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ABSTRACT

The dynamics of fully nonlinear internal waves in continuously stratified fluids is investigated using a new simple-wave (or
Riemann-wave) theory with 2nd-order topographic effects. Unlike previous fully nonlinear internal-wave theories, the proposed
theory is applicable to large water-depth change over a long distance, provided that the local bottom slopes are mild. An essential
step in the theoretical development is the separation of “adiabatic” and “diabatic” topographic effects. First, adiabatic topographic
effects are incorporated into the previous simple-wave theory, in such a way that one-directional, fully nonlinear, nondispersive
waves become conservative over topography. Since the Riemann variable (or invariant) remains constant along the characteristic,
this extends the applicability of the solution method based on characteristic curves from flat bottom to mild slopes. Then, 2nd-
order diabatic topographic effects are added to the adiabatic simple-wave solution by a perturbation approach. The application
of the proposed theory to Wunsch’s subcritical wedge problem suggests that the proposed theory is applicable to subcritical
slopes, although the error unavoidably increases as the slope angle approaches the propagation angle of internal wave rays (i.e.,
the critical angle). An important finding is the relatively rapid growths of wave-induced isopycnal setup and mean flow under
the combined effects of strong nonlinearity and topography, in contrast to temporally stationary setup and mean flow under
weak topographic effects. This implies, for example, that large-amplitude internal waves on continental shelves have an inherent
tendency to modify the “background” stratification and currents without mixing and that it could occur within a spring-neap
tidal cycle.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5074095

I. INTRODUCTION

Large-amplitude internal waves are commonly observed
on continental shelves,’ in marginal seas,*° and in strat-
ified lakes.”° They may steepen and form bores or degen-
erate into a packet of internal solitary waves (ISWs), which
are considered to be important for mixing,''%!!" horizon-
tal transport of water mass,'?'% sediment transport,’s17
and offshore structures and operations.*'® Nonlinear effects
are essential in these deformation processes,'?2° but topog-
raphy can also play important roles.?’ Although weakly
nonlinear theories with 1st-order topographic effects have
been used to investigate these processes,?'2* a theory with
strong nonlinear and topographic effects is preferable,*

for example, to understand the dynamics of large-amplitude
internal waves on continental shelves.??> This study devel-
ops a fully nonlinear simple-wave theory with 2nd-order
topographic effects and illustrates some of the pro-
cesses due to combined effects of strong nonlinearity and
topography.

Several fully nonlinear theories have been developed for
internal gravity waves over a flat bottom.?¢ Some of them are
based on the theory of simple (or Riemann) waves, which is
used in various fields of physics to analyze fully nonlinear,
nondispersive waves propagating in one direction (see from
Sec. 2 to Sec. 6 and Sec. 13 in Ref. 27 or from Sec. 2.8 to
Sec. 2.14 in Ref. 28). It assumes that only one of the possible
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modes of propagation has nonzero amplitude. This assump-
tion reduces the degrees of freedom of the wave field to
one and hence enormously simplifies the description of fully
nonlinear waves. Simple waves follow a simple evolutionary
equation

o NO\.,
(a +C a)R—O, (1)

where t is the time, x is the horizontal coordinate, cN(R)
is the fully nonlinear propagation speed, and R(x, t) is a
variable called Riemann invariant. Since R remains con-
stant along the characteristic dx/dt = ¢V, the problem can
be solved by constructing the solution using characteris-
tic curves (see Sec. 2.1 in Ref. 27), which is sometimes
called the Riemann method (see Sec. 2.8 in Ref. 28). Here-
after, this method is called the characteristic method. For
internal waves over a flat bottom, Ostrovsky and Grue?°
developed a simple-wave theory for two-layer stratified flu-
ids, and Shimizu®*° recently developed the counterpart for
continuously stratified fluids. There are also a Miyata-Choi-
Camassa (MCC)-type theory3!32 that allows waves propa-
gating in opposing directions and a fully nonlinear, fully
nonhydrostatic theory to calculate internal waves of perma-
nent form using the Dubreil-Jacotin-Long (DJL) equation.>3-*
This study focuses on simple waves without nonhydrostatic
effects for simplicity.

