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Abstract

Lattice Boltzmann simulations of flows in TOF-MRA-based cerebral aneurysm models are
carried out using the single-, two- and multiple-relaxation time collision models, SRT, TRT
and MRT, to investigate the effects of the collision model on predicted velocity fields in
the aneurysms. The non-Newtonian characteristics of blood is accounted for by using the
Casson model, whereas a simulation with the Newtonian viscous stress model is also carried
out to investigate the effects of the viscous stress model on predicted velocity and wall shear
stress distributions. Four cerebral aneurysm models are used in the simulation. The shapes
of cerebral arteries are extracted from TOF-MRA data as STL meshes, and the level set
function representing the artery wall is reconstructed from the STL mesh data. By making
use of the level set function in the interpolated bounce-back scheme, the complex structures
of arteries having aneurysms can be easily dealt with in the LB framework. As a result, the
following conclusions are obtained: (1) the SRT can give reasonable predictions comparable
to the MRT, provided that the spatial resolution is high enough; otherwise numerical errors
can be large and numerical instabilities take place, (2) numerical errors in velocity is apt to
take place in the near aneurysm wall region due to a small velocity scale, (3) although the
TRT is less stable than the MRT, predictions of the TRT under stable numerical conditions
are almost the same as those of the MRT, and (4) although the Bingham number effect
on the flow structure is small, the mean wall shear stress may change over several percent,
depending on the configuration of the aneurysm and the main blood flow, by neglecting the
non-Newtonian nature of blood.

Keywords: multiple-relaxation time collision model, two-relaxation time collision model,
TOF-MRA, Casson fluid, wall shear stress

∗Corresponding author
Email address: hayashi@mech.kobe-u.ac.jp (Kosuke Hayashi)

Preprint submitted to Journal of LATEX Templates April 5, 2019



1. Introduction

A cerebral aneurysm is a saccular dilatation forming on cerebral arteries. Rupture of a
cerebral aneurysm causes swift death or poor prognosis at a high probability. Most cerebral
aneurysms, therefore, are either stented or clipped to prevent rupture when they are found
in CTA (computed tomography angiography) or MRA (magnetic resonance angiography).5

If cerebral aneurysms are known to hardly rupture under the patient specific condition,
such surgery burdensome for patients can be avoided. We, however, do not have criteria for
judging whether an aneurysm grows or not. Understanding the mechanism of the aneurysm
growth is therefore of great demand of neurosurgeons and CFD-aided hemodynamics has
been attracting much attention from the medical and engineering fields.10

Naiver-Stokes (NS) equation-based simulations of blood flows have been carried out
so far. Lou and Yang (1993) used the Casson model (Casson, 1959) to simulate the non-
Newtonian nature of blood and predicted a blood flow about a channel bifurcation. Neofytou and Drikakis
(2003) compared the characteristics of three non-Newtonian fluid models in flows with a sud-
den expansion. These studies focused on the non-Newtonian characteristics of blood and the15

channel geometries were much simpler than real blood vessels. Numerical simulations us-
ing real blood vessel models have been carried out by making use of three-dimensional (3D)
models obtained in angiography. Cebral et al. (2005) modeled aneurysms from 3DRA (three-
dimensional rotation angiography) and carried out NS-based simulations of non-Newtonian
fluid flows in the models. They pointed out that the geometry of the vascular structure20

has a greater impact on predicted flow fields compared to the other parameters, e.g. the
mean flow rate and the spatial resolution. Oshima et al. (2005) investigated the effects of
a secondary flow caused at a curved section of an artery on the fluid motion and modeled
an inflow velocity condition for an image-based cerebrovascular flow simulation by taking
into account the secondary flow effect. They (Torii et al., 2006) extended their finite-element25

solver so as to deal with the fluid-structure interaction between the blood flow and the vessel
motion. Kimura et al. (2019b) used the commercial software, hemoscope, and CTA-based
cerebral aneurysm models to investigate a relation between the thickness of an aneurysm
wall and a hemodynamic factor.

Most of the real aneurysm models used in the above numerical simulations were re-30

constructed from CTA images since CTA can give relatively high contrasted vessel images
compared with TOF-MRA (time-of-flight magnetic resonance angiography). CTA is however
invasive and is a burden to patients due to the use of a contrast medium, and therefore, it is
not frequently acquired for a patient having a cerebral aneurysm. This makes it difficult to
know the previous state of a cerebral aneurysm before its growth/rupture, in other words the35

key factors in the aneurysm growth. On the other hand, owing to the non-invasive nature,
TOF-MRA data are acquired more frequently, and we can classify aneurysms into either a
growing group or a non-growing group by observing the progress of the aneurysm size. We
(Kimura et al., 2019a) therefore proposed to use TOF-MRA data in the CFD-aided hemo-
dynamics to carry out a number of patient-specific simulations of flows in aneurysms. The40

