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Abstract

In this paper, we derive and analyze a reaction-diffusion cholera model in bounded spa-
tial domain with zero-flux boundary condition and general nonlinear incidence functions.
The parameters in the model are space-dependent due to the spatial heterogeneity. By ap-
plying the theory of monotone dynamical systems and uniform persistence, we prove that
the model admits the global threshold dynamics in terms of the basic reproduction number
Ro, which is defined by the spectral radius of the next generation operator. When all model
parameters are strictly positive constants, we study three types of nonlinear incidence func-
tions to achieve the global stability results on the unique positive cholera-endemic steady
state (CESS) whenever it exists. For all these examples, the sharp threshold property
based on the basic reproduction number was completely established by using Lyapunov
functional techniques under some realistic assumptions. Our numerical results reveal that
when Ry > 1, the convergence speed of the solution to the CESS becomes faster as the
diffusion coefficient d becomes larger in the spatially homogeneous case. While in the spa-
tially heterogeneous case, cholera can not be controlled by limiting the movement of host
individuals, and the spatial heterogeneity does not always enhance the disease persistence.

Keywords: Diffusive cholera model, Spatial heterogeneity, Lyapunov functional, Basic
reproduction number.

1 Introduction

Cholera is a severe water-borne infectious disease caused by the bacterium Vibrio cholerae.
The complexity of cholera dynamics lies in the fact that both direct contact with infected in-

dividuals (e.g. hugging, shaking hands, and eating food prepared by dirty hands) and indirect
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contact from the environment to people ingesting the contaminated water or food are involved.
It can spread rapidly and lead to death within days if left untreated.

Mathematical models have played a central role in deeper understanding of cholera dynamics.
Therefore, it is reasonable to incorporate pathogens in the environment (water) into the disease
models, see for example, models with human transmission route (e.g. [1]), and models with both
the environment-to-human and human-to-human transmission pathways (e.g. [2-6]). Taking into
account various aspects related to epidemiological feature of cholera, such as hyperinfectivity [7],
age-structure [8-10], multiple infection stages [11], multi-group structure [5,[11], spatiotemporally
heterogeneous environment [12], subsequent contributions have recently been proposed and ana-
lyzed. In the forms of mathematical models, all of these cholera models consist of many nonlinear
ordinary differential equations or mixed system of ordinary and partial differential equations.

In a recent work, Shuai and van den Driessche [13] divided a population into subpopula-
tions, and each subpopulation is further partitioned into three compartments: susceptible (5;),
infectious (/;), and removed (R;). Denote by W; the number of pathogen shed by individuals
in I;. They formulated and studied the following multigroup cholera model incorporates both

within-group and inter-group direct/indirect transmission:

( dSZ n n
o N D Bidi(Si)ps(L) = D Ny Si)u; (Wy) — diy,
j=1 Jj=1
AL, < -
T = > Biydi(S)ei (L) + Y Nidi(Si;(Wy) — i, (1.1)
aw, o
S = hall) = Wi i =1,2,m.

Here functions ¢;, ¢;, ¥; and h; are assumed to be differentiable, nonnegative, monotone non-

\

decreasing and concave. 3;; and A;; are the direct and indirect transmission rates to S; from I;
and W;, respectively; A; is the recruitment rate of susceptible individuals in the group %; d;, j;, d;
are the death or removal rate of each subpopulation in group ¢, respectively. The authors com-
pletely demonstrated the construction of Lyapunov functions for above model by appealing a
matrix-theoretic method using the Perron eigenvector and a graph-theoretic method based on
Kirchhoff’s matrix tree theorem. In fact, in the above work, the spatial effect is described by the
multi-group structure and each subpopulation shares the same epidemiological parameters. We
see that in model , only infected individuals and pathogens can move in the habitat space,
and the movement of susceptible individuals is ignored.

In reality, the spread of infectious diseases are significantly affected by the spatial hetero-
geneity, for example, spatial position, water resource availability and hygiene conditions. The
movement of human hosts and dispersal of pathogens are also accepted as central role that af-

fects the spatial spreading of disease, which also requires complex disease models. The following



partial differential equation (PDE) cholera model was proposed by Wang and Wang [14], which
includes the diffusion terms to describe the movement of human hosts and bacteria in a spatially

heterogeneous environment:

(
% = DiAS+ A = Sfi(I) = Sfo(W) = dS; + oR, z € [0,1],
ol
%_‘f:DgAR—i-y]—(d—i—a)R, z €1[0,1], (1.2)
%_vtv = DyAW + €1+ h(W) — W, = € [0,1],
S oI  OR W
\ %:%:%:%:O,l‘:071

Here, human population and the bacteria are assumed to undergo a diffusion process, which
is described by the diffusion terms D;AS, DyAI, DsAR and D,AW. D; > 0 (1 < i < 4)
are the diffusion coefficients of S, I, R and W, respectively. The functions fi(I) and fo(W)
represent the direct and indirect transmission rates, respectively. The function h(W') represents
the intrinsic growth of the bacteria due to the fact that the vibrios can independently persist in
the environment. d and 0 are the natural death rate of humans and bacteria, respectively. ~ is
the recovery rate, o is the immunity loss rate and ¢ is the shedding rate of bacteria. Wang and
Wang [14] assumed that the habitat in is one-dimensional and bounded, and investigated
how diffusive spatial spread affect the disease spread. They obtained that incorporating diffusive
spatial spread does not produce a Turing instability in some extent.

However, a habitat should be not necessarily one-dimensional, and this motivates us to con-
sider a PDE cholera model in a general bounded spatial domain. This constitutes one motivation
of this paper. Our second motivation comes from the fact that the diffusion coefficients as well
as several parameters of disease transmission rates involving space can be typically space de-
pendent, instead of constants, due to the spatial heterogeneity (see recent publications [15-19)]).
The above two important factors related to PDE cholera model seem to have received little at-
tention. Our goal in this paper is to investigate the effect of spatial heterogeneity and general
nonlinear incidence functions on the dynamics of diffusive cholera models. To make things not
too complicated, we omit the intrinsic growth of the bacteria, and consider the solution dynamics
with zero-flux boundary condition. With these considerations, we consider the following diffusive

cholera model:



Sy =V - [di(2)VS] 4+ ANz) — fi(z, S, I) — fa(x, S, P) — u(x)S, x€Q, t>0,
=V - [do(x)VI] + fi(x,S, 1)+ fo(x, S, P) — [u(x) +v(z)] I, z€Q, t>0,

1.3
P, =V - [d3(x)VP]+m(x)] —n(x)P, re t>0, (13)
S(z,0) = So(x), I(x,0) = Iy(x), P(z,0) = Py(x), e,
with as oI  oP

Here S(x,t) and I(z,t) stand for the density of susceptible and infected individuals at location x
and time ¢, respectively, while P(z,t) stands for the concentration of the cholera bacteria in the
water source at location x and time ¢; dy (), do(z) and d3(z) are diffusion functions measuring the
mobility of susceptible and infected individuals and cholera at location x, respectively; A\(x) is the
recruitment rate of susceptible individuals; p(z) is the natural death rate of susceptible individu-
als and infected individuals; v(x) is the removal rate of infected individuals; m(z) is the shedding
rate of cholera bacteria from infected individuals; n(z) is the natural death rate of cholera bac-
teria; fi(x,S,I) and fo(x, S, P) are general nonlinear incidence functions corresponding to the
direct infection transmission between susceptible and infected individuals and the indirect in-
fection transmission between susceptible individuals and cholera bacteria, respectively; 2 is a
habitat; n is the outward normal vector on 0€2; V is the gradient operator. Throughout this

paper, we make the following assumptions.
(A1) Qis a bounded domain in R™, n € N with sufficiently smooth boundary 0f2.

(A2) di(+),da(-), d3(-), M), (), v(-),m(+),m(-) € C%(Q) and they are strictly positive and uni-
formly bounded on €.

