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Abstract. We investigate the partial order (FIN)“ of infinite block se-
quences, ordered by almost condensation, from the forcing-theoretic point
of view. This order bears the same relationship to Hindman’s Theorem as
P(w)/fin does to Ramsey’s Theorem. While (P(w)/fin)? completely embeds
into (FIN)“, we show this is consistently false for higher powers of P(w)/fin,
by proving that the distributivity number hs of (P(w)/fin)3 may be strictly
smaller than the distributivity number hpin of (FIN)¥. We also investigate
infinite maximal antichains in (FIN)* and show that the least cardinality aprN
of such a maximal antichain is at least the smallest size of a nonmeager set of
reals. As a consequence, we obtain that apry is consistently larger than a, the
least cardinality of an infinite maximal antichain in P(w)/fin.

Introduction.

The forcing notion P(w)/fin of infinite subsets of the natural numbers w modulo the
finite sets plays an important role in set theory of the reals. It is ordered by [A] < [B]
if A C* B where A, B € [w]¥ are infinite subsets of w and C* denotes almost inclusion
as usual. P(w)/fin is o-closed (a straightforward diagonal argument) and thus does not
add new real numbers. It generically adjoins a Ramsey ultrafilter on w [Ma]. Recall
that an ultrafilter U on w is Ramsey if for all functions f : w — w there is U € U such
that f[U is either one-to-one or constant or, equivalently, if witnesses for the conclusion
of Ramsey’s Theorem can be found within U; that is, if for all partitions 7 : [w]™ — k,
n,k € w, there is U € U such that w[[U]" is constant.

In recent decades, a number of close relatives of P(w)/fin have been investigated.
One way to obtain such relatives goes by replacing the ideal fin of finite sets by an analytic
ideal on w. If 7 is an F,-ideal, then P(w)/Z is still o-closed [JK] (and thus quite similar
to P(w)/fin) while for non-F,-ideals the quotient may add real numbers. For example,
Farah [Fa] proved that P(w)/Z is forcing equivalent to the product P(w)/fin x B, where
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Z is the density zero ideal and B, is the measure algebra adding ¢ random reals. Another
way to obtain relatives of P(w)/fin goes by considering structures which are naturally
related to a Ramsey-theoretic statement in the same way P(w)/fin is related to Ramsey’s
Theorem. For example, several authors (see, e.g., [CKMW], [Hal, [Sp2], [Brl]) have
considered the forcing notion related to the Carlson-Simpson Theorem [CS] (see also [To,
Theorem 5.70]), namely, the collection of partitions (w)“ of w into infinitely many blocks,
ordered by almost coarsening.

In this work, we study the P(w)/fin-like forcing notion underlying Hindman’s The-
orem [Hi| (see also [To, Theorem 2.41]). Let FIN denote the finite non-empty subsets
of w. For k < w, a sequence (d; : @ < k) of elements of FIN is called a block sequence if
forall i < k — 1, d; < d;11, that is, max(d;) < min(d;4+1). (FIN)* denotes the collection
of infinite block sequences and (FIN)<¢ stands for the finite block sequences. If k < w
and D = (d; : ¢ < k) is a block sequence, FU(D) = {e € FIN : 3T C k finite non-empty
such that e = (J;cp di} is the collection of finite unions from D. With this notation,
Hindman’s Theorem reads:

HINDMAN’S THEOREM.  For every partition w : FIN — k there is D € (FIN)“ such
that 7]FU(D) is constant.

We equip (FIN)“ with an order relation, as follows. An infinite block sequence
E = (e; : i € w) is a condensation of D = (d; : i € w) € (FIN)¥, E C D in symbols,
if £ C FU(D) (or, equivalently, FU(F) C FU(D)). E is an almost condensation of
D, E C* D in symbols, if there is n € w such that (e; : ¢ > n) C FU(D). It is
easy to see that ((FIN)¥ C*) is a o-closed forcing notion and thus similar to P(w)/fin.
It generically adjoins a stable ordered-union ultrafilter on FIN [Ei, Proposition 3.2].
Recall that an ultrafilter & on FIN is an ordered-union ultrafilter if witnesses for the
conclusion of Hindman’s Theorem can be found within U; that is, if for all partitions
m:FIN — k, k € w, there is D € (FIN)“ such that FU(D) € U and n[FU(D) is constant
(or, equivalently, if & has a basis of sets of the form FU(D)). An ultrafilter & on FIN is
stable if given (D, : n € w) C (FIN)* such that D, +; C* D,, and FU(D,,) € U for all n,
there is E € (FIN)“ such that FU(E) € Y and E C°* D,, for all n.

A basic question one may ask about such relatives of P(w)/fin is whether they are
forcing equivalent or, at least, whether one can be completely embedded into another.
Recall that two p.o.’s P and Q are forcing equivalent if they have the same completions,
ie., r.0.(P) = r.0.(Q). P completely embeds into Q, P<o Q in symbols, if there is an
embedding e : r.0.(P) — r.0.(Q) preserving ordering, incompatibility and maximal an-
tichains or, equivalently, if there is a projection m : r.0.(Q) — r.o.(P) preserving the
ordering such that for all ¢ € r.0.(Q) and all p < 7(g) in r.0.(P) there is ¢’ < ¢ in r.0.(Q)
with 7(¢") < p. This implies that (but is not equivalent to) forcing with Q adds a generic
for P.

In many cases, this basic question has a trivial answer under CH for then all o-closed
forcing notions of size ¢ = N are forcing equivalent. Hence the real question is whether
complete embeddability is provable in ZFC or whether it consistently fails. P(w)/fin
and even its square (P(w)/fin)? are easily seen to completely embed into (FIN)“ (see
Proposition 5 in Section 1 below for the argument) and this embedding is “very definable”
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in the sense that the projection 7 : (FIN)* — ([w]*)? is a continuous function. Indeed,
there are mappings ¢° : FIN — w : e — min(e) and ¢! : FIN — w : e + max(e) such
that for all D € (FIN)“ and all (B°, B') C* (¢°[D], ¢*[D]) there is E C* D such that
(P [E], p'[E]) C* (B B). (Here we write (B, Bl) C* (A% A!) for B® C* AY and
B! C* Al) If 2 is replaced by 3 a strong version of the non-existence of such mappings
is an easy consequence of Taylor’s Canonization Theorem [Ta] (see also [To, Theorem
5.28)).

TAYLOR’S THEOREM. For every D € (FIN)* and every function ¢ : FU(D) — w,
there is E T D such that o|FU(FE) is one of the following five canonical functions:

e a constant function,

e a function of min-type, i.e., p(x) = p(y) < min(x) = min(y) for all z,y €
FU(E),

e a function of max-type, i.e., p(x) = p(y) <= max(z) = max(y) for all x,y €
FU(E),

e a function of min-max-type, i.e., p(r) = ¢(y) <= min(z) = min(y) A max(z) =
max(y) for all x,y € FU(E),

e a one-to-one function.

COROLLARY TO TAYLOR’S THEOREM. Assume ¢’ : FU(D) — w, j < 3. Then
there is E T D such that for all (A% A', A%) € ([w]*)? there is (BY, B, B%) C*
(A%, AY, A%) with FU(E) N (¢°)~1(B%) N (1) ~H(BY) N (¢*)7H(B?) = 0.

(The proof of the corollary from the theorem is implicit in the second part of the
proof of Main Lemma 33 below. Here we only give a brief sketch: let E be such that all
three functions ¢/ are canonical on FU(E) in the sense of Taylor’s Theorem. If at least
one function is constant, the conclusion is immediate. If this is not the case, split into
two cases, according to whether or not at least two functions are of min-type.)

This corollary suggests that there is no definable—and even no ZFC-provable—
complete embedding of (P(w)/fin)? into (FIN)“. In fact, in all cases in which complete
embeddability has been established, the witness is “very definable” in the above sense.

Closely connected with the problem of complete embeddability is the relationship
between the distributivity numbers of the forcing notions involved. Given a p.o. P, its
distributivity number H(IP) is the minimal k such that there is a family (D, : a < k)
of dense open subsets of P whose intersection is not dense. Equivalently, h(P) is the
minimal & such that there is p € P forcing that a new function from  to V is adjoined.
Using this reformulation, we immediately see that P<o Q implies h(P) > h(Q). So, for
example, hrpin < bho where hpiy = H((FIN)¥) and b, := h((P(w)/fin)") for n € w.
Clearly, the b,, form a decreasing chain, and Shelah and Spinas (see [SS1], [SS2]) proved
that h,4+1 < b, is counsistent for every n. In fact, for a number of relatives P, Q of
P(w)/fin, the consistency of P<fo Q has been established by showing the consistency of
h(P) < h(Q). Along these lines we prove:
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THEOREM 1. b3 < hpin is consistent.

In particular, consistently (P(w)/fin)? <o (FIN)“. In view of the preceding discus-
sion, this result also strengthens the consistency of h3 < ho obtained by Shelah and
Spinas [SS2]. Also:

THEOREM 2. [t is consistent that hpin < B, holds for all n.

The consistency of (FIN)¥ <o (P(w)/fin)" for all n follows.

There is another way to look at hpin: by the general base tree theorem [BDH,
Theorem 2.1], whose assumptions are satisfied for the partial order ((FIN)“,C*), there
are maximal antichains D, C (FIN)¥, a < bpn, such that D = Ua<bpm D, is a tree
of height hpiny with a-th level Dy, each D € D has ¢ many immediate successors, and
D is dense in (FIN)¥. This was originally established for P(w)/fin in [BPS]. As a
consequence, one obtains that forcing with (FIN)“ collapses the continuum exactly to
HFIN.

Another interesting problem concerns possible cardinalities of maximal antichains in
such relatives of P(w)/fin. Note that A C [w]* is a maximal antichain in P(w)/fin iff it
isa MAD family, that is, iff any two distinct members A and B of A are almost disjoint
(i.e., AN B is finite) and A is maximal with this property (i.e., for all C' € [w]“ there is
A € A such that C'N A is infinite). In analogy, say that D and F in (FIN)* are almost
disjoint FIN if there is no F' € (FIN)“ with F' C* D, E or, equivalently, if FU(D)NFU(E)
is finite. D C (FIN)“ is an ADpn family if its members are pairwise almost disjoint FIN.
D is a M ADgin family if it is ADpiny and maximal with this property, that is, for all
E € (FIN)¥ there is D € D such that FU(D) N FU(E) is infinite. Clearly, the M ADpin
families are exactly the maximal antichains in (FIN)“.

The almost disjointness number a is the minimal size of an infinite M AD family.
Similarly, apin is the minimal size of a M ADpin family of size at least 2. The reason
for the restriction on size in these definitions is that finite partitions of w into infinite
sets clearly are finite M AD families, and that the block sequence ({n} : n € w) is a
M ADrygin family of size 1. A classical result says that a > b where b is the unbounding
number [B12, Proposition 8.4]. (This is still true if a is replaced by a,,, the minimal size
of an infinite maximal antichain in (P(w)/fin)" (or, equivalently, an infinite M AD family
of n-dimensional cuboids) [Sp1]. It is clear that the a, form a decreasing chain like the
bn, but the consistency of a,11 < a, is an open problem.)

For apn we get a better lower bound:

THEOREM 3. apn > non(M).

