and hence,

(AN el = [ Tied pex.
0

Hence, following the definition in [20], the next generation operator K := F(—Aj)~! is given by

Ko(e) = B(a)S"(x) / T Tite@)dr, e X (2.17)

and the basic reproduction number R is defined by
Ro :=r(K), (2.18)

where r(-) denotes the spectral radius of an operator. For R in a similar form, see, for instance, [55, 57, 58].

3. Global asymptotic stability of the disease-free equilibrium

Let us consider the following eigenvalue problem associated with (2.16).
Av(z) = k:;/ J(z — y)v(y)dy — krv(x) + B(z)S° (z)v(x) — (u(z) +y(z))v(z), =€ Q. (3.1)
Q
From Assumption 1 and Proposition 2.2, we see that 3(x)S°(z) — (kr + pu(x) + v(z)) is Lipschitz on Q.

Hence, from [27, Theorem 3.1], we have the following lemma.

Lemma 3.1. There exists a principal eigenvalue Ao for problem (3.1), which corresponds to a strictly posi-
tive continuous eigenfunction vo(xz). More precisely, Ay is given by

do= max_ (kf [ [ 3= @yt + [ (3)5°@) = s+ @) + () v<x>2dx) .

Since )¢ is the principal eigenvalue for problem (3.1), we have A\g = s(A; + F) (see, for instance, [6, Lemma
2.2]). Since Aj is resolvent-positive and s(Ay) < 0 (see Section 2.4), it follows from [53, Theorem 3.5] that
Mo = s(A; + F) has the same sign as r(F(—A;")) — 1 = 7(K) — 1 = Ry — 1. Consequently, we have the
following lemma.

Lemma 3.2. Ry — 1 has the same sign as Ag.

Using Lemmas 3.1 and 3.2, we prove the following theorem on the global asymptotic stability of the
disease-free equilibrium E°.

Theorem 3.1. If Ry < 1, then the discase-free equilibrium E° of system (2.3) is globally asymptotically
stable in D.

PROOF. Let us construct the following Lyapunov function.

% ::/Qvo(a:)l(t,x)dx,

where vg(z) denotes the strictly positive eigenfunction for (3.1), associated with Ag. It is easy to see that
Vi > 0and Vi =0 if and only if I = 0. The derivative of V; along the solution trajectory of system (2.3) is
calculated as follows.

- 9
Vi —/Qvo(z)gl(t,x)d:c
- /Q vo(2) {k, /Q Tz — g)I(ty)dy — k1 I(t 7) + B@)S(t ) [(t,7) — (u(x) + 1@ (6 a)| de.  (3.2)

8



Now we have from (2.1) and (3.1) that

/Qvo(x)kj/ﬂJ(a:—y)](t,y)dydx:/Qf(t,y)kz/n.](y—a:)vo(x)dxdy:/QI(t,w)kI/QJ(x—y)vo(y)dydx
=/QI(75~’E) [Aovo(@) + krvo(z) — B(2)S° (2)vo(z) + (u(z) + y(2)) v(z)] dz. (3.3)

Hence, substituting (3.3) into (3.2), we have
Vi = / vo(@) Pol (t,2) — Ba)(S(x) — S(t,2)I(t,2)] do < Ao / vo(@)I(t, z)da.
Q Q

If Rp < 1, then it follows from Lemma 3.2 that Ao < 0 and hence, V] < 0. Since vy(x) is strictly positive,
V/ = 0 if and only if I = 0. This implies the global asymptotic stability of the disease-free equilibrium E°
in D. The proof is complete. O

4. Uniform persistence of the system
Let us define the following spaces.
Do :={(S,I) € D: I(-,x) > 0 for some z € Q},

OD :=D\ Dy = {(S,I) e€eD: I(,z) =0 for allxeﬁ},
My = {(So,lo) €0D: P ((So,]o)) € 0D for all t > O},

where {®;},>¢ denotes the semiflow defined by (2.6). System (2.3) is said to be uniformly persistent in Dy
if there exists a positive constant £ > 0 such that

liminf S(t,x) > ¢ and liminfI(t,z) > ¢ for all z €Q

t—+o00 t—+o0
for any initial condition (Sp,Ip) in Dy. To prove the uniform persistence of system (2.3) for Rg > 1, we
prove the subsequent three lemmas.