(A3) fi(z,S,1)>0and fy(z,S,P) >0 forall xz € Qand S,I,P > 0. fi(z,S,0) = fi(x,0,1) =
fo(z,8,0) = fo(z,0,P) =0 for all z € Q and S, I, P > 0.

(A4) fi(x,S,I) and fo(z, S, P) are twice continuously differentiable with respect to (z,S,1) €
QxR xR, and (2,5, P) € Q x Ry x Ry, respectively.

The organization of this paper is as follows. In Section [2| we show the existence and unique-
ness of the global classical solution of system —. We further show that the boundedness
of the solution and the existence of a continuous semiflow. In Section [3] we define the basic
reproduction number Ry for system — by the sprectral radius of the next generation
operator. In Section [4] under some additional assumptions on the functions f; and f,, we in-
vestigate the threshold dynamics of system (L.3)-(L.4): the cholera-free steady state (CFSS) is
globally asymptotically stable if Ry < 1, whereas the system — is uniformly strongly

4



persistent if Ry > 1. In Section [5, we consider the spatially homogeneous case. Under the
assumptions of positivity, monotonicity and concavity on the nonlinear incidence functions, we
show that if Ry > 1, then the unique cholera-endemic steady state (CESS) exists and it is glob-
ally asymptotically stable. Specifically, we consider three special cases of the nonlinear incidence
functions. The proofs will be performed by using Lyapunov functional techniques. In Section
[0, we perform numerical simulation that supports our theoretical results. We numerically show
that the diffusion coefficient affects to the convergence speed of the solution to the steady state,
cholera can not be controlled by limiting the movement of host individuals, and the spatial het-
erogeneity does not always enhance the disease persistence. Finally, Section [7] is devoted to the

discussion.

2 Well-posedness of the problem

This section is devoted to prove that system ([1.3)-(1.4) has a unique global classical solution.

Let us define the following differential operators:
Ao =V - [di(-)Vy],

D(AY) .= {go c () NCHQ) : A € O(Q), Op _ 0, r € aQ} . i=1,2,3.

on

From [20, Chapter 7], we see that for i = 1,2,3, the closure A; of A? generates a Cy-semigroup
{T;(t) }+>0 such that u;(t) = T;(t)p is the solution of w)(t) = A;u;(t), t > 0 with u;(0) = ¢ €
D(A;), where

t——+0

D(4;) = {go € C(Q): lim w exists}.

Here I, denotes the identity operator. Let us define the following nonlinear operators on € x R3:

Fi(z,r) == Nx) = fi(z,11,72) — fow,71,73) — p(2)11, B
Fy(x,r) == fi(x,r, ) + folw,r,rs) — [(x) +9(x)] e, 2 €Q, r=(r,re,13) € R’
Fy(x,r) :== m(z)ry — n(z)rs,

Let X; := C(Q),i=1,2,3 and let
3 3
A=]J4, DA =]]DA). T@) :=][T®), t>0,
=1 i=1 .

F(z,r) := (F\(z,r), Fy(z,r), F3(z,1) (z,1) € Q x R?, X::HXi,

where X is equipped with the following norm:

[l := max{sup [n ()], sup |[a(2)|, sup[¢s(x)[}, ¢ = (1, ¢s,95) € X

€ € €



We can then rewrite system (1.3)-(1.4) as the following abstract form in X:
w(t) = Au(t) + F(ult)), t>0, u(0)=¢€ D(A)CX, (2.1)
where u(t) = (S(-,1),1(-,t), P(-,t)) € X, t > 0, ¢ = (So(-), Io(-), Po(-)) € X and
F)(x) = F(z,¢(z), z€Q, ¢peX

From (2.1]), a mild solution can be obtained as a continuous solution of the following integral
equation,
t
u(t) =T(t)¢ —l—/ T(t—s)F(u(s))ds, t>0, u(0)=¢eX
0
Let X* be the positive cone of X. By using [20, Corollary 7.3.2], we prove the following proposition

on the existence of the unique classical solution in X,

Proposition 2.1. Suppose that (A1)-(A4) hold. For each ¢ € X*, system - has the
unique classical solution u(t) = u(t,¢) € Xt defined on [0,0), where 0 = o(¢p) < 4o00. u(t)
is continuously differentiable and satisfies on (0,0). If o < 400, then ||u(t)||x — +oo as
t—o—0.

Proof. By [20, Corollary 7.3.2], it suffices to show that Fy(x,r) >0 for all i = 1,2,3, x € Q and
r € R such that r; = 0. This is obvious from assumptions (A2) and (A3). This completes the
proof. O

We now prove the following theorem on the existence and uniqueness of the global classical

solution of system (|1.3])-(1.4)).

Theorem 2.1. Suppose that (A1)-(A4) hold. For each ¢ € XT, system - has the unique
global classical solution u(t) = u(t,¢) € XT such that u(t) € D(A) on (0,4+00) and u(0) = ¢.

Proof. By Proposition [2.1], it suffices to show that o = o(¢) = 400 for any ¢ € X*. On the
contrary, suppose that o < 4+00. By the first equation in (1.3)) and assumptions (A2)-(A3), we

have
S; <V [di(x)VS]+ AT —pu S, z€Q, t>0,

where AT := max_ g A(z) € (0,400) and p~ = min g pu(z) € (0,400). By the comparison
principle and the similar arguments as in |21, Proof of Theorem 1], we see that there exists a

positive constant M; > 0 such that
0< S(x,t) <My, tel0,0), €.

Thus, S does not blow up at t = 0. Suppose that fi(z, S(-,t), I(-,t))+ f2(%, S(-, 1), P(-,t)) = +o0
ast — o — 0 for some € ). We then have from the first equation in (|1.3) that Sy(Z,t) — —o0
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as t — o — 0. This implies that S(Z,f) < 0 in the neighborhood of ¢, which contradicts to
the positivity of S. Hence, fi(z,S(-,t),1(-,t)) + fa(z,S(-, 1), P(-,t)) < 4oc for all z € Q and
t € [0,0). By the second equation in (1.3]) and assumption (A2), we have

L <V do(x)VI+ fF = (p+77)I, z€Q t>0,

where
ffi=sup [fi(z,S(z,t),[(z,t) + fo(x,S(z,1), P(x,t))] < +o0,
(2,0)€Qx[0,0)
and 7y~ = min g v(z) € (0,+00). Similar to the above argument, we see that there exists a

positive constant My > 0 such that
0<I(zx,t) <My, te€l0,0), z€Q.

Thus, I also does not blow up at t = . By the third equation in (|1.3)) and assumption (A2), we
have

P, <V -[ds(x)VPl|+m™ My —n P, z€Q,t>0,
where m* := max, .gm(z) € (0,400) and 7~ := min gn(z) € (0,+00). Similar to the above
argument, we see that there exists a positive constant M3 > 0 such that

0< P(x,t) < M3, te0,0), €.

Thus, P also does not blow up at ¢ = ¢ and this is a contradiction. Consequently, ¢ = +o0 and

the proof is complete. O

In a similar way of the proof of Theorem [2.1], we obtain the following corollary on the bound-

edness of the solution.

Corollary 2.1. Suppose that (A1)-(A4) hold. For each solution u(t) = (S(-,t),1(-,t), P(-, 1)),
t > 0 of system — with initial condition ¢ € XT, there exist positive constants My, My, Mz >
0 such that

0< S(x,t) < M, 0<I(x,t) <My, 0<P(x,t)<Ms

holds for all x € Q and t > 0.

Proof. The proof is done by replacing ¢ in the proof of Theorem by 400. ]

Moreover, by Theorem and 20, Theorem 7.3.1], we obtain the following corollary on the

existence of a continuous semiflow.

Corollary 2.2. Suppose that (A1)-(A4) hold. For each ¢ € XT, system - generates a
semiflow {U(t) }y>o : X — X defined by V(t)p := u(t,¢), t > 0. For any closed and bounded
subset B € X* and t > 0, U(t)B has compact closure in XT.

