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Abstract 
Five-axis machine tools, consisting of three translational axes and two rotary axes, are 
increasingly being used for complex surface machining. This paper proposes a new 
sensitivity analysis method to elucidate the relationship between the tool trajectory error 
and the error motions of the feed axes. Based on the free-curve trajectory during 
simultaneous five-axis machining, a surface coordinate system is created for each tool 
center point, to define the tool trajectory and the trajectory errors. Then, a novel sensitivity 
coefficient is defined to investigate the relationship between the trajectory error and the 
error motions. It is shown that the proposed sensitivity analysis method can successfully 
determine whether the trajectory is sensitive to the error motions, based on sensitivity 
analyses performed during conic frustum machining and S-shaped machining tests. 
Moreover, the sensitivity analysis method can also predict the effects of the error motion 
source, such as the reversal errors. In the future, we intend to study other types of 
machining processes, such as ball-end milling, as well. 

Keywords: five-axis machine tools, square-end milling, sensitivity analysis, error 

motion, surface coordinate system



1 Introduction
With the rapid developments made in the industry and in technology in general over 

the last few years, the requirements for the manufacturing field are also becoming 
increasingly complex. As a result, five-axis machine tools are now being used in all areas 
of manufacturing. In fact, the research and development of five-axis machine tools and 
their production have become the core focus of manufacturing in several countries. In 
most instances, five-axis machine tools can be classified into two types: horizontal and 
vertical, based on the original location of the spindle [1, 2, 3]. In most cases, both types 
contain three translational axes and two rotary axes. These axes control not only the linear 
displacement but also the angular displacement between the tool and the workpiece, 
leading to greater versatility and flexibility and higher machining efficiency, especially 
with respect to the machining of workpieces with complex curved surfaces, such as 
impellers and turbine blades [4, 5, 6]. However, because of the complexity of the machine 
tool structure, a critical issue with five-axis machine tools is the machining accuracy. 
Compared to conventional three-axis machine tools, five-axis machine tools have more 
sources of errors as per the ISO 230-1 standard [7]. 

To improve the accuracy of five-axis machine tools, it is necessary to evaluate their 
error sources correctly. For this, two methods can be used: the first one requires the use 
of professional instruments such as a “double ball-bar” or an “R-test,” while the second 
one involves performing a specific machining test [7, 8, 9]. Professional instruments, such 
as the ball-bar, are already being used throughout the world but are very expensive for 
most machine tool users and manufacturers. Moreover, the detection results obtained 
using a ball-bar system are sometimes not easy to interpret. In addition, the geometric 
errors detected using the no-load method may be significantly different from those 
corresponding to normal operational conditions [10]. Therefore, a machining test is better 
suited for evaluating the machining accuracy of five-axis machine tools. Thus, a variety 
of machining tests have been developed based on the ISO 10791-7 standard. The most 
widely used one is the M3 test, which involves the use of a conic frustum and was first 
presented as the NAS 979 test [9, 11]. It has been shown that the conic frustum cutting 
test is suitable for evaluating the performance of five-axis machine tools and that this test 
can be performed using a double ball-bar system [12, 13]. In addition, the S-shaped 
machining test, proposed by AVIC Cheng Du Aircraft Industrial Co. Ltd., is a modified 
version of the test proposed in the ISO 10791-7 standard [9]. The S-shaped machining 
test holds a thin wall, variable curvature, variable tilt angle and other characteristics which 
satisfied suitably by aero manufactures. Jiang et al. [14] reported that S-shaped machining 
can be used to evaluate the dynamic performance of the servo system of five-axis 
machining centers based on a comparison of the results of simulations of S-shaped 
machining and the NAS 979 test. 

However, in case of these tests, the error sources in five-axis machine tools may 
cause deviations in the tool trajectory. Thus, it is important for machine tool 
manufacturers and researcher to elucidate how individual errors affect the tool trajectory. 



