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ABSTRACT

In this paper, we are concerned with an SIR epidemic model with infection age and
spatial diffusion in the case of Neumann boundary condition. The original model
is constructed as a nonlinear age structured system of reaction-diffusion equations.
By using the method of characteristics, we reformulate the model into a system of
a reaction-diffusion equation and a Volterra integral equation. For the reformulated
system, we define the basic reproduction number Ry by the spectral radius of the
next generation operator, and show that if Ro < 1, then the trivial disease-free
steady state is globally attractive, whereas if Ry > 1, then the disease in the system
is persistent. Moreover, under an additional assumption that there exists a finite
maximum age of infectiousness, we show the global attractivity of a constant endemic
steady state for Ro > 1.
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1. Introduction

In 1927, Kermack and McKendrick [1] constructed a continuous-time SIR epidemic
model, in which the total population is divided into three subpopulations called sus-
ceptible (), infective (I) and recovered (R). Their original model included the infec-
tion age, that is, time elapsed since the infection. Recently, in 2010, Magal et al. [2]
studied an SIR epidemic model with infection age, and proved that if the basic repro-
duction number Ry (see, for instance, [3-5]) is less than 1, then the trivial disease-free
steady state is globally asymptotically stable, whereas if Ry > 1, then the nontrivial
endemic steady state is so.

Epidemic models with spatial diffusion, which are suitable for diseases such as the
rabies ([6]) and the Black Death ([7]), have been studied for decades (see, for in-
stance, [6-9]). However, there are relatively few works on epidemic models with both
of the infection age and spatial diffusion. In [10], Webb studied an infection age-space
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structured SEIR epidemic model without birth and death processes, and showed the
existence and uniqueness of nonnegative global solution and convergence of the in-
fective population to zero as time goes to infinity. In [11], Fitzgibbon et al. studied
an infection age-space structured SEIR epidemic model for the crisscross dynamics,
which is a generalization of the model in [10]. In [12] and [13], Ducrot and Magal
studied the existence of travelling wave solutions in infection age-space structured SIR
epidemic models without and with external supplies, respectively. In [14], Zhang and
Wang studied a time-periodic infection age-space structured SIR epidemic model, and
showed that Rg is a threshold for the extinction or uniform persistence of the disease.

In this paper, we study an infection age-space structured SIR epidemic model with
birth and death processes. It is a generalization of the model in [2] to a spatially
diffusive system, and corresponds to the model studied in [13]. Although [13] focused on
the existence of travelling wave solutions in a spatially unbounded domain, this study
focus on the asymptotic behavior of solutions in a spatially bounded domain. In this
study, we derive the basic reproduction number R as the spectral radius of the next
generation operator, and show that if Rg < 1, then the trivial disease-free steady state
is globally attractive, whereas if Rg > 1, then the disease in the system is persistent.
Moreover, under an additional assumption that there exists a finite maximum age
of infectiousness, we show that a constant positive endemic steady state is globally
attractive if Rg > 1.

The organization of this paper is as follows. In Section 2, we formulate the main
model and reformulate it by using the method of characteristics to a coupled system
of a reaction-diffusion equation and a Volterra integral equation. In Section 3, we
prove the existence and uniqueness of positive global solution by using the Banach-
Picard fixed point theorem. In Section 4, we derive the basic reproduction number
Ro and show that if Ry > 1, then a space-independent endemic steady state for the
original model exists, whereas if Ry < 1, then the trivial disease-free steady state is
globally attractive. In Section 5, we prove the persistence of the disease in the system
for Rg > 1. In Section 6, under an additional assumption that there exists a finite
maximum age of infectiousness, we prove the global attractivity of a constant positive
endemic steady state for Rg > 1 by constructing a suitable Lyapunov function. Section
7 is devoted to the discussion.

2. The model

Let I(t,a,z) denote the infective population at time ¢ > 0, infection age a > 0 and
position x €  C R, where Q) := ({1, f3) C R is a spatially bounded domain. Let S(t, x)
and R(t, ) denote the densities of susceptible and recovered populations, respectively,
at time ¢t > 0 and position x € 2. We assume that all newborns are susceptible and let
b > 0 be the number of newborns per unit time. Let u > 0 be the per capita natural
death rate per unit time. Let v(a) be the per capita age-specific recovery rate, and let
B(a) be the per capita age-specific disease transmission rate per unit time. We make
the following assumptions,

(A1) v € L(0,+00) and B € L(0, +00).
(A2) There exist 0 < a; < ag < 400 such that f(a) > 0 for all a € (a1, az).
Let 4" := ess.sup,>qy(a) < 400, BT 1= ess.sup,>q f(a) < +o0. Let di > 0, dy > 0

and ds > 0 be the diffusion coeflicients for susceptible, infective and recovered indi-
viduals, respectively. The boundary condition is Neumann: 0,5(¢,¢1) = 0;5(t, l2) =