The incorporation of topographic effects appears to be a
bottleneck in the application of the fully nonlinear internal-
wave theories to oceans and lakes. Although it is rela-
tively straightforward to add the effects of small water-depth
change to (1) by the perturbation method, water-depth vari-
ation in the field is often too large to assume small depth
change. For example, the transformation of internal tides into
bores and ISWs on continental shelves typically occurs in a
depth range of ~200-<100 m.>?? In general, it appears that
there are very limited studies that incorporate the effects
of spatially varying composition and cross section into a
fully nonlinear simple-wave theory (e.g., see Sec. 2.8 in Ref.
28), although a comprehensive literature survey is difficult
because there are vast fields of physics in which the simple-
wave theory can be applied. In general physical context, Sec.
213 in Ref. 28 showed that the simple-wave theory can be
extended to gradually varying composition and cross sec-
tion assuming small wave amplitude. For sound waves,
Varley and Cumberbatch®> extended the weakly nonlinear
theory by Whitham*® to fully nonlinear pulses in a gradu-
ally varying medium; however, their approach based on wave
groups is not very useful for internal waves in oceans and
lakes, where the resolution of individual waves is usually
required.

Korteweg-de Vries (KdV)-type theories with topographic
effects?237-32 shed some light on the incorporation of large
water-depth change into the fully nonlinear simple-wave the-
ory. Including Ist-order nonlinear and topographic effects, the
equations (hereafter topography-modified KdV-type equa-
tions) can be written as

scitation.org/journal/phf
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where 7(x, t) represents some isopycnal-displacement ampli-
tude, c(x) is the propagation speed of long linear gravity waves,
a(x) is the Ist-order nonlinear coefficient, and h(x) is a func-
tion determined by the definition of r (water depth if applied
to barotropic gravity waves). The “source” term S(, x) could
represent the weak effects of not only nonhydrostatic wave
dispersion?'7 but also two-dimensional wave spreading,*®
damping,?? and rotation.3® The factor Vh-Ic® takes the so-
called “adiabatic” topographic adjustment of » into account
so that Vh-l¢3; remains constant along the characteristic if
S = 0. Interestingly, this is true even if the variations of c, a,
and h on the left-hand-side (LHS) are not small. When seen in
the frame of reference moving with the nonlinear propagation
speed ¢ + an, an appropriate scaling of the equation (shown
later) suggests that the local bottom slopes need to be mild for
the equation to be valid, but no restriction is imposed on the
variations of c, @, and h. This suggests a possibility to incorpo-
rate adiabatic topographic effects into (1), in such a way that
allows large water-depth change over a long distance provided
that the local bottom slopes are mild. This requires obtaining
an adiabatic fully nonlinear simple-wave solution that follows
(1) in the presence of topography. Once this is done, rela-
tively small “diabatic” topographic effects can be added to the
right-hand-side (RHS) of (1) by a perturbation approach.

This study aims to extend the fully nonlinear simple-
wave theory for continuously stratified fluids*° to incorpo-
rate 2nd-order topographic effects and to illustrate some of
the processes due to combined effects of strong nonlinearity
and topography. Throughout this study, the bottom slope is
assumed to be subcritical, or the slope angle is less than the
propagation angle of internal wave rays.“%“! As a first step
in developing a fully nonlinear theory of simple waves with
topographic effects, we assume that waves neither break nor
form shocks, for simplicity. Although obtaining fully nonlin-
ear solution requires a numerical approach, the focus of this
study is primarily on the development of theory rather than a
numerical model.

This paper is organized as follows. In Sec. II, we develop a
theory of adiabatic, fully nonlinear simple waves over topogra-
phy, using surface gravity waves in homogeneous fluids as an
example. The aim is to illustrate essential ideas and methods in
a simpler case, before dealing with more complicated cases in
continuously stratified fluids. In Sec. 11, we develop a theory
of fully nonlinear simple internal waves over subcritical slopes
in continuously stratified fluids. The governing equations are
first transformed into such a form that the method developed
in Sec. II can be directly applied to calculate adiabatic simple
internal waves. Then, 2nd-order diabatic topographic effects
are added to the adiabatic simple-wave solution by a per-
turbation approach. In Sec. IV, example applications are used
to illustrate some important features of fully nonlinear sim-
ple internal waves over subcritical slopes. Implications of the
results of this study are discussed in Sec. V, followed by brief
conclusions in Sec. VI.
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Il. BASIC IDEAS AND MATHEMATICAL METHODS
FOR CALCULATION OF ADIABATIC SIMPLE WAVES

In this section, we extend the fully nonlinear simple-wave
theory from a flat bottom to sloping bottom, using surface
gravity waves in homogeneous fluids as an example. Only
adiabatic topographic effects are considered in this section.
Equations in this section are written in forms that are applica-
ble to continuously stratified fluids in Secs. IIl and [V, as much
as possible.