It is also expected that the effects of the various error sources on the accuracy of the 
machined shape will not be the same, given the relationship between the direction of the 
error sources and the geometry of the machined specimen [15, 16]. For this purpose, the 
most suitable method would be to perform a sensitivity analysis for each error source. 
Sensitivity analyses allow one to investigate the effects of parameter changes on 
mathematical models [17] and have been used in a range of fields, including economics, 
biology, chemistry, and engineering. In most instances, sensitivity analyses can be 
classified either as local sensitivity analyses or global sensitivity analyses [18, 19, 20]. A 
local sensitivity analysis evaluates the deformation caused by tiny changes in individual 
parameters, while a global sensitivity analysis can explain how the model response 
changes with the system variables. As the response is usually dependent on several factors, 
sensitivity analysis is an effective method for dividing the synthetic response into 
individual components, to determine the individual contribution of each affecting factor. 
In the field of machine engineering, sensitivity analyses have been widely used for 
analyzing machining errors and on-machine measurements. Chen et al. [5] performed a 
sensitivity analysis of the volumetric error for 37 error components and could improve 
the design and manufacturing accuracy of a five-axis ultraprecision machine tool. Kato 
et al. [13] used the ratio of the measurement value to the actual error as the sensitivity 
coefficient and used this coefficient to interpolate the three-dimensional circular 
movement of a machining system. Cheng et al. [20] reported a new analysis method based 
on the multibody system theory and performed a global sensitivity analysis to identify the 
most important geometric errors affecting the machining accuracy of multi-axis machine 
tools. Ibaraki et al. [21] used a kinematic model to perform an error sensitivity analysis 
of on-machine measurements and evaluated the contributions of the position and 
orientation errors as well as the geometric errors of the rotary axes to the measured 
profiles, in order to determine whether it is possible to track the on-machine 
measurements with the rotation of the workpiece. Cheng et al. [22] developed a model 
for determining the machining accuracy reliability and performed a sensitivity analysis 
of machine tools based on the multibody system theory as well as a Monte Carlo 
simulation to determine the accuracy of quality control of machined products. However, 
no study has elucidated the relationships between the error sources and the geometry of 
the machined specimen while taking into account the tool path and geometry. 

This paper proposes a novel method for performing a sensitivity analysis of the 
relationship between the error motions and the error in the machined shape in case of 
peripheral milling with a square-end mill using a five-axis machine tool. The sensitivity 
analysis method is based on the Denavit-Hartenberg (D-H) matrix and the kinematics of 
the machining motions. The error motion of each axis is considered individually, and a 
new sensitivity coefficient is defined to evaluate the effect of these motions. Two different 
machine tests—the conic frustum machining test and the S-shaped machining test— are 
used to produce the test samples. Furthermore, the effect of the reversal motion errors of 
the axes is used to confirm the suitability of the defined sensitivity coefficient. 

The rest of the manuscript is organized as follows. The error motions of five-axis 



machine tools are described based on the relevant ISO standards in Chapter 2. Chapter 3 
introduces the machining errors and the sensitivity coefficient used. The results of the 
sensitivity analyses of the conic frustum machining test and the S-shaped machining test 
are discussed in Chapters 4 and 5, respectively. The results of simulations of the reversal 
motion errors performed to verify the results of the sensitivity analyses are also discussed 
in these chapters. Finally, the conclusions are presented in Chapter 6.

2 Error motions in five-axis machining centers
2.1 Definition of error motions

During machining using a machine tool, there will always occur unwanted linear and 
angular motions of the linear axes moving along a straight path or the rotary axes moving 
around an angular path; these unwanted motions are called error motions. These error 
motions may arise from the geometric errors of the guide ways or bearings or from the 
dynamic mechanical parts [23]. Normally, there are six directions of freedom for a kinetic 
component. Thus, for each axis, six error motions must be considered. These six error 
motions and their characteristics are defined by ISO standards [7]. For the linear axes, 
such as the X-axis, the error motions are as given in Figure 1, while for the rotary axes, 
such as the C-axis, the error motion are as given in Figure 2. Further, descriptions of the 
various errors are given in Tables 1 and 2.

Table 1. Descriptions of error motions of X-axis
Symbol Description

EAX Angular error motion around A-axis (roll)
EBX Angular error motion around B-axis (yaw)
ECX Angular error motion around C-axis (pitch)
EXX Linear positioning error motion of X-axis; 

positioning deviations of X-axis
EYX Straightness error motion in Y-axis direction 
EZX Straightness error motion in Z-axis direction

Table 2. Descriptions of error motions of C-axis
Symbol Explanation 

EXC Radial error motion of C-axis in X-direction 
EYC Radial error motion of C-axis in Y-direction 
EZC Axial error motion of C
EAC Tilt error motion of C around X-axis
EBC Tilt error motion of C around Y-axis
ECC Angular positioning error of C; 

measured angular positioning deviations of C-axis 



2.2 Transformation of error motions in five-axis machining center
In this study, we focused on the linear positioning error motion of the linear axes and 

the angular positioning error motion of the rotary axes. Although other error motions also 
exist, as mentioned above, we chose the individual error motions of each axis to evaluate 
the effectiveness of the proposed sensitivity coefficient, which is described below. 
Sensitivity analyses of the other error factors will be performed in a later study. 