O R(t,01) = 0zR(t,l2) = 0 for all t > 0, and 9,1(¢,a,¢1) = 0.1(t,a,¢2) = 0 for all
t > 0 and a > 0. The main model of this paper is formulated as the following system
with infection age and spatial diffusion, for t > 0, a > 0 and = € [¢1, (4],

oS(t,xz)  9*S(t,x) oo

ot =d; D2 —‘y—b—S(t,Jf) 0 B(a)l(t,a,x)da—uS(t,x),

o 0 0?I(t,a,x)
(375 + &1) I(t,a,x) _dziagj? - [M""’V(a)] I(tvavx)7

+oo (1)
I(t,0,z) = S(t,x) B(a)I(t, a,z)da,
0

OR(t,z) , 9*R(t,x) Feo

UL UL /0 W) I(t,a,2)da — pR(t, @),

combined with initial condition S(0,z) = ¢1(x), I1(0,a,x) = ¢a(a, ), R(0,x) = ¢p3(z),
a >0, x € [¢1,ls]. Without loss of generality, we can make the following change of
variable, x +— m(x — 1)/ (f2 — 1), in which the domain becomes 2 = (0,7) and the
diffusion coefficients become d;(m/(f2 — £1))?, i = 1,2,3 (we denote them again d;,
i =1,2,3). Note that the new diffusion coefficients depend on the length of domain.

We now reformulate model (1). By using the method of characteristics to the second
equation in (1), we have

e~ fo"'[“‘*‘"Y(")]d”/ Ty(a,z,y)I(t — a,0,y)dy, t—a>0, z€][0,n],
1(t,a,2) = 0 2)

e fot[MJr’Y(aitJrU)]dU / PQ(ta z, y)¢2(a -1, y)dya a—t=> 07 T e [07 ﬂ_]a
0

where
1 2 2y
r =4 = k kx)e F d2a,
Z(anay) T + - ];COS( y) COS( 117)6

Let u(t,x) := I(t,0,x). Substituting (2) into the third equation in (1), we obtain the
following coupled system of a reaction-diffusion equation of S and a Volterra integral
equation of u, for ¢t > 0 and z € [0, 7],

05(t,z) _ | 92S(t, z)
ot Y ox2

05(t,0) B aS(t,m)
dr Oz

:O’

+b— U(t,ZE) - ILLS(t,fE),

1 ™
u(t,z) = S(tva)/ Blae” IOQ{“”(”)}‘”’/ Da(a, 2, y)u(t — a,y)dyda + S(¢t, 2) Fa(t, x),
0 0

“+oo . T
FQ(t7x) = / /B(a’)ei fo {utr(a=tto)}ds / F2(t7xay)¢2(a - t7y)dyda7
t 0

(3)
combined with initial condition S(0,z) = ¢1(x), u(0,z) = ¢1(x)F>(0,x), = € [0,7].
Note that we can omit the equation of R since system (3) is independent from R.

3. Existence and uniqueness of the solution
Let X := C([0,7],R) with supremum norm | - |x, and let X T be its positive cone.

Let YV := L' (R4, X) with norm ||y = 0+oo lo(a)ly da, ¢ € Y, and let YT be its
positive cone. The following lemma directly follows from [15, Lemma 2.1].



Lemma 3.1. 0 < Iy(a,z,y) < 7' (e +1)/(e®* —1) for all a > 0 and z,y €
(0, 7).

Using Lemma 3.1, we next prove the positivity of the solution.

Proposition 3.2. Let (S,u) be a solution of (3) corresponding to (¢p1,¢2) € X T xY T
with an interval of existence [0,T), T' > 0. Then, S(t,x) > 0 and u(t,z) > 0 for all
t € (0,T) and x € [0, 7].

Proof. Note that if (¢1,¢2) € XT x YT, then we have u(0,z) = S(0,2)F(0,z) =
#1(x) 0+O° B(a)pa(a, z)da > 0 for all z € [0, 7]. We define the linear operator ® : ¥ —
Y as ®(p)(t,x) := fg Bla)e™ Jotn+(@}do [T, (a, 2, y)¢(t — a,y)dyda, ¢ € Y. Note
that @ is positive, that is, ®(Y*) C Y by virtue of (A1) and Lemma 3.1. Then, (3)
can be rewritten in term of ®, and implies that, for ¢ € [0,7T") and z € [0, 7|,

asgt, 2 a2 ‘;SZ’ D) lut o)t ) + Ba(t, )] S(t2), 02 a(i: 0 _ asgx, ™) _y,
u(t,z) = S(t,x) [®(u)(t, z) + Fa(t, z)] . "
4

Since pu + ®(u)(t, ) + Fa(t,x) is continuous and bounded with respect to ¢ and =z,
it follows from a standard result for PDEs that S(¢,z) > 0 for all t € [0,7) and
x € [0,7]. Now, we focus on u. Suppose by contradiction that there exist x; € [0, 7]
and t; € (0,7) such that u(t,z) > 0 for all ¢ € [0,¢1] and = € [0, 7], u(t1,21) = 0 and
u(ty +€,21) < 0 for a small 0 < e < 1. Since Fy(t, ) > 0, we have, for small enough e,

t1+e e
u(ty +€,x1) =S(t1 + ¢, a:l)/ B(a)e™Jo {”""Y(")}d”/ Ty(a, 21, y)u(ts + € — a,y)dyda
0 0
+ Sty + €, 21)Fo(ty +€,21) > 0.
This leads to a contradiction. This completes the proof. O

By using the Banach-Picard fixed point theorem, we prove the following theorem
on the existence and uniqueness of solution.

