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Abstract

In an earlier paper (arXiv:1706.03371) a holographic form of the Exact Renormalization Group (ERG)
evolution operator for a (perturbed) free scalar field (CFT) in D dimensions was formulated. It was shown
to be equivalent, after a change of variables, to a free scalar field action in AdSp 1 spacetime. We attempt
to extend this result to a theory where the scalar field has an anomalous dimension. Instead of the ERG
evolution operator, we examine the generating functional with an infrared cutoff, and derive the prescription
of alternative quantization by using the change of variables introduced in the previous paper. The anomalous
dimension is thus related in the usual way to the mass of the bulk scalar field. Computation of higher point
functions remains difficult in this theory, but should be tractable in the large N version.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The idea of holography has been with us for some time since the publication of the first
papers [1,2]. It became a mathematically precise idea with the discovery of the AdS/CFT corre-
spondence [3-6] where an ordinary conformal field theory (N = 4 Super Yang Mills) in D flat
dimensions is conjectured to be dual to a gravity theory (IIB Superstrings) in AdSp4 1. By now
much evidence has been collected for the correctness of this conjecture. This correspondence has
a natural interpretation in string theory where there is a world sheet duality that relates open and
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closed strings. Nevertheless it is worth exploring to what extent string theory is required for a
holographic AdS description of a CFT. String theory may be required for a UV completion on the
gravity side. But the duality itself may be more general if we are only interested in an effective
field theory description. It is certainly known that in some limits of the parameter space gravity
is sufficient for the correspondence to be correct.

Another intriguing aspect of this correspondence is the possibility of interpreting the extra
radial dimension as the renormalization scale of the boundary theory. This gives rise to the idea
of “holographic” RG, in which radial evolution in the bulk gravity theory is identified with RG
evolution of the boundary theory [7-20]. It is natural to ask whether this identification can be
made more precise, i.e., whether it is possible to derive the holographic RG equation from the
RG equation of the boundary field theory. In an earlier paper [21] this was answered in the
affirmative for the simple case of a free massless scalar field theory. It was shown first that the
evolution operator for Wilson’s Exact Renormalization Group (ERG) [22-24], in the simpler
Polchinski form [25], could be written as a functional integral of a D + 1 dimensional field
theory. (See [26-29] for reviews on ERG.) A change of field variables then transformed this
operator into the action for a free scalar field theory in AdSp+1. A contact was thus made with
the standard AdS/CFT methods for the calculation of two-point correlators. One important point
is that the bulk field took the value of the boundary field at the boundary (rather than the source)
so this is more naturally understood as the alternative quantization procedure introduced in [16].

In the present paper we change the course of approach a little by considering the generating
functional of correlation functions with an infrared cutoff [30-32] instead of the ERG evolution
operator. The generating functional is closely related to a Wilson action, and it reduces to the
ordinary generating functional in the limit of the vanishing infrared cutoff. We follow section
5.2 of [21] by introducing an elementary scalar field of scale dimension between (D — 2)/2
and D/2 to represent a composite field. We then construct a quadratic Wilson action that gives
the expected two-point function with an anomalous dimension. Normally anomalous dimensions
arise due to interactions. However it is very hard to write down fixed point Wilson actions with
interactions and anomalous dimension. Therefore to clarify the role of the anomalous dimension
in the map from an ERG equation to an AdS evolution equation we consider a simpler model of a
Gaussian theory with anomalous dimension. It solves the standard fixed point ERG equation with
anomalous dimension. The mapping techniques used for this simple model should be applicable
in the more realistic case of an interacting fixed point also.

Having constructed a fixed point Wilson action, we construct a corresponding generating func-
tional W [J] with an infrared cutoff A following a recipe well known in the ERG literature. In
the infrared limit A — 0+, Wx[J] becomes the generating functional of the connected correla-
tion functions. Since we are ignoring interactions, we obtain

1
Jim Wal/1=3 f J=p) (D)@ T (=)
pP.q

where the two-point function

@(P)p (@) =8(p+q) —
p
has the anomalous dimension 7 of the scalar field.

Let us sketch briefly how the AdS space arises from ERG without going much into technical
details. According to ERG, the cutoff dependence of the generating functional is given by a
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diffusion equation (in the main text introduced as (15) or more precisely, including an anomalous
dimension parameter 7, as (23)). The equation is solved by the Gaussian integral formula

1
eWAz[J]Z/[dJ/]exp Wa,lJ+J1—=

/ J'(p)J'(—p)
2

RA] (P) - RAz(p)
p
where Ay < Aq, and Rx (p) is an IR cutoff function. W [J] is quadratic in J, and we can write
the above in the form

1 o(p)p(—p)
Wil — [ 14 __/ / J=p)+- |
M /[ olexp 2} Gl/Az(p>—Gl/A1(p>+p o) (—p) +

where ¢ is arescaled J', and we have suppressed a term quadratic in J. G, (p) is the two-point

function with an IR cutoff A. We can write the quadratic term as a functional integral over the
1.

field y(z, p) that interpolates J'(p) at z = ALl and O atz = e

€
Ay

1/ o(p)p(—p) _/ 1/ /8zy(Z»P)az)’(Z»_P)
exp| —= = [ Dyexp| —= [ dz
2J) Gua(p) — G (p) 2 9:G;(p)

P

op
A
7 gives the radial coordinate of AdSpy1: z = -~ = € is the radius of the boundary, and z = ALz =

A
z0 is to be taken to infinity. Using the same change of field variables

y(z, p) — Y(z, p)

that we introduced in 2.3 of [21] (given precisely by (51)), we can rewrite the generating func-
tional in the AdS form:

fDY exp (Saas[Y]) ,

where Sags[Y], given by (50), is the action of a massive free field in the space AdSp41 with the
metric
dz? +dx - dX

72

We still need to integrate over the field ¢(p) ~ Y (e, p) at the boundary; we thus reproduce
the prescription of the alternative quantization [16] (reviewed nicely in Appendix of [15]) for
computing the two-point function.

Unlike the usual Feynman diagram approach where one integrates over all momenta in a loop,
in the Wilsonian approach only modes above a scale A are integrated out. In the holographic
description, where the radial coordinate is a measure of the scale, this would correspond to in-
tegrating out fields beyond a certain value of the radius. This is precisely the notion emphasized
by holographic RG (see for e.g. [15]) where the picture is of the boundary moving inward as one
proceeds toward the IR. This is the underlying reason why ERG techniques are able to reproduce
holographic results.