lattice Boltzmann method (LBM) (Chen and Doolen, 1998) could be a reasonable choice for
simulating flows in cerebral aneurysm models reconstructed from TOF-MRA data for many
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cases since complex boundary shapes can be easily dealt with in the LBM.
Several LB simulations using real aneurysm models have been carried out in the last

decade. Bernsdorf and Wang (2009) and Weichert et al. (2013) used the LBM to simulate45

a flow in a cerebral aneurysm modeled from medical images. The no-slip boundary con-
dition at the aneurysm wall was accounted for by using the standard bounce-back scheme
(Chen and Doolen, 1998), which is not accurate for curved boundaries. He et al. (2009)
reconstructed a level set function, ψ, (Sussman et al., 1994) from voxel-based 3DRA data
using the fast marching method (Sethian, 2001) to represent the vessel wall and it was50

used in the interpolated bounce-back scheme (Pan et al., 2006), whose accuracy for curved
boundaries is better than that of the standard bounce-back scheme. These LB simulations
for real aneurysms used the single-relaxation time (SRT) collision model (Qian et al., 1992).
In general, this collision model is apt to cause numerical errors in the velocity distribution
(Seta et al., 2014). It is important to make numerical errors in the velocity close to the55

aneurysm wall small to accurately evaluate the wall shear stress, which has been considered
as one of the most important hemodynamic factors related with the aneurysm growth. Im-
plementing the multiple-relaxation time (MRT) collision model is expected to predict the
fluid flow close to the wall more accurately than the SRT. However the effects of the collision
model on predicted velocity fields in cerebral aneurysms have not been discussed yet.60

Non-Newtonian viscous stress models have been implemented in the LBM (Gabbanelli et al.,
2005; Ashrafizaadeh and Bakhshaei, 2009; Boyd et al., 2009; Ohta et al., 2011). Ohta et al.
(2011) carried out numerical simulations of two-dimensional flows in complex channel ge-
ometries using a modified Bingham model and the Casson model. The models successfully
predicted the non-Newtonian behavior of the fluids, i.e. the formation of a plug core re-65

gion in a channel between parallel flat plates. Applications of the non-Newtonian mod-
els are rarely found in literature concerned with CFD of aneurysms (Cebral et al., 2005;
Bernsdorf and Wang, 2009; Kim et al., 2010; Huang et al., 2013) since the non-Newtonian
effect has been considered to be weak in cerebral arteries due to a low shear rate (He et al.,
2009). Cebral et al. (2005) carried out NS-based simulations of blood flows in four cere-70

bral aneurysms and investigated the effects of the viscous stress model on the blood flow
characteristics using the Newtonian and Casson models. They qualitatively compared ve-
locity distributions in the cerebral aneurysms predicted with these models and confirmed
that the flow characteristics are not affected by the viscous stress model except for a low
flow rate case. Bernsdorf and Wang (2009) used the LBM, in which the Carreau-Yasuda75

non-Newtonian viscous stress model (Carreau, 1972) was implemented, to simulate a blood
flow in a cerebral artery with an aneurysm. They pointed out that the shear thinning effect
decreases the peak value of a wall shear stress in the aneurysm neck region. Only the single
aneurysm model was however used in their study, and they focused on the effects of the vis-
cous stress model on the wall shear stress in the aneurysm neck region and did not discuss80

the wall shear stress in the sac region. Huang et al. (2013) carried out LB simulations of
flows in stented aneurysm models and reported some effects of the non-Newtonian model on
the flows in the aneurysms, e.g. the Newtonian viscous stress model is apt to give a higher
wall shear stress in an aneurysm neck region, whereas the effect of the viscous stress model
is very small when an aneurysm is stented. They however used artificial aneurysm models85
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(straight channels with single circular cavities), which are much simpler than real cerebral
aneurysms. In spite of the several findings obtained in the literature, our knowledge on the
effects of the non-Newtonian behavior on flows in aneurysms is still insufficient.

Numerical simulations of flows in TOF-MRA-based cerebral aneurysm models were car-
ried out in this study using the LBM with the SRT and the MRT models to investigate the90

effects of the collision model on numerical errors in the velocity fields in aneurysms. The
non-Newtonian characteristics of blood was accounted for by using the Casson model. A
simulation with the Newtonian viscous stress model was also carried out to investigate the
effects of the viscous stress model on predicted distributions of the velocity and the wall
shear stress in aneurysms.95

2. Numerical Method

2.1. SRT collision model

In the lattice Boltzmann method, fluid flows are simulated by the motion of imaginary
fluid particles. The distribution function, f , is a sort of the number density of particles
belonging to a particle group. The number of groups is limited to Q and in the three-100

dimensional space the D3Q19 (Q = 19) discrete velocity model has often been used for
isothermal incompressible flows (Fig. 1). Hence the time evolution of the discrete distribu-
tion function, fi, of the ith particle group is calculated to predict the fluid motion, instead
of solving the Navier-Stokes equation and the continuity equation. The lattice Boltzmann
equation governing the time evolution of fi is given by105

fi(x+ ci∆t, t+∆t) = fi(x, t)−
fi(x, t)− f eq

i (x, t)