In the case of a five-axis machine tool with a tilting rotary table with a B-axis and a 
C-axis, as shown in Figure 3 (a), five types of motion errors, namely, EXX, EYY, EZZ, EBB, 
and ECC, must be considered, as shown in Figure 3 (b). Based on the D-H matrix, the 
transformation of the error motions from the machine coordinate system to the table 
coordinate system can be done using Equation (1):

[𝑥𝑡
𝑦𝑡
𝑧𝑡
1

] = [cos (𝐶 + 𝐸𝐶𝐶) ‒ sin (𝐶 + 𝐸𝐶𝐶)
sin (𝐶 + 𝐸𝐶𝐶) cos (𝐶 + 𝐸𝐶𝐶)

0 0
0 0

0                       0
0                       0

1 0
0 1

]
∙ [cos (𝐵 + 𝐸𝐵𝐵)    0

0    1
0sin (𝐵 + 𝐸𝐵𝐵) 0

0 0
‒ sin (𝐵 + 𝐸𝐵𝐵) 0

0   0
cos (𝐵 + 𝐸𝐵𝐵) 0

0 1
] ∙ [𝑥𝑚 + 𝐸𝑋𝑋

𝑦𝑚 + 𝐸𝑌𝑌
𝑧𝑚 + 𝐸𝑍𝑍

1
]

(1)

where  is the tool tip under the machine coordinate system and  is that under [𝑥𝑚
𝑦𝑚
𝑧𝑚

] [𝑥𝑡
𝑦𝑡
𝑧𝑡

]
the table coordinate system, while B and C are the rotary angles of the B-axis and C-axis, 
respectively. Further, the error motion can be transformed from the table coordinate 
system to the workpiece coordinate system using Equation (2):

[𝑥𝑤
𝑦𝑤
𝑧𝑤
1

] = 𝑊
𝑇 𝑋 ∙ [𝑥𝑡

𝑦𝑡
𝑧𝑡
1

] (2)

where  is the coordinate transformation matrix for the transformation from the table 𝑊
𝑇 𝑋

coordinate system to the workpiece coordinate system, and  is the tool tip under the [𝑥𝑤
𝑦𝑤
𝑧𝑤

]
workpiece coordinate system with the motion errors. When EXX = EYY = EZZ = 0 and EBB 

= ECC = 0,  is the tool tip position without any errors. Then, the error motions of [𝑥𝑤
𝑦𝑤
𝑧𝑤

]
each axis can be transformed into the tool path with errors.

3. Definition of sensitivity coefficient 



3.1 Definition of surface coordinate system
In most cases, the tool motion trajectories of five-axis machine tools are free-curve 

trajectories, whose tangential and normal directions are inconstant. Hence, using the table 
coordinate system or the workpiece coordinate system to define the direction of the 
machined surface may result in confusion. In this study, we adopted the Frenet frame to 
define the surface coordinate system, as this has been shown to be an efficient method for 
describing the free-curve paths of tools [24, 25, 26]. 

The Frenet frame can describe a free curve using three parameters: the tangential 
direction, normal direction, and binormal direction. In case of square-end milling, the 
three directions can be described directly. The tangential direction can be expressed as 
the vector from a center point of the tool to the next one, so that the tangential unit vector 
can be defined as given in Equation (3): 

𝑡(𝑛) =
𝑃0(𝑛 + 1) ‒ 𝑃0(𝑛)

|𝑃0(𝑛 + 1) ‒ 𝑃0(𝑛)| (3)

where  is the nth center point of the tool under the workpiece coordinate system. 𝑃0(𝑛)

In the case of square-end milling, it can be assumed that the spindle is perpendicular to 
the feed direction. Then, the binormal unit vector can be defined as given in Equation (4):