Proof. The assertion directly follows from Theorem 2.1 and (d)-(e) of [20, Theorem 7.3.1]. O
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3 Basic reproduction number

In this section, we define the basic reproduction number ¥y for system ((1.3)-(1.4). The
cholera-free steady state (CFSS) of system (1.3)-(1.4)) is given by Q° := (5°(-),0,0) € XT, where
SY(z) satisfies

0S°

0="V"[dz)VS’] + Az) — u(z)S°, z €, B = 0, = €.

By a similar argument as in |22, Section 2.2] or |21, Section 2.1], we see that there always exists
the unique CFSS such that S°(z) > 0 on Q. Linearizing the equations of I and P in system
(1.3)-(1.4) around CFSS, we obtain the following equations:

0 0

1=V - o()vr] D ORI b ) @) we s 0

P, =V - [d3(x)VP] 4+ m(x)] —n(x)P, reQ, t>0,

ol 0P

8_1’1:8_{1:0’ ZL’E@Q,t>0
(3.1)

We now make the following additional assumption:
(A5) Ofi(x,5°,0)/0I >0 and dfy(x,S°,0)/0P > 0 for all x € Q.

Under assumption (A5), the linear system (3.1)) is cooperative and irreducible. Substituting
I(z,t) = e™p(x), P(x,t) = e"(z) into (3.1) and dividing each equation by e**, we obtain the

following eigenvalue problem:

df1(x,5°,0) o+ D fa(x, S°,0)

hp =V [dy(2) V] + = op ¥ @) +(@)le, ze,

K =V - [d3(x) VY] + m(x)p — n(x)i), reQ,  (32)
(9_(,0 — a_¢ — 0’ xr &€ 89

on On

Let Y := C'(2) x C(R2) and let YT be the positive cone of Y. By using the Krein-Rutman theorem

as in [20, Proof of Theorem 7.6.1], we can prove the following lemma:

Lemma 3.1. Suppose that (A1)-(A5) hold. There exists a principal eigenvalue ko of problem
associated with a strictly positive eigenvector (g, 1) € Y.

Proof. Since the linear system (3.1)) is cooperative and irreducible, we can see as in |20, Proof of
Theorem 7.5.1] that it generates a compact and strongly positive semigroup {S(¢)}s>0 : YT —
Y, generated by a linear operator L. Then, as shown in |20, Proof of Theorem 7.6.1], there
exists a pip € R such that the resolvent operator B := (ul; — L)™' is compact and strongly
positive for all ;1 > pg. By the Krein-Rutman theorem (see, e.g., [23, Theorem 3.2]), the spectral
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radius 7(B) is a positive eigenvalue of operator B associated with a strictly positive eigenvector
wo = (o, o) € YT. Let ko := u — 1/r(B). We then have Lwy = kowp, and thus, S(t)wy =
etwy, t > 0. Hence, we see that kg is the principal eigenvalue of problem associated with
the eigenvector wy = (g, ?p). This completes the proof. O

Following the definition in [24], we define the basic reproduction number [25] by the spectral
radius Ry := r(K), where K is the next generation operator on Y defined by

Kab(z) = /;OO S@)T(H)dt, w0, o= ( Zﬁ; ) €v.

Here, ®(z), x € Q is a matrix-valued function defined by
8f1($,50,0) 6f2($75070)

O(z) = oI opP . xef
m(z) 0

and {7 (t)}+>0 : Y — Y is the solution semigroup associated with the following linear system:

I, =V - [do(x)VI] — [p(z) +y(z)] I, €, t>0,

P, =V - [d3(x)VP] —n(x)P, re, t>0,
ol 0P
6_n_8_n_0’ x €I, t>N0.

Using [26, Theorem 3.5], we prove the following proposition.
Proposition 3.1. Suppose that (A1)-(A5) hold. Ro — 1 has the same sign as k.

Proof. Let us define the following matrix-valued function:

B@) = V- [dy(2)V] = [u(z) + 7 ()] 0 el
0 V- [ds(z)V] = n(x) )’ '

We then see that B is resolvent-positive and s(B) < 0, where s(-) denotes the spectral bound of
an operator. Moreover, by the arguments in the proof of Lemma [3.1 we see that L = & + B is
resolvent-positive, and thus, it follows from [26, Theorem 3.5] that kg = s(L) = s(® + B) has the
same sign as r(®(—B)~!) — 1. Since K = ®(—B)~! and Ry = r(K), we complete the proof. [J

Let us define the following sets.

Xo = {Q/J = (Y1,%2,13) € X+ Yo(-) # 0 and ¥3(-) # 0},
OX := { = (Y1,¢2,¢3) € XT : either ¢hp(-) = 0 or ¢3(-) =0} . (3.3)

Note that XoUOX = Xt and XyNodX = (). Before going to the next section, we give the following
useful lemma, which gives the strict positivity of the solution of system (|1.3)-(1.4)):

9



Lemma 3.2. Suppose that (A1)-(A4) hold. Let ¥(t)¢p = (S(-,t),1(-,t), P(-,t)), t > 0 be the
solution semiflow for system (1.5)-(1.4) with ¢ € Xo. Then, I(x,t) > 0 and P(x,t) > 0 for all
t>0 andx € Q.

Proof. The assertion directly follows from the inequalities

L 2 V- [dy(2)VI] = [u(z) + (@) 1, ©€Q, t>0,

P, >V - [d3(x)VP] —n(zx)P, reQ, t>0,
ol 0P
m - n 0, r €I, t>0,
and the strong maximum principle (see, e.g., [27, Chapter 3|). This completes the proof. ]

4 Threshold dynamics

In this section, we study the global asymptotic behavior of system ({1.3])-(1.4) in connection
with the basic reproduction number R,. Motivated by [28], we make the following additional

assumptions:

(A6) fi(z,S,I) and fy(x,S, P) are monotone non-decreasiong with respect to S > 0 for all
zeQand I, P>0.
(A7) The following inequalities hold for all z € Q and I, P > 0:

af1<x78070)
oI

6f2(1‘, SO, 0)

N <
f1<ZL’,S,I)_ ap

I and fy(x,S° P) < P.

We now prove the following theorem on the global asymptotic stability of the CFSS:

Theorem 4.1. Suppose that (A1)-(A7) hold. If Ry < 1, then the CFSS Q° = (5°,0,0) € X* of
system — 15 globally asymptotically stable.
Proof. It follows from the first equation of (|1.3)) that

Sy < V- [di(z)VS]+ ANzx) — p(x)S, z€Q, t>0.

We then see from the comparison principle and the argument in |22, Section 2.2] or |21 Lemma
1] that limsup,_, . S(z,t) < S%x) for all z € Q. Hence, without loss of generality, we can
assume that S(z,t) < S%(z) for all x € Q and t > 0. By assumptions (A6) and (A7), we have

Ofi(x,5°,0)  Ofa(z, 8,0
L <V - [do(2)VI] + fl(”gj Oy fZ(”g’P D b luw) 4 4@, zeQ t>0,
P, =V [ds(x)VP] +m(z)] —n(z)P, r€Q,t>0,
ol 0P
a—n—a—n—o, $€897t>0.

(4.1)
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Thus, we see that the solution of (3.1 is an upper solution. Let (I(-,t),P(-,t)) € Y*, t >0
be the solution of with initial condition I(z,0) = Myg(x) and P(x,0) = Miy(z), = € Q,
where M > 0 is a sufficiently large constant and (¢, o) € Y1 is the strictly positive eigenvector
of problem associated with eigenvalue kq. Since (¢, 1) is strictly positive, we can assume
without loss of generality that M is so large that I(z,0) > Io(z) and P(z,0) > Py(x) for
all + € Q. By the comparison principle, we have that I(x,t) < I(x,t) = Me tpy(x) and
P(z,t) < P(x,t) = Me™y(z) for all z € Q and ¢t > 0. By Proposition , ko < 0, and thus,
I - 0and P — 0 ast — +oo. There then exists for arbitrary small 0 < ¢; < min, 5 (), a
large T} > 0 such that fi(x, S, 1)+ fo(x, S, P) < fi(x, 5% 1)+ fa(z, SO, P) < € for all z € 2 and
t > T;. We then have from the first equation of that

Sy >V - [di(x)VS]+ Nx) —e; — p(x), x€Q, t>T.