Here non(M) is the uniformity of the meager ideal M, that is, the least size of a
nonmeager set of reals. As a consequence we obtain the consistency of apy > a (see
Corollary 20 in Section 3). We also note that the consistency of apin > non(M) can be
easily established by the methods of [Br2, Section 4]. While we do not know of an upper
bound for appy in terms of classical cardinal invariants of the continuum, we show:

THEOREM 4. apN < ¢ is consistent. In fact, apyny = Ny in the Cohen model.
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While there is a natural way to produce an AD family from an ADpiN family (see
Proposition 21 in Section 3), the former never is maximal. In particular, we do not know
the answer to the following:

QUESTION.  Is apy < a consistent? Or does a < apiy hold in ZFC?

We have touched upon two cardinal invariants related to (FIN)“, namely, hpin and
apin, but it is clear that, as this has been done for example for (w)* [CKMW], other
cardinals like spiy or tpin should be studied as well.

This paper is organized as follows: in Section 1 we collect a couple of basic re-
sults concerning complete embeddings and discuss Mathias-like forcing notions related
to (FIN)“ [G2], to P(w)/fin [Ma] and to its products [SS2], as well as their connection
with MAD families and with distributivity numbers. In Section 2 we prove Theorem 4,
in Section 3, Theorem 3, and in Section 4, Theorem 1. Section 5 gives an outline of the
proof of Theorem 2. Since many arguments are similar to the proof of Theorem 1, we
only present the proofs whose combinatorics is substantially different.

Our notation is standard. ¥°°n denotes “for all but finitely many n € w”, and 3°*°n
stands for “there are infinitely many n € w”. For basic results on cardinal invariants,
we refer to [BlI2] or [BJ], for forcing theory, to [Ku] or [BJ], and for Ramsey theory,
to [To].

1. Preliminaries.

For D = (d; : i € w) € (FIN)¥ let min(D) = {min(d;) : ¢ € w} and max(D) =
{max(d;) : i € w}. A similar definition applies to finite block sequences. We begin with:

PROPOSITION 5. The product P(w)/fin x P(w)/fin completely embeds into (FIN)“.
In particular, hrin < bo.

PROOF. Define the projection 7 : (FIN)* — ([w]*)? as follows: for D = (d; :
i €w) € (FIN)¥, let

m(D) := (min(D), max(D)).

It is straightforward to see that 7 is order-preserving: if D C* D’, then min(D) C*
min(D’) and max(D) C* max(D’), and therefore w(D) < w(D’). Clearly ran(w) is dense
in ([]*)2.

Now let D = (d; : i € w) € (FIN)¥ and assume (A, B) < 7(D) for some (4, B) €
([w]“)2. We need to find D’ C* D such that m(D’) < (A, B). To this end, first choose
A ={a i € w} C Anmin(D) and B' = {b, : i € w} € BN max(D) such that
aj < bj < ajy, foralli € w. Since A’ C {mind; : i € w} and B’ C {maxd; : i € w},
a; =mind;, and b; = maxd;, for some j; <; < ji11, for all i € w. Letting d; = d;, Ud;,
for alli € wand D' = (d} : i € w), we see that D' C D and w(D’) = (4’,B’') < (A, B).
Hence (P(w)/fin)? is a projection of (FIN)®. O

There are other ways to look at the mapping 7 giving rise to this projection. Assume
U is a stable ordered-union ultrafilter on FIN. Letting
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Umin = {A Cw: 3D € (FIN)* such that FU(D) € U and min(D) C A}
and, similarly,
Umax = {A Cw: 3D € (FIN)* such that FU(D) € U and max(D) C A},

Unin and Upax are two Ramsey ultrafilters on w [Bl1, Theorem 4.2 and Corollary 4.3], and
they may be thought of as constructed from U via the mapping m: 7(U) = (Z/lmm,umax).
Now, if U is the generic stable ordered-union ultrafilter added by (FIN)“, then 7(i) is
the pair of generic Ramsey ultrafilters added by P(w)/fin x P(w)/fin.

Next recall that Mathias forcing Ml [Ma] consists of pairs (s, A) where s € [w]<¥
A € [w]¥, and max(s) < min(A), ordered by (¢t,B) < (s,A)if s Ct, BC A, and t\s C A.
If F is a filter on w, Mathias forcing M(F) with F consists of all (s, A) € M with A € F,
with the same ordering. M is a proper non-ccc forcing while M((F) is o-centered and thus
cce. It is well-known that M decomposes as a two-step iteration M 2 P(w)/fin x M(A)
where U is the generic Ramsey ultrafilter added by P(w)/fin [Ma]. Furthermore, a real
C € [w]® is M-generic over V iff for all M AD families A in V, there is A € A such that
C C* A [Ma]. Tterating M with countable support for wo stages produces a model for
b = Ny.

In [G2] (see also [G1]), the second author defined an analogue of M for (FIN)«:
the forcing Ppin consists of pairs (o, D) where o = (0; : i < |o|) € (FIN)<¥ is a finite
block sequence and D = (d; : i € w) € (FIN)® with max(o|,—1) < min(dp), ordered
by (1, E) < (0,D) if 0o C 7, EC D, and 7; € FU(D) for all ¢ with |o] < i < |7|. If F
is a filter on FIN, Pz consists of (o, D) € Ppiy such that FU(D) € F, with the same
ordering. Again, Ppry is proper non-ccc while P is o-centered and thus ccc. Also, Prin
decomposes as a two-step iteration Ppiy = (FIN)“ P, where U is the generic stable
ordered-union ultrafilter added by (FIN)“ [G2, Lemma 4.16]. Furthermore, a block
sequence E € (FIN)¥ is Ppin-generic over V iff for all M ADgiy families D € V| there is
D € D such that E C* D [G3, Theorem 3.9]. The wo-stage countable support iteration
of Ppin forces hFIN = Ns.

Since (P(w)/fin)? completely embeds into (FIN)“, it would be natural if a product
of two copies of Mathias forcing also embedded into Pgry. This is true—as long as
“product” is interpreted in the right way. My consists of all pairs ((s, A), (¢, B)) € M x M
such that |s| = [t] and if s = {s; : i < n} and ¢t = {t; : ¢ < n} are the increasing
enumerations of s and ¢, respectively, then s; < ¢; < s;41 for all ¢ < n. My is equipped
with the product ordering: ((s’, A", (t',B’)) < ((s,A),(t,B)) if (s';A") < (s,A) and
(', B") < (t,B). This is the special case n = 2 of a forcing originally introduced by
Shelah and Spinas [SS2, Definition 1.3], albeit with slightly different notation.

PROPOSITION 6. My completely embeds into Prin.
PROOF. Define the projection 7 : Ppiy — My as follows: given (o, D) € Pgyy, let
m((0, D)) := ((min(o), min(D)), (max(c), max(D))).

It is easy to see that m preserves order and that ran(7) is dense in M. We need to show
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that for all ((s, A),(t,B)) € My and for all (0,D) € Ppix such that ((s, A), (¢, B)) <
m((o, D)), there is (¢/, D’) < (o, D) such that w((¢’, D)) < ((s, A), (¢, B)).

Assume o = (0¢,...,0m—1) and D = (d; : i € w). There are A’ C A and B’ C B
such that if A" = {a} : i € w} and B’ = {b} : i € w} are their increasing enumerations,
then a; < b; < aj,, for all i € w. Since A’ C A C min(D) and B’ C B C max(D), we
can define D' = (d} : | € w) as follows: for | € w, dj = d;, Ud;
by = maxdj,. It is clear that D' T D.

Let I := |s| = |t|. Since ((s,A4"), (¢, B’)) € My, we have 5o < tg < s1 <1 < - <
si—1 < t;—1. Notice that s D min(o) and if z € s\ min(c), then « € min(D). Similarly,
for all y € ¢\ max(c), y € max(D). Thus, for m < k < [, we have s; = mind,,
and t; = maxd; where i, < ji < %g41. Define op := d;, Udj, for such k. Put
o' = 6 (om,...,01-1). Now (¢/,D") < (0,D) and w((¢/,D")) = ((s,4"),(t,B")) <
(5, A), (t, B)).

Thus Priy adds a generic for Mly: if D* is a Ppiy-generic block sequence over V,
then 7(D*) = (min(D*), max(D*)) is an My-generic over V. O

,» where aj = mind;, and

M is different from the usual product of two copies of Mathias forcing because of
the following well-known fact whose proof we include for completeness’ sake.

OBSERVATION 7. M x M adds a Cohen real (in fact, C<o M x M where C denotes
Cohen forcing).

PROOF. Let (mg, m1) be a pair of Mathias reals M x M-generic over V. We define
c € 2% as follows:

dﬂ=$ if mo (i) < ma(4)

1 if mo(z) > ml(z)

We shall show that ¢ is a Cohen real over V. Let D C C be a dense subset.

Given (a,b) € [w]<¥ X [w]<¥ such that |a| = |b] = k, and a = {a; : i < k} and
b={b; : i < k} are increasing enumerations of a and b, respectively, we define a function
Q(ap) : k — 2 as follows:

a,b)\?) =
Hab) 1 ifa; > b

Define
D" :={((a, A), (b, B)) e M x M : |a| = |b| and g € D such that ¢ = g}
CraIM 8. D' is a dense subset of Ml x M.

PrOOF. Let ((a,A),(b,B)) € M x M. Assume without loss of generality that
|a] < |b]. There exists a condition (a’, A") € M such that (a/,A’") < (a,A) and |d/| =
|b| = k. Consider g, ) defined as before. Since D is dense in C, there is ¢ € D
such that ¢ < q(arp), i€, ¢ [ K = qarp)- Assume |g| = . Find increasing sequences
(a; + k <i< ) C A and (b; : k < i < ¥¢) C B such that, for all ¢ with k¥ < i < ¢,
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a; < b iff q(i) = 0. Let o/ = ad' U{a; : k <i <}, =bU{b : k <i<{}
A" = A\ (ag—1+1), and B’ = B\ (by—1 + 1). Then ((a”’, A"), V', B")) < ((a, A), (b, B))
and ((a”,A"),(t/,B")) € D'. So D’ is a dense subset of M x M. O

Since the generic filter G for M X M meets all such D’, the real ¢ € 2¥ extends
a q € D for all dense D C C. Hence ¢ is a Cohen real. In fact, the map 7 sending
((a, A),(b,B)) € M x M to q(q) is a projection establishing C<o M x M. O

By [G2, Theorem 4.26 and Corollary 4.28], Priy has the Laver property and thus
does not add Cohen reals, and the same is true for My by Proposition 6 (the latter was
already proved by Shelah and Spinas [SS2, Lemma 1.17]). In particular, M x M cannot
completely embed into either My or Ppyy.

On the other hand, it is easy to see that My completely embeds into M x M: if
(A, A") € ([w]*)? is a generic for M x M, then define B® = {b? : i € w} C A° and
B! = {b} : i € w} C Al recursively as follows:

b3 = min(A°),

bl = min(41\ 1),
b0y =min{z € A%: x> b},
bl =min{z € A : 2 >b)_ ,}.

We leave it to the reader to verify that (B°, Bt) € ([w]*)? is generic for M.

2. Proof of Theorem 4.

This is similar to the proof that a = ®; in the Cohen model [Ku, Chapter VIII,
Theorem 2.3].

