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Improvement in cloaking performance by the design of distributions of the constitutive parameters is investigated. 
The distributions are changed by employing the Navier’s equation with various distributions of Young’s modulus as 
the partial differential equation for the solution of the Jacobian transformation matrix used in transformation 
optics. The cloaking performance is evaluated by Hamiltonian-based ray tracing. The numerical results show the 
proposed design method can improve the cloaking performance. The design method can contribute to realizing 
large-scale cloaking devices by taking account of the finite resolution of the manufacture.  
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1. Introduction 
Cloaking phenomena [1-4] are considered to be potential for 

industrial applications such as transparent pillars of automobile bodies 
[5-7], transparent surgery-supporting robots [8] and highly efficient 
solar cells [9], thanks to the theoretical works of transformation optics 
[1, 2].  The pillar application is expected to reduce a dead zone in the 
view field of a driver, which can lead to the decline of the number of car 
accidents, and the transparent surgery-supporting robots can improve 
the usability of the operator. In addition, based on force-loaded 
transformation optics, force-induced transformational devices, such as 
an optical escalator, have been proposed [10]. 

For industrial applications, there are many issues to be solved. One 
of the issues is to design cloaking devices of a large size. For this 
purpose, the design and evaluation of cloaking devices are required. It 
has recently been possible to evaluate the performance of cloaking 
devices at optical frequencies by using Hamiltonian-based ray tracing 
[11–25]. The Hamiltonian-based ray tracing has been extended to 
arbitrary coordinate systems and curved spaces [26]. Besides cloaking 
devices, an Eaton lens [26] and a graded negative-index metamaterial 
magnifier [27] have been investigated by this method.  Recently, a 
method called “force tracing” to trace the optical force has been 
proposed based on the Hamiltonian-based ray tracing [28].  

In order to deal with cloaking devices with arbitrary shapes by the 
Hamiltonian-based ray tracing, two technical issues have to be solved. 
The first issue is how to represent the surface of a cloaking device. In 

Ref. 29, in order to represent the surface, the Hamiltonian-based ray-
tracing method adapting a surface-mesh representation, where the 
surfaces of arbitrary shapes are modeled by mesh structure, has been 
proposed. 

The other issue is how to design the constitutive parameters of 
cloaking devices with arbitrary shapes. This issue can be solved by the 
numerical method for the calculation of the constitutive parameters 
based on the finite element method (FEM) proposed in Ref. 30.  In our 
previous work [31], we have proposed the Hamiltonian ray tracing 
adapting a full-mesh representation, where both the surface and the 
inside of a cloaking device are modeled by mesh structure in order to 
implement the numerical method for the calculation of the constitutive 
parameters.  

From the analysis of cloaking devices by using our Hamiltonian ray 
tracing, the following problem for the design of cloaking devices has 
been revealed.  A coarse full-mesh resolution causes the deterioration 
of cloaking performance, especially for the ray passing near the inner 
boundary. This deterioration is considered to be due to the abrupt 
changes of the relative permittivity and permeability near the inner 
boundary, which cannot be modelled at the coarse full-mesh resolution 
accurately. This problem will become very serious when cloaking 
devices are manufactured because current processing technologies 
can realize the distributions of constituent parameters not rigorously 
but with the finite resolution. The resolution depends on the 
processing method. If a processing method with a coarse resolution 
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can only be utilized for the manufacture of a cloaking device, the 
cloaking device will yield the deterioration of the cloaking performance. 
Therefore, the further designing method is required to improve the 
performance of cloaking devices fabricated at a coarse full-mesh 
resolution. 

On the other hand, the distributions of the constituent parameters 
can be varied by changing the partial differential equation used in the 
numerical method for the calculation of the constitutive parameters 
based on the FEM [15]. 

In this paper, we propose a method to improve the performance of 
cloaking devices by designing the distributions of constitutive 
parameters. The distributions of the constituent parameters are varied 
by employing the Navier’s equation with various distributions of 
Young’s modulus as the partial differential equation used in the 
numerical method for the calculation of the constitutive parameters 
based on the FEM. The performance of a cylindrical cloaking device 
whose constitutive parameters were designed by this method is 
evaluated by the Hamiltonian ray tracing. 