Lemma 4.1. w ((So,1o)) = {(5°,0)} = {E°} for any (So, Io) € My, where w ((So, Io)) denotes the omega
limit set of the positive orbit {®; ((So,Ip)) : t > 0}.

Proor. For any (Sp, Iy) € My, the dynamics of S(t, z) is governed by
0 S(t,x) = ks /Q J(x —y)S(t,y)dy — ksS(t,x) + b(x) — u(x)S(t,z), t>0, z€Q.
From (2.12), this equation can be rewritten as follows,
75 t,x) = ks/ J(z — ) — S°(y)) dy — ks (S(t,2) — 8°(z)) — p(z) (S(t,z) — S°(x)), t>0, z€

Let U(t,z) := S%(x) — S(t,z). Then, by multiplying —1 to both sides, the above equation can be rewritten
as follows,

%U(t x) = kg/ J(x —y)U(t,y)dy — ksU(t,z) — u(x)U(t,x), t>0, x€Q. (4.1)
Q

Using the operator Ag defined by (2.4), the equation (4.1) can be rewritten to the following abstract form
in X,
d
@U(t) = AgU(t), t>0.

9



From Assumption 1, it follows as in Lemma 3.1 that there exists a principal eigenvalue A* = s(Ag) < 0 such
that \*v*(z) = Agv*(x), where v*(x) is a strictly positive continuous eigenfunction. That is, it follows that

Mo () = ks / (@ =)o (y)dy — ksv*(2) — plo)v* (@), (4.2)
Q
Let us construct the following Lyapunov function.

Va ::/Qv*(a:)U(t,x)d:E.

It is easy to see that V5 > 0 and Vo = 0 if and only if U = 0. The derivative of V5 along the solution
trajectory of (4.1) can be calculated as follows.

)
Vi= [ v@gttad = [ v [ks / J(xy)U(t,wdyksU(t,x)u(x)U(t,:w] dr. (43)
Now we have from (2.1) and (4.2) that
/Q v (@)ks / J(z = y)U(t, y)dyda = / Ut y)ks / J(@ = y)v* (z)dady = / Ut 2)ks / J(@ = y)v" (y)dyda
- /Q Ut ) N0 (2) 4+ ksv™ (2) + p(z)o” (2)] da. (4.4)

Hence, substituting (4.4) into (4.3), we have
Vy = /\*/ v*(2)U(t, z)dz.
Q

Since \* = s(Ag) < 0 and v*(z) is strictly positive, VJ < 0 and Vy = 0 if and only if U = 0, that is, S = S°.
This implies that w ((So, Ip)) = {(S°,0)} = {E°} and the proof is complete. O

Lemma 4.2. S(t,z) >0 and I(t,z) > 0 for allt > 0 and x € Q, provided (So, Iy) € Dy.

PRrOOF. By integrating the differential equations in (2.3), we have
t
S(t,x) =So(x)e” J§ (ks +B(@) I (u,a)+u(x))du +/ <ks/ J(x —y)S(r,y)dy + b(m)) - f;(ks+5(x)1(u,x)+u(ac))dud7_7
0 Q
t
I(t,z) :]O(a:)e_(k1+”(w)+7(x))t +/ (k[/ J(x —y)I(r,y)dy + B(z)S(T,z)I(T, x)) e~ Rrtu(@)ty@)t=7) g,
0 Q

Hence, from the positivity of J(x) on € (see (2.1)), we see that S(t,z) > 0 and I(t,x) > 0 for all ¢ > 0 and
x € Q, provided (S, Iy) € Dy. The proof is complete. O

Lemma 4.3. If Ry > 1, then the disease-free equilibrium E° is a uniform weak repeller for Dy, that is,
there exists a sufficiently small positive constant € > 0 such that

lim sup H‘I)t ((So, 1o)) — (SO7O)HY > e

t——+oo
for any (So, Iy) € Dy.