This paper is organized as follows. In Sec. 2 we overview the ERG formalism to introduce a
quadratic Wilson action that gives a two-point function with an anomalous dimension. We then
introduce a corresponding generating functional with an infrared cutoff in Sec. 3 to apply the
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change of variables of [21]. By a judicious adjustment of the change of variables, we can derive
the prescription of alternative quantization. We discuss our result and method in Sec. 4. In Sec. 5
we give some background regarding anomalous dimension in ERG and its connection with the
change of variables used in [21]. Sec. 6 contains a preliminary discussion of a situation where
one might obtain a nontrivial (i.e. cubic and higher order) bulk action starting from a generalized
ERG equation. We conclude the paper in Sec. 7.

2. Background
2.1. ERG formalism

For the convenience of the reader, we would like to collect relevant background material from
the exact renormalization group formalism (ERG).

Let Sz [¢] be a Wilson action of a generic scalar field theory. To preserve physics independent
of A, we impose the ERG differential equation

3 An(p) b Ap(p) 1 82
A SA[¢]=/|: A 1 } SA[qb]’ 1
57 a0 P 5o T T 256(ee—p) € M

where

0
Ax(p) EAHKA(P)~ 2

The cutoff function KA (p) has three properties:

1. KA(0)=1,
2. itis of order 1 for p? < A2,
3. it approaches O rapidly for p? > A2.

For example, we can take K5 (p) = K(p/A) = exp (—p?/A?) as shown in Fig. 1. (ka(p) =

K(p/A) (1= K(p/A)) and Rx(p) = A*R(p/A) = p*K(p/A)/ (1 — K(p/A)) are respec-
tively defined by Eqgs. (5) and (8) below.)
We denote the correlation functions by

(Mm%~ﬂm»&E/MMWm%~MmM“W- 3)

The ERG differential equation (1) implies that the correlation functions defined below are inde-
pendent of A:

(@(p1)--- & (pn))

7! ka8
= ’ 5 e n , 4
E Ka(pi) <eXp 2[7/ P2 3¢ (p)sd(—p) é(p1)---9(p )> 4)

SA

where

ka(p) = Ka(p) (1 — Ka(p)) . &)

The modification of the two-point function by kx (p)/p? does not affect the physics in the in-
frared as long as kx (p) vanishes as p? at p> = 0. (In other words, k5 (p)/ p> does not correspond
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Fig. 1. We plot K (p) = e~ 7", k(p) = e~ P" (1 — e=P*), and R(p) = p2

1
e”z —

to the propagation of a free massless particle.) We explain a little more on the correlation func-
tions in double brackets in Appendix C.
We then define the generating functional W[J] of the connected correlation functions by

=1
My L f T(=p)- - Tp) (1) ()} - (©)
n=0n' .

This can be written as a functional integral in the presence of a source term:

W[j]_ J(— Pz
Zn’ / l_[ Ka(pi)

ka(p) 1 82
<6Xp / 22 250(p)50(—p) é(p1) ¢(pn)>
P SA
exp /mp)l 5 exp /.7( ) 4y
P 28¢(p)dep(—p) Ka(p)
P p SA
J(=p) 11
= — , 7
<e"p / <KA(p)"’(p 2 Ra(p) ) > @
P Sa
where
2 2 2
P°Ka(p) P°Ka(p)
R = = . 8
MP=T0 ) T 1= Ka) ®
‘We now define a field
2
=6 Ra®) _ pp o ©)

Ka(p) — Ka(p)
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and following [30,31] introduce

L[ J(p)I(=p)
WalJ]l=S -] —= 10
AT Mm+2/ e (10)
‘We then obtain
1 1
dMﬂ=/wnwpwmwr—/' (D) — TN T (=p) — T(=p))
2J) Ra(p)
)4
1
=/wnwpwuu+m—§/R“mJ@Nem . (11)
)4
Since
Jim K(p)=0. (12)
we obtain
Jim Ra(p) =0. (13)
Hence, we obtain [30,31,33]
WITl= lim Wx[T]. (14)

A—0+

We can think of W, [J] as the generating functional with an IR cutoff A. Its A-dependence
can be obtained from the ERG differential equation (1) as

2
_AieWA[J]:/AaRA(p)l 8 WalJl (15)

’

oA oA 287 (sd(—p)¢
p
which can be solved as
1 1
Wa,[J] / ’ / /
Ml = [ 14 exp mmJ+n——/ Iy | a6
/ ! 2 RA|(P)_RA2(P)

p
Since R, (p) — Ra,(p) is non-vanishing mainly for A, < p < Ay, the above equation implies
that we obtain Wy,[J] from Wy, [J] by integrating fluctuations of momenta between A; and
A1. In the limit A — 0+, all the momentum modes are integrated to give (14).

2.2. Quadratic Wilson action with an anomalous dimension

We now consider a simple quadratic Wilson action with an anomalous dimension:

1 p? 1
Salgl= ——/ 7 ¢(p)p(—p). a7
2] ()

where n =2y (0 < y < 1) is a positive anomalous dimension, and p is an arbitrary reference
momentum scale. This action reproduces a two-point function with an anomalous dimension:
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(6P (@) =

A(P)
TR <(¢(P)¢(Q))SA o S(p+ ))

1
=———3(p+a). (18)
2 (ﬁ)
m
The corresponding generating functional with an IR cutoff A is given by

J(p)J 1
Wals1=Salgl+ 5 [ ZECSE) (;)”) /(p) (=p) I L)
m

5 + Ra(p)

where 1/ ( P2 (p/)" "+ Ru( p)) is the high-momentum propagator, or the two-point function
with an infrared cutoff. Using (13), we get

. 1 1
WU = tim Wats) =5 [ STt (20)
P m

Please observe that for small p <« A the action is approximately given by

1 p?

SA[‘P]:—E ﬁ‘ﬁ(l’)fﬁ(—l?), (21)
P (ﬁ)

which is a non-analytic (non-local) action. We have two comments:

1. For an elementary field ¢, we expect the action is analytic at zero momentum, and any
non-analyticity comes from interactions. As ¢, we have composite fields in mind.
2. For example, in the massless free theory, the composite field %q&z has scale dimension D —2
so that the anomalous dimension, compared with the free elementary field, is
D—-2 D—-2

=t Dp-2="""1y.
Y ) ) +vy

0 <y < 1implies 2 < D < 4. This is an example of our ¢.
We will discuss the first point further in Sec. 4.
2.3. ERG formalism with explicit dependence on the anomalous dimension

One drawback of our choice Wy (19) is that the ERG equation (15) it satisfies shows no
sign of the anomalous dimension 1 contained in Wy. In the usual AdS/CFT calculations the
anomalous dimension 7 is introduced as a mass term in the AdS equations. Similarly, we would
like to introduce 1 explicitly in the ERG equation. (More will be discussed later in Sec. 5.)