Similar to the above argument, we have that

S? (z) <liminf S(z,t) < limsup S(z,t) < S%(z), z €,

t—+oo t—+o0
where S? (z) satisfies

0S°
x € €, —L =0, €.

0=V [dx)VS®] + A(@) — 1 — u(x)S" on

€1

Since €, is arbitrary and S? — S° as ¢, — 0, we obtain that S — S as ¢t — +0c0. This completes
the proof. n

We next study the uniform persistence of system ((1.3))-(1.4)) for Ry > 1. For € > 0, let us
define R, := r(K,), where

Ke:= /+oo O ()T (t)pdt, x€Q, 9= ( 1 > ey
0

s
and
6f1(x,80—e,e) 8f2(w,80—e,e)
O (z) = oI oP , zeq.
m(z) 0

By the continuity, if Ry > 1, then there exists a sufficiently small ¢ > 0 such that R, > 1 and

0 __ 0 _
Ofi(z,S” —€,€) ~ 0 and Ofo(x,S” — €,€)

37 5P >0 for all z € Q.

In what follows, we fix such an € > 0 for ®y > 1. By a similar argument as in Proposition [3.1],

we see that the following eigenvalue problem has a positive eigenvalue k. > 0 associated with a
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strictly positive eigenvector (¢, 1) € Y

df1(x,S° — e,e)gp_’_ Ofa(x,S% — €, ¢)

kp =V - [day(2) V] + 3] 5P V= [u(z) + ()], €,

dp 0P

= o = 0, x € 09.
(4.2)

We now make the following additional assumption:
(A8) The following inequalities hold for all z € Q, S > S® —eand 0 < I, P < e

Of1(z, 5% — €, ¢)
ol

Ofa(z, 5% — €, ¢)

>
fl(xasa]—)_ ap

P.

[ and fo(z,9,P) >

For instance, we can easily check that the bilinear incidence rate f(-,z,y) = fxy, f > 0 and
the saturated incidence rate f(-,x,y) = fay/(1 + ay), a, B > 0 satisfy this assumption. Under

these settings, we now prove the following lemma on the uniform weak persistence of system

(1.3)-(1.4) in norm || - |x:

Lemma 4.1. Suppose that (A1)-(A8) hold. Suppose that Ry > 1 and let € > 0 be a suffi-
ciently small constant as stated above. Then, the CFSS Q° = (S°,0,0) € X't is a uniform
weak repeller. That is, for the solution semiflow V(t)p = (S(-,t),I(-,t), P(-,t)), t > 0 with
¢ = (So(+), In(+), Po(+)), we have

lim sup H‘Il(t)gzﬁ — QOHX > e, (4.3)
t——+o0

provided ¢ € Xo = {tp = (Y1,12,v¢3) € X 1 4hy(-) # 0 and 5(-) # 0}.

Proof. Suppose on the contrary that (4.3) does not hold. We then have that there exists aT" > 0
such that S(t,z) > S°(x) — e and I(t, ), P(t,z) < e for all z € Q and ¢ > T. Under assumption
(A8), we have

Of1(z, 8% — ¢, e)[ N O fa(z, 5% — €, ¢)

I, > V- [dy(2)VI] + P —[u(x) + ()] I, x€Q, t>T,

ol oP
P, =V - [d3(x)VP|+m(x)] —n(x)P, rel, t>T,
or  opr
a—n—a—n—o, $€8Q,t>T

By Lemma we see that I(z,7) > 0 and P(z,T) > 0 for all x € Q. Since ¢ (x) and ()
are strictly positive on €, there exists a sufficiently small constant ¢ > 0 such that I(z,T) >
CerTp (r) and P(x,t) > (e () for all z € Q. Let (I(-,t), P(-,t)) € Y+, ¢ > 0 be the solution

12



of the following auxiliary system with initial condition I(z,T) = (e*Tp.(x) and P(z,t) =
Cer Ty (z), v € Q:

Of1(z,5° — ¢, ¢) Ofy(z, 5% — €, ¢)

Iy =V - [dy(x)VI] + o I+ 5P P—[u(z)+~(@)]I, x€Q, t>T,
P, =V - [d3(x)VP] +m(x)] —n(x)P, reQ t>T,
ol 0P

e Q T.
n ~ on , x €0, t>

By the comparison theorem, we have that I(z,t) > I(x,t) = (e"'p (z) and P(x,t) > P(x,t) =
Cefelap(x) for all z € Q and ¢t > T. Since k. > 0 for Ry > 1 as stated above, we have that
I(x,t) — 400 and P(z,t) — 400 as t — 4oo for all 2 € Q, which contradicts to Corollary 2.1}
This completes the proof. O

To prove the uniform strong persistence of system (1.3))-(1.4) for %, > 1, we make the

following additional assumption:

(A9) There exist strictly positive continuous functions g;(z) and go(x) such that

f1($7807]) Sgl(x> and fQ(l‘,SO,P) SQQ(x)v IGQ, LPZO

For instance, the saturated incidence rate satisfies this assumption. Note that this assumption
excludes the bilinear incidence rate (see [21] for the previous results in the case of bilinear

incidence rate). Under (A9), we prove the following theorem on the uniform strong persistence

of the disease in system ([1.3))-(1.4)):

Theorem 4.2. Suppose that (A1)-(A9) hold. If Ry > 1, then there ezists a constant eg > 0 such
that
liminf (¢, ) > €, ltim inf P(t,z) > €,

t——+o0 —+00
provided ¢ € Xy, where Xo := {1 = (1)1,102,13) € X : either 1hy(-) Z 0 or ¢5(-) # 0} C X.

Proof. We first prove the existence of a global attractor in X*. By the argument in the proof of
Theorem , we see that limsup,_,, . S(z,t) < S%z) for all z € Q. By (A6) and (A9) and the
second equation of ([1.3]), we have

Iy <V - [dy(x)VI] + g1(z) + go(x) — [pp(z) +y(z)] I, x€Q, t>0.

Hence, as in the argument in the proof of Theorem [1.1], we see that there exists a strictly positive
function I°(x), x € Q such that limsup,_,, . I(z,t) < I°(z) for all x € Q. Then, for any ¢ > 0,
there exists a sufficiently large ¢ > 0 such that

Ry <V - [d3(z)VR] +m(z) [I°(x) + €] —n(z)P, z€Q, t>1
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We then see as above that there exists a strictly positive function R°(z), z € Q such that
limsup,_, o R(z,t) < R%(z) for all z € Q. Thus, we see that the solution semiflow W(t), ¢ > 0
is point dissipative (note that S°(-), I°(-) and R°(-) are independent from the choice of initial
condition ¢). Since the compactness of the semiflow W(t), ¢ > 0 follows from Corollary we
see from [29, Theorem 3.4.8] that W(t), ¢t > 0 has a global attractor in X*.

We next prove that Ugerr,w(¢) = {Q°}, where My := {¢ € 90X : U(¢)¢ € IX for all ¢ > 0}
and w(¢) := Ni=oUs>t {¥(5)¢} is the omega limit set. Let ¢ € My. We see from that either
I(-,;t) =0 or P(-,t) = 0 for each t > 0. By (A2) and (A3), it is easy to see that S(x,t) > 0
forall € Q and ¢t > 0. If I(-,¢*) = 0 and P(-,t*) # 0 for some t* > 0, then it follows from
the third equation of and the strong maximum principle as in the proof of Lemma that
P(x,t) >0 for all x € Q and ¢t > t*. Then, I(-,t) =0 and I,(-,t) = fo(-, S, P) > 0 for all t > t*,
which is a contradiction. If I(-,¢*) 2 0 and P(-,t*) = 0 for some t* > 0, then we have in a similar
way that P(-,t) =0 and P;(-,t) = m(-)I(-,¢) > 0 for all ¢ > t*, which is a contradiction. Thus,
we have that I(-,t) = 0 and P(-,t) = 0 for all ¢ > 0. We then have from the first equation of
that S; = V - [di(2)VS] + A(z) — pu(z)S, x € Q, t > 0. Thus, as in the proof of Theorem
[1.1] we see that S — S° as t — ~+oo. This implies that Ugenr,w(¢) = {Q°}.