PROOF. From Lemma 3.2, Ry > 1 implies that A\g = s(A; + F') > 0. Hence, there exists a sufficiently small
€ > 0 such that the eigenvalue problem

no(x) = ki /Q J(@ = y)o(y)dy — kro(x) + B(z) (8°(x) — €) ¢(2) — (u(z) +7(2) p(x), z€Q (4.5
10



has a positive principal eigenvalue 1 > 0, which corresponds to a strictly positive continuous eigenfunction

().
Suppose that
limsup ||®¢ ((So, 1o)) — (5°,0)]|, < e (4.6)

t——+oo

and show a contradiction. (4.6) implies that there exists a positive constant Ty > 0 such that S(t,x) >
SO(x) — e for all t > Ty and = € Q. Then, from the second equation in (2.3), we have

%I(t,x) > kI/QJ(x—y)[(t,y)dy—k’jl(t,x)—i—ﬂ(x) (8%(x) =€) I(t,z)—(u(z)+v(x)I(t,z), t>Ty, z€Q.

The positivity of I(Tp,z) for all x € Q implies that there exists a sufficiently small € > 0 such that
I(Ty, ) > ép(x) for all x € Q. From (4.5) we see that e?*=10)¢gp(x) is the solution of

%I(t,x) =ky /Q J(x—y)I(t,y)dy—kiI(t, )+ B(x) (SO(J:) - e) I(t,x)—(u(x)+vy()I(t, ), t>T,, x €.

Hence, by the comparison principle, we have
I(t,z) > " Tep(x), t>T,, el

Since 1 > 0, the right-hand side of the above inequality goes to infinity as ¢ — +o0o. This contradicts with
the boundedness proved in Proposition 2.3 and the proof is complete. O

Using Lemmas 4.1, 4.2 and 4.3, we prove the following theorem on the uniform persistence of system
(2.3) for Rg > 1.

Theorem 4.1. If Ry > 1, then system (2.3) is uniformly persistent in Dy.

PROOF. From Lemmas 4.1, 4.2 and 4.3, we see that E° = (S°,0) is isolated in D, there is no cycle in My
from E° = (S°,0) to itself, and Dy N W*((S°,0)) = 0, where W*(-) denotes the stable manifold of a point.
Therefore, from [50, Theorem 3|, there exists a positive constant £ > 0 such that

min min | inf o(x), inf ¥ (x >
(e, ¥)€w((So,10)) { (xesch( ) weﬁdj( )ﬂ ¢

for all (Sg, Iy) € Dy. This implies that liminf; o S(t,2) > & and liminf,_, o I(t,7) > £ for all € Q.
Thus, system (2.3) is uniformly persistent and the proof is complete. O
5. Existence, uniqueness and global asymptotic stability of the endemic equilibrium

In the proof of the existence, uniqueness and global asymptotic stability of the endemic equilibrium E*
for Ry > 1, we restrict our attention to the special case where kg = 0. This case has been considered for,
e.g., the spatial spread of rabies (see [29]). In this case, (2.3) can be rewritten as follows.

%S(t, 2) = bx) — B(2)S(t,2)I(t, ) — p(x)S(t, ), 150, z€0,
S 16a) =kr [ I = It n)dy = kil(t,2) + 6@)S(E0)I(E0) - (u(o) + 1@ (ta), >0, 2,
Q
5(07:6):50(1:)7 ](Ofx) :Io(il'), x € Q.
(5.1)
Furthermore, Ry is obtained as the spectral radius r(K) of the following next generation operator.
b(x) [T
Keo(z) = B(z)—= Ti(t)e(x)dt, ¢ € X.
1) Jo
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(2.10) can be rewritten as follows,

0= b(a) - B(2)S" (@)I* (2) — u(2)S" (x), ved,

_ (5.2)
0=k /Q (@ = y) I (y)dy — kI (@) + B(2)S" (@)1 (2) — (u(z) + 7(@))[*(2), =€

From the first equation of (5.2), we have S*(z) = b(z)/(B3(x)I*(x) + p(x)), x € Q. Hence, existence of the
endemic equilibrium E* can be shown by finding the positive solution I*(z) of the following equation.

b(x)
Bla)I*(z) + p(x)

kit [ I = I @)y — kT (5) + ()0 (1 -

0 =kr /Q J(x —y)I*(y)dy — k1" (x) + B(x) I*(2) = (@) + (@) (z) (5:3)

) I*(2) — (ule) + 1) (),

where S%(z) = b(z)/p(x), * € Q. Let

B(x)p(x)
B(z)p(x) + p(z)

To find the positive root I*(x) of H(I*(x)) = 0, we will construct a sub-solution I(x) and a super-solution

I(x) such that

H)@) = b [

[ e =)ty — kae(a) + 5(0)5"(0) (1 -

) o(2) — (u(x) + 1(@)ple), @€ Q.