The simple-wave theory for surface gravity waves is based
on the shallow water equations. Assuming background water
depths of H(x) and no background current, the equations for
the wave-induced deviations of surface elevation n(x, t) and
horizontal velocity u(x, t) can be written in a matrix form as

ap 5’1’
2t = Kox - Gp, (33)
n
=", 3b
p U (3b)
u H+n
K= et o | (3¢)
[0 OH
G= , (3d)
0c(c®HY) 0

where c(x) = /gH is the propagation speed of long linear sur-
face waves, g is the acceleration due to gravity, and 0 repre-
sents the derivative with respect to the variable shown in the
subscript. Although 8,(c?H™) = dxg = 0 for homogeneous flu-
ids, we retain this term so that subsequent equations in this
section are applicable to continuously stratified fluids.

A. Revisiting simple waves over a flat bottom

For a flat bottom, the simple-wave analysis proceeds in
the following four steps.?7.2830 In the first step, we calcu-
late the eigenvalues and eigenvectors of K. The eigenvalue
problem

N =Tk )

cN =uzxcy1+n/H, (5a)

¢

i—
I,=| Hyl+n/H|, (5b)

1

yields

where ¢ are the propagation speeds of fully nonlinear sim-
ple waves, i, are the left-eigenvectors, and the subscripts +
and — denote the right- and left-propagating modes, respec-
tively. Hereafter, the superscript H denotes conjugate trans-
pose, and signs are vertically ordered. In this study, the modes
associated with (4) are called “Riemann modes” to distinguish
them from vertical modes introduced later. Note that a left-
eigenvector can be multiplied by an arbitrary scalar factor. The
tilde is used to denote a variable whose magnitude depends on

scitation.org/journal/phf

the normalization of left-eigenvectors throughout this paper.
There are also right-eigenvectors of K,

+H\/1+77/H

fi=%— c | (6)

The left- and right-eigenvectors satisfy the bi-orthogonality

~H_
L. Ts = 6r, 7)

where 1, s = +, — are the indices for Riemann modes and 6y s is
the Kronecker delta (=1if r = s, but O otherwise).

In the second step, we derive the evolutionary equations
of Riemann invariants Q(x,t), which are defined through the
differential relationships (see Sec. 5.3 in Ref. 27)

dQ, =1 dp. ()

Multiplying (3a) without the G term by i? from the left and
using the above definition, we get

(5 + a2 =0. ©)

These equations mean that Q, remain constant along the char-
acteristics dx/dt = cV, but note that cN depend on both Q.
and Q_.

In the third step, we reduce the degrees of freedom of the
wave field by assuming that all the Riemann invariants have
zero amplitude except for a mode of interest. To present equa-
tions that are applicable to continuous stratification, we here-
after use the subscripts +p and q to denote the Riemann mode
of interest (hereafter primary Riemann mode, assumed to be
right-propagating) and the rest of the modes (nonprimary Rie-
mann modes), respectively. Assuming waves propagating into
initially quiescent water, we get Qq(= Q-) = 0 along the char-
acteristics for left-propagating mode (see an example in Fig. 1).
So, the integration of (8) for r = — yields

" c , n )
= | ————dy =21+ L 1. 10
" /0 H/T+7'/H g C( TH (10)

a)

= 0

FIG. 1. Schematics of characteristics in a signalling problem. (a) Boundary
forcing and (b) characteristics. In (b), solid and dashed lines show right- and
left-propagating characteristics, respectively.

Phys. Fluids 31, 016601 (2019); doi: 10.1063/1.5074095
Published under license by AIP Publishing

31,016601-3


https://scitation.org/journal/phf

Physics of Fluids ARTICLE

Then, (8) for r = + yields

Qip=2u= 4c(ﬂ - 1). (1)

Alternatively, p can be expressed as a function of Q. as

H(1+Quyp/(40))* ~ H
Qip/2

Note that the degrees of freedom in terms of the wave field
are reduced from 2 (7 and u) in (32a) to 1 because 7, u, and Qi
are now related through (11).

(12)

In the fourth step, initial and boundary conditions are
expressed in terms of Q+p using (11), and the evolution of Qer
is followed by (9) for r = +p or the characteristic method.?”2¢
The results in terms of 1 and u are obtained through (12).