Let V be a model of CH. In V', we shall construct a M ADgin family A of size wq
such that for all I € V, A remains maximal in V[G] whenever G is Fn(I,2)-generic
over V. By [Ku, Chapter VIII, Lemma 2.2], it is sufficient to verify maximality of A in
the extension via Iy which are countable in V, because any X € (FIN)“ in V[G] is in
V[GNFn(ly, 2)], for some such Iy. When |Iy| = w in V', Fn(Iy, 2) is isomorphic to Fn(w, 2)
in V. It is therefore sufficient to define A such that whenever G is Fn(w, 2)-generic over
V, no infinite block sequence in V[G] is ADpiN from all elements in A.

From now on, all forcing terminology refers to the p.o. Fn(w,2). Within V, do
the following: by CH, let (pe,7¢) for w < € < wq enumerate all pairs (p,7) such that
p € Fn(w,2) and 7 is a nice name for an infinite block sequence. By recursion, pick
infinite A¢ € (FIN)“ as follows. Let A,, for n < w, be any disjoint-FIN infinite block
sequences. If w < ¢ < wy, and we have A, for n < &, choose A¢ such that:

(1) Vi < € (| FU(A,) N FU(Ag) |< w), and
(2) if pe IF “7¢ is an element of (FIN)“” and
Vn <& (pe IF[ FU(7e) NFU(A4,) |[<w), (%)

then for all n and all ¢ < p¢ there are r < g and s € FU(A¢) such that min(s) > n
and 7 IF s € FU(7¢).
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If (x) fails then only (1) needs to be considered and we simply apply the fact that there
are no M ADpin families of size w.

Assume that pg¢ IF 7¢ € (FIN)“ and p¢ IF| FU(7¢) NFU(4,) |< w for all n < €. Let
B;, i € w, enumerate {4, : n < &} and let (n;,¢;), i € w, enumerate w x {q : ¢ < pe}.
By (%), for each i, ¢; IF| FU(7¢) \ (FU(By) U --- UFU(B;)) |= w. We recursively produce
A¢ = (d; 1 i € w) as follows.

Assume that we have elements dy,...,d; of FIN such that d; < dj;q for all i < j,
mind; > n; for all i < j, U,c;diUd; & FU(By) U--- UFU(By) for all I C j, and
such that there is 7; < ¢; with r; |- d; € FU(7¢) for all i < j. Let k = max{maxbl, :
l € {0,...,5 + 1}}, where B; = (b} : i € w) and m is the least number such that
blm > dj forall l € {0, e+ 1} Since qj+1 H—| FU(Tg) \FU(BO) U--- UFU(Bj+1) |: w,
there exist 7j41 < ¢j41 and d;41 € FIN such that mind;41 > max{k,n;11}, dj+1 &
FU(B()) y---u FU(BjJrl) and Tj+1 I dj+1 € FU(T&).

CrLAIM 9. UlEI d; U dj+1 Q FU(B()) J---u FU(Bj+1) fOT all I C ] +1.

PROOF.  Assume that there exists I’ C j + 1 such that (J,c;, di U dj1 € FU(By)
for some ¢ < j + 1. Since d; < b}, < d;41 this implies that d;j 1 € FU(B;), which is a
contradiction. [l

Let A¢ = (d; : i € w). Clearly A satisfies (1) and (2). This completes the recursive
construction.

Consider A = {A¢ : £ <wi}. By (1), Ais an ADgin-family. Let G be a Fn(w,2)-
generic filter over V.

CrLAam 10. A is a M ADpix family in V[G].

Proor. If A is not maximal in V[G], there exists { < w; such that p; € G,
pe I e € (FIN)* and pe IF Vn < wy (] FU(7e) NFU(A4,) |< w). Thus (x) holds at &
and also pe IF| FU(7¢) N FU(A¢) |< w. Therefore there are ¢ < pg and n € w such that
q IF U(FU(7e) NFU(Ag)) C n. But by (2), there are r < ¢ and s € FU(A¢) such that
min(s) > n and r I s € FU(7¢), a contradiction. O

This completes the proof of Theorem 4.

3. Proof of Theorem 3.

As a preliminary step towards proving Theorem 3, we first show the weaker inequality
b < apn (Proposition 12 below).
We say that an infinite block sequence A = (a,, : n € w) has almost no holes if

e V°n (a, = [min(a,), max(a,)]),
e V°n (max(a,)+ 1= min(a,41))-

Otherwise A has infinitely many holes. Note that A has almost no holes is equivalent to
(J A is cofinite.
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LEMMA 11. Let A and A’ be two almost disjoint infinite block sequences such that A
and A" have almost no holes. Define B := min(A) and B’ := min(A’), then |BNB'| < w.

PrROOF. Let A= (a,:n €w)and A’ = (a, : n € w). Assume that |[BN B'| = w.
Let B” = BN B’ = {b; : i € w} such that b; < b; 41 for all i € w. We have b; = mina,,, =
minaj,. for some strictly increasing sequences (n; : i € w) and (m; : i € w). Since A
and A’ have almost no holes, we have U;”“_fl a; = UT+ 1 gl for almost all i € w .

=n; Jj=m; J

Therefore, |FU(A) NFU(A’)| = w, which is a contradiction. Hence |BN B’| < w. O
PROPOSITION 12. b < apin.

PROOF. Let 2 < k < b and assume {A% : a < k} is an almost disjoint FIN family.
Say A® = (a% : n € w). For every a < & such that A% has infinitely many holes we define
a function f, : w — w as follows:

fa(n):min{k:k¢UAa andk>n}.

Note that fu(n) > n for all n € w.

Also define B® = min(A®) for all o < k. If there is an « such that A* has almost
no holes, fix such an « and let B = B®. B® is coinfinite because x > 2. Otherwise, let
B be an arbitrary infinite coinfinite set.

Since k < b, there is f : w — w such that fz <* f for all 8 < k. Define A = (a, :
n € w) as follows: for all n € w

e a, is an interval, i.e., a, = [min a,, maxa,|
e mina, € B

e maxa, +1¢ B

e f(mina,) < maxa,

We shall prove that [FU(A) NFU(A?)| < w for all B < k.
First assume that A” has infinitely many holes.

CLAIM 13.  For all B < K such that AP has infinitely many holes, a, Z |JA® for
almost all n.

PROOF. Let B < k such that A® has infinitely many holes. There exists m € w
such that fz(k) < f(k) for all kK > m . Let n € w such that mina, > m. Then
fs(mina,) € a, because

mina, < fg(mina,) < f(mina,) < maxa,.
Thus a,, Z |J AP follows. O

Therefore [FU(A?) N FU(A)| < w follows for B such that A® has infinitely many
holes.
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So assume A” has almost no holes. First suppose 8 = . Then B = B® = {mina :
i € w}. Note that Vi, j € w, max a; # max af, because maxa; + 1 ¢ B while maxa§ +
1 =mina$,; € B* = B. Assume towards a contradiction that [FU(A) N FU(A%)| = w.
Then there is C' € (FIN)* with C T A and C T A*. Therefore, if b € C then b €
FU(A) NFU(A%), so maxb = maxa; for some i and maxb = maxa§ for some j, which
is a contradiction. Hence |[FU(A) NFU(A%)| < w.

Next suppose that 3 # a. By Lemma 11, |[B® N B?| < w. Assume that [FU(A) N
FU(AP)| = w. Then |BNB?| = w, contradicting B = B*. Therefore [FU(A)NFU(A?)| <
w. g

* % %
For completing the proof of Theorem 3, recall the following cardinal invariants:

b(p #*) = min{ | F| : F C w* and for all partial functions ¢ : w — w
with infinite domain 3f € F 3%°n € dom(g) (f(n) = g(n))}

For h : w — w with h(n) — oo as n — oo, let

by (p #*) = min{ |F| : F C w* and for all partial functions ¢ : w — w
with infinite domain bounded by h
Af € F3%n € dom(g) (f(n) = g(n))}

It is well-known that this cardinal does not depend on the function h. We include a proof
for completeness’ sake.

LEMMA 14.  bp(p #*) = b (p #£*) for h,h' € w® with h(n),h' (n) — oo as n — co.

PROOF. For k € w let ny be such that h'(k) < h(ng) and n; < ngi1 and k < ng.

Let F be a witness of by (p #*). Given f € F, define [’ : w — w by f'(k) = f(ng).
Consider F' = {f' : f € F}. Note that |F'| < |F|. We claim that F’ is a witness for
bh’ (p #*)

Let g : w — w be partial such that |dom(g)| = w and g(k) < h/(k) for all k € dom(g).
Define a partial function ¢’ : w — w as follows: dom(g’) = {ny : k € dom(g)} and
g’ (nk) = g(k) for k € dom(g). For every k € dom(g), ¢'(ng) = g(k) < b'(k) < h(ng).
Hence there is f € F such that f(ng) = ¢'(nk) for infinitely many nj € dom(g’). Thus
f'(k) = f(ng) = ¢'(ng) = g(k) for infinitely many k € dom(g), and F' is as required.

This shows by (p #%) < by (p £*) and, by symmetry, by (p #*) = bp(p £*) follows.

U

Let b(pbd #*) be the common value of the by, (p #*). The following is also a folklore
result whose proof we include.

LEMMA 15.  b(p #*) = max{b, b(pbd #*)}.

Proor. If F is a witness for b(p #*), then clearly it is a witness for both b
and b(pbd #*). On the other hand, assume H is an unbounded family consisting of



1258 J. BRENDLE and L. M. GARciA AviLa

increasing functions and for each h € H, F}, is a witness for by, (p #*). We claim that
F =U{Fn: h € H} is a witness for b(p #*).

Indeed, if g : w — w is a partial function, |dom(g)| = w, then there is h € H such that
h(n) > g(n) for infinitely many n € dom(g). Let ¢’ = g[{n € dom(g) : h(n) > g(n)}.
Since Fp, is a witness for by (p #*), there is f € F}, such that f(n) = ¢'(n) = g(n) for
infinitely many n € dom(g’), as required. O

An old result of Miller [Mi] (see also [BJ, Lemma 2.4.8]) says:
MILLER'S THEOREM. non(M) = b(p #*).

We note that, by a result of Bartoszynski [Ba] (see also [BJ, Theorem 2.4.7 and
Lemma 2.4.8]), this is also true when only total functions are considered. However, the
two preceding lemmata are false for total functions, and this is why we work with partial
functions here. By Lemma 15 and Proposition 12, the proof of Theorem 3 is complete if
we show:

THEOREM 16.  b(pbd #*) < apin.

PrROOF. Fix h : w — w such that h(n) — oo when n — co. By Lemma 14 and
the discussion after its proof, b(pbd #*) = by (p #*). Let A be an ADpy family of size
2 <K < bp(p #*). We shall prove that A is not maximal.

For A = (a, : n € w) in A, let E4 = |J{a, € A : a, singleton}. Note that Ea
is coinfinite, because otherwise A is not almost disjoint from other elements in A (here
we use k > 2). Also, if A, A’ are distinct elements of A, then |E4 N E4/| < w, because
|Ea N Eg| =wimplies |[FU(A) N FU(A')| = w, which is a contradiction.

We Will define finite sets ¢, and d,, where ¢, = {c¥, .. ch(™) ™od, =
{d°, ... ”)H}, Cn < dp < Cpy1 < dpyq for allm € w and |e,| = |dn| = h(n) + 2.

Assume that there is Ag = (a, : n € w) in A such that Ay contains infinitely many
singletons, i.e., F4, is infinite. In this case we choose ¢, and d,, such that |J{c, : n €
w} C Ey4, and | J{d,, : n € w} N E4, = 0. If there is no Ay such that E4, is infinite then
we choose ¢,, and d,, arbitrarily.