Theorem 3.3. Let (¢1,¢02) € X x YT, Then, the system (3) has a unique positive
solution defined on [0, +00) x [0, 7].

Proof. We choose 0 < T' < 1 to be satisfying h(T) < 1, where h is given below
by (7) (and clearly lima0h(a) = 0). Let Yr := C([0,7],X) with norm |v]y, :=
supg<i<r |v(t, )| x, v € Y. For (t,2) € [0,T] x [0, 7], we have

S(t7 'T) = Fl (tv x) + A eiﬂ(tia) Aﬂ Fl(t —-a,r, y) [b - u(a7 y)} dyda7 (5)

where Fy(t,x) := e [T T1(t,x,y)¢1(y)dy, and Ty is defined similarly to I'y by re-
placing dy by d;. Thus, we can get a single equation in u given, for (¢, z) € [0,T]x [0, 7],
by

u(t,z) = [Fl(t, ) + /0 Cent-a) /O it = a3, 9) [b — u(a, )] dyda]
(6)

t s
X [/ Bla)e™ Jo' {ntr(o)}do / To(a, z,y)u(t — a,y)dyda + Fy, (¢, x)} .
0 0



Define the operator F : Y — Yr given by the right side of the above expression of .
Thus, existence and uniqueness of a continuous solution follow as a fixed point of F.
For two functions u; and wug in Y7 (we set @ := u; — ug), one can obtain

t s
Fuy — Fug = Fiy(t, ) / Bla)e™ Jo tnty(e)rdo / Ty(a, 2,y)i(t — a,y)dyda
0 0

t T
+ B / Bla)e™ i litr(@)ao / T'a(a, 2, y)i(t - a, y)dyda
0 0

t ™
—Fg(t,x)/ e_“(t_a)/ Iy (t — a,z,y)u(a,y) dyda
0 0
t T t ™
- [Feree [Tri - am ey dyda [ slare 0@ [Trya,z gt - a.g)dyda
0 0 0 0

t e t T
+/ e‘“(t“‘)/ it —a, 2, y)uz(a, y) dyda/ ﬁ(a)e_m“”(")}d“/ Ly(a, x,y)us(t — a,y)dyda,
0 0 0 0

t ™
where B := b/ e Ht=a) / I'1(t — a,z,y) dyda. Then, we get (bellow L is the Lips-
0 0
chitz constant)

t
|Fup — Fus| < [Fi(t, ) + B]/ Bla)e” Jotntr(o)}do g, sup |a(s,)|x
0

0<s<t

t t s
FRa(ta) [ e da sup fals ) + L [ e [Tyt amy) dyda sup fa(s. )x
0 0 0

0<s<t 0<s<t

t T
) / Bla)e™ il (@)ao / To(a, 2, y)dyda sup [a(s, )|x.
0 0

0<s<t

We put

h(T) := sup

0<s<T

+L / e = da + L / Bla)e~ Jo tntr(}dogq
0 0

s s
[Fl(sw) —|—B] / ﬁ(a)e_ fo‘l{M‘F'Y(O')}dUda_’_FZ(&x)/ e—u(s—a)da
0 0

(7)

X

This leads to [Fu1 — Fusly, < h(T) |uy — uz|y; , which implies that the operator F is a
strict contraction in Y. Hence, it has a unique fixed point. This implies that the system
(3) has a unique local solution. To extend the domain of existence from [0, 7] x [0, 7]
to [0, +00) x [0, 7], it suffices to show that the solution does not blow up in finite time.
In fact, by Proposition 3.2, we have that 0;S(t,x) < d10;45(t,x) + b — pS(t,z) for
all t > 0 and x € [0, 7], which implies that S(¢,x) is bounded above by the upper
solution b/p for all t > 0 and x € [0,7]. We now claim that u(¢,z) < +oo for all
t > 0 and x € [0, 7]. Suppose on the contrary that there exist t* > 0 and z* € [0, 7]
such that lims_¢-_ou(t,2*) = +00. We then have from the first equation in (3) that
limy_4— 04 S(t, ") = —o0, which implies that S(t, z*) is negative in the neighborhood
of t*. This contradicts to the positivity of S, which was proved in Proposition 3.2. Thus,
blow up never occurs, and we obtain a solution in C([0,+00), X). The regularity can
be proved as well using the above integral formulations. This completes the proof. [



4. Basic reproduction number

It is easy to see that (3) has the disease-free steady state (S,u) = (b/u,0) € Xt x X+,
The second equation in (3) can be linearized around the disease-free steady state as
u(t,x) = (b/p) fg B(a)e™ Jo {ntr(o)}da Jo Ta(a, z,y)u(t — a,y)dyda for all ¢ > 0 and
xz € [0,7]. Following the definition by Diekmann et al. [3], the basic reproduction
number Ry is given by the spectral radius of the next generation operator,

Kp(x) := */ Bla)e™ o {"“(")}d"/ Da(a,2,9)¢(y)dyda, ¢ € X.