B. Adiabatic simple waves over a sloping bottom

We now seek to extend the theory to incorporate adia-
batic topographic effects. For a sloping bottom, the simple-
wave analysis as presented above is inapplicable because the
G term in (3a) causes changes in Q., along the characteristics,
as well as wave reflection, or the interaction between the Rie-
mann modes. The starting point for the extension is to modify
the definition of Riemann invariants as

- A
dR'r = C_N

r

‘IT (Kdp + Gpdx), (13)

where .1, are the weight functions introduced for the reason

explained shortly. Note that ¢V, I, and R, depend on ¢ and H
rather than x through (4), but it is more convenient to reduce
the number of independent variables by using the fact that ¢

and H depend only on x. Multiplying (3a) by .l'il from the left
and using the above definition, we get

(&+ T:)RT_O (14)

which appear to be the sought-after equations. However, the

problem is not so simple as the above equations appear, and
we still need to solve the following two problems.

The first remaining problem is to make R, integrable or
to make R, independent of integration paths. To illustrate
the necessity, we proceed by focusing on the +pth mode and
tentatively assuming that R, = Qq = 0. Since (8) for r = + implies

) &
P(Quprx) = /0 Fop( @ 0D, (15)

we get

()2
dp = dQ:
P <5Q+p> 2 " \ox Q

Substituting this into (13) for r = +p yields

_F o de op
dx = FpdQup + ( g )(~2+ dx. (16)

P P

Aip »
+ — Gapdx, 17)
P

dR.p = AipdQsp

scitation.org/journal/phf

where (4) and (7) are used and

= Hf N @
G, =1, (cT (ax )Qp + Gp). (18)

Compared to (13), the simple-wave assumption reduced the
number of independent variables to 2 (i.e., Q. and x). If we
consider two different integration paths as in Fig. 2(a), the
difference in Ry, for the infinitesimal paths O-A and O-B is

//( a/up Qm _ gw(

This shows that R., is path-dependent in general, but an
appropriate choice of 1., makes R, path-independent, as in
Fig. 2(b). This is the reason why A, are introduced in (13).
Mathematically, the requirement

o\ [ o (-
( ox )Q,, B (6Q+p(c§p Gw))x 29

is the condition for Ry, to be an exact differential or the inte-
grability condition of Pfaff’s differential equation (17). An exam-
ple of such a condition in physics is the Maxwell relations in
thermodynamics. Once R.,, is made integrable, the assumption
of Ry = 0 at Qi = 0 leads to

il )) )dQ dx (19)
+p +p .

a) A
B
I
1
Q+p X
(0]
b) C
&
IR
§+p X
(0]

FIG. 2. Schematics of inte~gration of (17) along two paths, shown~in red and
blue. (a) Not integrable or R+, is path-dependent. (b) Integrable or R.y, is path-
independent so that the integrals along the two paths are given by R+p(C) -
Rip(O).

P
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Rup= [ 2@, B

The topographic factor A., can also be seen as a normaliza-
tion factor of 1., because R., = Q. if L, is replaced by diplsp
from the beginning of the derivation. In a flat-bottom case, the
normalization of i+p is arbitrary, but the same normalization is
applied for all x. In a sloping-bottom case, (20) implies that the
normalization is arbitrary at a reference location (i.e., abound-
ary condition for the integration in x), but not arbitrary at the
other locations for R.), to be integrable.

The linear limit of the above integrability problem
deserves special attention. In this limit, (17) becomes

/1+p OVcH ~
\/ ox

where (5)-(7) and (12) are used to evaluate the 2nd term on the
RHS. Then, the integrability condition (20) at Q.p = 0 yields

Ry ~ LepdQup + Qupx, 22)

Aip = AVcH, (23)

where A is an integration constant. Since 7 ~ (2¢)"HQup
= (2cdsp)'HR.p and ¢ = +/gH, we see that 5 varies as yH/c3

o H4 holding R, fixed (along the characteristic). This agrees
with the Green’s formula often used in coastal engineering.*?
Note also that (20) involves nonzero 6/l+p/6Q+p in general,
but not in the linear limit. Therefore, (23) provides the initial
condition for the integration of (20) in Q+p.

The second remaining problem is how to determine Qq,
which is assumed to be 0 in the above analysis. In a flat-bottom
case, Qq is determined by the initial condition Qq = 0, and it
remains constant along the characteristic. So, Qq = 0 every-
where for waves propagating into initially quiescent water
(e.g., Fig. 1). In a sloping-bottom case, such a characteristic
approach is impossible in general because a sloping bottom
causes reflection or conversion of the primary Riemann mode
to a nonprimary mode. Even for a mild slope, the character-
istic approach is difficult because it requires R, to be inte-
grable, but it appears impossible to satisfy this requirement
in one-directional simple-wave analysis.

To determine Qq, we assume a mild slope and take a
perturbation approach commonly used in KdV-type theories,
which does not require integration along the characteristics.
We introduce a frame of reference moving with the nonlinear
propagation speed of the primary mode and define

1
= dx - t,
/ )

& = ox.