τSRT

(1)

where τSRT is the relaxation time, and x the position vector. The time step size, ∆t, is set
to unity, and the equilibrium distribution functions, f eq

i , are given by

f eq
i = wiρ

[
1 + 3ci · u+

9(ci · u)2

2
− 3u · u

2

]
(2)

where w is the weighting function given by w0 = 1/3, wi = 1/18 for i = 1−6, and wi = 1/36
for i = 7− 18 and c is the velocity of the particles (See Appendix). The grid spacing, ∆x,
is set to unity, so that particles move from a computational cell to its neighbors during ∆t.110

The density ρ and the fluid velocity u are given as the moments of fi, i.e.

ρ =

Q−1∑
i=0

fi (3)

ρu =

Q−1∑
i=0

cifi (4)

4



1

2

3

4

6

7

8

5

0

11

9

10

13

12

18

17

16

15

14

x

y

z

Figure 1: D3Q19 discrete velocity model (Kuzmin and Derksen, 2011)

The lattice Boltzmann equation is solved in the following two steps. First the collision
step is conducted at each computational cell.

f̃i(x, t) = fi(x, t)−
fi(x, t)− f eq

i (x, t)

τSRT

(5)

where f̃ is the distribution function after the collision step (the post-collision distribution115

function). Then the values of f̃ at each computational cell are shifted to the neighboring
cells in the streaming step:

fi(x+ ci∆t, t+∆t) = f̃i(x, t) (6)

The viscosity, µ, is given by

µ =
ρ

3

(
τSRT − 1

2

)
(7)

2.2. MRT collision model

The multiple-relaxation time collision model (d’Humiéres, 2002) uses individual relax-120

ation parameters for each moment of f . The collision process in the MRT is carried out in
the moment space:

f(x+ ci∆t, t+∆t) = f(x, t)−M−1S[m(x, t)−meq(x, t)] (8)

where f is the distribution function vector, whose components are fi, and S the diagonal
matrix given by

S = diag(s0, s1, · · · s18) (9)

and si (i = 0 − 18) are the relaxation parameters. The M is the matrix transforming f125

into its moment vector m. The components of M is given in Appendix. The m is therefore
expressed as

m = (ρ, e, ϵ, jx, qx, jy, qy, jz, qz, 3pxx, 3πxx, pww, πww, pxy, pyz, pxz, mx, my, mz)
T (10)
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where e is the energy, ϵ the energy-squre, jα the momentum (j = ρu) in the α-direction,
qα the heat flux in the α-direction, pαβ the stress tensor components (the subscripts of the
Greek letters represent tensor components in the Cartesian coordinates), π the quadratic-130

order moments, and m the cubic-order moments (d’Humiéres, 2002). The components of
the equilibrium moment vector, meq =M f eq, are given by

eeq = −11ρ+
19

ρ0
(j · j), ϵeq = ωϵρ+

ωϵj

ρ0
(j · j),

qeqα = −2

3
jα, peqxx =

1

ρ0

(
j2x −

j · j
3

)
,

peqww =
1

ρ0

(
j2y − j2z

)
, peqxy =

jxjy
ρ0

peqyz =
jyjz
ρ0

, peqxz =
jzjx
ρ0

, πeq
xx = ωxxp

eq
xx

πeq
ww = ωwwp

eq
ww, meq

x = meq
y = meq

z = 0

(11)

The two of si, i.e. s9 and s13, are related with the fluid viscosity, i.e.

s9 = s13 =
1

3ν + 1/2

(
=

1

τSRT

)
(12)

where ν = µ/ρ. The other relaxation parameters are set as follows:

s1 = 1.19, s2 = s10 = s12 = 1.4, s4 = s6 = s8 = 1.2,

s11 = s14 = s15 =
1

τSRT

, s16 = s17 = s18 = 1.98

The remaning parameters, ωϵ, ωϵj and ωxx, are set to

ωϵ = 3, ωϵj = −11

2
, ωxx = −1

2

2.3. Non-Newtonian viscous stress model

The Casson model (Casson, 1959) is known to well mimic the non-Newtonian nature of135

human blood. The viscous stress, τ , in the Casson model is given by

τ =

{
µγ̇ for |τ | > τ0
0 otherwise

(13)

where γ̇ is the shear rate, and µ the viscosity given by

µ =

(√
τ0
|γ̇|

+
√
µP

)2

(14)

where τ0 is the yield stress, and µP the reference viscosity. By setting τ0 = 0, the Casson
model reduces to the Newtonian model with the viscosity of µP . The model parameters for
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blood are given in Neofytou and Drikakis (2003). In numerical simulations, the following140

modified Casson model has often been used (Neofytou and Drikakis, 2003; Ohta et al., 2011):