H(I(x)) >0, H(I(x))<0 and 0< I(x)<I(z) forall z¢€Q.
We prove the following proposition on the existence of the endemic equilibrium E*.

Proposition 5.1. If Ry > 1, then system (5.1) has at least one endemic equilibrium E* = (S*,I*) in Dy.

PrOOF. It follows from Lemma 3.2 that the eigenvalue problem (3.1) has the positive principal eigenvalue
Ao > 0 which corresponds to the strictly positive eigenfunction vg(z). Let I(z) := €ovo(z), where ¢y > 0 is
a sufficiently small positive constant. Then, we have

B(z)eovo ()
B(x)eovo(z) + p(x)

(@) <k [ I = eorn(u)dy — Freomn(a) + 5(2)"(z) (1 -
~ (u() + 1(2))eovo ()

—— [AO ~ B(w)S (@)

) €ovo()

B(x)eovo(x) =
Bl@)eovo(z) + u(x)] el

Since Ag > 0, we have that H(I(z)) > 0 for sufficiently small 5 > 0.
On the other hand, let I (z) = M, where M > 0 is a sufficiently large positive constant such that
I(z) = eouo(x) < M = I(z) for all z € Q. Then, we have

H (1) =t [ 3o = bty = kot + )5 (0) (1= 5 2 ) b1 = (ute) + 9w

<ot ([ ato =iy =1) + (8@5°@) (1 50 ) = ) ) o
Ba)M

ﬁ(x)MJru(x)> — (n@) +7(Jf))) M, zeQ.

Since 1 — B(x)M/(B(z)M + pu(z)) converges to zero as M — +o0, we have that H (I(x)) < 0 for sufficiently
large M > 0. Consequently, we see that I(z) and I(x) are a sub-solution and a super-solution, respectively.
Hence, system (5.1) has at least one endemic equilibrium E* = (S*,I*). We have

~ (8% (1-

*(r) = b(l’) @0 - -
le) = B(x)I*(x) + u(zx) = 1i(z) = 5%(x), XY)




and, by integrating the equations in (5.2) and adding them, we have as in the proof of Proposition 2.3 that

. . fQ b(x)dx
/QS (a:)d:ch/QI (x)dx < 7& .

This implies E* = (S*,I*) € Dy and the proof is complete. O
We next prove the following theorem on the uniqueness of the endemic equilibrium E*.

Proposition 5.2. System (5.1) has at most one endemic equilibrium E* = (S*,I*).

PROOF. Let I € X, \ {0} be a function satisfying (5.3) and I # I*. From the continuity, we see

that there exists a small positive constant ¢ > 0 such that I*(z) > (I(x) for all z € Q. Let ¢* :=
sup {C eRy : I*(x) > CI(z) for all z € ﬁ} Suppose that ¢* < 1 and show a contradiction. From the
definition of ¢*, we see that there exists an Z € Q such that I*(z) = ¢*I(Z). From (5.3), we have

— * * [ — b(lL’) = * [ — — = * [ =
0=k /J( DI W)y = k() & 5 s B @) = (u(2) + @) (@)
] b(x) . ] ;
>ky / T@ =) H)dy = b6 1@ + 5 g S @ T@) — (1(@) +1()6 (o)
Y - b(z) D)1(7) — (u(z 2)I(z
¢ / 3o = o)ty = k@) + 5D 0)i(0) - (1) + ()0
=0,

which is a contradiction. Therefore, (* > 1 and hence, I*(z) > *I(z) > I(z) for all z € Q. By changing
the role of I*(x) and I(z), we can show in a similar way that I(x) > I*(z) for all € Q. Thus, I* = I and
the proof is complete. O

We finally prove the following theorem on the global asymptotic stability of the endemic equilibrium E*.

Theorem 5.1. If Ry > 1, then the unique endemic equilibrium E* = (S*,I*) of system (5.1) is globally
asymptotically stable in Dy.