(24a)

(24b)

Here, ¢ is a typical ratio of a horizontal length scale of the
topography to the wavelength, assumed to be small. So ¢ is
a slowly varying horizontal coordinate. The difference from
KdV-type theories is that nonlinear propagation speed is used,

scitation.org/journal/phf

instead of linear propagation speed. We also assume that (8) is
applied with respect to 7, but not &. To emphasize this, we

replace (8) by )
oQr\ _y(%
(w)f‘lf(ar)f' @)

Then, noting that the order of relative magnitude of the G term

in (3a) is 6 after appropriate scaling, we multiply (3a) by i? from
the left and use (25), yielding

el aQr = (., 0p
B
To the leading order in 6, we get
Qs _
(1+_) 2o, @)

Assuming waves propagating into initially quiescent water
(Qq = 0 at T = 0), the above equation for r = q yields Qq =0.
Q.p is undetermined at this order, but to the Ist order in &, we
get

N R

& G (28)

0= —,LPLP( kP, Gp)
13
where 1., is multiplied to convert Q+p to Ry and (13) but x
— ¢ is used to get the 2nd expression. In (x, t) coordinates,
this becomes (14) for r = +p. The above analysis shows that (14)
is applicable only to the primary Riemann mode provided that
R.p is made integrable and bottom slopes are mild. The evo-
lution of the nonprimary mode needs to be determined from
another relation that does not require the integrability of Ry,
e., (27) for r = q.

At this point, it is worth noting the conservation prop-
erties of the simple-wave solution developed above. The
simple-wave solution satisfies the conservation of volume and
momentum in (3a), as well as the conservation of total (i.e.,
available potential plus kinetic) energy associated with the
equations

oF __al;
ot ox’ (292)
_P
E_E( n +(H+77)u) (29b)
c? 1 N
Jg = p(ﬁn(H+n)u+ E(H +n)u ), (29¢)

where p is the density, E is the total energy per unit surface
area, and Jg is the vertically integrated energy flux. Since only
one Riemann mode has nonzero amplitude, the simple wave
solution (12) satisfies the above energy conservation equation.
Therefore, the simple-wave solution can be regarded as an
adiabatic (or conservative) solution. This adiabatic nature is
important to extend the above theory to continuously strat-
ified fluids in Sec. IIL.

In summary, we have extended the fully nonlinear simple-
wave theory from a flat bottom to sloping bottom. The
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theory requires that bottom slopes are locally mild (§ <« 1), but
otherwise, no restriction is imposed on the variation of H, c+Np,
and A.p. Since higher-order topographic effects and continu-
ous stratification cause changes of R., along the characteristic
as we shall see below, we hereafter call R, the (complete)
Riemann variable instead of the Riemann invariant, following
Ref. 27 (Sec. 5.3). Also, we call Q, as incomplete Riemann vari-
ables because, unlike Rip, Q are defined as incomplete (or
path-dependent) integrals. In this study, Qr, §+p, and /Lp are
assumed to be dimensionless variables.

lll. THEORY OF SIMPLE WAVES OVER MILD SLOPES
IN CONTINUOUSLY STRATIFIED FLUIDS

In this section, we extend the theory developed in Sec. I
B to continuously stratified fluids. The strategy here is to
transform the governing equations into such a form that the
theory in Sec. II B is directly applicable. To do so, we write
the equations in an isopycnal coordinate and project the equa-
tions onto vertical modes in the presence of topography. The
adiabatic part of the equations allows us to calculate adi-
abatic simple waves over topography. Diabatic topographic
effects are added later to the adiabatic simple-wave solu-
tion by a perturbation approach. Unfortunately, intermediate
equations in this section are rather complicated because of
the existence of many vertical modes in continuously strati-
fied fluids and because of the need to separate adiabatic and
diabatic topographic effects. However, the end results are rel-
atively simple equations, such as the propagation equation for
the Riemann variable (14) but with diabatic “source” terms on
the RHS.

A. Governing equations in the isopycnal coordinate

We consider a stably stratified, inviscid, incompressible
fluid bounded by a free surface at the top and variable topog-
raphy at the bottom in a nonrotating frame of reference. We
assume no background current and a mild bottom slope. We
also assume horizontally uniform stratification and hydro-
staticity for brevity in this study, although these assumptions
can be relaxed.