For n € w and k < h(n), define

, S+
bk = {0 ok ke (n)+ d0

dk dk+2

ny-1CnyrCp 5 ..7 s pyy e voy Ay Ay geeey

=(cnUdy) \ {CZ+1= dfz-i_l}'

dﬁ(n)+1}

Let g : w — w be partial with |dom(g)| = w and g(n) < h(n) for all n € dom(g). Define
an infinite block sequence BY = (b : n € dom(g)) by bJ = 2™ for n € dom(g).

For a,b € FIN, b is an interval inside a if b C a and a \ b C min(b) Uw \ (max(b) +1).
Let A be an element in A. We say that b¥ is compatible with A if there is a € FU(A)
such that b® is an interval inside a.

CLAIM 17.  Assume k # k' and bk, b5 are compatible with A, then {cF+1}, {cF'+1},
{di ') {di ) e A
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PrOOF.  Without loss of generality assume k < k' < h(n). Since b and bﬁl are
compatible with A, there exist a,a’ € FU(A) such that b is an interval inside a and bfl/
is an interval inside a’.

Note that ¢5*1 and d**! do not belong to b? and thus not to a, but ¢k+1, @k+1 e bk’

Since ¢&! € b and bE C o/, there is a; € A such that ¢Et1 € a;. Clearly a; is an
interval inside ¢’ and a; Na = 0. If |a;] > 2, then, since a; and bfl/ both are intervals
inside a/, we must have either {c c+11 C a; or {cF*!, ck+2} C q; or (in case k' = k+1)

{ck*1 ck+3} C ;. In either case we obtain a contradiction because ck, ckt2 ck+3 all
belong to a and a; Na = (). Hence |a;| = 1, so {ck*1} = a; and {cFt1} € A.

In a similar way we prove that {c¥'*1}, {d5*1} and {d*+1} belong to A. O

CrAamMm 18.  For A € A there exists fa : w — w such that for almost all n € w, if
k # fa(n) then b is not compatible with A.

PROOF.  Assume that there are A € A and M C w such that |[M| = w and for all
n € M there are k!, # k, such that b%» and bfé‘ are compatible with A. Then {ckn+1}
{cﬁiﬁl}7 {dkn*+1} and {dﬁ;ﬂ} are elements of A by the previous claim.

If A # Ay, then |E4 N E4 | = w, which is a contradiction. If A = Ay, then
ExnNUpewdn # @, which is a contradiction. In the case that there is no Ay which
contains infinitely many singletons, ¢, and d,, are arbitrary and A has infinitely many
singletons, which is a contradiction.

Hence for all A € A and almost all n, there is at most one k such that b% is compatible
with A. Thus we define

k if bf is compatible with A
fa(n) =

0 otherwise

We now have that there exists an m such that for all n > m, if k # fa(n), then b% is not
compatible with A. O

Consider F = {fa : A € A}. Since |F| < by (p #*), there is g such that |dom(g)| =
w, g(n) < h(n) for all n € dom(g) and for all A € A and almost all n € dom(g),
g(n) # fa(n). In view of the preceding claim, this means in particular that for all A € A
, b%(n)

and almost all n € dom(g) is not compatible with A.

CrAamM 19.  For all A € A, BY is incompatible with A.

Proor. Fix A € A. There is | € w such that for all n > with n € dom(g), b%(n)
is not compatible with A. Assume there is ¢ € FU(BY9)NFU(A) with max(a) > max(d;).

Then a = |
bgl(m)

ser b%ﬁ"” for some finite I C dom(g) with n; > [ for some ¢ € I. Since all
are intervals inside a and thus compatible with A, this is a contradiction. Hence

FU(BY9) NFU(A) is finite, and it follows that BY is incompatible with A. O
This completes the proof of Theorem 16—and also of Theorem 3. O

COROLLARY 20. a < apin %8 consistent.
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PRrROOF. In fact, this holds in the random model, that is, the model obtained by
adding (at least) we many random reals to a model of CH with the measure algebra.
Then a = ¥y by [BI2, Section 11.4]. On the other hand, non(M) = ¢ = Ny [BJ, Model
7.6.8], and apin = ¢ = Ny follows by Theorem 3. O

* k k

A natural way to construct an almost disjoint family from an almost disjoint FIN family
is as follows. Let A be an almost disjoint FIN family. Put B4 = {FU(A) : A € A}. Then
B4 is an almost disjoint family of subsets of FIN. However, it is never maximal.

PROPOSITION 21.  Assume |A| > 2. Then B4 is not mazimal.

PROOF. Let B® = (b0 : i € w) and B* = (b} : i €w) in A. Define C = (¢; : i €
w) C FIN by ¢g := by Ub), where b) > b, ¢1 := by U b}l UbY where b? > b}l > bY , and

Cn =Dy UL U---UD} UD) such that b) >0bi >b) . Ttis clear that C C FIN and
IC| = w.

CLAamM 22.  |CNFU(A)| <w forall A€ A.

PROOF.  Since b) € B and ¢, \ b? € FU(B'), we have ¢, \ b} ¢ FU(B?) and
b) ¢ FU(B') for almost all n. Thus |[C NFU(B°)| < w and |C NFU(BY)| < w follow.

Let A € A be different from B° and B'. There is ¢ such that for all n > ¢,
cn \ ) ¢ FU(A). If ¢, € FU(A) for some such n, then there must be a € A such that
an bjl-ﬂ and a N b?n are both non-empty. Then, however, we have that for all m > n,

aNem #0and a\ ¢ # 0. Thus ¢, ¢ FU(A). Again, |C NFU(A)| < w follows. O

This completes the proof of the proposition. O

4. Proof of Theorem 1.

The framework for the proof of Theorem 1 is similar to the arguments of [Br3,
Theorem 3.1] and [Br4, Theorems 1 and 2], but the combinatorial details are rather
different. We therefore do not assume knowledge of either [Br3] or [Br4] and present
the whole argument.

We assume CH and {gz. Recall that the latter means that there is a sequence
{Sq : cf(a) = wy and o < wa} such that for all S C wo, the set {@ < wo : cf(a) = wyq
and SN a = S,} is stationary. We perform a finite support iteration (P, Qu:a< wa)
of ccc forcing such that

(A) if cf(a) = w; then Q, is Laver forcing Ly, with a stable ordered-union ultrafilter
U, in (FIN)*,
(B) if ¢f () # wy then Q, is Hechler forcing D.
(The definition and description of these forcing notions will be given below, after

Lemma 26.) The idea is that at limit stages a of cofinality w; we use (A) to kill po-
tential witnesses for hpyny = Ny by building the U, accordingly. More explicitly, U, will
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diagonalize (an initial segment of) a witness for hpry handed down by s2, see below,
Lemma 35 and the discussion preceding its proof. Since every witness for hpin = Ny will
have initial segments guessed by the diamond sequence stationarily often on S, this will
complete the argument for hpin = No.

The main point of the argument is the proof of h3 = R;. We shall build, along the
iteration, families {Ag : 8 < wy} such that

(a) all Ag are M AD families of cuboids in w?® (that is, all Ag are maximal antichains

in (P(w)/fin)?),

(b) 8 < B’ implies that Ag refines Ag (that is, for all (A’,B’,C") € Ag there is
(A,B,C) € Ag with A’ C* A, B’ C* B, and C" C* C).

Put Aga = AgNV,. This set will always be a member of V,,. For simplicity let AEO =0
for all # < wy (though this choice does not really matter). A book-keeping argument will
hand us down an ordinal & = a(x,y,z),s € w2 for (X,Y,Z) € ([w]*)® and 8 < wy such
that (X,Y, Z) € V,, and the function sending the pair (X,Y, Z), 8 to « is one-to-one and
onto ordinals of cofinality less than w;. For a with cf(«) # wy, let (X,Y, Z), and S, be
unique such that o = a(xy,z), .- The idea is that at each successor stage a + 1 with
cf(a) # w1, countably many Ag will get exactly one new element. More explicitly, we
stipulate

(c) Aga =U,<a Ag’y for limit ordinals «, and Agaﬂ = A?a if cf(a) = wy or B > Ba,

(d) if 8 < B4 and if Aga is not predense below (X,Y, Z),, then there is (A, B,C) C*
(X,Y, Z), belonging to Agaﬂ \Aga,

(e) for all o and for 8 < B’ < wy, A;,O‘ refines .AED‘,

(f) whenever 8 < B, and (A, B,C) € AEQH \A;O‘, A={a,:new}, B={b,:ne
w}, and C = {¢, : n € w} are their increasing enumerations, then

d(d(ay)) < by, < d(d(by)) < cn < d(d(cn)) < an41
for all n, where d = d,, is the dominating real over V,, added by Q, = D.

This last condition should be seen as meaning that A, B,C grow fast with respect to
reals in V. Let us verify that we can indeed extend the AD families so as to guarantee
these conditions.

OBSERVATION 23. Ifcf(a) < wi, (4,B,C) € AEO‘H \Aga can be chosen so as to

satisfy (c), (d), (e), and ().

PROOF. Let 3° be minimal such that .A[%Oa is not predense below (X,Y, Z), (if
there is such a 8°). Then, by (e) for a, Ago‘ is not predense below (X,Y, Z), for all

B > 0. If there is no such A° or if 8% > S,, we will have AS*T! = AS* for all 38, and
B B
there is nothing to prove.
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So assume 8% < B,. Let (A%, B, C%) C* (X, Y, Z), be incompatible with all of .A;UO‘
Since A%O‘ is predense below (A°, B?, C°) for all 8 < 3°, we can find a decreasing chain
(A, Bs,C) € A5%, B < B°, all compatible with (A°, B°,C?). Let (A!,B',C?) be a
common extension of (A, B, C°) and this chain. Finally let (A4, B, C) be an extension of
(A, B!, C') such that, letting A = {a, : n € w}, B={b, :n € w}, and C = {¢, : n € w}
be their respective increasing enumerations,

d(d(ay)) < bp < d(d(by)) < ¢ < d(d(cn)) < apa

holds for all n. Adding (A, B,C) to AE’IH for 8% < B < Ba, we see that (d) and (e) are
satisfied. O

COROLLARY 24.  The Ag =, ,, Aga satisfy (a) and (D).

a<w

PrOOF. (b) follows from (e), and (a) follows from (d) together with the book-
keeping. O

* * K
To argue that {Ag : 8 < w1} witnesses hs = Ry, we need to show that for all & < wo,

Y(X,Y,Z) € (w“)* NV, 3B <wi V(A,B,C) € Ag(X €* Aor Y ¢* Bor Z ¢* C)
By (f), it suffices to show by induction on o < wo that

va) {V(X, Y,Z) € (W] NV, 38 < w1 Y(A, B,C) € A5
(X¢Z*AorY Z*Bor Z¢*C)
For technical reasons we shall need a slightly stronger property:
VEVXD = {2 :new} € w*NV, (j <3andi<k)

(*a) { listed in increasing enumeration 338 < w; V(AY, A, A%) € Aga
J countable D Cw 3j < 3Vi < kVn € D (23 ¢ AY)

Note that (k) is (o) for the case k = 1. In the proof of Main Lemma 33, we will need
a reformulation of (x,) which we now explain. Say that X = {xs : s € FIN} € [w]® is
listed in canonical enumeration if

e the listing is of one of the four canonical types (in Taylor’s Theorem) min, max,
min-max, or one-to-one,

e if the listing is of min-type, then min(s) < min(s’) implies 25 < zy,

o if the listing is of one of the three other types, then max(s) < max(s’) implies
Ts < Ty

Clearly, these clauses completely determine the listing for the min- and max-types, but
not for the other two types. Now consider the following property:
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Vk VX9 = {277 : s € FIN} € W] N Vi (j < 3 and i < k)
(to) § listed in canonical enumeration 33 < w; V(A% A, A?) € AED‘
J countable D C w 3j < 3Vi < kVs C D (zd% ¢ A7)

Again (f,) is obviously stronger than (%,). However, the two properties are in fact
equivalent.