The rest of the paper is organized as follows. In CHAPTER 2, we 
describe the numerical method of the constitutive parameters of 
cloaking devices. In CHAPTER 3, we present the distributions of   ε and 
µ for various distributions of Young’s modulus and the performance of 
the cylindrical cloaking device. In CHAPTER 4, we discuss the effects of 
Young’s modulus on the distributions of ε and µ and on the 
performance. Furthermore, we give a guideline for the numerical 
design of the constitutive parameters with the numerical result of a 
cloaking device with a totally arbitrary shape. 

2. Calculation of Relative Permittivity Tensor and 
Permeability Tensor by Employing the Navier’s 
Equation Method 

The Hamiltonian-based ray tracing method and the evaluation 
method of the performance of cloaking devices are described in Ref. 31. 
Here, we present a proposed designing method of the relative 
permittivity and permeability by employing the Navier’s equation to 
improve the cloaking performance. As described in Ref. 30, the relative 
permittivity tensor ε and relative permeability tensor µ for cloaking 
devices with arbitrary shapes can be calculated by using the numerical 
method with the FEM-based solution of the Laplace’s equation.  

Besides the Laplace’s equation, other partial differential equations 
can be employed to calculate the displacement field and the 
deformation gradient tensor [15], resulting in the different 
distributions of ε and µ. In this work, the Navier’s equation, 
corresponding to the linear theory of elastic deformation of solids, is 
used to change the distributions of ε and µ. The Navier’s equation is 
expressed as 

,τ 0=⋅−∇                                      (1) 

where τ is the stress tensor given by 
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where Y is the Young’s modulus,  κ the Poisson’s ratio, I the identify 
matrix, tr(•) the trace function, and ζ the strain tensor given by 
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where U is the displacement field. 
From Eqs. (1)-(3), the displacement field and the deformation 

gradient tensor can be changed by adjusting the distribution of Young’s 
modulus, leading to various distributions of ε and µ. The solutions of 

the Laplace’s equation and the Navier’s equation are achieved based on 
the Finite Element Method (FEM) by employing the open source 
software, Elmer from CSC [32]. 

Since the FEM-based solution for ε and µ are discretized in 
triangular mesh structure inside of a cloaking device, interpolation of ε 
and µ is necessary for the Hamiltonian-based ray tracing. In this paper, 
ε and µ are expressed as the linear functions of the components of a 
position vector inside each element used for the FEM-based solution of 
the Laplace’s equation or the Navier’s equation. 

3. Numerical Results 

3.1. Distributions of ε and µ for Various Distributions of Young’s 
Modulus 

The distributions of ε and µ for the cylindrical cloaking device with 
the inner radius of 10mm and the outer radius of 30mm are obtained 
by the numerical method based on the FEM by employing the Navier’s 
equation with various distributions of Young’s modulus. We employ 
five full-mesh resolutions of 2.5, 1.0, 0.5, 0.25, and 0.10 mm. Here, a 
relative mesh resolution is defined as the ratio of a mesh size and a 
representative length of the cloaking device so that it can be universally 
applied to any other structure. As the representative length, the size of 
the cloaking device is adapted. The size corresponds to 60mm, the 
diameter of the inner cylinder of the cylindrical cloaking device. 
Therefore the relative mesh resolutions for 2.5, 1.0, 0.5, 0.25, and 0.10 
mm correspond to 4.17e-02, 1.67e-02, 8.33e-03, 4.17e-03, and 1.67e-
03. Hereafter, we investigate the numerical results based on the 
relative mesh resolution. 
The value of the Young’s modulus (Y) depends on the distance 
between the position and the center of the cylinder represented by d. 
In this study, the following seven distributions are considered: (i) Y = d-

5, (ii) Y = d-3, (iii) Y = d-1, (vi) Y = d0, (v) Y = d1, (vi) Y = d3, and (vii) Y= d5. 
Shown in Fig. 1 are the seven distributions of Young’s modulus. As a 
reference, the distributions of ε and µ for the cylindrical cloaking device 
are also calculated for the Laplace’s equation. Here, since we assume 
that the cloaking media are impedance-matched with the surrounding 
medium, ε is equal to µ.  Hence, we show only the calculation result of ε 
hereafter. 