Following the previous theory of simple waves in contin-
uously stratified fluids,*° we use an isopycnal vertical coordi-
nate s that is a monotonic function of the background den-
sity pref(z), where z is the upward-positive vertical coordinate
with the origin at the equilibrium water surface. For horizon-
tally uniform stratification considered in this study, a par-
ticularly useful choice of s is the undisturbed height coordi-
nate Z, which is used in conjugate flow calculation“** and in
association with the DJL equation.3*** The governing equa-
tions and boundary conditions in the s coordinate are derived
from those in the height (z) coordinate using the standard for-
mulae for vertical coordinate transformation.** It makes z a
prognostic variable and introduces the Montgomery potential
M = p + pgz, where p is the pressure (assumed to be zero at the
surface). Then, we separate wave-induced deviations from the
background state as
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2(x, 5, t) = Z(s) + 1(x, 5, t), (30a)
M(x, 5, 1) = Mreg(s) + m(x, s, t), (30Db)
s'(x, t) = S' + ol (x, t), (30c)
sP(x, t) = SP(x) + oP(x, 1), (30d)

where st and s” represent the temporally evolving boundary
densities at the top and bottom, respectively. Hereafter, the
superscripts t and b are used to indicate values at the top
and bottom boundaries, respectively. Note that St is assumed
be constant because we have assumed horizontally uniform
background stratification.

The governing equations and boundary conditions in the
s coordinate are as follows. The background condition satisfies
the hydrostatic balance

_ OMef dp
0=""5 "9~ Sp)
and the boundary conditions
Mref = pgZ at s =S, (32a)
Z = -H(x) at s=S". (32b)

By subtracting (31) from the original, we get the following
governing equations for the wave-induced deviations:

o(on) 0 ANZ+n)
abﬂ—éﬂ—a—“v (33a)
Du om
Pﬁ = T ox] (33b)
om  dp
0=-2*955 (33c)

where D/Dt = /8t + ud/dx. (Note that the diapycnal term
$0/9s is neglected because we neglect the diffusion of heat
and constituents, such as salt, in this study.) Since s is used
as the vertical coordinate, x- and t-derivatives in this paper
are assumed to be taken with holding s fixed unless otherwise
stated. The kinematic boundary conditions are given by

D t

D—‘: =0 at s=St+ot, (34a)
b b

DDit - ‘”aaix at s=SP+ob.  (34b)

Since ot follows an advection equation without a source term
and o' is assumed to be the wave-induced deviation, we
hereafter set ot = 0. Using (33a), (34b) can be written in a
“conservative” form as

ALAT IR N RAL I

ot 0s ox Js
__(Z+n)os _ab, b
——UTE at s=S"+o". (35)
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The above kinematic boundary conditions are used together
with
at s=S¢,

m = pgn (36a)

Z+n=-H ats=S"+o?, (36b)
where (32a) has been subtracted from the dynamic boundary

condition at the free surface.

For small o?, we may impose approximate bottom bound-
ary conditions at the equilibrium boundary position. This is a
standard approach to include the effects of mild slopes*!4546
and apparent variation of wave-induced boundary-layer
thickness.*”° In this study, it is convenient to expand (35)
and (36b) in Taylor series around s = S? because it is consis-
tent with the perturbation expansion employed later. Retain-
ing only terms required in the later derivation, (36b) can be
expanded as

n~-np=-m +nl) ats=s, (37
where

g0 2 %Zxm)

B s (38a)
18%(Z+n
0= 2Dy (38b)

The straightforward Taylor-series expansion of (35) yields an

equation for 77](30) +277£31 ) but we prefer obtaining an equation for
np = 17}(30) + 771(31) to be consistent with (37). Fortunately, we may

derive an equation for i3 because the expanded equations for

the first two orders (for 771(30) and 77](31)) are decoupled. To see

this, note that du/ds is negligible to the first two orders (see
Appendix A), which linearizes (35) in terms of 77](30) and 17](31). The
resulting equation for np is

9, 0

at " axWe) ~ ~uo

O(Z +n)/0s
9Z/0s

1 8?(Z + 1)/ 05 b
_ Eua G235 + 1)/ 5) ng at s=S°, (39)
where 6 = (dZ/ds)(dSP /dx) is the bottom slope. The scaling
used to evaluate the order of magnitude of the terms in (37)
and (39) is introduced in Subsection III B, and the details are
explained in Appendix A.