𝑏(𝑛) = [𝑖𝑛,𝑗𝑛,𝑘𝑛] (4)

where  are the tool posture data transformed from the table coordinate system [𝑖𝑛,𝑗𝑛,𝑘𝑛]

to the workpiece coordinate system. The normal unit vector is defined by the tangential 
unit vector and the binormal unit vector. However, in the case of square-end milling, the 
normal unit vector will depend on the machining side: for up-cutting, the normal unit 
vector can be defined as given in Equation (5):

𝑛(𝑛) = 𝑡(𝑛) × 𝑏(𝑛) (5)
In contrast, for down-cutting, the normal unit vector could be defined as given in Equation 
(6):

𝑛(𝑛) =‒ 𝑡(𝑛) × 𝑏(𝑛) (6)
Both up-cutting and down-cutting are illustrated in Figure 4, and the surface coordinate 
system defined based on the three unit vectors of all the tool center points is shown in 
Figure 5 (up-cutting is taken as the example). In this study, the surface coordinate system 
was defined as this Frenet frame, and the error motions were analyzed under the surface 
coordinate system.

3.2 Tool position error in surface coordinate system
For the error motion of a five-axis machine tool, the referred tool position and the 

actual tool position are as shown in Figure 6 (a), where is the referred tool position 𝑃0 

and P is the actual tool position. The tool position error can then be defined as given in 



Equation (7)

𝐸(𝑛) = 𝑃(𝑛) ‒ 𝑃0(𝑛) (7)

In this case, the tool position error can be defined in the surface coordinate system as 
shown in Equations (8) to (10).

𝐸𝑛(𝑛) = 𝐸(𝑛)·𝑛(𝑛) (8)

𝐸𝑡(𝑛) = 𝐸(𝑛)·𝑡(𝑛) (9)

𝐸𝑏(𝑛) = 𝐸(𝑛)·𝑏(𝑛) (10)

For the actual machining process, the three directional errors would be the exterior 
normal error, the tangential error, and the spindle directional error, as shown in Figure 6 
(b). 

According to Equations (8) to (10), all three errors would have positive or negative 
values. Thus, for the sake of simplicity, we assumed the following: 
 If the error has a positive value, it will be called a positive error.
 If the error has a negative value, the error will be called a negative error.
The sign of the error indicates what type of error it is, with the error type determining 

the effect of the error on the machining surface. For example, a positive normal error 
would mean that the machining surface will not be machined adequately and that there 
would be material to be removed remaining on the machining surface. In contrast, a 
negative normal error would mean that the machining surface was overcut during the 
machining process, as shown in Figure 7.

3.3 Definition of sensitivity coefficient 
To analysis how each error motion affects the accuracy of the machined shape, in 

this study, we simulated each error motion individually. It was assumed that the overall 
machining error was caused by the individual error motions. Further, each error motion 
was kept constant, so that the machining error attributable to the individual error motions 
could be calculated. Therefore, the sensitivity coefficient was taken to be the quotient of 
the machining error and the effective error motions, as given in Equation (11):

𝑘(𝑛) =
|𝐸(𝑛)|

𝐸 ∗∗
(11)

where k(n) is the sensitivity coefficient of the position error of each tool tip,  is the 𝐸(𝑛)

position error in Equation (7), and  is the symbol for the error motion (e.g. EXX). In 𝐸 ∗∗

addition, the sensitivity coefficients for the three components of the position error in the 
surface coordinate system can be defined similarly, as shown in Equations (12) to (14):



𝑘𝑛(𝑛) =
𝐸𝑛(𝑛)
𝐸 ∗∗

(12)

𝑘𝑡(𝑛) =
𝐸𝑡(𝑛)
𝐸 ∗∗

(13)

𝑘𝑏(𝑛) =
𝐸𝑏(𝑛)
𝐸 ∗∗

(14)

where  is the normal sensitivity coefficient,  is the tangential sensitivity 𝑘𝑛(𝑛) 𝑘𝑡(𝑛)

coefficient, and  is the spindle directional sensitivity coefficient. 𝑘𝑏(𝑛)

The sensitivity coefficient is indicative of how the error sources affect the machining 
accuracy. For an individual error motion, the position error will be large when the 
sensitivity coefficient is large and small when the coefficient is small. As per Equations 
(12) to (14), the normal sensitivity coefficient, tangential sensitivity coefficient, and 
spindle directional sensitivity coefficient are either positive or negative. This means that, 
when the sensitivity coefficient is positive, a positive axial error motion would cause a 
positive error and a negative axial error motion would cause a negative error. Similarly, 
when the sensitivity coefficient is negative, a positive axial error motion would cause a 
negative error and a negative axial error motion would cause a positive error. Therefore, 
the sensitivity coefficient as defined in this study reflects not only the magnitude of the 
machining error caused by the axial error caused but also its direction.