 

Fig. 1. The various distributions of Young’s modulus. 

The calculated distributions of the three principal permittivity, εr, εφ, 
and εz for the Laplace’s equation at the relative full-mesh resolution of 
1.67e-03 are depicted in Fig. 2. The principal axes for εr, εφ, and εz are 
the radial axis, the azimuthal axis, and the z axis. From Fig. 2, each 
distribution is found to have the axial symmetry.  This is the case for 
the Navier’s equation with various distributions of Y.  

Shown in Fig. 3 are the profiles of εr, εφ, and εz along the radial axis at 
the relative full-mesh resolution of 1.67e-03.  In addition, the profiles of 



εφ near the inner boundary and the outer boundary are extended in Fig. 
4. We can notice common features for the different distributions of Y in 
each of the three principle permittivity as follows. εφ is found to 
increase drastically near the inner boundary, while εr and εz approach 
0.0, which means superluminal propagation. These features are 
required to realize invisibility cloaking.  

In general, the three principle permittivity of the cylindrical cloaking 
device with the inner radius of a and the outer radius of b can be 
expressed by considering the space transformation from (r, φ, z) to (r’, 
φ’, z’) as [1] 
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where f is the derivative of r’ with respect of r expressed as  
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Equations (4a)-(4c) can explain the features described above as 
follows, 

000 →∞→→⇒→→′ zrrar εεε φ ,,, ,      (6) 

In contrast, the variation of distribution of Y can result in the 
following differences in the profiles. The increase rate of εr and the 
decrease rate of εφ with the increase of d can be changed. The increase 
rate of εr becomes larger with changing from Y=d-5 to Y=d5, leading to 
the increase of the value of εr at the outer boundary in the same order. 
On the other hand, the decrease rate of εφ decreases in the same order, 
resulting in the decrease of the value of εφ at the outer boundary in the 
same order.  We can notice that the profiles of εz  have a turning point 
around d=22mm. The increase rate of εz increase with changing from 
Y=d-5 to Y=d5 in the range between the inner boundary and the turning 
point, while it increases with changing from Y=d5 to Y=d-5 in the range 
between the turning point and the outer boundary. This leads to the 
increase of the value of εz at the outer boundary with changing from 
Y=d5 to Y=d-5. 

By comparing the profiles from the Navier’s equation and the 
Laplace’s equation, it is found that the profiles from Laplace’s equation 
is very similar to those from the Navier’s equation with Y=d0.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 2. The distributions of the three principle permittivity, (a) εr, (b) εφ, 
and  (c) εz for the Laplace’s equation. 

 



 

Fig. 3. The profiles of  (a) εr, (b) εφ and (c) εZ along the radial axis. 

 

 

Fig. 4. The profiles of  εφ along the radial axis; (a) near the inner 
boundary, (b) near the outer boundary.  

3.2. Performances for Various Young’s modulus 
We calculate the performance of the cylindrical cloaking device by 

the Hamiltonian-based ray tracing with the distributions of ε and µ 
obtained in 3.1. The cloaking device is represented by the full-mesh 
representation with five relative full-mesh resolutions of 4.17e-02, 
1.67e-02, 8.33e-03, 4.17e-03, and 1.67e-03, which are employed for 
the calculation of the distributions of ε and µ. 

Table 1 summarizes the calculated cloaking performance. From 
Table 1, we can notice the tendency that the cloaking performance 
becomes better with changing from Y=d5 to Y=d-5. Especially, at the 
relative full-mesh resolution of 4.17e-03, this trend is found to be 
distinct. 