Given Wy [J] satisfying (15), let us define

N A\ ?
WAlJ]= Wy [(ﬁ) J] . 22)

Then, (15) implies that W, [J] satisfies the alternate ERG equation with an explicit dependence
on n:
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_a 2
A
— /| 8 aRA(P)_ 2 LS DX AV
‘/[2J(p)81<p>+<A oA ”RA(”)>2aJ(p>M(—p>} @
)4
where
- A\
RA(p)E<;> RA(p). (24)
To derive (23) from (15), we have used
IRA(p) (A" ORA(p) =
AT—<;> (ABT—URA(P)>- (25)

The integral formula (16) implies the corresponding integral formula:

eWk[(ﬁ)gj]

A\? 1 J(p) T (=p)
= [[dJ] War <—> J+0| - _/ _ _
/ R [ ; } 2 (/A R (p) — () M RA(p)

p
(26)
(13) can now be written as
AN .
li — R =0, 27
Aim <,u ) A(p) (27)
and we obtain, from (14),
7
- A2
WIT]1= lim Wy |:<—> j:| . (28)
A—0+ 2

So far, we have not assumed that W [J] is quadratic and given by (19). Let us now assume it
so that

~ 1 —
WMH:E/ AR (29)
5 P? (%) + Ra(p)

This has no more dependence on the reference momentum p. For the quadratic WA[J 1, (23)
reduces to

AaWA[J]Zf[nJ(p)SWA[J]+<A8RA(p)

n 1 SWA[J] SWAJ]
A 2 8J(p) A '

_”RA(”)> 230(p) 3(=p)
D

(30)
(28) gives
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o [rayt ] 1
WLl = lim Wi [(ﬁ) Jj| —E/J(p)mf(—]?)- (31)
P m

As the original ERG equation (15) does not single out a particular 7 in (19), the ERG equation
(23) with an explicit dependence on 1 has a more general quadratic solution given by

= 1 J(p)J(—=p)
WA[J]=5/ S
> p2(2) (&) + Ra)
where An is an arbitrary shift of the anomalous dimension. Given (23), what makes (29) stand

out? It is the relation to an RG fixed point. Let us elaborate on this a little. We assume that the
cutoff function R (p) has a particular cutoff dependence:

Ra(p) = p*r(p/A). (33)

We define a dimensionless field

(32)

= D=2 . _

J(p)y=A7 J(pAN) (34
with the dimensionless momentum p. We then define
J()J (=p)

P JEp——— 35
P+ R(G)’ )

- ~ 1
WJ]=WualJ] = E/

p
where

R(p) = p*r(p). (36)

We find that W[J] is a fixed point action, satisfying the equation for scale invariance

- _ D+2 8 ¥
Jlicnr 232 )t

p

2
8J(p)8J (—p)
At the same time it also satisfies the equation for special conformal invariance [34]

. 32 1 32 D+2 1\ 8 § i
J(_)<__f+__ 74‘(——4——)—_)—_ _EW[J]
f PP %005, 2 " 8pvapy 2 "2)8p.) sTi—p)
P
+1/(—ﬁ-8p+2—n)R<ﬁ)-i_(Lew')\ =0. (38)
2) 0pu \8J(=p)8J(q) q=p
p

| o
5 (=B 9p +2 =) R(p) eW[”} =0. 37)

In Appendix D we show how to derive (35) either from (37) or from (38).
3. Derivation of the alternative quantization

To simplify our notation, we omit the tilde from W altogether, and consider
/ J(p)J(=p)
2

1
R ) R

> (39)
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Let Aj == be a large cutoff, and Ay = - L be a small cutoff, compared with a reference momen-
tum scale M Our goal is to derive the prescrlptlon of the alternative quantization of AdS/CFT
from the integral formula (26):

exp[ Wi [z 27| = / [ lexp [Wije[(re) 2 (7' + )]

1

J (p)J (-
TRy e (P) = Gz Ruym(py” TP

(40)
Since (39) is quadratic, we can expand and rewrite the above as
exp [Wl/z() I:(//«ZO)_% J]]
/ 1 / /
= [1@r1exp| =3 [ 7015 -p)
p
1 1
n — "
(L€)TR1 /e (p) — (120)"R1/24(P) p2 (ﬁ) + (€)1 Ry /e (p)
J'(— 1 J(p)J(—
+/J(p) S +§/ /() p) o
s 2 (B) TR 7y 02 (2) T+ e Ryep)
Rewriting the integration variable as
p(p) = At
PX(p/mW)~" + (Le) R /e (p)
to normalize the J¢ term, we obtain
1 1 P(P)p(=p)
w 2J||=Ild S B A
GXP[ 1/20 [(Mzo) ]] /[ plexp 2/ Go(p)—Ge(p)
P
1
+/J(p)<p(—p)+E/J(p)l(—p)Ge(p) ; (42)
p p
where we have defined
1
Gp) = ———; . 43)
p? (5) + (12)"R1/.(p)
Note that the parameter
= (44)
‘TA

is the inverse cutoff, and it will be interpreted as a coordinate of the AdSp4 space. z takes a

value between Ai] = € (small) and Aiz = 70 (large). With G;(p), we can write
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1 1
W[4 ] =3 [ GmIwap). (45)
P
Using (27)
Z_I}TOO(HZ)an /2(p) =0, (46)

we obtain the infrared limit

J(p)J(—p)
lim Wiz [z 3] = / k- cad s ) @7
20—+ 2 2(p
» (%)
This is obviously independent of €. (This is in fact thanks to the scale invariance (37).)

We wish to rewrite (42) in the AdS form by using the change of variables introduced in [21].
We first rewrite

_ 1 ¢(P)g(=p)
Ze zolpl =exp B / G (p) — Ge(p) (48)
P

by introducing a field y(z, p) in D + 1 dimensions as

20:y(z, p) - 20:y(z, —p)
Ze,zo[ﬁl)]:/D)" (e, p)=p(p) EXP | — / / , (49)
yye(zlg,p)‘ﬂ:(l)) b 1= DEGZ(I’)

where the boundary values of the field y(z, p) are ﬁxed by

y(€, p)=e(p), (50a)
y(zo, p) =0. (50b)
Then, following 2.3 of [21], we change field variables from y(z, p) to Y (z, p) defined by
v p)=fz p)Y(z, p), (5D
where the positive function f(z, p) is defined by
f@p?=2""8G.(p). (52)
D+2 D-2

(Note that the mass dimensions of y(z, p), f(z, p), Y (z, p) are — 5=, 55=, — D, respectively.)
Hence, we obtain

__//zazy(z p) - 23:y(z, —p)
f@ p)?

/D+1/ zBY(z p)-z20;Y(z, —p)

+ ((zaz In £z, p)? = 221 (21~ PocIn £ 2. p) ) Y @ )Y (2 =)

1
+ Efel—Dae Inf(e. p) - Y(e. p)Y (e, —p), (53)

P
where we have used Y (z9, p) =0.
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We now choose f(z, p) to satisfy

2
_ m
(z0.1n f(z, p)? — P18, (zl Dy In f(z, p)) =22+ E (54)

2

where m~ is a squared mass parameter. This gives

_ 1?)/ 28:y(z, p) - 28:y(z, —p)
fz p)?