OBSERVATION 25. (%) implies (f,).

PROOF. Assume k and X7 = {20 : s € FIN}, j < 3 and i < k, are given as
required. Given j,i and s € FIN, form new sets X7* = {2J:%% : n > max(s)} as follows:

o if X7 is of min-type, then x5 = xj{",iy

e if X7 is not of min-type, then x%’i’s = xié{n}'

Note that, by our definition of canonical enumeration, these are indeed increasing enu-
merations. By (%), for each ng, there is a §,, satisfying the conclusion for the family of
sets X7** where s C ng and i < k. Let 3 be the supremum of the 3,,,, ng € w. We claim
that 3 witnesses (f,). Fix (4% AL, A2%) Aga. It clearly suffices to verify the following:

(*) Vng 3n >ng 3j Vs Cng Vi < k (z35° ¢ AY)

For indeed, (x) easily implies that for some j there is an infinite D C w such that for all
n € D, s C D with max(s) < n, and i < k, 22,%% does not belong to A7. This clearly
implies that for s C D and i < k, 2% does not belong to A7.

To show (x), fix ng. By (%) there are infinite D C w and j < 3 such that for all
i <k, sCmng,and n € D, zJ;%* does not belong to AJ. O

Preservation of (x,) is the main issue of the proof of h; = N;. We start with
preservation in limit steps.

LEMMA 26. (%4) is preserved in limit steps.

Proor. Clearly it suffices to consider limit steps of cofinality w. Assume cf(a) =
w, a is the increasing union of the a,,, and (%) holds for all v < a. We need to show
that (%) holds.

Fix k, and let X7% = {@0? : n € w} be P,-names for subsets of w, j < 3 and i < k.
= VI[Gn] let {p’, : £ € w} be a decreasing
sequence of conditions in the remainder forcing P, o) such that pfn decides the values
of &3 for n < £ and all j and i. Say p’, - 2% = ali, . By (xa, ) we find f,, such that
for all (A%, A, A?) € A%:fm, there are countable Dy, C w and j < 3 with xJ/, ¢ A7 for
alli < k and all n € D,,.

Now step back into the ground model V. By ccc-ness there is a < w; such that
the trivial condition forces that all 3, are smaller than 5. We show that this 5 witnesses
(*a)- To this end fix (A%, A, A?) € Aga in the generic extension V,. By construction

there is some mg such that (A% A', A%) belongs to A;amo. That is, (Ao, 41, Ay) is a

Fix m, and let G,, be P, -generic. In V,

m
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P,,, -name. Next fix p € P, and m; € w. By increasing my, if necessary, we may assume
that m; > mg and p € P,,, . It suffices to show that there are ¢ < p, n > my, and j <3
such that

(+%) qlF @l ¢ A7 for all i < k.

Then a genericity argument will yield (x,) in the extension.

To see (+*) step into V,,, ~such that p € Gy, Let n € Dy, with n>my and j <3
such that 27 , ¢ A7 for all i < k. Thus pJ!, forces @' ¢ A7 for all i < k. In G, there
is p < p deciding n, j and pj, . Then ¢ given by qla,, = p and q[[am,,a) = py,, will
force id' ¢ A for all i < k, as required. O

* Kk x

We next come to preservation of (%, ) under Hechler forcing D. We start with a discussion
of rank arguments for Laver-style forcing notions. Such rank arguments for forcing go
back to [BD] and have been used often since.

Let F be a filter on a countable set € extending the filter of cofinite sets. Laver
forcing Lz with the filter F consists of all trees T C Q<% such that for any node o € T
beyond the stem, the set {a € Q : 0"a € T} belongs to F. Lx is ordered by inclusion.
It is easy to see that Lr is a o-centered forcing notion which adds a dominating real
by = U{stem(T) : T € G} = ({[T] : T € G} € Q¥, where G is the generic filter.
Furthermore, the range of £ is a pseudointersection of the filter F, i.e., ran({x) C* F
for all F' € F.

Let 1 be a sentence of the Lz-forcing language. Say that o € Q<% forces ¢ if
there is T' € Lz with stem o such that T I ¢. Say that o favors ¢ if ¢ does not force
—p. Clearly, any o can force at most one of ¢ and =1 and favors at least one them.
Alternatively, “o favors 1” can be defined using a rank function. Since we shall use rank
arguments later on in various places, it is instructive to explain this rank here. Define
by recursion on a:

rtky (o) = 0 <= o forces ¢
a>0: rky(o)=a<= (tky(o) <a)A{ae€Q: tky(c'a) <a} € FF

where F1 denotes the collection of F-positive sets, that is, F* = {A C Q: VB €
F (ANB #0)}. Say rky (o) = oo if the rank is undefined. Clearly, either rky (o) < wq or
rky (o) = co. Furthermore, an easy argument left to the reader shows that rky (o) < wi
iff o favors .

Now assume k € w and Lr-names X7 = {5 :n € w}, j <3 and i < k, as in (xq)
are given. By thinning out these sets, we may assume, without loss of generality, that
there is a total order R on 3 x k such that

(xx%) (J,))R(j,i) = Vn IFalt < il "

We can also assume that the function n +— @4 dominates the Laver generic real for all
J and 1.
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Fix n € w. Let ¥ be a sentence of the L z-forcing language. For any pair j, 7 define
the rank p;-/jim of the name ;% relative to v by recursion on « as follows.

pgi ,(0) =0<= for some ¢ € w,o favors the statement “¢) A %" = £7

a>0: (0) =a<= —\(pﬁi’n(a) <a)AN{a€eN: p}fi,n(cfa) <aleF*

Pjin

Note that p}%i’n(o) > 0 means that for all ¢ € w, o forces either =) or @)% # (. In
particular, p}gjim(a) > 0 does not imply that o forces —1). Notice that the definition
for @« > 0 is exactly the same as for the general rank above. If ¢ is trivial (i.e., any
tautology), we omit it.

CLAIM 27.  Assume o favors 1. Then p;%jim(cr) <wi.

PROOF.  Assume that p;{”i’n(a) = 00. Then there is T' € L with stem o such that
for all 7 € T extending the stem, p;z)ln(T) = oo0. On the other hand, since o favors 1,
there is 7" < T forcing 1. Now let T < T’ be such that 7" decides the value of &,
and let 7 be the stem of T"”. By construction of T, 7 has rank oo, while by definition of
the rank, 7 has rank 0, a contradiction. O

CLam 28.  If (j',i")R(j,i) then p%, . (o) < p¥,; (o).

PRrROOF. By induction on rank p}b’i’n(a). If this rank is 0, there is ¢ such that o
favors 1 A #:* = . We claim that for some ¢ < /£, o favors 1) A i’%,’i/ = (', thus showing
p}b,’i,m(a) = 0. For if this were not the case, for every ¢ < £, o forces —p \V/ @& % 0.
Hence there is a condition 1" with stem o forcing this. Since o favors ¢ A #2* = £, there
is T’ < T forcing this. Thus 7" must force 7% > £. This contradicts (* * *).

The case rank > 0 is straightforward and left to the reader. O

Let Q = w and let F be the filter of cofinite sets. Define Hechler forcing D to be the
forcing Lr. Notice that this is not the standard definition of Hechler forcing. Our reason
for using L is that this simplifies rank arguments. It is known that D = Lz completely
embeds into standard Hechler forcing, and vice-versa — and, therefore, they have the
same effect in iterated forcing constructions — but they are not forcing equivalent [Pa].

MaIN LEMMA 29. Hechler forcing preserves (x). More explicitly, if cf(a) # wq
and (xo) holds in Vi, then (xqx1) holds in Vayq.

PROOF. Assume k € w and D-names X7 = {i)? : n € w}, j < 3 and i < k, are
given as in the discussion in the paragraphs preceding the main lemma.

Fix n € w. Let I be a (possibly empty) R-initial segment of 3 x k. Let (jo,0)
be the R-minimal element not belonging to I. Let J be a non-empty R-interval with
min J = (jo,ig). Finally, let L = (¢* : (j,4) € I) be a sequence of natural numbers and
let ¢ be the statement “iJ¢ = ¢4 for all (j,4) € I”. Let 0 € w<*. Say that o is n-good
for the triple (I, J, L) if

e o favors 9,
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. p}ei’n(o) =1 for all (j,17) € J,
. p}%wn(a) > 1 for all (j,4) R-larger than maxJ.

Using the previous claim, for such n-good o, we can find an infinite set Vo = {v2:" :
m € w} C w and numbers £:5°" (j,i) € J and m € w, such that for all m,

° p;?jim(aAvf;;”) =0 and, in fact, o"v%" favors “» and @d! = ¢5,57" for (4,4) € J7,

. p}%wn(aw"’") > 1 for all (j,4) R-larger than max J.

m

Note that the function m ~— £2%°™ must be finite-to-one for all (j,i) € J. For otherwise
we would have p}bﬂ-,n(o) = 0, a contradiction. Therefore we may assume that all functions
m > €559 are in fact one-to-one and that the finitely many sets LHHom = {¢i.om
m € w}, (j,i) € J, are listed in increasing enumeration. For (j,i) ¢ J, let LHHom =
{#5:-m :m € w} be arbitrary sets listed in increasing enumeration.

Unfix n. For each n € w, each finite set ¥ C w<% such that all ¢ € ¥ are n-good
for some triple (I, J, L), apply (x4) to the family {L74%" : j < 3,i < k and o € ¥} to
obtain a f, 5 depending on n and X. Let 3 be the supremum of the countably many
Brn.x so obtained. We may assume 3 > f,.

Now let T' € D be arbitrary. Fix ng € w. Also fix (AY, A, A?) € A;a = AEO‘H. To
complete the proof of the main lemma, it clearly suffices to show the following;:

CrAM 30.  For some n > ng, some T’ < T, and some j < 3, T forces id' ¢ AJ
for alli < k.

For then an easy genericity argument yields the conclusion of (xq41)-

PROOF. Let n > ng be such that p;; ,(c) > 1 for any (j,i) € 3 x k where o
is the stem of 7. Such an n must exist because the functions n + #J/* dominate the
generic real. By extending o, if necessary, we may assume, without loss of generality,
that p;;n(0) =1 for the R-minimal (j, 7).

Since for each finite ¥ consisting of n-good 7 we can find j such that the conclusion
of (x4) holds for the L7*™" (i < k and 7 € ¥) and for (AY, A1, A?), the directedness of
the ¥ yields that there is a single jo that works for all 3. Fix such jg.