The ray trajectories obtained for the relative full-mesh resolutions of 
4.17e-03 are illustrated in Fig. 5. The dependence of the cloaking 
performance on the radiation angle for the relative full-mesh 
resolutions of 4.17e-03 is shown in Fig. 6. From Figs. 5 and 6, the 
performance is found to be deteriorated around the radiation angle of 
0.0 for the Navier’s equation with Y=Rm (m=-1,  1, 3, and 5) as well as 
for the Laplace’s equation. On the other hand, it is found to be 
improved for Y=Rm (m=-3, -5) in comparison with the Laplace’s 
equation, which suggests the possibility that the variation of the 
distribution of Y can improve the cloaking performance.  

In addition, the performance for the Laplace’s equation is found to 
be similar to that for the Navier’s equation with Y=d0. This is because 
the two cases have very similar distributions of ε and µ as described in 
3.1. 

 
 
 
 



Table 1: Performances of cylindrical cloaking calculated for the 
distributions of ε and µ obtained by the FEM-based solution of the 
Navier’s equation with various distribution of Young’s modulus 

(Y) and the Laplace’s equation. 

Number 
Relative full-

mesh  
resolution 

Equations ∆θ(°) 

1 

4.17e-02 
Navier’s 

Eq. 

Y=d-5 11.1 
2 Y=d-3 11.7 
3 Y=d-1 12.2 
4 Y=d0 12.4 
5 Y=d1 12.9 
6 Y=d3 13.1 
7 Y=d5 14.2 
8 Laplace’s Eq. 12.1 
9 

1.67e-02 
 Navier’s 

Eq. 

Y=d-5 4.12 
10 Y=d-3 5.04 
11 Y=d-1 5.31 
12 Y=d0 5.26 
13 Y=d1 5.32 
14 Y=d3 6.74 
15 Y=d5 7.20 
16 Laplace’s Eq. 5.19 
17 

8.33e-03 
Navier’s 

Eq. 

Y=d-5 4.26 
18 Y=d-3 4.12 
19 Y=d-1 4.50 
20 Y=d0 4.63 
21 Y=d1 4.62 
22 Y=d3 4.70 
23 Y=d5 4.61 
24 Laplace’s Eq. 4.51 
25 

4.17e-03 
Navier’s 

Eq. 

Y=d-5 0.729 
26 Y=d-3 0.887 
27 Y=d-1 1.46 
28 Y=d0 1.51 
29 Y=d1 2.48 
30 Y=d3 2.74 
31 Y=d5 1.74 
32 Laplace’s Eq. 1.43 
33 

1.67e-03 
Navier’s 

Eq. 

Y=d-5 0.144 
34 Y=d-3 0.198 
35 Y=d-1 0.108 
36 Y=d0 0.154 
37 Y=d1 0.151 
38 Y=d3 0.340 
39 Y=d5 0.374 
40 Laplace’s Eq. 0.113 

 
 

 

Fig. 5. The ray paths with the cylindrical cloaking device for the 
distributions of ε and µ obtained by the FEM-based solution of the 
Navier’s equation with various distribution of Young’s modulus (Y); (a) 
Y = d-5, (b) Y = d-3, (c) Y = d-1, (d) Y = d0, (e) Y = d1, (f) Y = d3, and (g) Y= d5. 
As a reference, the rays paths for the Laplace’s equation is shown in (h). 
The relative full-mesh resolution is 4.17e-03. 



 

Fig. 6. The dependences of the cloaking performance on the radiation 
angle for the distributions of ε and µ obtained by the FEM-based 
solution of the Navier’s equation with various distribution of Young’s 
modulus (Y); (a) Y = d-5, (b) Y = d-3, (c) Y = d-1, (d) Y = d0, (e) Y = d1, (f) Y = 
d3, and (g) Y= d5. As a reference, the profile for the Laplace’s equation is 
shown in (h). The relative full-mesh resolution is 4.17e-03. 