3.4 Example of sensitivity analysis for two-axis motions in X-Y plane
In the previous sections, we introduced the three different sensitivity coefficients. 

However, it remains to be seen whether all three are significant with respect to the 
sensitivity analyses performed in this study. In this section, we describe how the defined 
sensitivity coefficient can be used for sensitivity analysis, based on examples involving 
square and circular motions in the X-Y plane using two translational axes.
3.4.1 Square motion in X-Y plane

Figure 8 shows the square motion with error motions EXX, EYY, and EZZ, where the 
value of each error motion is set to be 0.01 mm (constant), and the error is magnified by 
a factor of 200. Each motion commenced at point (-25.0, 25.0), and the tip moved in the 
counter-clockwise direction. The sensitivity coefficients for each error motion are shown 
in Figure 9. As can be seen from Figure 8 (a), error motion EXX caused a positive error 
in the trajectory from 50 mm to 100 mm, a negative error from 150 mm to 200 mm, and 
no error in the other areas. This error range was evaluated using the normal sensitivity 
coefficient shown in Figure 9 (a). In addition, it can be seen from Figure 8 (b) that error 
motion EYY caused a positive error in the trajectory from 100 mm to 150 mm, a negative 
error from 0 mm to 50 mm, and no error in the other areas. This error range was also 



evaluated using the normal sensitivity coefficient shown in Figure 9 (b). However, error 
motion EZZ caused no error in the motion trajectory, as in the case for square-end milling, 
error motion EZZ is always along the spindle direction and thus no error would be 
transmitted onto the machined surface. This fact can be confirmed from the sensitivity 
coefficients shown in Figure 9 (c). 

In actual machining operations, the error motions should be position-dependent 
functions; they can be caused at every step involving the dynamics of machine tools. In 
this study, setting the error motion to be a constant value does not mean that an error 
analysis for actual machining operations is conducted. We intend to evaluate the type of 
influence the error motion causes for each tool point. The relationships between the error 
motion values and the error at each tool point does not change regardless of how the error 
motion is set; that is, the results show the deviations in each tool point regarding the 
defined error motions. Furthermore, a sensitivity analysis can be conducted using the 
relationships between the defined error motions and the deviations in each tool point.

3.4.2 Circular motion in X-Y plane
Similarly, we also performed sensitivity analysis for circular motion in the X-Y plane. 

The results yielded the same conclusion as in Section 3.3.1. 
Figure 10 shows the circular motion with the three error motions. The value in this 

case was also set to 0.01 mm and kept constant, and the error was magnified by a factor 
of 200. However, in contrast to the case for the square motion, the direction for the 
circular motion was the clockwise direction, with the motion commencing at point (25.0, 
0.0). The sensitivity coefficient for each error motion is shown in Figure 11. It can be 
seen from Figure 10 (a) that error motion EXX caused a positive error at the starting 
position and that the error kept decreasing and ultimately became zero at the end of the 
first quarter of the motion. Then, the error became positive and kept increasing until the 
end of the second quarter of the motion. Next, the error started decreasing again and 
became zero at the end of the third quarter. Finally, the error became positive again and 
kept increasing till the end of the fourth quarter. This range can also be evaluated using 
the normal sensitivity coefficient shown in Figure 11 (a). In addition, the error range of 
the circular motion with EYY, shown in Figure 10 (b), also matches the normal sensitivity 
coefficient shown in Figure 11 (b). 

Based on the results of the analyses of the square and circular motions, it can be 
concluded that, in case of square-end milling, error motion EZZ has no effect on the tool 
trajectory and that only the normal sensitivity coefficient is significant with respect to this 
analysis. It should also be noted based on Figure 6 (b) that only the normal error of the 
tool path is transferred to the machined surface by the motions during square-end milling. 
In the next section, therefore, we only analyzed the normal sensitivity coefficient during 
the sensitivity analysis and ignored error motion EZZ.