µ =

(√
τ0
|γ̇|

(
1− e−

√
m|γ̇|

)
+
√
µP

)2

(15)

where m is a constant.
The relaxation time, τNN

SRT , related with the fluid viscosity of a non-Newtonian fluid is
calculated as

τNN
SRT =

(
τSRT − 1

2

)[√
Bi

|γ̇∗|

(
1− e−

√
m∗|γ̇∗|

)
+ 1

]2

+
1

2
(16)

where145

|γ̇∗| = |γ̇|D
U

(17)

and

m∗ =
mU

D
(18)

Here U and D are the velocity and length scales of a flow, respectively, and Bi is the
Bingham number defined by

Bi =
τ0D

µPU
(19)

The m∗ is set to 1× 1010 (Ohta et al., 2011).
The deformation tensor Dαβ is related with the non-equilibrium parts, f (1), of the dis-150

tribution functions (Boyd et al., 2006):

Dαβ = − 3

2τNN
SRT

∑
i

f
(1)
i ciαciβ (20)

where f (1) is given by
f
(1)
i = fi − f eq

i (21)

The shear rate, γ̇αβ, in the 3D Cartesian coordinates is therefore given by

γ̇αβ = 2Dαβ (22)

and the magnitude of the shear rate tensor is defined by

|γ̇| = 2
√
DαβDαβ (23)

Note that the summation convention is applied for the subscripts of the Greek letters.155
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Figure 2: Half-way bounce-back scheme

2.4. Interpolated bounce-back scheme

One of the advantages of the LBM is the easy implementation of the no-slip boundary
condition at solid walls. Fig. 2 shows a computational cell containing the fluid phase
neighboring to that of the solid phase. The particles in the group of f1 travel from the cell
center toward the wall during ∆t/2, and then, go back to the fluid region after the collision160

with the wall. They return to the cell center at t+∆t. Since the direction of the motion of
the particles changed from 1 to 2,

f̃2(x, t+∆t) = f̃1(x, t) (24)

This is called the half-way bounce-back scheme.
Pan et al. (2006) extended the half-way bounce-back scheme for arbitrary curved bound-

aries. When q < 1/2, the following interpolation is used to obtain the distribution function165

after the bounce-back process:

f̃ī(x, t+∆t) = 2qif̃i(x, t) + (1− 2qi)f̃i(x− ci∆t, t) (25)

where qi is the distance between a computational cell and the wall in the ith direction as
shown in Fig. 3(a), and the bar represents the opposite direction of i, e.g. ī = 2 for i = 1.
When q ≥ 1/2, the distribution function is obtained by using the following extrapolation
function (Fig. 3(b)):170

f̃ī(x, t+∆t) =
1

2qi
f̃i(x, t) +

(
2qi − 1

2qi

)
f̃ī(x, t) (26)

2.5. Cerebral aneurysm modeling

DICOM (digital imaging and communications in medicine) data acquired by TOF-MRA
(Achieva 1.5T Nova Dual, Philips; Achieva 3.0T TX Quasar Dual, Philips; Ingenia 3.0T
R5.1.7, Philips; Taitan 3T, Toshiba Medical Systems) are used to simulate fluid flows in cere-
bral aneurysms. OsiriX (Pixmeo), a DICOM imaging viewer, is used to extract aneurysms.175

The DICOM data are imported into OsiriX, whose surface rendering function is applied to
the data to capture aneurysms and to export the surface data as STL (standard triangulated
language) meshes, where the STL mesh is a set of triangles orientated by unit normals.
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Figure 3: Interpolated bounce-back scheme (Pan et al., 2006)

x y

z

Figure 4: Aneurysm model extracted from TOF-MRA DICOM data

The STL mesh data are imported into our in-house LBM code and are used to reconstruct
the level set function, ψ, which is used to evaluate the distance fraction, q, in the interpolated180

bounce-back scheme. The ψ is the positive distance from the wall to a position in the solid
phase region and is the negative distance in the fluid phase region, and therefore, the zero-
level set, ψ = 0, is the wall. The ψ is reconstructed from the STL mesh data using the method
given in our previous study (Hayashi et al., 2006) as follows. For the Cth computational
cell at xC , the distance from the wall given by the eth triangular element is given by185

ψL
e→C = (xC − xe) · ne (27)

where xe and ne are the position vector and the unit normal, respectively, of the eth element.
Contributions from all the elements near xC are collected to obtain ψ(xC) using the following
weighting average:

ψ(xC) =

∑
e ψ

L
e→C |xC − xe|−p∑
e |xC − xe|−p

(28)
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Figure 5: Level set function for aneurysm surface representation (color online)

where the power, p, for the weight is set to seven. Fig. 5 shows an example of the recon-
structed level set functions. This procedure does not need to solve the partial differential190

equation, ∂ψ/∂t = sign(ψ)(|∇ψ| − 1) (Sussman et al., 1994; He et al., 2009), to assure the
property of the distance function, |∇ψ| = 1.