4. Discussions 

4.1. Effects of Young’s Modulus on the Distribution of ε and µ  
Let us consider the effects of Young’s modulus on the distributions of 

ε and µ. From Eqs. (4a)-(4c), Young’s modulus is found to change the 
distributions of  ε and µ through the value of f given by Eq. (5). The 
expression of f can be rewritten by 

,
)(

dr
dU

dr
Urd

dr
rd

f rr +=
+

=
′

= 1                    (7) 

where Ur is the displacement in the radial direction and dUr/dr the 
strain in the radial direction. Equation (7) shows that the value of f 
increases with increasing the value of the strain. Since the space 
transformation from (r, φ, z) to (r’, φ’, z’) compresses the region in the 
radial direction, the strain becomes a negative value.  On the other 
hand, the larger value of Young’s modulus is considered to give the 
smaller absolute value of the strain from the viewpoint of continuum 
mechanics. Therefore, the larger value of Young’s modulus gives the 
larger value of the strain, leading to the larger value of f.  

Based on the effects of Young’s modulus on the value of f described 
above, the distributions of Young’s modulus which increase from the 
inner boundary to the outer boundary, such as Y= d1, d3, and d5, are 
considered to give smaller values of f at the inner boundary than those 
which decrease from the inner boundary to the outer boundary, such 
as Y= d-1, d-3, and d-5. On the other hand, the distributions of Young’s 
modulus which increase from the inner boundary to the outer 
boundary are considered to give larger values of f at the outer 

boundary than those which decrease from the inner boundary to the 
outer boundary. 

Shown in Fig. 7 is the relationship between r and r’ for various 
distributions of Young’s modulus. The slopes of the curves correspond 
to the values of f. Figure 7 indicates that the value of f at the inner 
boundary increases in the order from Y= d5 to Y=d-5. In contrast, the 
value of f at the outer boundary increases in the order from Y= d-5 to 
Y=d5.  These results agree with the effects of Young’s modulus on the 
value of f. 

We can see that the calculated results shown in Fig. 3 and Fig. 4 can 
be explained by the value of f as follows. Looking at εr, εφ, and εz at the 
outer boundary, these values can be written as follows: 

ff
fbrbr zr

11
→→→⇒→→′ εεε φ ,,, .       (8) 

Therefore, εr at the outer boundary increases with increasing f, which 
means that it increases in the order from Y= d-5 to Y=d5. On the other 
hand, εφ and εz at the outer boundary decrease with decreasing f, which 
means that they increase in the order from Y=d5 to Y=d-5. 

Next we compare the slopes of εr and εz, at the inner boundary. The 
slopes of them can be expressed as 

fadr
d

a
f

dr
d

rar zr

⋅
→→⇒→→′

1
0

εε
,, .           (9) 

Equation (9) suggests that the slope of εr at the inner boundary 
increase with increasing f, which corresponds to the order from Y=d-5 
to Y=d5, whereas that of εz at the inner boundary increases with 
decreasing f, which corresponds to the order from Y=d5 to Y=d-5. 

Finally we consider the value of εφ, near the inner boundary, at d=δ. 
Here δ is a very small value. The value at r=δ can be calculated as 
follows: 

f
a
⋅

=
δ

εφ                                      (10) 

This reveals that εφ, near the inner boundary increase with decreasing f. 
That is, it increases in the order from Y=d5 to Y= d-5. 

 

Fig. 7. The relationship between r and r’ for various distributions of 
Young’s modulus. 

4.2. Effects of Young’s modulus on Cloaking Performance  
Shown in Fig. 8 is the cloaking performance calculated for the five 

relative full-mesh resolutions and the seven distributions of ε and µ. 
From Fig. 8, it can be seen that distributions of Y decreasing from the 



inner boundary to the outer boundary, such as Y=d-5 and Y=d-3 tend to 
yield good performance. As shown in Fig. 6, the most dominant error 
contributing to the cloaking performance is caused by the deviation of 
the ray trajectories passing near the inner boundary. This deviation is 
due to the low accuracy of interpolation for the representation of 
distributions of ε and µ inside the elements neighboring the inner 
boundary [31]. From Fig. 5 and Fig. 6, the deviation of the ray 
trajectories can be suppressed by changing from Y=d5 to Y=d-5. 