Recursively build ¢ =09 C oy C -+ Co, allin T, Ip, I1,..., 1,1, and 7%, j < 3
and ¢ < k, such that

e the I, form an interval partition of the total order (3 x k, R),
) gjl)ai ¢ AjO’

e 0, is n-good for (I<y, Iy, L,) where I, := {J,., I; and L, := {£7" : (j,i) € I, };
in particular, o, favors 1., and p;{jZ;(or) = 1 for all (j,4) € I, where ¥, is
“pdt = 030 for all (j,4) € I-,.”.

To carry out the recursive construction, assume o, (as well as all items with lower index)
has been obtained for some 7 > 0 such that p*s" (¢,) = 1 for the R-minimal (j,4) ¢ I,

J,tn

(in particular, I, is a strict R-initial segment of 3 x k). By Claim 28, the (j,4) such that
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p;ﬁf;(ar) =1 form a (non-trivial) R-initial segment I, of (3 x k) \ I,, and p;[jj’;(ar) >1

for all (j,4) beyond this initial segment. By assumption (x,) and choice of jg, we find
m € w such that o, vZ"™ € T and ¢97~" ¢ Ao for all i. Put ¢¢ = (347" for

m
(4,i) € I.. Since p}pf;l( »vZr™) = 0 for all (j,i) € I, o, 0™ in fact favors ¢<,. We
also know that p¢<r( “ugr™) > 1 for all (j,i) ¢ I<,. A fortiori, pff;( gy > 1

for all (j,7) ¢ I<,. In case I<, C 3 x k, we can extend o, v™ to 0,41 € T such that
p;pf;(arﬂ) = 1 for the R-minimal (j,i) ¢ I<,. In case I<, =3 x k, let ¢ =7+ 1 and

Now, o favors “pdit = 9% for all (j,i) € 3 x k” and #70¢ ¢ AJo for all i < k. Hence
we can find 77 < T with stem extending o, such that 7" forces that #70-" ¢ Ao for all
1 < k, as required. O

This completes the proof of the main lemma. U

* k x

To prove the preservation of (%,) under forcing of the type Iy, is harder, and, in fact, we
need a property stronger than (%) to be able to build a stable ordered-union ultrafilter
U preserving (xq):

Vk VD € (FIN)® Voo : FU(D) - w (j < 3and i < k) in V,
of one of the four types min, max, min-max, or one-to-one
JECD3IB <w V(A AL A%) € AS*VE'CEIE"C
Jj < 3Vi <k (FUE")N (¢)71(AT) = 0)

(%)

For technical reasons (see below, Lemma 35 and Main Lemma 36) we stated this principle
for arbitrary k, but it turns out that this is equivalent to the simpler case where k = 1.
We shall use this observation below in the proof of Main Lemma 33.

OBSERVATION 31. (&) is the same if restricted to k = 1.

PROOF. Assume (&) for 1 and let k be arbitrary. Let D and ¢/ be given. Let
{fe: £ € K3} list all functions from 3 to k. Recursively construct sets E, and ordinals 3,
such that

e EyE D, Eppy E Ey, and Bryr1 > S,
e FE; and f3; witness () for the triple of functions /¢, j < 3.

Let 3 = Bys_1 and E = Ejs_;. We shall see that 8 and E witness (&, ) for the given 7.
To this end, let (A°, A, A%) € A;a and E' C E. By repeatedly applying Hindman’s
Theorem we find E” C E’ such that

e cither 35 < 3Vi < k ({¢/(s) : s e FU(E")} N A7 =),
e or Vj < 33i=f(j) {¢(s) : s € FU(E")} C A7).

Letting ¢ be such that f = f,, we see that the second alternative contradicts step ¢ of
the construction. Hence the first alternative must hold and we are done. O
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Also, (&) is clearly stronger than (x,). (This is not really needed in the proof.)
OBSERVATION 32. () implies (xq).

PROOF. Let X7% = {2} :n € w} be given and let »’' : FIN — X% be canonical
bijections. Let B and E be as given by (). Next let (A%, A, A?) € Aga and fix
E" C E and j < 3 such that {¢?(s) : s € FU(E"”)} N A7 =0 for all i < k. Then clearly
D ={n € w: )’ = phi(s) for some s € FU(E")} is as required (note that the definition
of D is independent of the choice of j,1). O

On the other hand, in limit stages of cofinality wy, not only (%4) but even the
stronger (&, ) will hold — and this is the heart of the proof.

MAIN LEMMA 33.  Assume cf(a) = wy and (%) holds for all v < a. Then ()
holds.

ProOOF. By Observation 31, it suffices to consider the case k = 1. Let D € (FIN)“
and ¢/ : FU(D) — w in V,, be given as required. Since cf(a) = wy, there is v < a such
that D and the ¢’ belong to V.

First step. We show that there are 8 < w; and £ C D in V.4, such that the
conclusion of (&) holds for all (A%, A, A%) € Agwﬂ.

For the moment work in the model V,. Say that a set F' C FIN is non-trivial if
there is a non-zero condition in the forcing (FIN)“ below it, that is, if there is F €
(FIN)* such that FU(E) C F. Otherwise F is trivial. For 47 C w (j < 3), consider
Fi = FU(D) N (¢°)71(A%) N ()7 H(AY) N (?)71(A2%). For B < wr, let Eg = {Fj :
A= (A% A' A?) ¢ .A§7 and Fj is non-trivial}. Notice that if A and B are two distinct
elements of Agv, then F'z N F5 is necessarily trivial. Thus the £g are antichains.

Suppose first that there is some 3 such that £z is not a maximal antichain below
FU(D), that is, there is £ T D such that for all A € A;“’, FU(E) N Fj is trivial.
Without loss of generality assume § > ,. Then E € V, is as required. (For suppose
that A € AEVH = Agv and ' C E. Applying Hindman’s Theorem three times we find
E" C E’ such that for all j < 3 either FU(E") C (¢7)71(A7) or FU(E")N(p?)~1(A%) = 0.
By triviality, the first alternative cannot always hold, so there must be j with FU(E") N
(¥?)"1(A7) =0.)

Hence we may assume that all £5 are maximal antichains below FU(D). The follow-
ing argument is reminiscent of the proof of the base-tree lemma [BPS] (see also [Bl2,
Theorem 6.20] or [BDH]). We build an increasing sequence f,, of ordinals, a binary tree
A, = (A%, AL, A2) of conditions in ([w]*)?, and a binary tree of E, C D, o € 2<%, such
that

o A, € A;: where n = |o|,

A, and A, are incompatible extensions of A,

FE, and E,-1 are incompatible extensions of F,,

e FU(E,) C Fy_.
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To see that this can be done, first choose 3y and Ay arbitrary with Fj, € &,. Then find
Ey C D with FU(Ep) C Fy,. Assume 3, and A, E, for o € 2" have been constructed.
Fix 0 € 2". Let ] = ¢/(s) for s € FU(E,). Applying (1,) to the X7 = {a] : s €
FU(E,)} we obtain 8, > f3, such that the conclusion of (t,) holds. Unfixing o, let
Br+1 be the maximum of the §,. Applying (Tv) together with the maximality of the
antichain &g, ,, we see that there must be two distinct Ao and A, € A;:H such that
FU(E;) N Fg ., and FU(E,) N Fg_., are both non-trivial. Hence we can find E,~ with
FU(Ey) CFU(E;) N Fy4_ ., as required.

Let 8 be the supremum of the 3,. For f € 2%, choose Ey C* Efyy, for all n. Again
by maximality, there must be A; € AEV such that FU(Ey) N Fy, is non-trivial. Note
that for such Ay we necessarily must have Aj c* Aj . for all n. (We know that Ay
refines a member A,, of .A<7 If A, were dlstlnct from Af in, then FU(Ey,) N Fy , and
thus FU(Ey) N Fy,, would be trivial, a contradiction.)

Now step into V,41. Without loss of generality assume 8 > 3,. So .A
Let f €29 N (Vy41 \ V4) (note that each stage of the forcing adds a new real so clearly
there is such an f). Consider Ey. Suppose that FU(Ey) N Fyg, is non-trivial for some

<y+1 _ AS’Y
= Az

As € Ag’”l. By the discussion in the preceding paragraph, we see that Aﬁc c* Ajfm
for all n. This means, however, that from Ay we can reconstruct the function f. This
contradicts the fact that Ay € V, and f ¢ V,. Thus FU(E;) N Fy is trivial for all
Ae AE“’H and F = Ey € V4 is as required, by the same argument as above (in the
case one of the £3 is not a maximal antichain).

Second step. We show by induction on § with 7 < § < « that the conclusion of
(&%) holds for all (A%, AL, A?) € AE‘S, for the 8 and F obtained in the first step.

The case § = v+ 1 is the first step. The limit step is trivial. So assume this has
been proved for §, and we show it for § + 1. Let (A%, A, A?) € Agéﬂ \Agd. Assume
AJ ={al : n € w} are their respective increasing enumerations. We use condition (f).

Assume first two of the three functions ¢’ are of min-type, say ¢° and ¢'. Note
that the functions f7 : k +— min{s : ¢’(s) = k}, j = 0,1, are partial one-to-one functions
from V, C Vs. In particular, we have fJ,(f7)~! <* d = ds (on the respective domains
of the functions). Let ng be large enough so that for all n > ng we have f7(aj) < d(a,)
and af, = (f9)71(f7(al)) < d(f%(a})), j = 0,1. Then we see that

Foay) < dlap) < fH(ap) < d(ay) < f(an,1)

where the second inequality follows from d(d(al)) < al for fl(a}) < d(al) would yield
al < d(f(al)) < d(d(al)), a contradiction to (f). Similarly for the forth inequality.
Hence, (¢°)71(A4%) and (¢!)~!(A') have only finitely many mins in common. Thus
clearly FU(E) N (¢%)71(A%) N (p!)~1(A?) is trivial.

Similarly, if two of the functions are not of min-type, say again, ©° and @', then
we see that (p°)71(A%) and (¢!)~!(A!) only have finitely many maxs in common, and
we conclude as before. The only slight complication is that this time the functions
f7 ik w max{s : ¢’(s) = k} are only finite-to-one and not necessarily one-to-one. We
leave details to the reader. This ends the proof of the main lemma. O
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Note that the second step of this argument is the only place in the proof of Theorem 1
where we use that we work with triples (A°, A', A%).

* kK
Now consider the following property of ultrafilters &4 on FIN in V:

Vk VD € (FIN)® with FU(D) € U V7 : FU(D) — w (j < 3 and i < k)
in V,, of one of the four types min, max, min-max, or one-to-one

3B < wi V(A®, A', A%) € A5* 3E C D with FU(E) e U
Jj < 3Vi <k (FUE)N (¢4 ~1(AT) =)

(W)

Again this is equivalent to the special case k = 1, but we will not need this.

OBSERVATION 34. If U is an ordered-union ultrafilter, then (My) is the same if
restricted to k = 1.

Proor. Like the proof of Observation 31. O

LEMMA 35.  Assume cf(a) = wy and (&) holds. Then, in V,, there is a stable
ordered-union ultrafilter U, satisfying (M) and diagonalizing the witness handed down
by OS% at stage .

The latter means that if the a-th object of the diamond sequence is a P,-name which
interprets as a family {Dgs : 8 < w1} where each Dg is an open dense set in (FIN)“, then,
for all B, there is D € Dy such that FU(D) € U,. This implies that Ly, will generically
add an E € (FIN)“ belonging to all Dg so that {Ds : § < w1} cannot be extended to a
witness for hpiy = N in the final model, as required.