By making use of ψ, qi are given by

qi =
|ψ(x)|

|ψ(x)|+ |ψ(x+ ci∆t)|
(29)

2.6. Code development and CPU times of relaxation time models

The locality of the collision process, i.e. all the variables required for the particle collision195

at a computational cell locate at the same cell, is suitable for parallel computing. This is
one of the attractive advantages of the LBM and the reason why many researchers have
been applying GPGPU (general-purpose computing on graphics processing units) to LB
simulations. Two Tesla-type GPU boards embedded in a single workstation were used and
they worked in parallel by means of the block-division method. Validations of the developed200

numerical code were carried out for Newtonian and non-Newtonian fluid flows in a circular
pipe, between parallel flat walls and in a square cavity. The results agreed with the analytical
(Ohta et al., 2011) and well-accepted numerical results (Neofytou, 2005). The CPU times
in the simulations of the cerebral aneurysms were measured (see Section 3 for detail). It
should be noted that the LBM was simply coded and no special optimizations were carried205

out in the present study. The CPU times in the MRT were three times longer than that of
the SRT in all the cases.

3. Numerical Condition

Models of cerebral arteries used in the present study are shown in Fig. 6. Hereafter, they
are referred to as Case 1-4. The aneurysm of Case 1 is an anterior communicating artery210
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Case 1 (ACA* aneurysm) Case 2 (ICA** aneurysm) Case 3 (ICA** aneurysm) Case 4 (BT+ aneurysm)
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Figure 6: Cerebral artery models reconstructed from TOF-MRA data (Contour surfaces of ψ = 0). *ACA:
anterior communicating artery, **ICA: internal carotid artery, +BT: basilar tip

aneurysm and that of Case 4 is a basilar tip aneurysm. The aneurysms in Case 2 and 3 are
a left and a right internal carotid artery aneurysm, respectively.

The pulsation of a blood flow was neglected, i.e. the flow was assumed to be steady, to
focus on the effects of the collision models on the numerical accuracy and stability, although
the numerical method can deal with unsteady blood flows (Kimura et al., 2019a).215

Hence the dimensionless groups governing the flow are the Bingham number defined by
Eq. (19) and the Reynolds number, Re, defined by

Re =
ρUD

µP

(30)

The characteristic length scales, D, of Bi and Re are given as the circle-area-equivalent
inlet diameter. As for the typical values of Re and Bi, Re = 200 and Bi = 0.1 were used
(Yamaguchi, 2008; Neofytou and Drikakis, 2003). The simulation was also carried out with220

Bi = 0 (Newtonian fluid) to discuss the effects of Bi on the flow in the cerebral aneurysm.
The uniform velocity distribution was imposed on the inflow boundary. The pressure

was fixed at a reference value and the velocity gradient was set to zero at the outflow
boundaries. The characteristic velocity, U , was set at 0.02 in all the simulations to ensure
the incompressible condition in the LB scheme. The spatial resolutions in each case are225

shown in Table 1, where the numbers of the cells are for the whole domain. Resolution 1
and Resolution 2 are the low and high spatial resolution conditions, respectively, and the
latter is twice as high as the former. Ratios of the number of cells inside the arteries (fluid
region) to that for the whole domain were 0.055, 0.010, 0.09 and 0.051 in Case 1, 2, 3 and
4, respectively. For example, 202,752 cells were used to cover the whole rectangular domain230

in Case 2 of Resolution 1, whereas 20,200 cells were fluid cells. The number of fluid cells
was 161,600 for Resolution 2. The circle-area-equivalent diameters, D, of the inlet arteries
were 11.3, 16.4, 11.1 and 7.7 cells in Case 1, 2, 3 and 4 for Resolution 1. The diameters of
the outlet arteries were comparable to or smaller than those of the inlet arteries, e.g. the
circle-area-equivalent diameters of the two outlets in Case 1 of Resolution 1 were 9.0 and235
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Table 1: Numbers of computational cells, (Nx, Ny, Nz), in each direction

Case Resolution 1 Resolution 2

1 (64, 63, 74) (128, 125, 148)
2 (64, 66, 48) (128, 131, 96)
3 (64, 62, 58) (128, 123, 114)
4 (64, 62, 56) (128, 123, 112)

7.9 cells. The calculation times taken for 10,000 time steps were, for example, 0.28, 0.2, 0.22
and 0.21 hour in Case 1, 2, 3 and 4 with the SRT and Resolution 1.

4. Results and Discussion

4.1. Flow structure

Fig. 7(a) shows streamlines of the flow fields predicted using the MRT. The blood flows240

from the right side of the main artery toward the cerebral aneurysm, in which a swirl-like
vortical structure is formed due to the collision between the flow and the aneurysm wall.
Then the blood flows out from the aneurysm to the branches. Streamlines in Case 2 are
shown in Fig. 7(b). In this case, the cerebral aneurysm forms on the side wall of the
winding main artery. The blood coming from the inlet directly flows to the connection with245

the branches. Some amount of the blood is however flowing into the aneurysm and forms a
vortical flow structure inside it. The vortical structures forming in the aneurysms of Case 3
and 4 (Fig. 7(c) and (d)) are as large as the aneurysms, and the magnitudes of the velocities
close to the aneurysm walls are much smaller than U .