M Jo 0

That is, Rg := r(K), where r(-) denotes the spectral radius of an operator. To obtain
explicit Rg, we prove the following lemma on the next generation operator K.

Lemma 4.1. K is strictly positive and compact.

Proof. The strict positivity is obvious by (A2) and Lemma 3.1. Let {¢,}nen be
a bounded sequence in X such that |p,|x < M, n € N for some M > 0. Let
us define a sequence {¥y}nen by ¥, = K¢,. Then, we have for all n € N and
z € (0,7m) that vu(w) < (b/p) ™ Bla)e™ S tnt N7 [T Ty (a, 2, y)dyda |on|x <
(b/p) 0+°° B(a)e™ o lntr(@Ioqa M. That is, {1 tnen is uniformly bounded. Next, we
prove that {1, }nen is equi-continuous. In fact, we have, for z,z € [0, x|,

[¢on(2) = Pn(Z)| = [Kpn(z) — Ko ()],

b “+o0 . s ~
< ; Bla)e™ Jo uty(o)}de / [Ta(a, 2, y) — Ta(a, 2, y)| n(y)dyda,
0 0
+ ptoo “ ™ < 2
< ﬁ/ e~ do {”+7(”)}d”/ 2 ) — cos(ki)} cos(ky)e ™  %2¢| dyda |pn) y ,
K Jo o Tl
25t [T oo 2
< / Z {cos(kz) — cos(ki)}cos(ky)/ e (ntk?dz)aq, dyM,
™ Jo |,=1 0
2bﬁ+ ™ |EX {cos(kz) — cos(ki)} cos(ky) n
/ Z L+ k2 dyM, B+ = ess.sup B(a) € (0,400).  (8)

Let r(z,y) := >.; 25 cos(kx) cos(ky)/ (1 + k2d2) , (z,y) € [0,7] x [0,7]. Since x(z,y
is continuous on [0,7] x [0,x], it is uniformly continuous. Hence, for any ¢ > 0
there exists a § > 0 such that |k(z,y) — k(Z,y)| < pe/(2bBTM) for all |z — Z|
0 and y € [0,7]. For such € and §, we have from (8) that [, (x) — ¢n(Z)]
208+ () [ |w(a,y) — k(,9)| dyM < ¢, |z — &) < . This implics that {th nen
is equi-continuous. By the Ascoli-Arzela theorem, K is compact.

~—

IAIN

O

By Lemma 4.1, we see from the Krein-Rutman theorem ([16, Theorem 3.2]) that
Ro = r(K) is the only eigenvalue of K having a positive eigenvector. For constant
v e Xt\ {0}, Weahave Kv = (b/u) 0+°O B(a)e~ Jo {utr(o)}do Jo Ta(a, z,y)dydav =
(b/ 1) 0+°O B(a)e™ Jolntr(@dogq o That is, Ry = r(K) is given by

+oo
Ro =r(K) = %/ Bla)e I5 trtat)doqq, 9)
0
Note that this Ry is similar to the one obtained in [2,13].

Now, we can easily check that R is a threshold value for the existence of a positive
space-independent endemic steady state of the original system (1), which is a solution
of the following equations,



dr*(a)
da
+o0 +oo
=1 0) =8 [ Ba)*(a)da, 0= / ~(a)I*(a)da — pR*.
0 0

0=">b—u"—puS", =—(p+(a)I*(a), a>0,

(10)

The following theorem directly follows from the argument in [2, Section 1, p.1111].

Theorem 4.2. Suppose that Rog > 1. Then, the original system (1) has a space-
independent endemic steady state (S*,I*(a), R*), which is a solution of (10).

Next, we prove the global attractivity of the disease-free steady state (S,u) =
(b/p,0) of (3) for Ry < 1. To this end, we prove the existence of upper bounds for S
and u in the following set, Cps := {(d1,¢2) € XT x YT :0 < ¢1(z) < b/p and 0 <
po(a,x) < Me= Jolnt1(}9 for all g > 0 and « € [0, 7]}, where M > 0 is an arbitrary
large positive constant. We next prove the following proposition.

Proposition 4.3. Suppose that Ro < 1 and (¢1,¢2) € Car. Then, 0 < S(t,x) < b/u
and 0 < u(t,x) < M for allt >0 and z € [0, 7].

Proof. The positivity follows from Proposition 3.2. From the first equation in (3),
we have that 9,5(t,z) < d10;2S(t,z) + b — pS(t,x) for all ¢ > 0 and = € [0,7].
We then see that S(t,z) = b/u, t > 0, x € [0,7] is an upper solution, and thus,
S(t,z) < S(t,x) =b/p for all t > 0 and = € [0, 7], provided (¢1, ¢2) € Car. To prove
that u(t,x) < M for all ¢ > 0 and z € [0, 7], we suppose by contradiction that there
exist to > 0 and o € [0, 7] such that u(t,x) < M for all t € [0,t2] and = € [0, 7],
u(ta, x2) = M and u(ta + €,x2) > M for a small 0 < e < 1. We then have from the
second equation in (3) that, for a small enough € > 0,

t2+€
u(ty +€,9) <— (/ B(a)e~ Jo 1@t prg,
0

I
+oo ote T
+ ﬂ(a)ef f02+ {#+’Y(a7t2*6+0)}da/ FQ(tQ + €’$7y)¢2(a 7 t2 . e,y)dyda) ’
to+te 0
b t2te a
<= (/ B(a)e™ o trtr(@)}do prqq
K \Jo
+oo a a—tg—e
T P S Gl VOl {wwd”da),
to+e
b [0 a
gf/ Bla)e— Sl @Nodans — RoM < M,
K Jo
which is a contradiction. This completes the proof. ]

Using Proposition 4.3, we prove the global attractivity of the disease-free steady
state for Rg < 1.