The reason for this trend can be explained by the features of the 
distributions of ε and µ as described in 4.1. From Fig. 3, it can be seen 
that with changing from Y=d-5 to Y=d5, εr and εz can approach zero at 
larger d, and εφ can approach the unlimited value at larger d. By these 
features, the ray passing near the inner boundary can be guided 
around it at the larger d as shown in Fig. 9. Therefore, the ray can 
escape from the region with low accuracy, leading to the successful 
cloaking. 

 

Fig. 8. The cloaking performance for the five relative full-mesh 
resolutions and the seven distributions of ε and µ. 

 

Fig. 9. The ray paths passing near the inner boundary for Y=d-5 (the red 
points) and Y=d5 (the blue points). 

In order to validate that the performance of cloaking devices with 
other shapes can be improved by the variation of the distribution of Y, 

we calculate the cloaking performance of a cloaking device with a more 
complicated shape, which was investigated in our previous study [31]. 
We employ the distributions of ε and µ obtained by the numerical 
method based on the FEM by employing the Navier’s equation with the 
following three distributions of Young’s modulus: (i) Y = d-5, (ii) Y = d-3, 
(iii) Y = d-1. In addition, the distributions of ε and µ obtained by 
employing the Laplace’s equation are employed to be compared with 
the Navier’s equation. The cloaking device is represented by the full-
mesh representation with the relative full-mesh resolution of 1.67e-03. 

The numerical result of the ray trajectories is depicted in Fig. 10. The 
calculated cloaking performance is shown in Table 2. It can be seen 
that the performance can be improved by using the distributions of Y 
decreasing from the inner boundary to the outer boundary in 
comparison with the Laplace’s equation in the same way as the 
cylindrical cloaking device. 

 

 

Fig. 10. The ray paths with the huge arbitrary cloaking device for the 
distributions of ε and µ obtained by the FEM-based solution of the 
Navier’s equation with various distribution of Young’s modulus (Y); (a) 
Y = d-5, (b) Y = d-3, (c) Y = d-1. As a reference, the ray paths for the 
Laplace’s equation is shown in (d). The relative full-mesh resolution is 
1.67e-03. 

Table 2: Performances of the huge arbitrary cloaking device 
calculated for the distributions of ε and µ obtained by the FEM-

based solution of the Navier’s equation with various distribution 
of Young’s modulus (Y) and the Laplace’s equation. 

Number 
Relative full-

mesh  
resolution 

Equations ∆θ(°) 

1 

1.67e-03 
Navier’s 

Eq. 

Y=d-5 0.259 
2 Y=d-3 0.458 
3 Y=d-1 0.447 
4 Laplace’s Eq. 2.54 

 

5. Conclusion 
We have investigated the improvement of the cloaking performance 

of cylindrical cloaking by the design of the distributions of constitutive 
parameters. The distributions of the constituent parameters were 
changed by employing the Navier’s equation with various distributions 
of Young’s modulus as the partial differential equation for the 
numerical method calculation of the constitutive parameters based on 
the FEM. We have evaluated the performance by the Hamiltonian ray 
tracing with the full-mesh representation. 



The numerical results have shown that the cloaking performance 
can be improved by employing the distributions of Young’s modulus 
which decrease from the inner boundary to the outer boundary. These 
distributions can generate the distributions of the constituent 
parameters which can guide the ray around the inner boundary at the 
larger distance from the inner boundary. Therefore, the ray can escape 
from the region with low accuracy, leading to the successful cloaking. 
From the obtained results, we can suggest that higher values of 
Young’s modulus near the inner boundary compared with other 
regions can lead to the improvement of cloaking performance as a 
guideline for the design of the distributions of the constituent 
parameters. We have confirmed that the guideline can be applied to 
the example of huge cloaking devices with completely arbitrary shapes.  

From the viewpoint of the manufacture, the design method of 
distributions of the constitutive parameters can relax the condition on 
the resolution required for successful cloaking since the method can 
improve the cloaking performance at a coarse full-mesh resolution. 
Therefore, it is expected that the design of distributions of constitutive 
parameters will contribute to the realization of cloaking devices with 
large scale, taking into account of the finite resolution of the 
manufacture.  
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