PrOOF. From Propositions 5.1 and 5.2, we see that system (5.1) has the unique endemic equilibrium E* =
(S8*,I*). Let us construct the following Lyapunov function,

ims o ron (357 ()

where g(x) =2z —1—1Inz, > 0. Note that g(x) > 0 for all x > 0 and g(x) = 0 if and only if z = 1 (see e.g.,
[42] for the usage of this function in a Lyapunov function). From Theorem 4.1, we see that this Lyapunov
function is well-defined. The derivative of V3 is calculated as follows,

Vi :2/91*( )Kl 5(*(:”))) 85(t7m)+ (1— II(*( ))> %I(t x)] dw
= [ r )[(1 > ))<b<x>ﬂ(w)S(t,xﬂ(t,x)u(z)S(t,x»

S(t,x)
+ <1 ) ( J(x —y)I(t,y)dy — kiI(t,z) + B(x)S(t, ) I(t,x) — (u(z) +v(x))I(t, x))] dz.
(5.4)
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From (5.2), we have

{ b(x) = B()S™ (2)I" (x) + p(x)S™(x),

(k1 + p(@) + (@) " (2) = ki / J(z —y)I*(y)dy + B(x)S™ (x)I"(x),

Q

Using these equations, (5.4) can be calculated as follows,

(5.
Vi :2/ I*(2) [(1 5(( ))) b(z) — (1— 5&%) (B(2)S(t, 2)I(t, @) + p()S(t, )

(k, [ e - )1y + @S0, x))

Now we have
freC-x
e

On the other hand, by changing the order of integration, we have

fro|(i- 122 6 [ - <ty>dy+( D) by [ e =1 way] as

<o [ [ - ere (T R - T )
= [ [ o mre (1 PR f(:fij)II(?(g)d””dy
uf foerari (-2 4

14
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Figure 1: Diffusion kernel function J(z) defined by (6.1) on (—1,1).

Hence, using (5.6) and (5.7), (5.5) can be calculated as follows.

vi=2 [ e (2- 515 - 5 ) (@S @ @) + uw)s* (@) do

.\ I(t,z)  I(t,y) I*(x)I(t,y) I(t,y)
e [ [ e —pr@ro (1‘ @ ) 6ol L )
Itx) I*(yﬂ(m)) oy

I(x)  I(t,y)I*(x)

_ N S*(x)  S(t,x) . . .
= [ 1) (2- 555 - 50 @S @1 @) + ) @) do
. r@ity) @It
i [ [ 9o @rm (2- i - e ) dede

By using the arithmetic-geometric mean, we see that V4§ < 0 and V§ = 0 if and only if (S,I) = (S*,I*).
This implies the global asymptotic stability of the endemic equilibrium E* and the proof is complete. O

6. Numerical simulation

In this section, we perform numerical simulation to verify the validity of our theoretical results. For
simplicity, we consider the spatially one-dimensional case where 2 = (—1,1) C R. We restrict our attention

to the special case in Section 5, that is, the case where kg = 0. As in [30], we employ the following diffusion
kernel function,

J(z) = { C'exp (ﬁ), —-1l<z<l, 6.1)

0, otherwise,

where C' is a positive constant taken to be 2.2523 so that [ J(x)dz = f_ll J(x)dx ~ 1 (see Figure 1). The
initial functions are fixed as follows.

So(z) = 0.99 cos gx, Iy(z) = 0.01 cos gx, x€[-1,1].

For the approximation of the basic reproduction number Ry defined by (2.18), we consider a correspond-
ing discretized system. Let m € N be the number of space subintervals, Az := 2/m be the size of each
subinterval and xp := —1+ kAxz, £k =0,1,2,--- ;m. Then, we have -1 = zp < 21 < z9 < -+ < T, = 1.
Let us define

Li(t) == 1(t,z5), bj:=0b(x;), pj:=plz;), v =), Bj:=pB(z;), Jjx:=J(xj—zx), Jk=12,--,m.
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By the rectangle method, we have the following approximation.

1 m
/J( i —y)I(t,y)d %ZJ (xj —ar)I( txkAm—Z Jiplp(t), t>0, 7=1,2,---,m
-1 k=1

Then, the linearized equation (2.16) can be rewritten to the following multi-group system (see, for instance,
[25, 37]).