4. Sensitivity analysis of effects of error motions on cone frustum 



machining
4.1 Motion during cone frustum machining

According to ISO 10791-7 [9], a cone frustum test can be used with five-axis 
machining centers to evaluate the cutting performance of the centers under the 
simultaneous feed motion of the five axes. The structure of the cone frustum test piece is 
shown in Figure 12, while the related parameters are listed in Table 3. Both types of cone 
frustum test pieces described in the table were considered in this study.

In this study, we focused on the M3_15 test to explain the sensitivity analysis. To 
investigate the influence of the center and the height offset on the sensitivity, conditions 
both with and without offsets were simulated. The five-axis machine tool used in this 
study was NMV 1500 DCG, a vertical-type machine tool produced by DMG MORI. The 
structure of this machine tool is shown in Figure 3 (a); the tool is holding a rotary tilting 
table with B- and C-axis. The motion of the feed axes for conic frustum machining is 
shown in Figure 13; the direction of machining is up-cutting. The sensitivity coefficient 
for each error motion of the axes was analyzed next.

Table 3. Parameters of cone frustum test pieces

Cone frustum parameter Test piece ISO 10791-7-
M3_15

Test piece ISO 10791-7-
M3_45

Bottom diameter (D) 80 mm 80 mm
Thickness (t) 20 mm 15 mm

Inclination angle (β) 10° 30°
Half apex angle (θ) 15° 45°

Center offset (d)
25% of diameter of rotary 

table size
(in this study: 62.5 mm)

25% of diameter of rotary 
table size 

(in this study: 62.5 mm)

Height offset (p)
Larger than 10% of table 

diameter
(in this study: 30 mm)

Larger than 10% of table 
diameter

(in this study: 30 mm)

4.2 Sensitivity analysis of each error motion
As stated in Section 3, error motion EZZ can be ignored. Hence, here the sensitivity 

analysis of X-axis and Y-axis is explained.
Figure 14 and Figure 15 show the sensitivity coefficients of each error motion of 

the axes for both without and with offsets. To provide clear results, we have marked the 
sensitivity coefficients on the motion trajectory, along with the tool tip. If the sensitivity 
coefficient value is positive, it is marked along the exterior normal direction (the direction 
of the normal unit vector in Figure 5). 

It can be seen that, for the machining test without offset, the sensitivity coefficients 



of EXX are always negative, while the sensitivity coefficients for EYY are positive at the 
region where the Y-coordinate is positive and negative at the region where the Y-
coordinate is negative (see Figure 14). In addition, the sensitivity coefficients for the 
rotary axes error motions are approximately equal to 0. In addition, with an offset, 
according to Figure 15, the sensitivity coefficients for the translational axes are the same, 
while for EBB, the sensitivity coefficients are symmetric to the Y-axis and always negative, 
with the absolute value increasing along the negative direction of the Y-axis. In contrast, 
the sensitivity coefficients of ECC are positive in the region where the X-coordinate is 
negative and positive in the other half. These results show that, for both types of 
machining, although the motions of the X-axis and Y-axis are different, the sensitivity 
coefficients are the same. In contrast, for the rotary axes, although the motions are the 
same, the sensitivity coefficients are different. 

4.3 Use of sensitivity analysis to explain influence of reversal errors
As can be seen from Figure 13, during both tests, several reversal points existed in 

the motions, and these reversal points led to reversal errors in the feed drive systems. 
When the feed motion direction was changed, the error motion occurred during the 
subsequent motion. Hence, to verify the effectiveness of the sensitivity analysis, the 
influence of the reversal errors was elucidated based on the sensitivity analysis.

Figure 16 shows the model used to simulate the reversal error; here, a first-order 
system control mode was used to simulate the servo delay, while a backlash model was 
used to simulate the reversal errors. The output data from the model were the feed motions, 
which affected by the backlash.

The trajectories and the effects of the reversal errors are shown in Figure 17 and 
Figure 18; the trajectory errors are magnified by a factor of 300, and every reversal point 
is marked on the trajectory. In Figure 17, the reversal points on both the X-axis and the 
Y-axis had some effect on the trajectory in the form of step-like errors, while in Figure 
18, only the X-axis reversal points had an effect and those on the Y-axis did not. On 
comparing Figure 14 and Figure 15, it can be seen that all the reversal points during the 
machining test without an offset were located in the areas where the sensitivity coefficient 
was large, while for the test with the offset, the Y-axis reversal points were located in the 
areas where the sensitivity coefficient was not large and thus had no effect.