The flow structures predicted using the SRT at Resolution 1 were similar to those using250

the MRT (figures are omitted to conserve space) except for Case 4. The simulation of Case
4 using the SRT was unstable, so that we could not obtain its steady state solution. The
increase in the spatial resolution up to Resolution 2 was required to obtain the steady state
solution.

4.2. Flow filed in aneurysm255

Fig. 8 shows the velocity field at a cross section of the aneurysm in Case 1. The velocity
field of the SRT (a) is almost the same as that of the MRT (b), and both collision models
predict the vortical structure flowing smoothly along the aneurysm wall. The velocity fields
in Case 2 shown in Fig. 9 are also smooth and no remarkable differences are observed. The
increase in the spatial resolution has a little influence on the flow structure in these cases.260

The MRT gives a smooth velocity profile also in Case 3 as shown in Fig. 10(b), whereas
the velocities in the box represented by the dotted line in the SRT (a) are disturbed (See
its magnified view in Fig. 11(a)). In the SRT, several velocities in computational cells
of the nearest neighbors of the aneurysm wall are much larger than those in the MRT and
toward the wall, implying that the boundary condition of the zero velocity normal to the wall265

is deteriorated due to numerical errors. Unphysical streamlines penetrating into the solid

12



0.05

0

0.025

0.08

0

0.04

0.08

0

0.04

0.07

0

0.035

Cerebral aneurysm

Cerebral 
aneurysm

Cerebral 
aneurysm

Cerebral 
aneurysm

(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4

Figure 7: Streamlines (MRT; Resolution 1) (Color represents magnitude of velocity) (color online)

(a) SRT (b) MRT

Aneurysm wall

x
y

z

Figure 8: Velocity field at cross section of aneurysm (Case 1, Resolution 1. Vectors are colored with the
same color bar in Fig. 7)

region can also be observed in the LB simulation with the SRT reported in Weichert et al.
(2013) although they did not remark this point. In cerebral aneurysms, the fluid velocity is
apt to be much smaller than in the main artery. The small velocity scale in the aneurysm
can be the cause of the numerical errors in the vicinity of the wall in the SRT. The MRT270

successfully removes the velocity error (Fig. 11(b)).
The unphysical velocity distribution due to numerical errors in the SRT case could be

suppressed at Resolution 2 and the result was almost the same as that of the MRT (a figure
of this result is omitted to conserve space). Resolution 2 in Case 4 also made it possible
to stably simulate the flow even with the SRT as shown in Fig. 12. The flow structure in275

the aneurysm predicted with the SRT agrees with that with the MRT. However the velocity
distribution close to the aneurysm wall possesses some numerical errors as shown in Fig. 13,
implying that, when SRT is used, further increase in the spatial resolution would be needed
to sufficiently decrease the numerical errors.

The numerical error in the velocity is apt to occur in small velocity regions close to the280

walls. Even though the magnitude of the velocity error is much smaller than the mean
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same color bar in Fig. 7)
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Figure 10: Velocity field at cross section of aneurysm (Case 3. Resolution 1. Vectors are colored with the
same color bar in Fig. 7)

velocity in the aneurysm, it may affect the evaluation of the wall shear stress, τW , which has
been considered as one of the most important hemodynamic factors in the growth and/or
the rupture of aneurysms. By making use of ψ, τW at a computational cell neighboring to
the wall was evaluated as285

τW = |(I− nn) · (µ∇u)| ≈
∣∣∣∣µ(I− nn) · u(x)

ψ(x)

∣∣∣∣ (31)

where I is the unit tensor, and n the unit normal to the interface given by

n =
∇ψ
|∇ψ|

(32)

Fig. 14 shows the wall shear stress, τ̃W (= τW/(ρU
2/2)), scaled by the dynamic pressure

ρU2/2. In the MRT, the cross-sectional-averaged wall shear stress, < τ̃W >w, and the mean
wall shear stress, < τ̃W >l, in the region surrounded by the dotted-line box (Fig. 12) are
0.024 and 0.0081, respectively. The mean shear stress in the SRT (< τ̃W >w= 0.028) is 14%290

larger than the MRT. In addition, < τ̃W >l is 0.038, which is much larger than in the MRT.
The larger τ̃W in the SRT is attributed to the velocity errors in the near wall region. These
results suggest that we should be careful in evaluating τW when the SRT is utilized.
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4.3. Two-relaxation time collision model

Although the MRT can give better numerical stability and accuracy than the SRT, the295

moment-based calculation is more time consuming and trial-and-error simulations may be
required to find the optimal values of the free parameters. A collision model having a fewer
number of free parameters would be of use in practice. Therefore the applicability of the
two-relaxation time (TRT) collision model (Ginzburg et al., 2008, 2010; Seta et al., 2014,
2018), in which one relaxation parameter is used to determine the fluid viscosity and the300

other is a free parameter used to improve numerical stability and accuracy, is examined in
this section.