Theorem 4.4. Suppose that Rg < 1 and (¢1,p2) € Cpr. Then the disease-free steady
state (S,u) = (b/1,0) of (3) is globally attractive.

Proof. Let u™(z) :=limsup,_,, o u(t, ) and U := sup,¢(o - u™(z) < M. Suppose
that U* > 0. Then, since Ry < 1, there exists an z* € [0, 7] such that u*(z*) >
RoU. We then have



b t . ™
RoU® < u®(x*) < — limsup </ B(a)e Io {“+'Y(")}d"/ Ty(a, z*, y)u(t — a,y)dyda)
0 0

M t—+oco

e hmsup (/ ﬁ f(;z{u-ﬁ-’y(o)}da/ Fg(a,x*,y)dyda> U>® = RoU,
,LL t—+oo 0

which is a contradiction. Hence, U* = 0 and this implies that lim;_, 4~ u(t,2) = 0 for
all x € [0,7]. For u = 0, S obeys the differential equation 9,S(t,z) = d10,.S(t,x) +
b— pS(t,z) and it is easy to check that limy_, . S(¢t,z) = b/p for all = € [0, 7]. This
completes the proof. ]

5. Persistence of the disease

In this section, we show the persistence of the disease in system (3) for Ry > 1. First,
we consider a semiflow associated with system (3). Based on (2), for solution u(t,x)
of system (3), we define

e~ foa'{“”(”)}d"/ Lo(a,z, y)ut —a,y)dy, t—a>0, z € [0,7],
i(t,a,z) = 0 . (11)
e~ Jfft{#JrV(U)}dU/ Dot z,y)po(a —t,y)dy, a—t>0, z€[0,n]
0

We prove the following lemma (see also [17, Section 9.4]).

Lemma 5.1. Let (¢1,¢2) € XT x YT. There exists a continuous semiflow defined by
O (t, 1, P2) := (S(t,-),i(t,-,-)) € XT X YT for all t > 0, associated with system (3).

Proof. To show the semiflow property of ©, we define S, (t,z) = S(r+t,z), u,(t,z) =
u(r +t,x) and i,(t,a,2) = i(r + t,a,z) for r >0, ¢t >0, a > 0 and = € [0, 7]. Then,
we have, for r >0, ¢t > 0 and z € [0, 7],

05,(t,2) _ | *5,(t,)

Tk +b—u(t,x) — pSp(t,xz), Sr(0,2)=S5(r x). (12)
From (11) and the second equation in (3), we have, for t > 0 and = € [0, 7],
w(t.o) = S(ta) [ Blai(tax)da. (13)
Hence, we have, for r > 0, ¢t >0 and z € FO, 7,
wn(t,z) = Soltoz) [ Bla)in(t,a,z)da. (14)
From (11), we have, for x € [0, ], i
e Jo lutr(o)}do /W To(a, 2, y)u(t — a,y)dy, a<r+t,
in(t,a,z) = 0 (15)

e faafwft{lHﬂ/(a)}dg / FQ (’l" + ta xz, y)¢2(a’ —r—1t, y)dyv a>r+t.
0

In addition, we have, for r >0, a >t > 0, and x € [0, 7|,

e fo"'_t{“”(”)}d"/ Do(a —t,z,9)u(t —a,y)dy,  ac[t,r+1),
. 0
ir(0,a —t,z) =

e f::TLt{HJFFY(G)}dU / F2 (T, x, y)¢2 (a’ —-r—- tv y)dya a>r+t.
0



Hence, we have, for r >0, a >t >0, and z € [0, 7],

o S (@)} do / To(t, 2,1)ir(0,a — t,y)dy
0
o= f;{uﬂ(g)}da/ To(a, z,y)ur(t — a,y)dy, a€ft,r+1t),
_ 0 (16)

e ff*r**{“”(”)}d"/ Do(r+t,2,y)¢2(a —r —t,y)dy, a>r+t.
0

Comparing (15) and (16), we have, for » > 0 and x € [0, 7],

e~ it} do / To(a,z,y)ur(t — a,y)dy,  t—a >0,
ir(t,a,z) = 0 (17)

e fsﬁt{u—‘rﬂy(a‘)}dq / F2 (tv Zz, y)ZT (07 a— ta y)dy7 a—t Z 0.
0

From (12), (14) and (17), we see that © (¢,S(r,-),i(r,-,-)) = (Sr(t),ir(t,-,-)) =
O (r+t,¢1,¢2) for all » > 0 and ¢ > 0. Hence, the semiflow property of © holds.
The time-continuity of © follows from Theorem 3.3. This completes the proof. O

Let D = {(¢1,¢2) € XTxY T : ¢1(2) [;7°° B(a)¢2(a, x)da > 0 for some z € [0, ]}.
We now prove the following lemma (see [18 Lemma 6.1] for a similar idea).