5. Sensitivity analysis of error motions on S-shaped machining test
5.1 S-shaped machining test

The S-shaped machining test, as shown in Figure 19 (a), is described in the ISO/CD 
10791-7 draft standard [9]. The S-shaped test piece consists of two S-shaped ruled 
surfaces, and the boundary curves of each ruled surface are all three-order uniform 
rational B-splines. Each B-spline curve is defined by 16 control points. All these 
parameters are defined in the ISO/CD 10791-7 draft standard [9].

Figure 20 shows the motion feed axes during S-shaped machining using the five-



axis machining center investigated in this study. Because of the stroke limit of the 
machine tool and the size of the original material, the machining test was carried out using 
a size that was half of the defined one. The base of the workpiece was also changed 
suitably; its mechanical drawing is shown in Figure 19 (b). Compared to the motions 
during conic frustum machining, the motions of the feed axes for S-shaped machining are 
more complex and approach those involved in the actual machining of complex surfaces. 
Therefore, the S-shaped machining test can be used to clarify whether the proposed 
sensitivity analysis method is suitable for analyzing complex surface machining processes 
as well.

5.2 Sensitivity coefficient of each error motion
As mentioned above, while error motion EZZ could be ignored, sensitivity analysis 

was performed for the other four error motions.
Figure 21 shows the sensitivity coefficients for the various error motions of the axes. 

As was the case in Section 4, the sensitivity coefficients are marked on the motion 
trajectory, to make the results easy to understand. The numbers shown on the trajectory 
are indicative of the motion distance from the starting point. As is obvious from the figure, 
a distinct trend can be seen in the sensitivity coefficients all along the tool trajectory. Thus, 
the relationship between the trajectory error and the error motion can also be seen clearly. 
For example, in Figure 21 (a), the sensitivity coefficient for error motion EXX is positive 
along the trajectory from 0 mm to 120 mm and decreases from 110 mm. Further, it is 
almost equal to 0 from 120 mm to 160 mm while beyond 160 mm till the end of the first 
surface trajectory, it is negative. Hence, it can be concluded that, when EXX = +0.01 mm, 
a large positive error occurs in the trajectory from 0 mm to 110 mm and a negative error 
results from 160 mm to the end, with there being no error between 120 mm to 160 mm. 
Similarly, sensitivity analysis was also performed for EYY, EBB, and ECC.

5.3 Elucidation of effect of reversal errors based on results of sensitivity analysis
As can be seen from Figure 20, there were several reversal points in the motions of 

all the axes. Hence, as was stated in Section 4, the proposed sensitivity coefficient was 
used to explain the effect of the reversal errors. The method used to simulate the reversal 
errors was the same as that used in Section 4 (see Figure 16).

The trajectories affected by the reversal errors are shown in Figure 22; the trajectory 
errors are magnified by a factor of 200, and every reversal point is marked, as was also 
done in Section 4. 

With respect to the effect of the error motions, as can be seen from Figure 21 (a), the 
sensitivity coefficient along the trajectory from 0 mm to 110 mm and from 160 mm to the 
end of the first surface was large. Thus, the reversal points located in these regions all had 
pronounced effects (see Figure 22 (a)). In contrast, from 120 mm to 160 mm, the 
sensitivity coefficient was almost 0. Thus, the reversal points located in this region did 
not cause a trajectory error. However, the reversal points still caused error motions. Thus, 
as soon as the sensitivity coefficient increased, a trajectory error was caused. Further, 



there was no reversal point in the region where the X-axis coordinate was approximately 
0 on the first surface. Similarly, the reversal errors of the other feed axes can be explained 
by comparing the corresponding sensitivity coefficient of the error motions.