Proor. Work in V,,. Note that CH still holds. {Fs : § < wy} lists [FIN]“, that
is, the infinite subsets of FIN. Also let {{}":j <3 and i < ks} : § < w;} list all finite
sequences of functions from FIN to w. Recursively construct Es € (FIN)“ (the infinite
block sequences) and ordinals 85 < wy, § < wy, such that

(i) the sequence Ej is C*-decreasing,

)
(ii) FU(E541) € F5 or FU(E541) Cw \ Fy,
(iii) Fs41 € Ds (see the paragraph preceding the proof),
)

(iv) if all Lp(;’ [FU(D) are one of the four types, for some D C Ej, then Esiq T D and
Bs+1 satisfy the conclusion of ().

Item (i) is taken care of in limit steps, items (ii) through (iv) in successor steps. To
get (ii) use Hindman’s Theorem. The other conditions can be easily guaranteed using
the assumptions. (i) and (ii) imply that the decreasing chain of the FU(Ejs) generates a
stable ordered-union ultrafilter U,. We are left with showing (#,,).

Let k, D, and @7, j < 3 and i < k, be given as required. Let § be such that k = ks
and <pj’i = gpg’i. We may assume D extends Fs. Hence Fsy1 and f541 were constructed
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so as to satisfy (). Now take (A% Al A2) € .A%;‘rl. Since U, is an ordered-union
ultrafilter, there is E C Ejsy; with FU(E) € U, such that for all j and 4,

e cither FU(E) N (5" ~1 (A7) = 0,
e or FU(E) C () ~1(A7).

If for all j there were i with FU(E) C (¢7%)~1(A%), this would clearly contradict the
conclusion of (&, ). Hence the conclusion of (#,,) holds. O

MAIN LEMMA 36. Assume the stable ordered-union ultrafilter U, satisfies (M,).
Then the forcing Ly, preserves (xq). In particular, if cf(a) = wy and (&) holds in V,,
then (xq+1) holds in V1.

PROOF. This proof is very similar to the proof of Main Lemma 29. Since the filter
is an ultrafilter this time, “forces” and “favors” mean the same, and we do not need the
relativized ranks. We do need, however, the relation R and the ranks p;; , as discussed
in the paragraphs preceding Main Lemma 29.

Assume k € w and Ly, -names X7 = {4 : n € w}, j < 3 and i < k, are given. Fix
n for the moment. As in the proof of Main Lemma 29, let J be a non-empty R-interval.
Say that o € (FIN)<¥ is n-good for J if

o pjin(0) =0 for all (j,i) R-smaller than min J,
e pjin(o)=1forall (j,i) € J,
® pjin(o) > 1 for all (j,i) R-larger than max J.

Using the definition of the rank, we can find a set E € (FIN)“ such that FU(E) € U,
and functions ¢7%" : FU(E) — w, (j,i) € J, such that for all e € FU(E),

e pjin(c’e) =0 and, in fact, o”e forces %" = 47" (e) for (j,1) € J,
o pjin(c’e) > 1 for all (j,i) R-larger than maxJ.

Since U, is a stable ordered-union ultrafilter and thus satisfies Taylor’s Theorem by [BI1,
Theorem 4.2], we may assume that all the functions @74 (j,i) € J, are of one of the
five canonical types. Furthermore, no such function can be of constant type, because
@491 heing constant would imply pjin(0) = 0, contradicting the assumption. Hence
they are of one of the other four types. For (j,i) ¢ J, let ©?°" : FU(E) — w be an
arbitrary function of one of the four types.

Unfix n. For each n € w, each finite set 3 C (FIN)<% such that all ¢ € ¥ are n-good
for some .J, apply (#,) to the family {¢?%7" : j < 3,i < k and 0 € ¥} to obtain 3, %
depending on n and ¥ and satisfying the conclusion of (#,). Let 5 be the supremum of
the Bn,E'

Now let T’ € Iy, be arbitrary. Fix ng € w. Also fix (A%, A, A?) € A;a = A;aﬂ.
Again, a standard genericity argument shows that it suffices to prove the following:

CLAIM 37.  For some n > ng, some T" < T, and some j < 3, T' I #J% ¢ AJ for
all i < k.
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ProOOF. The proof is similar to the proof of Claim 30. Let n > ng be such that
pjin(0) > 1 for any (j,4) € 3 x k where o is the stem of T. Again assume that
pjin(0) =1 for the R-minimal (j,1).

Now, for each finite 3 consisting of n-good 7, we can find j = jy and Fxy C D with
FU(Ex) € U, such that the conclusion of (#,) holds for the ¢/*™" i < k and 7 € X,
and (A° A', A%). The directedness of the X yields that a single jo works for all ¥. Fix
such jg.

Recursively build ¢ = 09 C 04 C -+ C o4 all in T, an interval partition
Io, Ih,...,Iy—1 of (3 x k, R), and numbers #*, j < 3 and i < k, such that

e (Jost ¢ Ajo’
e 0, is n-good for I,; in particular, p;;.(0.) =1 for all (j,4) € I,
o o, forces i) = ¢ for all (j,i) € I« := U, It

To do the recursion, assume o, has been obtained for some r > 0 such that p;; ,(0,) =1
for the R-minimal (j,¢) ¢ I, (in particular, I, is a proper R-initial segment of 3 x k).
By Claim 28, the (j,¢) with p;;,(0,) =1 form an R-initial segment I, of (3 x k) \ I,.
By assumption (#,) and choice of jp, we find e € FIN such that o,"e € T, o"e forces
@t = b (e) for all (j,i) € I, ¢7o"7m"(e) ¢ AT for all i, and p;; (0, €) > 1 for all
(4,3) ¢ I<,. Put £9" = phhorn(e) for (j,4) € I,. In case I<, is a proper subset of 3 x k,
we can extend o,"e to 0,41 € T such that p;; ,(0,41) = 1 for the R-minimal (j,4) ¢ I<,.
IflI<,=3xk, let¢g=r+1and o, =0,"e.

Now, o, forces “iJ% = ¢/ for all (j,4i) € 3 x k” and /0" ¢ A% for all i < k. Hence
we can find 77 < T with stem o, forcing 270" ¢ A% for all i < k, as required. O

This completes the proof of the main lemma. O

This also completes the proof of Theorem 1.

5. Proof of Theorem 2.

The proof of Theorem 2 is very similar to the proof of Theorem 1. Therefore, we
will confine ourselves to stressing the main combinatorial differences and leave the proofs
of a number of facts to the reader.

Before starting, however, it is instructive to review what we did in the proof of
Theorem 1. We used < sz and a Laver-style forcing in limit steps of cofinality w; to get
brin = No — and that was the easy part. We also built up a family of ¥; many maximal

3 as a witness for h3 = Ry along the iteration. For preserving this

antichains in ([w]*)
family we introduced property (x,) which was only slightly stronger than the obviously
needed property. Preservation of (%,) in limit steps and successor steps « + 1 with
cf(a) # w1 — the places where we used Hechler forcing — were straightforward albeit
technical. Then main problem was the preservation of (%) in successor steps « + 1 with
cf(a) = wy; — and for this we needed that the ultrafilter U, of the Laver forcing Ly,
satisfied property (#,,). To be able to build U, with (M), property (&) was necessary,

and the heart of the whole argument was to prove (&) for a with cf(a) = wq, just
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assuming (%) — more explicitly, its equivalent reformulation (f.,) — for v < a. This
central argument was based on a canonization theorem, Taylor’s Theorem.

For the proof of CON(h,, > hpin for all n), we shall again need a canonization
result, the Erdés—Rado Theorem [To, Theorem 1.8] which is a direct consequence of
Ramsey’s Theorem. Fix ¢ € w. Let A = (47 : j < /) be infinite subsets of w. By
A we denote the set of all strictly increasing sequences in the product of the A7, i.e.,
A={a=(ad:j<l)e [[,c¢47 : @/ <a*! forall j < £—1}. If all A7 are equal to
w, write @ — or &’ if we want to stress the number of coordinates — for A. We say that
B < Aif B C A7 for all j < ¢. Similarly, we define <*: B <* Aif B C* AJ for all
g <X

ERDOS-RADO THEOREM. For every A = (A7 : j < () € ([w]*)* and every function
f: A= w, there are B < A and T C { such that f|B depends exactly on the coordinates
in T, that is, for all a,b € B,

fla)=f(b) <= VjeT (a =)

Assume again CH and s2- We make a finite support iteration (P, Qun:a< w2)
such that

(A if cf(o) = wy, then Q, is Laver forcing Ly, where U, is an Erdés-Rado ultrafilter
on w'e with ¢, being a natural number handed down by the diamond sequence,

(B') if cf(r) = wy, then Q, is Hechler forcing D.

(Here an ultrafilter is Erdds-Rado if canonical sets in the sense of the Erdés—Rado The-
orem can be found in the ultrafilter; see after Main Lemma 42 for details.) b, = Ng for
all £ will again follow as in the proof of Theorem 1, and the main point is the argument
for hriv = Ny. Construct families {Dg : 8 < wy} such that

(a') the D are M ADpin-families,
(b") B < p' implies that Dg refines Dg.

Again we have Dﬁga =DsNV, €V,, and a book-keeping argument gives a = ag g for
E € (FIN)¥ and 8 < w; with E € V,, such that the function F, 3 — « is one-to-one and
onto ordinals of cofinality < w;. For o with cf(a) # w1, denote by E, and S, the unique
E and f§ with a = ag g. Again we stipulate

(c) Dﬁga =U, < D§7 for limit «, and D§a+1 = Dﬁga if cf(a) = wy or B > Ba,

(d) if B < B4 and if ’DEO‘ is not predense below E,, then there is D C* E,, belonging
to D5\ D57,

(¢/) for all @ and for 8 < 3’ < wy, DE,O‘ refines 'DEO‘,
(f') whenever 8 < 8, and D € DE‘XH \DE‘X, D = (d,, : n € w), then

d(min(d,)) < max(d,) and d(max(d,)) < min(dy,+1)
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for all n, where d = d,, is the dominating real over V,, added by Q.

It is easy to see that this can be done. See the discussion in Observation 23 and Corol-
lary 24.

* Kk Kk

To see that {Dg : f < w1} witnesses hpin = Ny, by (f) it suffices to show by induction
on a < ws that

(##a) VE € (FIN)* NV, 3B <wi VD € D5 (E Z* D)
We shall preserve the following slightly stronger property:

(54 Vk Venumerations E° = {e! :n € w} € [FIN]* NV, (i < k)
“ 38 <wi YD € D5 I®n Vi < k (¢}, ¢ FU(D))

Clearly (%%, ) strengthens (#%,). Note that we allow the E* to be arbitrary infinite subsets
of FIN and not just block sequences. This is important for preservation purposes. Say
that £ = {ez : @ € &} C FIN is listed in canonical enumeration if the listing is one of
the non-constant canonical types given by the Erdés—Rado Theorem. Now consider:

VEVEVE! = {el :a €&’} € [FIN® NV, (i <k)
(11,) { listed in canonical enumeration 38 < wy VD € Dﬂga
IR < &' Va e RVi <k (e} ¢ FU(D))

OBSERVATION 38.  (xx,) and (11,) are equivalent.

Proor. This is similar to the proof of Observation 25. However, since the combi-
natorial structure is different, we include the argument.