1
:SAdS;e,ZU[Y]+§/€1_D86 Inf(e, p) - Y(e, p)Y (e, =p), (55)
p

where the action

Sadsie oY1= f Dﬂf{za Yz p)-20.¥ (2 —p)

2
22, M
+ (p 77+ ?> Y(z, p)Y(z, —p)} (56)

is defined for a massive scalar field Y in the D 4 1-dimensional AdS space with radius of curva-
1
ture --.

Let us solve (54), which amounts to

_3 (Zl—Da 1 )+Z1—D (p2+m_2> 1 =0. (57)
) “f@p) 1222 ) (. p)

The general solution is given by

1 D D
=A(p)z?K,(pz) + B(p)z? I, (p2), (58)
f(z, p)
where
m?2 D2
= /—+—>0, 59
v M2+ T (59

and I,, K, are the modified Bessel functions. We will shortly determine the functions of mo-
menta A(p), B(p) (both with the mass dimension 1) and the value of v (equivalently %).

Now, (52) and (54) imply that G, (p)/f(z, p) satisfies the same differential equation as
1/f(z, p). Hence, we obtain

G (p) D D
P~ C(p)aF Ku(pa) + D)z 1(pa). (60)
f p)
(Note the mass dimension of C, D is —1.) Moreover, (52) gives
1 G 1 G
(p) 5. G2(P) —_.D. 1)

z0, z
fap f@p  f@p fep)
Substituting (58) and (60) into the above, and using the Wronskian
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d d 1
—1,(2) - Ky(2) — 1(2)—Ky(2) =—, (62)
dz dz z
we obtain
A(p)D(p) — B(p)C(p)=1. (63)

We can determine the coefficient functions A(p) to D(p), and the constant v as follows. From
(58) and (60), we obtain

C(p)Ky(pz) + D(p)1,(pz)

G:(p)= . (64)
) A(P)Ky(p2) + B(p) 1 (p2)
Let us consider the limit z — 0+. We must find
. AN? . _n
lim Wph|(—) J|= lim Wi, [(uz)"2J]=0, (65)
A——+00 n z—0+
since this corresponds to the integration of no momentum mode. Hence, we obtain
. C(p)
lim G =——=0. 66
lim Ge(p) = (66)
This gives
C(p)=0. (67)
Next, consider the limit z — +o00. From
1
lim G:(p) = ——— (68)
170 AN
P (M)
we obtain
D 1
0
Combining the three equations (63, 67, 69), we obtain
1 _n
A(p) = o (p/mw)7, (70a)
_n
B(p)=cp(p/m)" 7, (70b)
C(p)=0, (70c)
1 1
D(p) =< (p/w)2, (70d)
where we have taken ¢ to be a constant for simplicity.
To determine ¢, we must examine f(z, p). From (58), we obtain
1 b (p\ 2 (1
=z22p|—) c|zK(p)+L(p2)). (71)
f(Zv p) 125 C

Demanding that the change of variables from y(z, p) to Y (z, p) = y(z, p)/f (z, p) be analytic at
p2 =0, we must first choose
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, w1

= 72

¢ 2 sinmv (72)
so that

1

c—sz(pZ) + L(pzx)=1-,(p2). (73)
Then, since

=0 _, 1 )
1_,(z2) — 77" X | =—=——— +analyticinz” ] , (74)
ra—v)

we must choose

v:l—%:l—y<1 (75)

so that

1 _(71 1 )% b (p)‘ ) .
f@p 2 sinmv ep ﬁ —v(PZ

is analytic at p> =0.
Note that the resulting high-momentum propagator

(NS

1
G:(p)=——=7— (77)

-
2(p I_,(pz2)
p (u) 1, (pz)

is analytic at p> =0 as long as z is finite. Only as z — o0, we find non-analyticity:

1
lim G;(p)=—F7 - (78)
00 2(r\ "
P (%)
To summarize so far, for the choice of the high-momentum propagator (77), we can rewrite
(42) as

1
PLAENE) :/[dgo]exp EfJ(p)J(—p)Ge(P)

p

1 1
X exp /J(p)w(—p)+§e_Dfeae lnf(eap)-mﬂp)w(—p)

p P
Sadsie.zolY]
X/ DY‘Y<e,p>=¢<p>/f(e,p)e et (79)
Y (z0,p)=0

where the AdS action is given by (56). By construction, (79) is independent of €, but it depends
on zo.
In the limit zg — 400, we obtain the generating functional:
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1
VU1 :/[dgp]exp EfJ(P)J(—P)Gé(P)

p

1
X exp /J(p)(p(—p)+EefD/eaelnf(e,p).

p

e,0lY]
/DY‘ Y(e, p) w(p)/f(e py €S (80)
Y (4o00,p)=

1
) o(p)p(—p)

Since this is independent of €, we can also take the limit ¢ — 0+. Using

5 (Z : )% ey s e e 81)
f(e, p) 2 sinv € e (1 —v) € €W’ ,
Ge(p) — € (ue)™" rd —v) oce?(en)™, (82)

I +v)

we obtain, for € — 0+,

A
VI =/[d<p]exp /J(p)w(—p)— —G*Z(GM)”/azw(P)w(—P)

2
p
Sads:e.colY
/DY‘Y& pr=ard-g(p €5, (83)
Y (z0,p)=0
where
D D-2
Al=——v=—— , 84
7 Y ) tv (84)
1
om () ©
V2\Tl—-v) ) ~

In the literature it may be more common to write «p(p) as ¢(p) and é](p) as J(p) so that

A
VU1 =/[d¢]e><p /J(p)w(—p)— —e_z(eu)”/w(p)w(—p)

2
g p
S J€,00 Y
X /DY) Y(e,p)=nY 2= p(p) e AdSze, [ ]. )
Y (z0,p)=0
We then obtain
1 o?

n
2(P
/’p(u)

This reproduces the prescription of the alternative quantization of the AdS/CFT correspondence
[16] (reviewed nicely in Appendix of [15]) for computing the two-point function.

In [21] it was pointed out that when the ERG equation is mapped to AdS space there remains
a boundary term depending on the function f(p). We see this in (86) also. But note that it is
analytic in p and therefore does not affect the all important non-analytic piece.
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4. Discussion

We have managed to derive the AdS/CFT correspondence from ERG, but our derivation is not
without faults. We discuss three issues here.

4.1. Non-analyticity of the Wilson action at zero momentum

As we have already pointed out in Sec. 2, our Wilson action (17) is not analytic at p?> =0
(hence non-local) due to the anomalous dimension 7. This is partially because we are treating
a composite field as an elementary field ¢. Even in the free massless theory in D dimensions,
the composite field ¢ has scale dimension D — 2 so that its anomalous dimension is (D — 2)/2
compared with the canonical scale dimension (D — 2)/2 of ¢.