As in [22, Proof of Theorem 2.5] or [21, Proof of Theorem 3], we define the generalized
distance function p : Xt — [0, +00) as follows:

p(v)s= min {min o (o), min (o) 6 = (. e) € X
It is easy to see from the above argument that p~'(0, +00) C Xy and W*(Q%) N p~1(0, +00) = 0,
where W*(Q°) := {¢ € X : limy_, o [|¥(t)p—Q°|lx = 0} denotes the stable set of Q°. Moreover,
it is easy to see that QY does not form any cycle in X, and it is isolated in X. Thus, by [30,
Theorem 3], we can conclude that there exists an €y > 0 such that mingex, {minge., @) p(¥)} > €.
This implies that

liminf I(t,x) > €, liminf P(¢,z) > €,
t——+00 t——+00

provided ¢ € X,. It is easy to see from the strictly positivity of m(-) and f5(-, S, P) for S, P > 0
that U(t)p € X, for all t > 0if ¢ € Xo. This completes the proof. ]

For example, under assumptions (A1) and (A2) on other parameters, we can check that the
following functions f; and f, satisfy assumptions (A3)-(A9), for x € Q and S, I, P >0,

@ (filz, 8.1, f2(z, 8, P)) = (1%(53(%1’ 1%25;)313) ’

(4.4)

@) (fi(z.S. 1), falw, S, P)) = (51(1;)5111 (1 + Ha—ll(x)]>  Bo(z)SIn (1 + ﬁ)) ,
arctan (ag(x)P)) |

as(z)

arctan (o (z)I)

aq ()

, Ba(7) S

(i) (ule.S.D), fule, S, P)) = (ﬁ1<x>s
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—35}/ (1+ (yl‘)
-==BSIn[1+1/(1+ al)]
- = pBSarctan(al)/a

0.5[ 1 /-

Fig. 1.An example of functions in (4.4) (i)-(iii), where a = =S =1and 0 < T < 10.

where o;(-), Bi(-) € C*(Q), i = 1,2 are strictly positive and uniformly bounded on Q. Note that
these functions have the monotonicity with respect to S, I and P, the concavity with respect to
I and P and the saturation effect with respect to I and P (see Fig. [1).

5 The spatially homogeneous case

In this section, we are concerned with cases study when the parameters are all strictly positive
constants. We will get the global stability results on unique positive steady state whenever
it exists by using Lyapunov functions. Denote by Q* := (S, I, P) the constant steady state
throughout this section.

In what follows, we make the following assumptions.
(B1) Qis a bounded domain in R™, n € N with sufficiently smooth boundary 0f2.
(B2) dy, dy, d3, A, i, v, m and n are independent of the variable x and strictly positive constants.

It is easy to see that (B1) and (B2) are equivalent to (A1) and (A2) in the spatially homogeneous

case, respectively.

5.1 Nonlinear incidence functions with f1(S,7) and f»(S5, P)

In this subsection, we still use general nonlinear incidence functions fi(S,I) and f5(S, P) to
present the direct infection transmission between susceptible and infected individuals and the

indirect infection transmission between susceptible individuals and cholera bacteria, respectively.
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The model to be studied takes the following form:

' %:d1A5+A—f1(s,z)—fg(s,P)—us, e, t>0,
O AT+ A(S.1)+ (S P)— ()], rEQ, >0,
%§:¢Ap+m1—mz TEQ >0, (5:1)
S(z,0) = So(z), I(z,0) = Iy(x), P(x,0)= Py(z), =€cQ,
Kggzggzggzo, v Ed >0,

For the sake of simplicity, motivated by |28, Corollary 5.1], we make the following assumptions
on fl(Sa I) and f2(S7 P)

(B3) f1(S,I) > 0and f»(S,P) > 0forall S,I, P > 0. f1(S,0) = f1(0,1) = f2(S,0) = f2(0, P) =
0 for all S,I,P > 0.

(B4) f1(S,1I) and f5(S, P) are twice continuously differentiable with respect to (S,1) € R x R
and (S, P) € R x R, respectively. 9%f1(S,1)/0I* < 0 and 9°f5(S, P)/0P? < 0 for all
S,1,P > 0.

(B5) 8f1(S,1)/0S > 0, 8fo(S, P)/8S > 0, 8f1(S,1)/0] > 0 and 8fs(S,1)/0P > 0 for all
S.1,P>0.

It is easy to see that (B3)-(B5) imply (A3)-(A6) in the spatially homogeneous case. Note that
they further imply (A7) and (A8) in the specially homogeneous case. In fact, by the second order

Taylor expansion,

afl(‘saj) 82f1<saf>

_ _ _ 2
1
gﬁwﬂy—@%%lL S,1>0, (5.2)
where £ € R is a number such that [£] < |I|. Hence, if S > 5% — ¢ and 0 < I <€, then
0_
fl(S,])Zafl(S’[)]Zafl(S 676)]‘

ol oI
We can obtain a similar inequality for fo(S, P). Thus, (A8) holds. Moreover, since

o (fi(S, 1)\ 1 [0fi(S,I)

the above inequality (5.2) implies that f(S,7)/I is monotone non-increasing with respect to I.

Hence, we have
fl (SO’ I)
I

. (8% 1) 9f1(S°,0)
< pr—
< Jm oI
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and thus,
df1(S°,0)
0 < ?
fl(S 7]) — aI

We can obtain a similar inequality for f,(S°, P). Thus, (A7) holds.
Clearly, system (j5.1)) has the CFSS Q° = (S5°,0,0), where S° = \/u. Following the arguments

in Section 3| the next generation operator K is given by

I.

+00
Ko = /0 OT(t)bdt, o — ( Z; ) ey, (5.3)
where
afl(SO,O) an(S()?O)
o — o1 op ,
m 0
et / D (t, - )t (y)dy 0 v
Tty = @ 7 ¢:(¢1)EY
0 / L(t, - y)n(y)dy :

Here I';(t,z,y), t > 0, z,y € Q, i = 2,3 denotes the Green’s functions associated with d;A,
1 = 2,3 subject to the Neumann boundary condition. Let ¢; := fQ Yi(x)dz, i = 1,2. We then
have by integrating both sides of (5.3]) that

8f1(S°,0)  9f(S°,0) 1oy
K7 ) = oI P pty 1)
P2 1 P2
m 0 0 1

Thus, ?R = r(K) is explicitly given as follows:

, 1|8f(5°0) 1 Af1(5°,0) 1 \> 9f(5°,0) m
0 2 ol u~|—’y+ ol u+vy * OP  n(p+7) (5:4)

By Theorem 4.1} we immediately obtain the following theorem.
Theorem 5.1. Suppose that (B1)-(B5) hold. If RED < 1. then the CFSS Q° = (S°,0,0) =
(A/1,0,0) € XT of system is globally asymptotically stable.

Proof. As stated above, (B1)-(B5) imply (A1)-(A7). Thus, the assertion directly follows from
Theorem [4.1] [l

Next, we focus on the constant positive cholera-endemic steady state (CESS) of system (5.1)).
We denote it by Q* := (S, I, P) € X*, if it exists, it should satisfy the following equations:
0=X—fi(S,1) = fo(S, P) — S,
0= f1(S,1) + fa(S, P) = (u+ )1, (5.5)
0 =ml —nP.
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The following lemma concerns with the existence of the CESS, Q*.

Lemma 5.1. Suppose that (B1)-(B5) hold. If §R > 1, then there exists at least one CESS
Q* = (5,1, P) € X* of system .

Proof. By the third equation of (5.5), we have P = mI/n. Thus, (5.5) can be rewritten as

follows.