B. Projection of governing equations onto
vertical modes

In order to use vertical modes under topographic effects,
we introduce vertical modes that vary horizontally. Previous
studies used horizontally varying vertical modes to include
the effects of mild slopes on weakly nonlinear waves“>“¢ and
those of steep slopes on linear internal waves.>%-52
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Following Shimizu,3° we introduce vertical modes ¢(x, s)
and 7(x, s) that satisfy

~op dZ
6—‘: -4, (40a)
2 ap)  dp .
ﬁ as - g%d% (40b)
hlz = g at s=S, (40c)
h=0 at s = SP(x), (40d)

where I is a separation constant. These equations are assumed
to be satisfied locally for the boundary position SP(x); hence, ¢,
#, ¢, and h vary with x. By combining these equations, we get
an eigenvalue problem

20 (_ 1 apR)_dz,
¢ c’)s(gdp/ds ds ) ds (412)
1 d(pnr) . ot
JAp/ds a5 7 at s=8S, (41b)
1 dpr) b
Jipids s 0 at s =S"(x). (41c)

This problem yields an infinite number of propagation speeds
of long linear waves ¢, and the associated vertical modes
#tn, and the use of (40) yields é,. Hereafter, the subscripts
I, m, n are used as indices for vertical modes, which is 0
for the barotropic vertical mode (hereafter VMO), 1 for the
1st baroclinic vertical mode (VM1), 2 for the 2nd baroclinic
vertical mode (VM2), etc. The vertical modes 7, satisfy the
orthogonality relationships

S dz, 9
/ ﬂnpd—ﬂ'mds = phnénm, (42a)
sb S
t St A~ A N
A P oA ) O(p7tn) 1 dp7tm) _ phn
(nn 7rm) /S . " o5 gdp/ds  ds ds = 2 Snm.  (42Db)

Hereafter, ( ) and ()’ are used to indicate that all variables
within the parentheses are evaluated at s = St and s = SP,
respectively. Note that (42a) for m = n defines the norm of the
vertical modes and that / and hy(x) are arbitrary normalization
factors with the units of density and water depth, respectively.
The caret is used to denote a modal variable whose magni-
tude depends on the choice of these normalization factors.
Although it is customary to set the maximum magnitude of ¢,
to be 1, we choose ﬁn = H in this study because the analytic
relationship dh,/dx = —@ is convenient to calculate analytic
and numerical solutions. In addition, we choose the sign of 7,
to be positive at the bottom.

We project the governing equation (33) onto the vertical
modes by assuming generalized Fourier series of the form
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n(x,s,t) = dn(X, S)in(x, t), (43a)
m(x,s,t) = &nn(x, Syn(x, t), (43b)
u(x, s, t) = an(x, s)ln(x, t). (43¢)

In this study, summation over all the available (Riemann or
vertical) modes applies to repeated dummy subscript indices
unless otherwise stated. (If a dummy index appears more than
twice within a term, it is understood that the sum of the whole
term is taken on that index, instead of the sum for each pair.)
Note that we define ¢, and 7, as nondimensional functions
so that a modal amplitude (7n, ™My, oOr iy) carries the unit
of the original variable. To project (33a)-(33c) onto the ver-
tical modes, we multiply the equations, respectively, by o7y,
(dZ/ds)#y, and ¢y, integrate vertically from s = st to St, apply
integration by parts where necessary [in particular, the LHS
of (33a) and in the m term in (33c)], substitute the boundary
conditions (362) and (37), substitute then the modal expansion
(43), and use the orthogonality relationships (42). The kine-
matic bottom boundary condition (39) is also required to close
the problem. After eliminating M, and applying the scaling
explained shortly, the resulting equations are

on a9 - N A A ~ A\~
gt" == o ((hnén,m + eNm[nm)um) + 5(Lmnhm + EMmlnm)um
— 5{BL,, +eBM i\, 520 s +0(e26%),  (44a)
mn h[ m [3 ot ’
dln 0 [c . <o Ol
a5t - a(a’h — €Nl —— O
A A
-0 anﬁ_nm + €Mipm U |, (44b)
m
17] N b A 0 [apa
% == (1 te ﬂll)g )”ﬁlumg - fa(ﬂaumnB)
l
1({d?Z/ds®\ . « , C?
E(W) ﬂmum9U3+O(E(5 ,E(Sg—D). (44C)

Note that no sum is taken on n because it is not a dummy
index. In the above equations, the following variables are
modal interaction coefficients defined as

. 1 S, dz. .

Num = 7 /sb ﬂnpaﬂyrmds, (45a)
phy

R 1 (8. dzor

bon = — [, w)g%ds, (45b)
Phn

. 1 (S, dz. oz

My = y /sh inp 5 7 6mds, (45c)
phy
1. .