6. Conclusions
In this study, we proposed a novel sensitivity analysis method to elucidate the 

relationship between the trajectory error and the error motions for each feed axis in five-
axis machine tools. The results of the sensitivity analysis can explain how the error 
motions influence the motion trajectory in the case of square-end milling on a five-axis 
machine tool. The primary conclusions of the study can be summarized as follows:

(1) The Frenet frame can be used to define the surface coordinate system, which is 
more suitable for free-curve tool trajectories. The surface coordinate system is 
related to each tool center point. Hence, the changed curvature of the tool 
trajectory has no effect. Further, using the surface coordinate system, the 
trajectory error could be divided into the normal error, the tangential error, and 
the spindle directional error.

(2) In case square-end milling, the normal directional error determines the tool 
trajectory error. It was found that, for every differential of the trajectory, a 
tangential error occurs along the trajectory, while the spindle directional error 
occurs along the tool gesture. Further, in the case of square-end milling, these 
two directions define the differential surface. Moreover, based on an analysis of 
the square and circular motions, it was determined that only the normal error 
affects the trajectory errors.

(3) The sensitivity coefficient proposed in this study, which is defined as the quotient 
of the trajectory error and the effective error motion, can be used to investigate 
how the error motions affect the tool trajectory. For both the conic frustum 
machining test and the S-shaped machining test, the sensitivity analysis 
performed well. In addition, the effects of the reversal errors could also be 
explained based on the results of the sensitivity analysis.

Thus, it can be concluded that the proposed method can help the users of five-axis 
machining tools predict the machining errors on the designed surface for each axis error 
motion. In the future, we plan to explore other types of error motions and machining types, 
such as ball-end milling, and perform sensitivity analysis, with the aim of developing a 
global sensitivity analysis method that can be used for all types of machining.
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Figure 3  Five-axis machine tool used and error motions analyzed in this study.



Feed direction

Workpiece

Tool

(a) Up-cutting

 
Feed direction

Tool

Workpiece

(b) Down-cutting

Figure 4  Up- and down-cutting.



: Normal unit vector
: Tangential unit vector
: Binormal unit vector

Tool path

Figure 5  Surface coordinate system.



P

(a) In-surface coordinate system

: Normal error
: Tangential error
: Tool direction error

Workpiece

(b) Actual machining process

Figure 6  Tool position error.



Workpiece

Tool

(a) Positive error

Workpiece

Tool

(b) Negative error

Figure 7  Positive and negative errors.



X-axis

Y-
ax

is

-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

Feed direction

(a) Motion with EXX.
X-axis

Y-
ax

is

-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

Feed direction

(c) Motion with EZZ.
X-axis

Y-
ax

is

-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

Feed direction

(b) Motion with EYY.

Reference trajectory                           Real trajectory
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Figure 9  Sensitivity coefficients for square motion.
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Figure 10  Trajectory errors during circular motion.
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Figure 13  Feed-axes motions for each conic frustum machining test.
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offset.



 

-40 -20 0 20 40
-40
-30
-20
-10

0
10
20
30
40

-40 -20 0 20 40
-40
-30
-20
-10

0
10
20
30
40

-40 -20 0 20 40
-40
-30
-20
-10

0
10
20
30
40

-40 -20 0 20 40
-40
-30
-20
-10

0
10
20
30
40

(a) EXX (b) EYY

(c) EBB (d) ECC

X-axis mm

Y-
ax

is
 m

m

X-axis mm

Y-
ax

is
 m

m

X-axis mm

Y-
ax

is
 m

m

X-axis mm

Y-
ax

is
 m

m

kn = 1 : (5 mm) kn = 1 : (5 mm)

kn = 1 : (5 mm) kn = 1 : (5 mm)

Figure 15  Sensitivity coefficient of each error motion for M3_15 test piece with offset.



p

p

G
s G

Backlash

Input Output

Servo delay

Figure 16  Model for simulating reversal errors.



(a) X-axis reversal errors (b) Y-axis reversal errors
X-axis mm

Y-
ax

is
 m

m

X-axis mm
Y-

ax
is

 m
m

-40 -20 0 20 40
-40
-30
-20
-10

0
10
20
30
40

-40 -20 0 20 40
-40
-30
-20
-10

0
10
20
30
40
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(a) Geometry used for S-shaped machining test [9].

  (b) Mechanical drawing of S-shaped machining test.

Figure 19  S-shaped machining test design.
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Figure 20  Feed-axes motions during S-shaped machining test.
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Figure 21  Sensitivity coefficient for each error motion for S-shaped machining test.
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Figure 22  Influence of reversal errors of each feed axis.