0=A—g(S,I)— puS,

0=g(S,1) - (u+]I, (56)

where ¢(S, 1) = f1(S,I) + f»(S,mI/n). Similar to the argument in 28, Proof of Theorem 3.1],
we then see that the CESS Q* exists if

0 0 1 0 1 0
R 250D 00(S°0) 1 ORGS0 1 0RSN)_m o
I—>Og(5'[) ol pu+-~y ol pu+vy OP  n(p+7)

If 9f1(5°,0)/01(pu+ ~v)~' > 2, then both of §R and R} are greater than 1 and the CESS Q*
exists. If 9f1(S°,0)/0I(pn + v)™' < 2, then we see by a simple calculation that §R > 1 is
equivalent to R} > 1. Thus, the CESS Q* exists. This completes the proof. m

As shown in the above proof, we can regard R} as the threshold value instead of 3‘% . Finally,
we aim to establish global stability results for CESS Q* by using Lyapunov functional. To this

end, we need the following additional assumption.
(B6) The following inequality holds for all S, P > 0:

£(5.P)  AS, DN ([,  fAS,P)
<fz<s,P> f1<s,1>><1 fg(S,P))SO' (5.8)

Note that (B6) is satisfied if the nonlinear incidence functions have separable forms as in Section
b.2] The following theorem concerns with the global asymptotic stability of the CESS.

Theorem 5.2. Suppose that (B1)-(B6) hold. If R} > 1, then the CESS Q* = (5,1, P) € XT of
system (-) with initial condition ¢ € Xq 1s globally asymptotically stable.

Proof. We define
L0[S.1,P) (1) = / U, (5.1, P] (z, t)da,
Q

U [S,1,P)(z,t):= S— 35— ]}11((2 [))d 4+ (ﬁ) +f2(j’_p>g(g).

The partial derivative of U [S, I, P] with respect to t satisfies

82/;1 (1 f(S p) ot (1 ) ot 2(m’[ 2 (1 P) ot
(5, 1)
18
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Directly computing the derivative of £; gives

L, _fl(S',I_) _Z f2(S, P) __]3
N SO PO PV Y. T PO

+/G1(t,x,S,I, P)dz,
)

where
cutrsan=w(i-gep)(o5)

0 gisn s )

S (G - SRR e 1)

+f2<§,15)(§_ " _gﬂ)

(-5 (-5) %

D Ssnisn i)

SHED(-t fis 1 i)
f

f2(S,P)  Ify(S,P) IP Pfy(S,P)
- f2(57p) - [fQ( ap) - ﬁ__ pf2(57P))

Using the arithmetic-geometric mean and the monotonicity of the function f;(.S, I) with respect
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to S (see assumption (B5)), we have

Gl(t,aj,S,I,P)Sfl(gj)<_ +jﬁj§§§§ ; 22 gﬁ)
e (-1 BED L PHGD
I o R e o B v k8 )
-s0(i-353) (7655 )
1505 ram) (rem )
P) fi(S

+ £, P>(ji§§§ B “;1(5,’ Q ) (1 N ﬁg Ji;) |

Under the assumption (B4), we can conclude that I/1 < f1(S,1)/f1(S,I) < 1for 0 <1 <1,
and 1 < f1(S,1)/f1(S,I) < I/I for I > I. In a similar way, we can obtain similar inequalities
for fo(S, P). Further from assumption (B6), we have the following inequality.

%<(1 fl(SI))dlAS < §>d2A1+M(1—£)d3AP}dx

ot~ f1(S, 1) ml P
9f1(S,I)
_ 5 7 VS| [ IVIP (S, P)P [ |VP]”
= |:d1f1(57[>/gmd +doI . I dz + ds . P I} <0.

Therefore, £, is a Lyapunov function for the system (5.1)). Obviously, 0L£;/0t = 0 if and only if
(S.1,P) = (5,1, P).
By using some standard arguments, we can see that

(S(z,t), I(z,t), P(x,t)) — (S, I, P) in [L*()]?, as t — oo.

Recall that ||S(-,t)||z, ||I(:,t)||z~ and ||P(-,t)||z~ are bounded due to Theorem [2.1, Hence

by [31, Theorem A2|, for some positive constant Cy, we have
1SC, Ollez@) + G Olle2@) + 1P D) lle2@) < Co.
Hence, the Sobolev embedding theorem allows one to claim
(S(z,t), I(z,t), P(x,t)) — (S, I, P) in [L>®(Q)]?, as t — oo.

We can use LaSalle’s invariance principle to show that the system (5.1)) admits a connected global
attractor on X* and

lim (S(-),1(-,1), P(-t)) = (S, 1, P).
That is, Q* is globally asymptotically stable for ((5.1)). This completes the proof. O
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5.2 Nonlinear incidence functions with ¢(S)p(I) and ¢(S)y(P)

In this subsection, we consider nonlinear incidence functions with ¢(S)p(Z) and ¢(S)y(P)
that is commonly used in previous literature [13},28,32,33].

Under the assumptions (B1) and (B2), we consider the following model.

,
% dAS X 0(S)pll) — H(SYH(P) ~ S, €D, 10
ol
5 = LAL+(S)e]) + o(S)P(P) = (u+ I, z €9, t>0, (5.9)
%:dgAP—FmI—nP, x€Q, t>0,

with the same initial and boundary conditions as in model (5.1). We further give the additional
assumptions on ¢(S) and ¢(I).

(B3’) All nonnegative functions ¢(-), ¢(-) and ¢ (-) only vanish at 0.
(B4’) &(-),¢(-) and (-) are monotone non-decreasing with respect to S, I, P > 0.
(B5’) 9%¢p(I)/dI* <0 and 0%*)(P)/OP? <0 for all I, P > 0.

Clearly, system ({5.9) has the CFSS Q° = (S°,0,0), where S° = \/u. Similar arguments as

in subsection [5.1}, we define

69 _ 1| 0 de0) 1 \/ 2000) 1N au(0)  m
R =5 o0 (o202 ) e D (a0
We set p(0) 1 2u(0)

2 _ 0\ 9% 0 m

o= X0 7or 1y TR iy

Note that %2 > 1 is equivalent to §R > 1. We have the following result.

Lemma 5.2. Suppose that (B1)-(B2) and (B3’)-(B5’) hold. If R2 < 1, then the CFSS Q° =
(5°,0,0) = (A\/u,0,0) € X of system is globally asymptotically stable; If Ry > 1, then
there exists at least one CESS Q* = (S, I, P) € X* of system .

Theorem 5.3. Suppose that (B1)-(B2) and (B3’)-(B5’) hold. If R3 > 1, then the CESS Q* =
(S, I, ]5) € Xt of system with initial condition ¢ € Xq is globally asymptotically stable.

Proof. Note that the steady state of the system ([5.9)) satisfies the following equations:

A= 6(S)e(I) + (S)¥(P) + S,
(b A+ = o(S)e(I) + ¢(S)v(P), (5.11)
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We define
£2[S,1, P (t) == / Uy [S, 1, P) (. t)d,
Q

st [ (1) SR (1)

The partial derivative of Us [S, I, P] with respect to t satisfies

e (219 25 +<1__) o1 _ 9(5)4(P) (1)

ot ot ot + mlI

where

el

¢(5)

Directly computing the derivative of L, gives

- [{(- 5o (-S5O FJuorh

- / Go(t,x, S, I, P)dx,
Q

where

Go(t, x,S,1,P) = u5<1 - %) (1 - %)
+o®)pn (1- S+ 2D 09 1)
roEuP) (1- S + S - 1R 1= 1)
o) (1 - 15 -5 +1)

= MS(I— %) (1—§>

+o(S)p() (3 - S) - A 24D
+ oD ( -1+ 55 - 1+ 155
+oS)(P) (4~ 50 - 1S - T - 7o)
rosup) -1+ 50 - L4 2T,

Using the arithmetic-geometric mean and the monotonicity of the function ¢(S) with respect to
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S (see assumption (B4’)), we have