Another reason for the non-analyticity is that we are not taking interactions into account.
Consider a Wilson action whose quadratic part is given by

1 p? 1
Sp=—= —-p), 88
A Z/K(p/A) o d(p)p(—=p) (88)

where the cutoff dependence of the squared mass m%\ is determined by four-point interactions.
(The cutoff dependence of the four-point interactions is determined by the sixth point inter-
actions, and so on.) The squared mass restores the analyticity of the action at p? = 0. The
corresponding generating functional is

1 J(p)J (-
WA[J]:—/ (p) (% D)
r p? ("2:#) + Ra(p)

2
and it reproduces the same two-point function in the limit A — 0+, if we assume

S

+ quartic and higher, (89)

. 2
Jim i =0. (90)

4.2. Non-analyticity of the cutoff function K

In the ERG formulation, the choice of a cutoff function K (p/A) is totally arbitrary as long as
it satisfies K (0) = 1, and it decreases rapidly for p > A. But we usually assume K (p/A) to be
analytic at p? = 0:

K(p/A) =1+ integral powers of p2. (C2))

Now, in Sec. 3 we have chosen a particular cutoff function so that

1 _ 1
- -n - N (p/A)
)+ (1) R 2 (2) TR
This is obtained from (77). This implies

_ 2P\ I_,(p/N)
RA(p)=p (X) (m‘l)' (93)

Gia(p) = 92)




B. Sathiapalan, H. Sonoda / Nuclear Physics B 948 (2019) 114767 17

(Note that this has the form (33).) We then obtain, from (8),

1
K(p/A) = 7 (/A ©4)

(%) I_,(p/A)
1+ 1— /A
T_, (/8
where
(3)’7 Lp/A)
A7 1 ,(p/A)

is analytic at p> = 0 since 2v = 2 — 5. Therefore, we find

O(p*/A?%) (95)

K(p/A) =1+ const(p/A)*+ const (p/A)* "+ - . (96)

This is not analytic. Since no physics depends on the choice of K(p/A), one could argue, per-
haps, that using a cutoff function non-analytic at p? = 0 is acceptable.

4.3. Absence of interactions

We have already discussed the importance of introducing interactions to restore the analyticity
or locality of the Wilson action. From the ERG perspectives, it is natural to introduce interactions
only at the boundary z = € of the AdS space. Whether or not interactions are induced in the
bulk of the AdS space is left for a future study. We make some preliminary remarks on this in
Section 6.

5. Identifying the anomalous dimension from the ERG equation

As mentioned in Section 2.3, in [21] the starting point of the discussion was Polchinski’s ERG
without any parameter for anomalous dimension. In the AdS version of the evolution operator,
however, a new parameter, absent in the original Polchinski evolution operator, made its appear-
ance. This parameter is contained in the specification of the function f(z, p) used in the change
of variables. This is the parameter v and becomes the (anomalous) dimension of the boundary
operator as seen from the two point function calculation. In the AdS scalar field equation it shows
up as the mass of the scalar field. In this paper we have started with a modified Polchinski ERG
with a parameter v, for anomalous dimension. v was chosen so that the correct high energy prop-
agator G, of the fixed point theory with anomalous dimension is reproduced. In this section we
would like to elucidate the role of this parameter from the point of view of the ERG equation and
explain how a choice of variables dictates the equation.

As pointed out originally by Wilson and others (see for instance, [22] or Bell and Wilson,
[35,36]), there are two important aspects in an RG — one is the coarse graining and the other
is a rescaling of the field variables. In [35,36], they exemplify this with the following simple
transformation, 7' (in their notation):

7o~ HIS) =/e*%afq(squaq/z)ze_H[U]‘ O7)

o

The initial field variable is ¢ and the final field variable if S. The subscript on the field variable
has changed from ¢ /2 to g . g is dimensionless and this corresponds to a change of the cutoff from
A — A /2. This is the coarse graining. The factor b is the rescaling. After n steps the rescaling
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becomes b". The factor a can be changed by a scaling of both ¢ and S, and has no effect on the
physics.

In a field theory the field variables are integrated over. Thus a constant rescaling does not
change the physics. Thus in the above example, H[S] and H[bS], even though they have dif-
ferent mathematical forms, describe the same physics in the sense that one can map correlations
calculated with one variable to correlations calculated with the other variable by a change of nor-
malization. The S-matrix is in fact invariant. Thus for instance if H[S] describes a scale invariant
theory (i.e. a fixed point) then so does H[bS]. Thus if an exact RG transformation' is done on a
critical physical system in the basin of attraction of a fixed point, it will move towards the fixed
point regardless of the choice of variables — this is a generic property of all physical systems as
we flow to the IR. This does not mean that the Hamiltonian is mathematically form invariant at
the fixed point. A fixed point Hamiltonian is an equivalence class of mathematical expressions
for the Hamiltonian related by rescalings of the field variable. The physical property that defines
a fixed point is that physical quantities such as the S-matrix will have a scale invariance — ab-
sence of any characteristic scale. All this goes to show that the choice of b does not change the
physics.

However, if one wants to make the Hamiltonian mathematically form invariant under the
ERG, then a particular rescaling parameter (b in the above example) has to be chosen — the
precise value depends on the details of the interacting theory. This is a choice of field normal-
ization. A natural choice is to make sure that the kinetic term has a fixed normalization. If this
normalization is implemented then the fixed point Hamiltonian is mathematically identical after
the transformation. This is convenient in an actual calculation because requiring that the Hamilto-
nian be mathematically identical after an RG transformation leads to a well defined mathematical
“fixed point equation”.”

Let us now go to the connection between b and the anomalous dimension. In the fixed point
equation one works with dimensionless variables. Thus the variable o has to be scaled by a factor
to undo the change of scale from A — A /2 and keep the normalization of the kinetic term fixed.

In a free theory this is given by a factor 2~ e which reflects the engineering dimension of the
field. So we get
_(D+2)
b=2""2
In an interacting theory there are further contributions at each iteration and this modifies the
scaling dimension by adding an anomalous dimension to the engineering dimension and gives

- (D+24m) .
Let us transcribe this to continuous time ERG where A(t) = A(0)e™. A factor b becomes
D+2

e_( +ZM)I. If we denote by x; the initial variable (o in the above example) and x s the final

variable (S in the above example) then the transformation (97) can be written in the form of a
time dependent rescaling as (the notation used in [21] where momentum labels are suppressed)

Vs tp) = / B X =Dy (1), 98)

Xi

1 If the RG is not exact, the choice of variable becomes important — because a bad choice of variable throws out
relevant information. But in an exact RG no information is lost.