Lemma 5.2. Suppose that Rg > 1. Then, there exists a positive constant €1 > 0 such
that imsup;_, o |u(t, )|y > €1, provided (¢1, p2) € D.

Proof. Since Ry > 1, we can choose €1 > 0 such that

b—er [T o\ em atatr(o)}do
Bla)e™ Jo th™Y da > 1. (18)
H 0

Suppose by contradiction that there exists 77 > 0 such that u(t,z) <€ for all t > Ty

and x € [0, 7]. By (18), there exist sufficiently large T > T; and small A > 0 so that
R= L—erh / Bla)e™ Jolutr(@}dog=daqy 1, (19)

where h = T, — 1. For all t > T and z € [0, 7], we have 0;S(t,x) > d10.:5(t,z) +
b — €1 — pS(t, ). Hence, by constructing a sub solution, we have

T b
S(t,l’) Zeiu(tiTl) / Fl(t - Tlvxay)S(Tla y)dy + 761 (1 — eiu(tiTl))
0 [
zbf €1 (1 - eiuh)
I

for all t > T5 and z € [0, 7]. By Lemma 5.1, without loss of generality, we can assume
that T, = 0 (and thus, 73 = —h) by taking S(7%,z) and i(T3,a,x) as a new initial
condition. Hence, we have for all t > 0 and z € [0, 7] that

ult, ) > b 61 e Hh) / B(a)e~ Jo trt( ")}d”/ o(a,z,y)u(t — a,y)dyda.  (20)
0
It is obvious that f+°° “Mu(t,z)dt < +oo for all x € [0,7]. Let & € [0, 7] such that

f0+oo “Mu(t, 7)dt = MiNge[o,x] f0+oo e Mu(t, z)dt. By (20), we have



bh— t " b
> 2 (1 emh / ’”/ Bla)e Jo {’””(")}d"/ I'y(a, &,y)u(t — a,y)dydadt,
12 0
b—61 - h — [¢{pt+~(0)}do ,—Aa " ~ e —A(t—a)
> a ﬂ o WY e [a(a, &,y) e u(t — a,y)dtdyda,
0 a
b—fl - h — Jg{p+y(o)}do ,—Aa " ~ oo —At
> a ﬁ o lutr(o)}doe Ty(a,,y) e u(t, y)dtdyda,
2 0 0
>R / e Mu(t, )dt. (21)
By (19), the inequality (21) implies that f0+oo e Mu(t, 7)dt > f0+oo e Mu(t, #)dt, which
is a contradiction. This completes the proof. O

Using Lemma 5.2, we prove the following proposition on the strong |- | x-persistence
of the disease in system (3) (see also [19, the proof of Theorem 1]).

Proposition 5.3. Suppose that Rg > 1. For any (¢1,¢2) € D, there exists a positive
constant €3 > 0 such that liminf, | o |u(t, )| > €.

Proof. Suppose by contradiction that liminf; . |u(t,-)|y > €2 does not hold for
any €2 > 0. Then, by Lemma 5.2, there exist increasing sequences {tk}k 1 {Hk}k 15

{m 129 and a decreasing sequence {ej}; > such that ¢y > 0 > 7, limg_y oo e = 0
and
(e, ) x > €, [ulbr,-)lx =€, ulte, )|y <er <e,
(22)
and |u(t,)|y < e forall t e (O, ty).

Let {S}25 and {uy};{2] be functional sequences in X such that Sy, := S(0p,-) € X
and up = u(f,-) € X respectively. From (5) and (6), we can apply the Ascoli-
Arzela theorem as in the proof of Lemma 4.1 to obtain that there exist (S*,u*) €
Xt x X such that limy_, o Sy = S* and limy oo up = u* (otherwise we can
choose convergent subsequences). Let (S, @) be a solution of (3) for ¢1(z) = S*(x) and
$o(a,z) = e~ Jo (@} [T, (g, 2 y)u* (y)dy for all @ > 0 and z € [0,7]. Note that
the choice of ¢9 is based on (11). By Lemma 5.2, there exist 7/ > 0, m > 0 such that
la(t’,))|x > e and |a(t, )|y > m forall te (0,7). (23)
For each k € N, let ux(t,) := u(fr +¢,-). From (23) and the semiflow property of ©
which is proved by Lemma 5.1, we have for sufficiently large k that
i (7',)x > €1 and |ax(t, )]y >m > e, forall te (0,7). (24)
In contrast, for £, := t;, — ), we have from (22) that
‘uk th, ’X <ep<er and |ag(t,-)|y < e forall t e (0,2). (25)
If 7' < tk, the second inequality in (25) contradicts to the first inequality in (24). If
7' > tg, (25) contradicts to the second inequality in (24). This completes the proof. [
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6. Global attractivity of the endemic steady state

In this section, we show the global attractivity of the positive endemic steady state
for Rg > 1 under the following additional assumption.