Galt5.1.P) < o)D) ~ 1+ 57 = 1+ 150

(5 -350) (25 ),

From the concavity of the functions ¢(I) and ¢(P) with respect to I and P (see assumption

(B5")), we have
- g8 (Em-1) <0 = (5-5i7) (Fm 1)

It follows that
0Ly _ (1 - @) Ay AS + (1 — £>d2AI + W( — £>d3AP}dx

ot — o(S) I ml P
_ 29 g5 _ [ |VIP o(S)Y(P)P [ |VP|?
= — 05— I —- - <0.
|:d1¢(5) /Q ¢(S)2 dr + d2 o 72 dr + d3 i o p? dl“| <0

Therefore, L5 is a Lyapunov function for the system ([5.9). Similar arguments as in subsection
b1} 0L5/0t = 0 if and only if (S, 1, P) = (S, I, P). We can use LaSalle’s invariance principle to
show that the system ([5.9)) admits a connected global attractor on X* and

tlg& (S(-,8),1(-,t), P(-,t)) = (S,1,P).
That is, Q* is globally asymptotically stable for ((5.9). This completes the proof. n
Remark 5.1. Note that the left expression in (5.8) becomes zero and thus (B6) automatically
holds in nonlinear incidence functions with ¢(S)p(I) and ¢(S)Y(P).
5.3 Nonlinear incidence functions with 8,57 and 5,SP

In this subsection, we study the following model.

( 0S
E:dlAS—F)\—BlSI—ﬂQSP—,U]S, ZL’GQ,t>0,
ol
E:dQAIJrﬁlSIJrBQSP—(MM)I, xeQ, t>0, (5.12)
%—f:dgAP—l—mI—nP, reQ t>0,

\
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with the same initial and boundary conditions as in model (5.1)). Clearly, system ({5.12]) has the
CFSS Q° = (S9,0,0), where S° = \/u. The basic reproduction number is given by

0 0\ 2 0
RED _ 1155 n \/< ) ) g4 P2S . (5.13)
2 |+~ p+y np+y

As in the previous subsections, we see that ?R > 1 if and only if R > 1, where

%3:5180 BZSOm
O u+y nlpt)

(5.14)

If R > 1, then the unique Q* takes the following form
@ = (G g O = D ).
Bi+ Bam/n’ By + Bam/n n(B1 + Bam/n)

Lemma 5.3. If R3 < 1, the CFSS Q° = (S°,0,0) = (A\/u,0,0) € XT of system is globally
asymptotically stable; If R > 1, then there exists at least one CESS Q* = (S,I,P) € X* of

system .

Theorem 5.4. If R > 1, then the CESS Q* = (5, I, ]5) € Xt of system with initial
condition ¢ € Xy is globally asymptotically stable.

Proof. We define

Ls[S.1,P] (1) = / Us S, 1, P| (z,t)da,

U [S,1,P](x,t) = Sg(%) +1:g(§—) +ﬁ;ffpg(§).

The partial derivative of Us [S, I, P] with respect to t satisfies

where

s (. S\ oS I\OoI PSP ( P\oP
57—O‘§)a+(“i)a+7ﬂ'0‘f)%'

Directly computing the derivative of L3 gives

0L; S I PSP (P
% (1= Sans s (1-Danr+ 22 (12 DYaarka

+ / Gl(t,x,S,I,P)dx,
Q
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where

Gl(t,x,s,f,p):us@_%_g)+5lsf<1_g+§_§+1_§)
+@25P(1—g+§ g—gﬂ—%
+ﬁﬁP(§—£§—%+&)

= (us+ﬁlsl) (2—§—§)+BQSP(3—§—§§—£—£§)

Using the arithmetic-geometric mean, the following inequality holds,
P P
9 _ / - N aas+ 1—- APIN L 1 - JdAP e
o [ IVS] /\WI L BS(D)” /\VPI
= —d|S de + 1 dx dz| <0.
{/QS2+QI2 ml Jo P2 S
Therefore, L3 is a Lyapunov function for the system (5.12). Similar arguments as in subsection

, 0L3/0t = 0 if and only if (S, I, P) = (S, I, P). We can use LaSalle’s invariance principle to
show that the system ([5.12)) admits a connected global attractor on X* and

lim (S(-,t),I(-,t), P(-)) = (3,1, P) .

t—o00

That is, Q* is globally asymptotically stable for ((5.12)). This completes the proof. m

Remark 5.2. Note that all assumptions on nonlinear incidence functions are satisfied with
bilinear incidence function. In fact, incidence functions that are commonly used in the literature
satisfy assumptions in subsection and including, for example, saturating incidence for

the direct or indirect transmission.

Remark 5.3. We set some assumptions on nonlinear incidence functions in subsection [5.1] and
5.2 The main reason lies in that these assumption must ensure that the existence of endemic
equilibrium. On the other hand, these condition are all sufficient condition to establish global

stability results, under which oscillations are excluded.

Remark 5.4. Note that if we let (S(x,t),1(x,t), P(x,t)) represent the concentrations of healthy
cells (CD4 T cells), infected cells and virions at time t in location x, respectively, then model
is the one studied in [21] except for the diffusion parameters, which studied a diffusive

within-host HIV model with virus-to-cell and cell-to-cell transmission mechanism. The global
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stability of unique positive constant steady state is proved by using the similar Lyapunov func-
tional. Further, if diffusion parameters are all spatially homogeneous, then section 3 studied
in [21)] remains hold for our model , that is, the conditions of existence and nonexistence
of the traveling wave solutions are also needed for .

6 Numerical simulation

In this section, we perform numerical simulation that supports our theoretical results. For
the sake of simplicity, we restrict our attention to the spacially 1-dimensional case: 2 C R. In

what follows, we fix the following parameters.

A=1[N], u=1[T"Y, y=10[T"Y, m=10 [N'T™1], n=20[T"1], Q=(0,20),
d:=dy =dy=d3>0,
So(z) =1 —Ip(x), Io(z) =0.01e=@10°  py(z) =0, z€]0,20].

(6.1)
where N and T denote the unit population and the unit time, respectively. It is obvious that
assumptions (Al) and (A2) are satisfied. Although these parameters are not based on any
obserbed data, a rough biological justification is as follows: the total population A\/x is normalized
as 1; the average infectious period 1/ is 1/10 times shorter than the average life span 1/u; m = 10
number of cholera bacteria are produced by one infective population per unit of time; the average
life span 1/7n of bacteria is 1/20 times shorter than the average life span of human. We further

assume the saturated incidence functions:

fl(flf, S, I) = %)f[, fQ(I,S, P) = BQ]_(j_iPP’ (62)

where 3;(-) € C*(Q), i = 1,2 are strictly positive and uniformly bounded on . As stated in
(4.4), assumptions (A3)-(A9) are satisfied in this case.

6.1 The spatially homogeneous case

First, we consider the spatially homogeneous case: 5;(x) = §; > 0, i = 1,2. We can easily
check that all assumptions needed in the previous section are satisfied. Ry can be computed by
(5.13).

For (d, 51, P2) = (1,3,15), we obtain g ~ 0.9733 < 1. Thus, we see from Theorem
that the CFSS Q° = (5°,0,0) = (1,0,0) € X' is globally asymptotically stable. In fact, we can
observe in Fig. [2/that the density of infected individuals I(z,t) converges to zero as time evolves.

For (d, 51, 82) = (1,5,15), we obtain Ry ~ 1.0837 > 1. Thus, we see from Theorem [5.2| that
the CESS Q* = (5 A, P) € X7 is globally asymptotically stable. In fact, we can observe in Fig.
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Fig. 2.Time evolution of I(x,t) of system (5.1)) with . . ) for (d,51,82) = (1,3,15) (Ro ~ 0.9733 < 1).
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Fig. 3.Time evolution of I(x,t) of system (5.1)) with . ) for (d, 1, B2) = (1,5,15) (Ry =~ 1.0837 > 1).

that the density of infected individuals I(x,t) converges to a positive constant distribution as

time evolves.