2 If the correct b is not chosen then when approaching a fixed point, after each RG iteration, the normalization of the
kinetic term will get multiplied by a constant factor (not equal to 1) and this can lead to complications.
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The conclusion we reach is that to determine the anomalous dimension of the evolution equation
we can write the integrating kernel in the form (98) and read off the anomalous dimension 7 from
e* 3 In Appendix A we illustrate this point with two examples of standard ERG equations.

This also suggests that if we do a field redefinition involving a time dependent rescaling,
of the form x(r) = y(¢)e”, the scaling dimension is changed by an amount x. Thus an ERG
with anomalous dimension can be related to one without anomalous dimension, by such a field
redefinition. If one wants a mathematical fixed point the anomalous dimension has to be chosen
correctly. The precise value will depend on the interactions.

This then answers the question raised at the beginning of this section: In [21] the starting point
was Polchinski’s ERG without anomalous dimension. The integrating kernel is of the form

1)
v = [T . ©9)
Xi
With the change of variables x = fy we obtain
1 O L=y f @)
Y (ysaty) =fe 9T Y. (100)

Vi

D—2+n)
We have seen that f ~ e ( il Clearly the ERG equation obeyed in the new variables will

have an anomalous dimension parameter. This explains the appearance of this parameter in the
AdS equation in [21]. In Sec. 2.3 we have already seen how (23) is related to (15) by change of
variables.

In this section we have shown the role of field redefinitions (or “wave function renormaliza-
tion” in perturbative calculations) in introducing anomalous dimension in an ERG equation. This
is important for locating the mathematical fixed point of the equation. We have also seen that the
dimension can be read off from the integral formula. Some other examples of these are given in
Appendix A.

6. Nontrivial fixed point action

In this section we consider a nontrivial fixed point action. To begin with we use the usual
Polchinski ERG formalism. The kinetic term is %sz_l and the interacting part is Sp.

_Lag
SFP_Zx G 4+ So(x).
Let the perturbation be S; so that the full action is
|
S = Ex G 4+ So(x)+ S1(x).

Then in our earlier notation, the “wave functions” are given by

Y =e=S = ¢ FCTIHSENESICD] -y IS0 D+SI ]

Polchinski’s equation is

3 As mentioned above the value of 7 is a property of the action and should be chosen depending on the action one starts
with.
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v’ 1. 82 4
Vo 1,0

ot 2 ox2
What is special is that Sy by itself satisfies Polchinski’s equation — eventually it will be taken to
be a fixed point solution. Thus we have the following two equations:

Sy 1 .[ 9%So  [9Sy\°
I0 _ ol 2220 (220 102
ot 2 |: ax2 + ax (102)

Sy 8S;  1.[ 9828y [8So\> 928, 381\ 2 380\ /9S;
0 o 2 (222 2 (22 o =2V (222 ) . 103
ot T 2 |: ax2 T\ ox a2 \ax ) T\ s dx (103)

Subtracting (102) from (103) we get

as,  1.[ 3%, 3S1\? 380\ /95,
Gl (2 of =) (222 . 104
ot 2 |: 9x2 + ax + ox ax (104)

Since Sy is a solution of (102), its form is (in principle) known as a function of time. In the case
that Sp is chosen to be a fixed point solution, its time dependence can be specified very easily:
expressed in terms of rescaled and dimensionless variables it has no time dependence. This is
equivalent to saying that the dimensionless couplings are constant in RG-time, ¢, i.e., they have
vanishing beta functions. One can work backwards and determine the exact f-dependence in
terms of the original variables. (104) can be used to define a modified Hamiltonian evolution
equation for the wave function " = ¢~51%:0);

d ” 1. 32 950\ 0 ”
Syr— 6| 2 o 20) 2y, 105
BIW 2 |:8x2 <8x>3xi|l/f (105)

Note that the term involving Sy is like a gauge field coupling — in fact it is “pure gauge”. The
Action functional corresponding to this Hamiltonian is derived in Appendix B using canonical
methods. While it involves more algebra, it can be applied even when S is not a solution of the
ERG equation.

In the end the result can be summarized very simply. Start with the usual RG evolution of v':

(101)

and

t
o= S0(x(t).t7) =81 (x(tp).1) :/Dxe%ffif dt 3G = So(e(t) 1) =1 (x(t).1) (106)
Take So(x(tf),1y) into the RHS to get
1 plf 50 11 dxy2
o= Si(x(e).a7) =/Dxe7f'i dt 5 ECED S0l ) tp)=So(e(ar) i) =S (e(ap) 1) (107)

Introduce the evolution of Sy into the functional integral by writing it as an integral of a total
derivative:

tf
ASo=So(x(ty), tr) — So(x (i), t;) Zfd

t

, dSo(x(t),1)
dt

t
=/dt [BSo(x(t),t) N dx (1) 8So(x(t)):|
Jt dt dx(t)

(108)

t
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to get

L ()2 P00 | drt) 38400
e—sl(x(zf),tf)Z/DxezJ:, [75(d—f)+ T R T () ]—Sl(x(fi)’ti). (109)

Thus the evolution of the perturbation involves an evolution operator that has a non linear term,
but is in fact a fotal derivative.

The total derivative can also be rewritten in other forms using the ERG for Sp. Thus for
instance (using field theory notation) it can be rewritten as (see (B)):

1 3p(p.t) dp(—p,1)
Spur[¢(p. )] = /dt / Qm)P |:_G(p) ot ot

_G(p){asow(p,r),r]SSo[¢(p,r),r]_ 8 Sl (p.1), 1] }
8p(p.t)  Sp(=p.1)  Sp(=p.DP(p,1)
880l (p, 1), 11 3¢ (p, t)}

Sp(p, 1) ot '

What we have here is a nonlinear action describing ERG evolution — because of the presence
of Sp[¢] in the action, it is no longer quadratic in ¢. This is unusual in ERG literature: Acting on
¥ = e~ 5B, the evolution given by Polchinski ERG equation (101), is linear. (The equation is of
course nonlinear when written in terms of Spg.)

On the other hand in discussions of holographic RG (see for instance [17,15]) the Hamiltonian
radial evolution of the boundary action, Sp[¢], is given by

(110)

3 S :/ddx {<@>2+la po"p + V[qb]} (111)
0B J 3¢ 2" '

Here V[¢] is the potential for the scalar field in the bulk action. Thus the holographic RG evo-
lution in (111) is nonlinear in ¢ even when acting on ¥ = e~ 58191 due to the presence of V[¢].
Indeed in AdS/CFT correspondence, V[¢] plays an important role in determining higher point
correlation functions and also beta functions (see for e.g. [5,19]) of the boundary theory through
“Witten diagrams”. It is after all in this sense that the bulk action has information about the
boundary theory.