(A3) There exists a positive constant a; € (ag, +00) such that 3(a) = 0 for all a > aj.

That is, a; represents the maximum age of infectiousness. Under (A3), we have that
Fy(t,z) =0 for all t > a; and x € [0, 7]. Hence, for all t > a; and x € [0, 7], we have

t ™
:S(t,l’)/ B(a)ei IOG{HJF’Y(U)}dU/ FQ(a,x,y)u(t - aay)dydaa

0

S(t, ) / B(a e~ Jolntalo }d”/ To(a, z,y)u(t — a,y)dyda. (26)
0

In addition, from (13), we have u(at+7,2) = S(at+7,2) [, B(a)i(as+7, a,2)da for all
7 € [—ay,0] and x € [0, 7], where 4 is defined by (11). Hence, by the semiflow property
of © (Lemma 5.1), we can take the following values as the new initial condition,

dgl(x) = S(a]‘,w)v QEQ(Tv (L’) = U(G,T + T,CL’), TE [—QT,O], HAS [Oa 77]' (27)
From (26) and (27), regarding ¢ = a4 as t = 0, the system (3) can be rewritten to the
following time-delayed system, for t > 0 and = € [0, 7],

0S(t, x)
ot

9?S(t, ) 0S(t,0)  0S(t,m)
+b—u(t,z) — puS(t, x), e 0,

Ox?
a#— “ s

— 5(t,) / Bla)e™ i ti(@)}do / To(a, 2, y)u(t — a,y)dyda.
0 0

:dl

(28)

with initial condition S(0,z) = ¢ (z) and u(r, ) bao(T,x), T € [—ay,0], x € [0,7].
The constant endemic steady state (S*,u*) € (X \ {0}) x (X+\ {0}) of (28) satisfy

b=u"+puS*, u* = / B(a)e™ o tntr(a)}do qq . (29)
By Theorem 4.2, we immediately obtain the following theorem.

Theorem 6.1. Suppose that Rg > 1. Then, system (28) has a constant endemic
steady state (S*,u*) € (XT\ {0}) x (XT\ {0}).

To prove the global attractivity of (S*,u*) for Ro > 1 We construct a Lyapunov
function V' (S, u) := Vi(S) + Va(uy), where Vi(S) := [ g (S(t,x)/S*) dz and

™ ay " a ™ _
Va(u) 1:/0 /0 5(@)€_f°{ﬂ+7(g)}da/o /0 D20, 2, y)u’g (W) dydfdadz,

where g(r) =7 —1—1Inr, r > 0. Since g(r) > 0 for all » > 0 and g(r) = 0 if and
only if r = 1 (see, e.g., [20]), V(S,u;) is nonnegative and equals to zero if and only
if (S,u) = (S*,u*). By Proposition 3.2, Vi(S) is bounded for all ¢ > 0, provided
(¢1,¢2) € D. To show the boundedness of Va(u;), we prove the following lemma.

Lemma 6.2. Suppose that Ry > 1 and (¢1,¢2) € D. Then, there exists a T > 0 such
that u(t,x) >0 for allt > T and x € [0, 7].

Proof. By Proposition 5.3, there exists a T > 0 such that |u(t,)|y > e for all
t > T. By (A2), Lemma 3.1 and Proposition 3.2, we then have that wu(t,z) >
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S(t,x) [12 Bla)e Jotuty(@}de [T, (q, 2, y)u(t — a,y)dyda > 0 for all t > T := T + ay
and x € [0, 7]. This completes the proof. O

By Lemma 6.2, we see that if Ry > 1 and (¢1, ¢2) € D, then Va(u;) is bounded for
all £ > 0 (taking ¢t = T" as a new initial time), and thus, V' (S, u) is so. Using V (S, us),
we finally prove the following theorem,

Theorem 6.3. Suppose that Rg > 1 and (¢1,¢2) € D. Then, the constant endemic
steady state (S*,u*) € (XT\ {0})* is globally attractive.

Proof. In what follows, for the sake of simplicity, we write S(¢t,z) and u(t,z) as S
and u, respectively. From the Neumann boundary condition and the first equation in
(29), the derivative of V;(.S) along the solution trajectory of (28) is calculated as

. /1 08 (1 928
Vl(S)—/O (S*_S> adx /o (S* S) <d152+b u—uS) dz

1 1\09S T (108 1 .
—dl[(sfs%J ‘dl/o (sax) o +/0 ( )“‘ ST ) de

1

S+ S
T/108 “ u* u

9), t

On the other hand, from the second equation in (
the solution trajectory of (28) is calculated as