Assume ¢, k, and E* = {el : a € &*}, i < k, are given as required. Since all listings
E’ are of non-constant canonical type, for each i < k there is T* C ¢, T* # (), such that
for all @,b € &,

et =et <= VjeT (a/ =V)

). For j < ¢, i < k such that j° = j, and ¢ € &7, define the sets
> maxc} where e,¢ = el with alj = ¢ and ¢/ = n. Note that for

i i J—pi
ez =¢cp=a =0

so that e%° is welldefined and E%¢ is an enumeration of an infinite subset of FIN.

By (%*q), for each m € w, there is a f3,,, satisfying the conclusion for the family of
sets B¢ where max¢é < m and i < k. Let 3 be the supremum of the 3,,, m € w. We
claim that 8 witnesses ({t,). To see this, fix D € Dﬁsa. It is easy to see that

(x%) V4 ¥Ym 3°n > m Vi with j' = j Ve € &’ with maxé < m (e}° ¢ FU(D))
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In fact, this is a straightforward consequence of the conclusion of (xx,) and the choice

of 3.

(x*), however, allows us to build infinite sets R C w, j < ¢, such that for all i with
ji=j, all ¢ € R|j, and all n € RY with n > maxg¢, eh¢ ¢ FU(D). This means that for
a € Rand i <k, e& does not belong to FU(D). O

LEMMA 39. (%*) is preserved in limit steps of finite support iterations.

PRrROOF. Like the proof of Lemma 26. U

LEMMA 40. (%% is preserved by Hechler forcing.

PRrROOF. Like the proof of Main Lemma 29, but simpler because we only have one
set E' for each i and not three sets X7, j < 3. O

To prove the preservation of (xx,) under forcing of type Ly, we need again a stronger
property:

VOVEVYA = (A°,.. . AN Vi A S FIN (i < k) in Vg,
of non-constant canonical type

3B <A3B<w VD eD;*VE' < B3B" < B

Vi < k (B" N (fH)"Y(FU(D)) = 0)

(doh.)

OBSERVATION 41. (&) is the same if restricted to k = 1.
Proor. Like the proof of Observation 31 but easier. O
Again, it is easy to see that (dee,) implies (xx,) (cf. Observation 32).

MAIN LEMMA 42, Assume cf(a) = wy and (xxy) holds for all v < a. Then (dodbs)
holds.

PrROOF. The proof proceeds like the proof of Main Lemma 33, in two steps. The
first step is similar, and we shall confine ourselves to only sketching the argument, while
the second step involves the combinatorics of the Erdés—-Rado Theorem and will be
presented in detail.

By Observation 41, it suffices to consider the case £ = 1. Let / € w, A =
(A ... A1) and f: A = FIN in V, be given. Let v < « be such that A fe V.

First step. Show that there are § < w; and B<Ain V., +1 satisfying the conclusion
of () for all D € Dﬂgwrl.

Work in V. Say C' C A is non-trivial if there is B C C. For D € (FIN)“, consider
Cp = An f~YFU(D)). For 8 < wy, let Cs = {Cp : D € D§7 and Cp is non-trivial}.
Note that if D and E are two distinct elements of DEW, then Cp N Cg is trivial (this is
so because, if D and E are incompatible, then FU(D) NFU(E) is finite; since f is not a
constant function, it is one-to-one in at least one coordinate, and then C'p N Cg is finite
in this coordinate).
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If, for some 8 > 8, Cs is not maximal below A’, then we find B < A4 in V., incom-
patible with everything from Cg, and this Bis easily seen to be as required.

If, for all 8, Cg is maximal below /f, we build a tree as in the proof of Main Lemma 33,
using the assumption (t,) which is equivalent to (xx,) by Observation 38, and argue
that a new branch from V, 1, \ V, gives us B < A incompatible with everything from Cg
for some 3 > f3,. Again, this B is as required.

Second step. Show by induction on § with v < § < « that the conclusion of (deéh,, )
holds for all D € D;é, for the 8 and B obtained in the first part.

The case § = v+ 1 was done above, and the limit step is trivial. So assume this is
true for §, and we shall show this for 6 + 1. Let D = (d,, : n € w) € Dgéﬂ \D;‘S.

Recall that T' C 7 is the set of coordinates on which the function f depends, that
is, for all @,b € B, f(a) = f(b) iff @ =V for all j € T. Since f is of non-constant
type, T # (). Since it suffices to show that for all B’ < B there is B” < B’ such that
B'nf “L(FU(D)) is trivial, we may assume that B has further canonization properties.
So suppose that B is canonical with respect to the function min f, that is, there is a set
Tmin C T such that for all @,b € B, min(f(a)) = min(f()) iff a? = b7 for all j € Tynin.
Put jo := maxT.

Case 1. jo € Tmin- Let {bJ° : n € w} be the increasing enumeration of B%. Since f
does not depend on coordinates beyond jg, for each n there are only finitely many values
f(@n) where @, € B is arbitrary with afo = b/, Also, min{min(f(a,)) : @, € B and
al® = bl°} goes to oo as n — oo. Since d = dj is dominating over Vs, we conclude that,
for almost all n, the following holds: for all @, € B with af® = bi, d(min(f(a,))) >
max(f(a,)). For such @, f(@,) cannot belong to FU(D), for if some d,,, was an initial
segment of f(a,), then by (f')

max(dy,) > d(min(d,,)) = d(min(f(a@y,))) > max(f(ay))

a contradiction. Hence B N f~1(FU(D)) is trivial.

Case 2. jo & Twmin. Fix strictly increasing & € BY for j € T \ {jo}. Let b=
(7 :j € T\ {jo}). Let a, = a;,, € B be arbitrary with a}, = b/ for j € T\ {jo} and
alo = blo. Note that f(a,) then depends only on af® = b/o. Think of f(a,) € FIN as
an element of the Cantor space 2¢. By thinning out the set B’°, if necessary, we may
assume that there is a real x = 3 € 2% such that the sequence f(a,), n € w, converges
to x. Again, identify x with a subset of w. (Note that z is non-empty because jo & Tiin
means that n — min(f(a,)) is constant and therefore min(f(a,)) € z.) Unfixing the b’
we may assume that for each b, the sequence f (@), n € w, converges to x3. To see that
BN f~Y(FU(D)) is trivial, it suffices to show that for all b, for almost all n, f(ag,,) does
not belong to FU(D). Fix b. We consider two cases.

Case 2a. x = wy is finite. Note that for large enough n, f(a;,,) € FU(D) is equivalent
to f(ag,,) \ x5 € FU(D). Also, for large enough n, d(min(f(as,,) \ 75)) > max(f(az,,))
holds because d is a dominating real. Thus, as in Case 1, if d,,, was an initial segment of
f(@g,,) \ x5, then by (f)

max(dy,) > d(min(dy,)) = d(min(f(az,) \ 3)) > max(f(ag,,))
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a contradiction. Hence f(a;,,) does not belong to FU(D) for almost all n, as required.

Case 2b. x = «j is infinite. Say = {y,, : p € w} is its increasing enumeration. Note
that each y, must belong to almost all f(ag,,). Also, for large enough p, d(y,) > yps1
because d is a dominating real. Thus, for large enough n, if f(aj ,,) belonged to FU(D), we
would have that for some p and m, y, = max(dm), Yp, Yp+1 € f(@p,,), and d(yp) > Ypy1-
However, by (f'),

min(dp41) > d(max(dm)) = dyp) > g1
then contradicts f(a;,,) € FU(D), a contradiction. O
* %k

To be able to complete the proof of Theorem 2, we introduce the ultrafilters which we
use for the Laver forcing in limit steps of uncountable cofinality, and discuss their basic
properties.

Fix ¢ € w, £ > 1. An ultrafilter # on w’ is Erdés—Rado if for all A = (A7 : j <
0) € (w]*)’ with A € Y and all f : A — w, there is B < A such that B € U and f|B
is canonical (in the sense of the Erdds-Rado Theorem). We collect a couple of basic
properties of such ultrafilters.

OBSERVATION 43.  Assume U is an Erdds—Rado ultrafilter on wl, 0 >1. Then:
(i) U has a basis of sets of the form A.
(ii) If A, € u, fan <* A, for all n, then there is B e U with B <* A, for all n.

(iii) The projection of U on the j-th coordinate, U = {X Cw:{a€w’:a/ € X} €U},
j <, is a Ramsey ultrafilter on w.

Furthermore, for £ =1, U is Erdds-Rado iff U is Ramsey.

PrOOF. (i) Assume X C w’, X € U. Define f : & — 2 by

{0 ifagx
f(a)_{1 ifae X

Let A € U be such that f[/Y is canonical. Since f is two-valued, f[/Y must be constant.
Since AN X # (), the constant value must be 1, and A C X follows.

(ii) Let /_l’n € U be given as required. For simplicity assume /Tn+1 < /_fn and
ﬂn/Yn = (). Define f: Ay — w by

f(@ =min{n:a¢ A1}

Assume B € U canonizes f. We must show B <* /_fn for all n. Suppose this was false,
let 7 be minimal such that B £* A, and let j be such that B/ ¢* A/ . Since A, 11
and B both belong to U and U is Erdés-Rado, (B7 N A3)\ A7, and B/ N A7 | are both

infinite. This means we can find distinct ig, i1 € (B N A%)\ A7, is € B/ N AiLH, and
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ay € BN A, such that a} = iy and ag,a; given by ao[¢\ {5} = a1 [0\ {j} = a2 10\ {j},
al =i, and @) = i; also belong to B. But then f(az) > n while f(ao) = f(a1) = n,
contradicting the assumption that f is canonical on B. Hence B is as required.

(iii) Given f : w — w, let g : w’ — w be defined by g(a) = f(a?). Let A € U be
canonical for g. Then f is either constant or one-to-one on A7 € U’. Hence U’ is a
Ramsey ultrafilter.

The final statement is immediate from (iii) and the definition of Ramseyness. [

Now consider the following property of ultrafilters & on w in V,,:

Vk VA = (A% ..., A1) with Ae U Vfi: A — FIN (i < k) in V,
of non-constant canonical type

3B < w1 VD € D5* 3B < A with B e U

Vi < k (BN (fH)~L(FU(D)) = 0)

(AA.)

LEMMA 44. Assume cf(a) = wy and (dédy,) holds. Then, inV,, there is an Erdds—
Rado ultrafilter Uy, satisfying (MM) such that U, diagonalizes the witness for by handed
down at stage o where £ = {,,.

Again, the last part of this statement means that if the a-th object of the OS%—
sequence is a P,-name which interprets as a family {Ag : 8 < w1} where each Ag is an
open dense set in ([w]*)* with £ = ¢, then for all 3 < w; there is A = (A%,... A1) ¢
Ap such that A e U,. This entails that Ly, adds a set C' C w’ such that, letting
BJ ={b:3c € C (¢ =b)}, astandard genericity argument shows that all B’ are infinite
and that B = (B°,..., B*~!) belongs to all Ag so that {Az : 8 < w1} cannot be an
initial segment of a witness for hy = Ny in the final model.

ProOOF. This is a standard recursive construction, like the construction of the
ultrafilter in Lemma 35. We leave the details to the reader. O

LEMMA 45.  Assume the Erdds-Rado ultrafilter U, satisfies (WM,). Then the forc-
ing Ly, preserves (x%o). In particular, if cf(a) = wi and () holds in V,, then
(kkaq+1) holds in V.

PrROOF. This is similar to, but easier than, the proof of Main Lemma 36. O

This completes our outline of the proof of Theorem 2.
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