The lattice Boltzmann equation with the TRT is given by

fi(x+ ci∆t, t+∆t) = fi(x, t)−
f+
i (x, t)− f+,eq

i (x, t)

τ+
− f−

i (x, t)− f−,eq
i (x, t)

τ−
(33)

where the symmetric and the asymmetric parts, f+
i and f−

i , of fi are defined by

f+
i =

fi + fī
2

, f−
i =

fi − fī
2

(34)

305

f+,eq
i =

f eq
i + f eq

ī

2
, f−,eq

i =
f eq
i − f eq

ī

2
(35)
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Figure 14: Wall shear stress τ̃W (= τW /(ρU2/2)) (color online)

and ī denotes the direction opposite to i. The relaxation time, τ+, for the symmetric part
is related with the fluid viscosity and is given by

τ+ = τNN
SRT (36)

The relaxation time, τ−, for the asymmetric part is a free parameter and can be used to
improve the numerical accuracy and stability. The following parameter is often used to set
τ−:310

Λ =

(
τ+ − 1

2

)(
τ− − 1

2

)
(37)

The numerical stability with the typical values of Λ, i.e. Λ = 1/4, 3/16, 1/6 and 1/12
(Ginzburg et al., 2008, 2010), were first examined. As shown in Table 2, the simulations
were unstable with these Λ. Although Λ was decreased down to 1/100, a stable result could
not be obtained. However further reduction of Λ made the simulation stable and conditions
of Λ ≤ 1/200 gave steady state solutions as shown in the table. The velocity distribution in315

the aneurysm at Λ = 1/200 is shown in Fig. 15(a). The comparison between the prediction
with the TRT and that of the SRT clearly shows that the TRT improves the numerical
accuracy in the near wall region.
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Table 2: Effects of Λ on numerical stability in TRT simulations (Case 3, Resolution 1. N: No, Y: Yes)

Λ 1/4 3/16 1/6 1/12 1/100 1/200 1/400 1/104

Stable N N N N N Y Y Y

Table 3: Effects of Λ on numerical stability in TRT simulations (Case 4, Resolution 2. N: No, Y: Yes)

Λ 1/4 3/16 1/6 1/12 1/20 1/40 1/100 1/200
Stable N N N N N Y Y Y

In Case 4 at Resolution 1, the stabilization was not sufficient to obtain a steady state
solution even with the TRT. Steady state solutions could be obtained with Resolution 2 by320

using Λ for Λ ≤ 1/40 as shown in Table 3. The accuracy of the TRT is better than the SRT
and comparable to the MRT as shown in Fig. 15(b).

(a-1) SRT (a-2) TRT (!=1/200)

x

y

z

Aneurysm wall

(b-1) SRT (b-2) TRT (!=1/40)

Aneurysm 
wall

x

y

z

(a) Case 3, Resolution 1

(b) Case 4, Resolution 2

Figure 15: Comparison between velocity fields predicted using SRT and TRT

Although the TRT is less stable than the MRT, it can achieve better accuracy than
the SRT and the predicted velocity profiles in the aneurysms are almost the same as those
obtained by the MRT.325

4.4. Effects of viscous stress model

Fig. 16 shows velocity fields in the cerebral aneurysms predicted using the Newtonian
viscous stress model, i.e. Bi = 0. Here the collision model is MRT and the spatial resolution
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(a) Case 1 (b) Case 2 (c) Case 3 (d) Case 4

Figure 16: Velocity fields in cerebral aneurysms at Bi = 0 (Newtonian fluid) (color online)

is Resolution 2. From the point of view of the flow structure, no remarkable differences from
the non-Newtonian cases (Figs. 8-12) are observed.330

Fig. 17 shows comparisons between τ̃W at Bi = 0.1 and 0. The distributions are not
so different from the qualitative point of view. Table 4 summarizes the values of τ̃W to
quantitatively investigate the Bi effects on τ̃W . The mean τ̃W is τ̃W averaged for the whole
aneurysm region, i.e. < τ̃W >w, max(τ̃W ) is the maximum value of τ̃W in the aneurysm, and
min(τ̃W ) is the minimum value of τ̃W . The changes in τ̃W with decreasing Bi are also shown335

in the table. The decrease in Bi down to 0 causes 9% reduction in < τ̃W >w in Case 1. On
the other hand, in Case 2, the change in < τ̃W >w is very small. In Case 3, < τ̃W >w shows
6% difference. Although the difference in the minimum value is 15%, the maximum τ̃W is
almost the same. The largest difference in < τ̃W >w is found in Case 4, i.e. 12% reduction.
In this case, the changes in max(τ̃W ) and min(τ̃W ) are also large.340

The effects of Bi on τ̃W are small only in Case 2. In this case, the aneurysm forms on
the side wall of the main artery and the flow does not directly flow into the aneurysm. On
the other hand, in the other three cases, the aneurysms form at the bifurcations from the
main arteries to their branches and the flows coming from the main arteries form vortical
structures in the aneurysms and then go out to the branches. Interestingly the wall shear345

stress tends to increase with decreasing Bi only in Case 2. Therefore the Bi effect on τ̃W
depends on the configuration of the aneurysm and the flow direction, although the number
of samples used here is small.