As shown in Section , the constant CESS Q* = (S, I, P) and the basic reproduction number
Ry are independent from the diffusion coefficients. Fig. [4] shows that the diffusion coefficient d
only affects the convergence speed of the solution to the CESS. More specifically, the convergence

speed becomes larger as the diffusion coefficient d becomes larger (see Fig. 4)).

6.2 The spatially heterogeneous case

Next, we consider the spatially heterogeneous case. We assume and . ) with

3mx

; ) . Bolz) = B (1 +0.05sin 137(;“') . z€[0,20,  (6.3)

ﬁl(l') = /61 (1 + 0.05 sin !

where 5; > 0 and py > 0 are positive constants. It is easy to check that all assumptions needed
in the previous sections are satisfied. In this case, the next generation operator K is given by,
for 1 = (11,19) € Y and z € [0, 20],

LG e ) (35
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Fig. 4. Time evolution of I(x,t) of system (5.1)) with (6.1)-(6.2) for (81, B2) = (5,15) (R ~ 1.0837 > 1). (a) d = 1;
(b) d = 0.01.
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Fig. 5.Time evolution of I(x,t) of system lH) with 1'1} for (d, 81,82) = (1,3,15) (R = 0.9789 < 1).

where

+oo
1 1 nmwx mrye_d(%>2t

B 90 20]. 4
20 10 &~ 20 20 , t>0, x,y€(0,20] (6.4)

In what follows, for the computation of Ry = r(K), we employ the Fredholm discretization
method to the integral operator K as in Section 3.1.2].

For (d,B1,52) = (1,3,15), we obtain Ry ~ 0.9789 < 1. Thus, we see from Theorem
that the CFSS Q° = (5°,0,0) = (1,0,0) € X* is globally asymptotically stable. In fact, we can

observe in Fig. [5|that the density of infected individuals I(x,t) converges to zero as time evolves.

For (d, 1, P2) = (1,5,15), we obtain Ry ~ 1.0907 > 1. Thus, we see from Theorem |4.2
that the disease in system ((1.3)-(1.4]) is uniformly persistent. In fact, we can observe in Fig. |§|

that the density of infected individuals I(z,t) is uniformly bounded below by a positive constant

28



t 0 2 4 6 8 10 12 14 16 18 20
x

(a) (b) (c)
Fig. 6.Time evolution of I(x,t) of system 1)1) with {j{) for (d, 81, 82) = (1,5,15) (Ro ~ 1.0907 > 1).
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Fig. 7.Time evolution of I(z,t) of system (1.3)-(1.4) with (6.1)-(6.3) for (81,32) = (3.2,15). (a) d = 1 (R ~
0.9897 < 1); (b) d = 0.01 (Rg ~ 1.0078 > 1).

for sufficiently large ¢. Moreover, we can see in the figure that I(x,¢) converges to a spatially
heterogeneous CESS as time evlolves.

In contrast with the spatially homogeneous case, the basic reproduction number Ry in this
case depends on the diffusion coefficient d. We see from and the Krein-Rutman theorem
[23, Theorem 3.2] that Ry is decreasing with respect to d. Thus, the CFSS Q° can lose its
stability if the diffusion coefficient d is small. For instance, for (d, 1, f2) = (1,3.2,15), we have
Ro ~ 0.9897 < 1, and thus, the CFSS Q° is globally asymptotically stable (Fig. [7| (a)). However,
if we change the value of d from 1 to 0.01, then we have Ry ~ 1.0078 > 1, and thus, the disease
persists (Fig. [7] (b)).

Finally, we investigate the effect of the spatial heterogeneity on the basic reproduction number
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Ro. We use the following parameters.
A=1, pu=1, =10, m=10, n=20, Q=(0,1),
Bi(x)ST Ba(x)SP
d dl d2 d3 ) fl(iU,S,I) 1+[ ) fg(ﬂf,S,P) ]_+P ) ( )
fi(x) =51+ ccoskmx), [ao(x) =15(1+ ccoskrx), x€0,1],

where 0 < ¢ < 1 and k € N. The average values of f;(z) and [Ba(z) are fol fi(x)dx = 5 and
fol Po(z)dx = 15, respectively. Thus, we can regard c as the intensity of the spatial heterogeneity
(see also 22, Section 3.1]). For k = 1, we see from Fig. [§ (a) that R, is monotone increasing
with respect to ¢. Thus, as claimed in [22], the spatial heterogeneity can enhance the disease
spread in this case. However, for £ = 3 and k = 5, we see from Fig. [§] (b)-(c) that Ry is not
monotone increasing with respect to ¢. Thus, as opposed to the suggestion in [22], the spatial

heterogeneity does not always enhance the disease spread in these cases.

7 Discussion

It is widely known in current mathematical cholera studies that cholera transmission involves
both direct (i.e. human-to-human) and indirect (i.e. environment-to-human) routes. Thus,
multiple interactions among the human host, the pathogen, and the environment may affect
the cholera transmission. In an effort to gain deeper understanding of cholera dynamics, we
formulate and analyze a nonlinear reaction-diffusion model to capture the effect of movements
of human hosts and bacteria in a spatially heterogeneous environment.

For this mathematical model, we define the basic reproduction number, Ry, which is char-
acterized as the spectral radius of the next generation operator. Mathematical results re-
veal that 3y = 1 serves a threshold. The disease will not die out if ®; < 1 and the dis-
ease persist if g > 1. Our results in Section [5| reveal some fundamental differences between

three types of nonlinear incidence function in such spatial models when constructing Lyapunov
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functionals. Under certain assumptions, it is shown that if R}, %2, RS < 1, then the CFSS
Q% = (5°,0,0) = (\/u,0,0) € X+ of system (5.1), (5.9), is globally asymptotically stable,
respectively. Whereas if R}, R2, R3 > 1, then the CESS Q* = (5,1, P) € X* of system (5.1)),
, is globally asymptotically stable, respectively.

Our results are established on some nonlinear restricts on incidence function for the direct or
indirect transmission. Assumptions (A1)-(A4) play a crucial role in proving that (1.3)-(1.4) has
a unique global classical solution, so that (L.3)-(L.4) generates a semiflow {¥(¢)};>o : XT — XF
defined by U(t)¢ := u(t, ¢), t > 0. Under assumption (A5), the linear system is cooperative
and irreducible, which also ensures that eigenvalue problem admits a principal eigenvalue kg,
associated with a strictly positive eigenvector (g, 1) € YT from the Krein-Rutman theorem.
(A6)-(A8) demonstrate the monotonicity and concavity of the nonlinear incidence functions
f1(S,1) and f5(S, P) with respect to S, I, P > 0, which play an important role in applying the
comparison principle. Further, (A9) is devoted to proving that the solution semiflow W(t), t > 0
is point dissipative. Based on this, semiflow ¥(¢) enjoys compactness (see Corollary such
that W(t), t > 0 has a global attractor in XT. It is easy to see that (B1)-(B5) implies (A1)-(AS)
in the specially homogeneous case.

Our numerical results in subsection [6.1]reveal that CFSS Q° and CESS Q* are globally asymp-
totically stable when basic reproduction number less and larger than 1, respectively. In Fig. [4]
we found that the convergence speed becomes faster as the diffusion coefficient d becomes larger,
although basic reproduction number Ry are independent it. In subsection [6.2], we investigate the
effect of spatial heterogeneity on disease dynamics. With strong contrast to subsection basic
reproduction number depends on the diffusion coefficient (R, is decreasing with respect to d).
Thus, form Theorems [4.1] and 4.2 we can conclude that cholera can not be controlled by limiting
the movement of host individuals. In Fig. [§] (a)-(c), we found that Ry is not always monotone
increasing with respect to c. Thus, as opposed to the suggestion in [22], the spatial heterogeneity
does not always enhance the disease spread in these cases.

We argue that, however, bilinear incidence function does not satisfy the assumption (A9). In
fact, individuals and cholera pathogen disperse at different rates, which further brings some new
challenges due to the unboundedness of the bilinear incidence function. We leave it as future

investigation.
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