= klz Jidk(t) = krL; () + ;S5 1;(t) — (g + ) L(t), >0, j=1,2,---,m, (6.2)

where S;-J =89 (j) =b;/pj, 7 =1,2,--- ,m. From [54], the next generation matrix /C,, of the multi-group
system (6.2) can be calculated as K, := F, (—Azm) ", where

/sy 0 - 0
Fo= 0 (259 : 7
0 gmsgl
2 2 2
kr—Ju — (kr + p1 +m) kr—Ji2 ki—Jim
m m m
2 2
Apm = klaJm kIRJ22 — (k1 + p2 + 72)
2 2
kI*Jml kI*Jmmf(kI+ﬂm+’Ym)
m m
Under Assumption 1, > 3", (2/m)Jx; S 1 for all j = 1,2,---,m and hence, —Aj ., is a nonsingular M-

matrix. Therefore, the inverse (—ALm)_1 is positive and K,,, = F,, (—ALm)_1 is positive and irreducible.
From the Perron-Frobenius theorem (see, for instance, [5]), r(KC,,) is the positive dominant eigenvalue. Let
Ro,m = 1(Kr,). From the definition, we can expect that R, — Ro as m — +oo. To prove it rigorously, we
should show not only the pointwise convergence but also the strong stability of {K,, }men (see, for instance,
[10]). In this paper, we leave this as a future work and use Ry, for sufficiently large m as the approximated
threshold value instead of Rg.

First we consider the case of constant parameters. Fix

b(z) =1, wu(x)=0.5, ~()=0.5, k=05 =z¢€[-1,1] (6.3)

and vary f(z) to observe the stability change with different Rg . When S(z) = 0.52, Rg,, converges
approximately to 0.9785 < 1 as m increases (see (a) of Figure 2). In this case, the infective population
I(t,x) converges to 0 as time evolves (see (b) of Figure 2). This is consistent with the global asymptotic
stability of the disease-free equilibrium E°, which was proved in Theorem 3.1. When B(z) = 0.54, Rom
converges approximately to 1.0162 > 1 as m increases (see (a) of Figure 3). In this case, the infective
population I(¢,z) converges to a positive distribution I*(z) as time evolves (see (b) of Figure 3). This is
consistent with the global asymptotic stability of the endemic equilibrium E*, which was proved in Theorem
5.1.
Next we consider the case where some parameters are nonconstant. Fix

b(x) =1+0.12? pu(z)=0.5, ~(x)=05 k=05 m=100, =x¢c[-1,1] (6.4)

and vary f(z) to observe the stability change with different Rg ,,. When f(z) = 0.51(1 + 0.1 cos 5mz),
Ro,m converges approximately to 0.9924 < 1 as m increases (see (a) of Figure 4). In this case, the infective
population I(t,x) converges to 0 as time evolves (see (a)of Figure 4). This is consistent with the global

16



Infective population I(t.x)

1.04

1.02
05

1

. 5
S °, £ o
® ol S 8
05
0.96 s
1
0% I Positonx 1 o 20 L o 20 o 0 8 100
(a) The approximated threshold (b) Time evolution of infective popu- (¢) Time evolution of infective
value Ro,m versus the number of lation I(¢,z) in position z, —1 < z < population I(t,z) in position z,
space subintervals m (Ros50 =~ 1. —-1<z<1.
0.9785 < 1).
Figure 2: Numerical simulation result with constant parameters (6.3) and B(z) = 0.52.
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space subintervals m (Ros0 ~ 1. -1<z<1.
1.0162 > 1).

Figure 3: Numerical simulation result with constant parameters (6.3) and 3(z) = 0.54.

asymptotic stability of the disease-free equilibrium E°, which was proved in Theorem 3.1. When §(z) =
0.52(1 4+ 0.1 cosbmzx), Ro 50 converges approximately to 1.0119 > 1 (see (a) of Figure 5). In this case, the
infective population I(t,x) converges to a positive distribution I*(z) as time evolves (see (b) of Figure 5).
This is consistent with the global asymptotic stability of the endemic equilibrium E*, which was proved in

Theorem 5.1.
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