Vi (uy) _/OW /OaT Bla)e= 1o Mﬂ(f’)}d”/ / Ts(0, 2, y)u < ut -9, y))dydedadx,
_/7r /‘” Bla)e— i trtr(@) }dﬂ/ / D0, 2,90 500 ( u(t *9 y)>dyd9dadx,
/ / B(a)e Jo lutr(e }da/o [FQ(O 2,y g( (2 y))

t— @9 t—20
—Ta(a,z,y)u*g (u(u*a’y)) +/ %FQ(G z,y)u*g <U(U*,y)) dﬁl dydadz,
0

T a-r o
:/ / B(a)e™ Jo ntr(@)}do {u*g (i) _/ La(a, z,y)u < )dy} dadx
0 0
™ ay 2
+/ / Blaye™ Ji trt ”)}d"/ / 0, 720 2.0) F289 9 ( )dadyda
/ / Ba)e™ Jo lutale }d”/ Lo(a, z,y)u { ( tU*a )ﬂ dydadz
0
/./ B(a kMMomm/‘d[mhwx q Mg(( Hw)d%mm
0 0 0 u*

/ / B(a)e~ Jo lrtr(o }dU/ Iy (a, z,y)u” {u _ult=ay) +1ln u(t = my)} dydadz,
u

u* u*

:/ (777 der/ / B(a foa{quv(a)}do/ Ts(a, 2, y)u* In Mdydadx.
0 0 u
(31)

he derivative of Va(u;) along

Hence, combining (30) and (31), we calculate the derivative of V(S,u;) along the
solution trajectory of (28) as
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V(S ur) = Vi(S) + Va(ur),

= —d /7r 105 de—/ﬂ e (S—S*)zdgﬁ—/ﬂ CHNCHR
), \Sox , S*S b \S* S

s aT o s t _
+ / / Bla)e~ JoAutr(o)}tdo / I'y(a, z,y)u* In wdydadx,
o Jo 0

u(t, x)

=—d /7r 105 de/ﬂ (S — 5%)? ou;+/7r QU WU gy
- S Oz o S*S o S Sru S

0
/ / B(a)e~ Jo lntr(o }d”/ Do(a, x,y)u* 1n(7ay)dydadm,
0

198 i
i [ (55) / g6 [ [T p@e 0o [T n g

[, Sult—a,y) u(t —a,y)
g 2 Gy 2 %Y
X _ S u S + " dydadz,
T /198 2 T M ) T pay . T
——d —9N qp— S 52%d I {u+7(0)}da/ I .
1/0v (S am) €T /0 S*S< ) Jf+/ / ﬁ(a)e o Q(G’amay)u
X 1_Su(t—a,y)+ln5’u(t—a )+1—S—+1n5— dydadz,
L S*u S*u S

T/108 B

=— - * — e Jo {ntr(o)}do *

dl/(] <S am) do = 0 S*S (5 =57 Sda / / Bla /0 La(a,z,y)u
Su(t —a,y) S

LUkt = &, y) <0

X[Q( S u >+g(s>}dydadx <0

Hence, we have V(S,u;) < 0 and the equality holds if and only if S(t,z) = S* and
u(t,z) = u(t —a,y) for all t > ay, 0 < a < ay and z,y € (0,7). From the first
equation in (28), when S(t,x) = S* for all t > a; and z € (0,7), we have u(t,z) =
d1022: 5™ + b — uS* = u*. Hence, the largest invariant set such that V(S, ug) = 0 is the
constant endemic steady state {(S*,u*)} € (X*+\ {0})?. By the invariance principle
(see [21, p.168, Theorem 4.2]), we can conclude that the constant endemic steady state
is globally attractive. This completes the proof. O

7. Discussion

In this paper, we proposed and analyzed an age-space-structured SIR epidemic model
(1), which is a system of partial differential equations in one-dimensional spatially
bounded domain with homogeneous Neumann boundary conditions. This model is
a generalization of the model studied in [2] to the spatially heterogeneous system.
By using the method of the characteristics, we derived a coupled system (3) of a
reaction-diffusion equation and a Volterra integral equation. The problem of existence,
positivity and uniqueness of the solution was treated by using the Banach-Picard fixed
point theorem in an appropriate Banach space (Theorem 3.3). Moreover, we studied
the asymptotic behavior of the system. The basic reproduction number Ry was derived
based on the classical definition by Diekmann et al. [3] as the spectral radius of the
next generation operator. First, we focused on the behavior of the trivial steady state
and we gave a necessary and sufficient condition (Rg < 1) for global attractivity of the
disease-free steady state (Theorem 4.4). This situation corresponds to the eradication
of disease from the population. Related again to the basic reproduction number R, we
then proved the persistence of the disease in system (3) for Ry > 1 (Proposition 5.3)
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using the persistence theory (see [17,19]). Moreover, under the additional assumption
(A3) that there exists a maximum age a; of infectiousness, we proved the global
attractivity of the positive constant endemic steady state (S*,u*) for Ry > 1. In the
proof, we constructed a suitable Lyapunov function. In conclusion, it is clarified that
Ro plays the role of the threshold for the asymptotic behavior of the solution, that is,
the eradication or persistence of the disease after a long time.

In the forthcoming works, we will continue to analyze the influence of the diffusion
of the susceptible and infected population on the asymptotic behaviors in the case of
Dirichlet boundary conditions and more general n-dimensional spatial domains (n >
2). In such cases, we guess that the model will provide more various insights on the
spatial effects to the epidemic problem.
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