In summary, the Bingham number does not have a large influence on the structures of
the flows in the cerebral aneurysms within the present Bi range, i.e. Bi = 0−0.1. However,350

from the point of view of the wall shear stress, the mean wall shear stress may change over
several percent by neglecting the non-Newtonian nature of blood. Especially, when focusing
on the local wall shear stress, the use of the Newtonian viscous stress model can lead to a
wall shear stress largely different from that with the Casson model.
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Table 4: Comparisons of τ̃W between Casson and Newtonian fluids. Changes in τW defined by [τW (Bi =
0)− τW (Bi = 0.1)]/τW (Bi = 0.1) are also given in the third rows in each case.

Case Bi Mean τ̃W max(τ̃W ) min(τ̃W )

1 0.1 0.121 0.33 0.0054
0.0 0.110 0.29 0.0029

−9.1% −14% −46%
2 0.1 0.175 0.42 0.029

0.0 0.176 0.42 0.034
0.5% 0.7% 15%

3 0.1 0.047 0.10 0.0082
0.0 0.044 0.10 0.0050

−6.0% 0% −39%
4 0.1 0.024 0.077 0.0021

0.0 0.021 0.066 0.00057
−12% −14% −73%

5. Conclusion355

Lattice Boltzmann simulations of flows in cerebral aneurysms were carried out using
three collision models, i.e. the single-relaxation time model (SRT), the two-relaxation time
model (TRT) and the multiple-relaxation time model (MRT), to investigate the effects of
the collision model on the predictions. Four cerebral aneurysm models were used in the
simulation. The shapes of cerebral arteries were extracted from TOF-MRA data as STL360

meshes, and the level set function (signed-distance function) representing the artery wall
was reconstructed from the STL mesh data based on the reconstruction method proposed
by Hayashi et al. (2006). By making use of the level set function in the interpolated bounce-
back scheme, the complex structures of arteries having aneurysms could be easily dealt
with. The Casson model was utilized to account for the non-Newtonian viscous stress. The365

conclusions obtained are as follows:

1. The SRT can give reasonable predictions comparable to the MRT, provided that the
spatial resolution is high enough, otherwise numerical errors can be large and numerical
instabilities take place.

2. Velocity errors are apt to take place in the near aneurysm wall region due to a small370

velocity scale.

3. Although the TRT is less stable than the MRT, predictions of the TRT under stable
numerical conditions are almost the same as those of the MRT.

4. The Bingham number effect on the flow structure is small. The mean wall shear
stress, however, may change over several percent, depending on the configuration of375

the aneurysm and the main blood flow, by neglecting the non-Newtonian nature of
blood.
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Appendix A. Lattice velocity and transformation matrix in MRT380

The components of the lattice velocity, c, in the D3Q19 model are given by cx0 cx1 · · · cx18
cy0 cy1 · · · cy18
cz0 cz1 · · · cz18

 =

 0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 0 0 1 −1 0 0 1 1 −1 −1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 −1 0 0 0 0 1 1 −1 −1 1 1 −1 −1

 (A.1)

The transformation matrix M in the MRT is given by

M =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−30 −11 −11 −11 −11 −11 −11 8 8 8 8 8 8 8 8 8 8 8 8
12 −4 −4 −4 −4 −4 −4 1 1 1 1 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 −4 4 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 0 0 1 −1 0 0 1 1 −1 −1 0 0 0 0 1 −1 1 −1
0 0 0 −4 4 0 0 1 1 −1 −1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 −1 0 0 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 0 0 −4 4 0 0 0 0 1 1 −1 −1 1 1 −1 −1
0 2 2 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −2 −2 −2 −2
0 −4 −4 2 2 2 2 1 1 1 1 1 1 1 1 −2 −2 −2 −2
0 0 0 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 0 0 0 0
0 0 0 −2 −2 2 2 1 1 1 1 −1 −1 −1 −1 0 0 0 0
0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1
0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0
0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0 0 0
0 0 0 0 0 0 0 −1 −1 1 1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1 −1 −1 1 1



(A.2)
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Table A.1: Numbers of computational cells, (Nx, Ny, Nz), in each direction

Case Resolution 1 Resolution 2

1 (64, 63, 74) (128, 125, 148)
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Stable N N N N N Y Y Y
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