In our discussion in this section, nonlinear terms have appeared, but whether the nonlinearity
introduced here is of the same ilk as in (111) is not clear to us. In particular it holds here that if
So satisfies the RG equation by itself, then this nonlinear piece is a total derivative. The origin of
nonlinear terms in holographic RG from the viewpoint of ERG is thus an open question.

7. Conclusion

Some aspects of the mapping of ERG equation to a holographic AdS form that was introduced
in [21] were clarified in this paper with a view to extending the results to nontrivial fixed point
theories. The ERG written there was for the Wilson action. The bulk AdS field corresponds to a
field in the boundary theory rather than a source. This then corresponds to what is called “alter-
native quantization”. The main point of this paper is to clarify how the map from ERG to AdS
can be done in the presence of an anomalous dimension parameter. This was done in a concrete
example where the generating functional is quadratic but has an anomalous dimension parameter.
In general one expects anomalous dimension when there are interactions. Here the focus is on
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the mapping to AdS, so we simplify calculations by introducing the anomalous dimension into
the two point function by hand. The same techniques should work in more realistic theories also.
The results reproduce those obtained in the literature using the AdS/CFT conjecture.

Thus many of the results of AdS/CFT calculations for two point functions are obtained directly
starting from the ERG of the boundary CFT without invoking any conjecture. Also string theory
itself plays no direct role at this level. As mentioned in [21] string theory possibly plays a role in
making the bulk theory well defined as a quantum theory.

There are several other open questions. We have studied only the propagator of this theory.
Higher order correlators are hard to study because we are dealing with a QFT. In order to obtain
concrete results an expansion parameter such as 1/N is needed.

This paper discusses only perturbations involving an elementary scalar field. Equally interest-
ing are questions involving composite fields. This was also considered in a general way in [21].
Once again a large N expansion is required to do these computations.

The role of dynamical gravity has not been discussed thus far. This needs to be addressed.

Appendix A. Other ERG equations

Let us study two of the standard ERG equations: We let our Wilson action be (using the
simplified notation suppressing momentum labels)

Lpp— 1
S:sz X+ Sy

with G the propagator, G = %. We take Gy = % = %. (We take Ko = 1 for convenience.)

Polchinski’s equation with anomalous dimension % in simplified notation, with momentum
dependence suppressed is:

oY 1 . G(Go—G)_ 9>

S =l5(G 4 07)__(_+ Tyx —w/ (A1)

Another ERG equation with anomalous dimension was written down in [37], [38] which, in

simplified notation, is:

gy 1.09% G n D
o~ 30 TGN (A2

The integral evolution operator for both these have the same form:

n,
;cfe 2f 132’2
Gf G;

HEHT ) (A3)

I\)I'—

Yixr, ty) =/dxie

Comparing with the form (99) we see that ¢2“/ ~%) gives the time dependent relative scaling
between x ¢ and x; corresponding to anomalous dimension g

The equations differ in the form of H. Polchinski’s equation gives

= (5 - G_o) e M (A4)

and (A.2):
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-1 -1
dH”' _dG7

N AS
dt dt (A.5)
We now put back the momentum dependence and go back to more standard notation:
K 1
G:P, GO:?’ xi=¢i(p), xr=¢r(p). (A.6)

In the Polchinski case from (A.4)

Re)]l‘ p2K
=" R=(
p 1-K

), el = (ﬁ)_'7
"

we get Polchinski’s equation with anomalous dimension by substituting these in (A.1):
A Salg) :/ [(M ’7> S —
A K(p/A) 2 8¢ (p)
P

52
t o L {(AG/A) = 1K (p/A) (1 — K (p/A))} zm] (SA101.
(A7)

For Ay < A1, this is solved by the kernel substituting in (A.3):

S0l = / [d¢'1Pa, a, [0, ¢'1e5M 1T (A.8)

where the evolution operator is given by

Para[6.9'] —CXP[—E/

1

Gk — G 7
X{( )3 ¢'(p) (g)g $(p) }
K(p/Ay) w ) K(p/Az)

> 9’ (=p)_ (g)f ¢(=p) ” (A9)
w ) K(p/Ap) w ) K(p/A2)

Similarly (A.2) [37], [38], can be obtained by the same substitution.

A0 salel _ [(A(P/A) )
A K(p/A) et )5¢( )

X

28¢(p)ép(=p)

The integrating kernel remains the same as in (A.9), but R is defined by the more complicated
relation

52
{ (p/A )}—7} eSAPT (A.10)

d p*  d 1-K d
By = S (e = ().
dt R dt p’K dt
In each case we see that the anomalous dimension can be read off from the powers of A
multiplying the fields in the exponent in (A.9).
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Appendix B. Action for the nontrivial fixed point Hamiltonian

In this appendix we derive (110) using Hamiltonian methods.
Our starting point is

a " 1. 82 9So, 9 "
Cyr— 6| S a2 |y, B.1
atw 2 |:8x2 (ax)ax]l'lf (B.1)

Note that in principle one can postulate this as an ERG equation even if Sp is not a solution of
Polchinki’s ERG equation as assumed in Section 6. To that extant the derivation in this Appendix
is more general.

We rotate to Minkowski space: ity = tg. Hence,

eiSM — eifdtM(—V) — e—fdl‘EV — —Sg .

e

Thus, Sg = —iSy. Thus in the above case So = —iSoar. Let —7g = G so that
1 9 0 0

Gotg  9G  otp
Write (105) as

9 1.[ 8° 38y

—=—=G|——-2(—)—|.

dtg 2 | 9x2 x  Ox
This implies

a a .0

1T 2 %087 _ 1 : YL
o2 [ ax2 ox ox | 2|ox2 ox ox
1[ 92 dSu 3 1 ISm
= | —am AT i =5 [P 2 P,
2[ o2 THG 'ax)] DI
——
Ax
Writing in terms of P = —i % , we get finally for the Hamiltonian in Minkowski spacetime
1 aS 1 A
H=-[P2 42222 p1= [P2 4 PA + A P +i 2]
2 ax 2 dax
Lpppayrapyazy L0 Ly
= — —l—__
2 e U2 207
1 1.0A 1
= (P+A)*+ i— — - A2, B.2
P A I Tk ®2
This gives
aS
i=P+A, =P+2
ox
and one can obtain using L =x P — H an action
1 1 1. 0A
L=E)'c2—5ch+—A2——i o

2% 2 ax
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Here A, (x) is to be understood as A, (x(¢)), and 35‘;" = %é(;)). In Minkowski spacetime we
obtain
S A 9%Su
Ay =i—— i =i—F
* ox dx 9x2
1 Sy 1/8Sy\> 1.9%S
L=oi® =it (2 ) — e,
2 ox ax 2 ox2

, , 1., .3Sy 1/3Sy\> 1.8%Sy
Sy=i[doy|=i2—x2M8 ¢ _(22M) _ ;224
1ou ’f ’M[zx T ox +2<8x> 2! Tax2

In Euclidean space this becomes

1., dx idSy 1/3Sy\> 1. 028y
—Sp=|dtg | —-i?—- M S halec )
£ / IE[ 2 T ax 2 <8x> 2' a2

Hence,

1., dx dSy 1/3So\> 1828,
Sg= [drg |=3*—— -4 (=) - ===,
£ / TE[zx ds 8x+2<8x> 2 9x2
Now reintroduce G by dG = th —thG
i)

1 d 1 dx \? 1 1/ dx\>
/th * :——/dG o :——/dt—. o)
2 dtg 2 dG 2 G \drg

ii)

1T/0S\> 1828 3So 1928,
drps| (250) _ 13S0 [, 61 ——=0.
f TE2|:< dx > 2 9x2 f EZol\ax ) 20x2

So

( 11 /dx\> - 1[/8S0\> 1828y dx(t) dSo(x(t)
Sg=[dt|—==(=) -G=|(=) -= — . B.3
E / |:2G<dt> 2[<ax) 28x2] dt Bx(t)] ®-3)
BSQj(.r,t)

Note that in writing dSO(x 1) it is understood that the explicit ¢t dependence of Sp due to RG
evolution is belng dlfferentlated The implicit ¢ dependence due to x(¢) is not considered here.
The next term ’5;; ax" differentiates this implicit 7-dependence. Adding them we get %. So we
have

lf 5
11 [dx
SE—/dt [——5 (—) }— [SoCx(tp), t7) = So(x (1), 1)} (B.4)

i

Thus, we get for the evolution of v
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1 g 11 cdx
efsl(x(tf)»lf) =/Dxe7 fz,» di ZE([T/;)ze*SO(x(ti);ti)+SO(X(ff)Jf)e*Sl(x(li)yti)'

Hence, we obtain

'

oS0 (x(t), 1) =51 (x(tp).1) :/ngéf,/ di 5 ECE S0 (1) 1) =S (x(ap). i) (B.5)

This is of course the usual RG evolution of v’! Thus in writing (B.3) what really has been done
is that the evolution of Sy has been introduced into the functional integral by writing
t

f
ASo=So (x(ts).15) = So (x (1), 1) =/dt W

1
B tfdt 3So(x (1), 1)  dx(t) 3So(x (1))
_f [ ot dr  3x(r) } '

(B.6)
1
It is important to point out that (B.3) is more general than (B.4) because it does not require Sp

to satisfy the ERG equation.
Thus, in conclusion, the action governing the evolution of ¥ is (B.3).

Appendix C. Correlation functions in double brackets

In (4) we have defined correlation functions in double brackets as

(¢(p1)---&(pn))

o 1 [ Ka(p)(1=Ka(p) 52
= ) .
(C.1)

Intuition for this definition partly comes from perturbation theory. Let us imagine we split the
total Wilson action into two parts:

Saldl = Sr ald]l+ Siale], (C.2)
where
Se.aldl=—3 [ (o) ©3)
’ 2 J Ka(p)

is the action for the free massless theory. The second term contains the rest of the action. The
massless free propagator given by Sr A is

K
GPP@)s, == Dsip+q). (C4)

Consider a connected part of the correlation functions higher than two-point. We find

(B(p1)--- ¢(pn)>g<3\nnected = 1—[ KA (pi) - (A-independent) . (C.5)

i=1
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Each factor of a cutoff function is due to the external propagator. The A-dependence of the
internal propagators is canceled by the A-dependence of Sy A: this is how the ERG differential
equation (1) is derived. Hence,

n

(Bp) - () =]

i=1

i N connected C.6
Kn (o) (@(p1)--- ¢ (pu))s, (C.6)

is independent of A.
The A-dependence of the two-point function is a little tricky:

K
(S(PD(@)s, = ; P)5(p+ ) + Ka(p) (A-independent) K 1 (q) . (C.7)

The multiplication by 1/(Ka (p)K A (g)) does not work due to the tree level propagator. We first
make a subtraction at high momentum:

Ka(p)(1—Kxa(p))

(p(P)d(@))s, — 2 s(p+q)
=Ka(p) <%8(p +q)+ A—independent) Ka(g). (C.8)
We then obtain
1 Ka(p) (1 — Ka(p))
= - 8 C9
(2P (q)) K Ka(@) ((¢(p)¢(q))sA 2 (p+ q)) (C9)

1
= —38(p +¢) + A-independent,
p
which is independent of A.
Appendix D. Derivation of (35) from (37) or (38)

Assuming that W is quadratic in J, we can derive (35) either from scale invariance (37) or
from conformal invariance (38). For simplicity, we omit the bars from W, J, and dimensionless
momenta in the following.

Let us consider a quadratic functional (action)

1
W= / J(P) I (—pyw(p). (D.1)
)4

where w(p) is a function of p?. Ignoring the terms independent of J, (37) and (38) reduce to

—-D -2+ W
/[J(_”) <_”'a”+ 2 n)M(—p)
P

sW W i|

=0, (D.2a)
3J(—p) 8J(p)

1
+t5(=p-0p+2=mR(p)-

and
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92 1 92 —-D—-241n
/ [J(—p) <_Pv87 +-p + ) (w(p)J(p))

pudpy 2 M3Pu3Pu 2 Py
p
1 a §W 14
45 [ Crap2-nRe) 5 - =0, (D.2b)
2 ( P ) 0pu 8J(—p) 8J(p)
P
respectively.

D.1. Scale invariance

Substituting (D.1) into (D.2a), we obtain

—-D—-2+4n oW
fj(_p)<_”'ap+ > )51(—p)

p

1
=§/J(p)J(—p) (=p-0p —24+n)w(p). (D.3a)

p

and

SW  §W
9, +2—n)R _
/( p-0p+2—nR(p)- 57(—p) 57 (p)

1

=3 / (=p-8p+2=n) R(p) - w(p)*J () (=p). (D.3b)

p

Hence, we obtain

1
<9, —2 — = D.4
(p-3p—2+n) (w(p) (p)> (D.4)
This gives
1
w(p) = (D.5)

const p2~1 + R(p)

(35) corresponds to a particular choice of the constant.
D.2. Conformal invariance

Substituting (D.1) into (D.2b), we obtain

92 1 92 -D-=2 9
/J(—p)<—pv7+—p + Rl )(w(p)J(p))

dpudpy 27" dpyap, 2 apu
P
1 aJ(p)
/1(— 1L (== 24 1) wp). (D.6a)
m

p

and
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1 0 W W
| (=p-8,+2=n)R(p)+ — —— . "
2P/( POy k2 ) RGP S S S
1 0J
Z_Eff(_p) L) -y 24 m) Rp) i) (D.6b)
Pu
P

Hence, we obtain (D.4) again.
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