Bnm = ;(ﬂnpﬂm) 0, (45d)

A 1., .. w

B = ;(ﬂnpﬂ[ﬂm) 0. (45e)

From the top, they represent interactions due to the advec-
tion of horizontal momentum and isopycnal heaving, linear
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and nonlinear topographic effects, and linear and nonlinear
effects of varymg bottom boundary density, respectlvely Note
that Ny, BL,., and BMm are dimensionless, but Ly, and My,
have the unit of the inverse of horizontal length. It is useful to
note the rules for index swapping and the identities among
the interaction coefficients.3? Additional relationships from

Shimizu®° are My, = hy'lyMym, BL,, = BL | Bx = Bmm = E%m,
Lmncn/hn = —ancm/hm for (n # m) (see Appendix B for proof),

and
Mnlm = anjiljm’ (46)

where the sum on j is taken. [To get (46), note that 97, /0x
= Ljm7tj from (45b), substitute it into (45¢), and use (45a).]

The following scaling is applied to (44) to evaluate the
order of magnitude of the terms. Since we have chosen h,
= H, we get h, = O(D) and fr = O(l) where D is the typical
water depth. This makes ¢y, N Notis Bnm, and Bmm variables of

O(1). Then, we scale the other variables in (44) based on D, typ-
ical bottom slope ©, wavelength L, wave propagation speed C,
and wave-induced current speed U. These result in

x = Lx', t = (L/O)tT, (47a)

¢ =Ccf,h =Dh',0 = 00", (47b)

i = (UD/CO);', 1 = (pUC)YRT, 4L = UL, (47c)
18 = (UBL/C)zj, (47d)

Lum = (©/D)Lfyn, Mo = (@/D)M] (47e)
Blim = ©Byh, B), = ©BY! 7)

where 1 denotes a scaled variable. After the above scaling, we
get (44) in nondimensional form with e = U/C and 6 = ®L/H,
setting p = 1 and omitting t for brevity. The dimensional form
of the equations is recovered by setting e = 6 = 1. Note that
€ is unnecessary for fully nonlinear cases, but it is kept above
for convenience in reducing the equations to linear or weakly
nonlinear cases.

As we see in (44a) and (44b), the evolutionary equations
of modal amplitudes have many more terms compared to the
original governing equations (33). For example, the volume flux
term in (332) becomes the linear and nonlinear terms with-
out topographic effects, linear topographic terms, and mixed
nonlinear-topographic terms in (44a). It is certainly a disad-
vantage to deal with more terms, but (44) has an advantage
that the effects of different physical processes are separated.
In Subsection III C, we shall see that the separation of phys-
ical processes is essential to calculate adiabatic simple waves
in continuously stratified fluids.

C. Adiabatic simple waves in continuously
stratified fluids

We now apply the theory developed in Sec. II to contin-
uously stratified fluids. To do so, it is convenient to write the
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evolutionary equations of modal amplitudes (44a) and (44b) in
a matrix form. We consider terms up to 2nd order in &, which
are necessary in the perturbation analysis in Subsection III D.
We also focus on internal waves and assume that C? /(gH) < 6.
Then, we write (44a) and (44b) as

% ~-k‘;—£-56@-5(éﬁ+66_’7t‘3), (48)

where
G =Gy + Bar, (492)
B = Bint — Beir + Bpna (49b)

and »p is determined by the kinematic bottom boundary con-
dition (44c). Here, the vectors and matrices are schematically
defined as

. [rm
= , 50a
P a, (50a)
[A-1_bAb
b=’ g M (50b)
[Nyl Andnm + €Nty
K(p) = zﬁ_’?; N Amn ) (500)
LCnlln Onm €NipmU
é @) [ 0 ax(ﬁn)én,m + fax(len)ﬁl (50d)
11 = ~ )
‘ |04(c2 )6 nm 0
B. (f’) _ —_EMlmnal _fﬂmnﬁm (50€)
t il PN N ~ )
" _ancrznhr_nl EMmmﬂl
B (f’) [ _eNlmn I:nnal —I:nn ﬁn Onm (SOf)
1f =1a ~ N ~ )
> | Eon@2R S nm €N Ll
.. [o BL, +eBM 7!
Buna@) = | . (50g)

The argument p of the above matrices corresponds to 77, and
1, used to evaluate the nonlinear terms. Although the matri-
ces and vectors are written for the nth mode, (48) can also
be interpreted as matrix-form equations for all the vertical
modes. For example, if we include a ny number of vertical
modes, P can be seen as a 2ny x 1 column vector and K can
be seen as a 2ny x 2ny matrix. The latter interpretation is
more convenient to deal with eigenvalue problems associated
with K.

To calculate adiabatic simple waves, we consider only the
following terms in (48),

- 5Gp, (51)

and replace p, K, and G in Sec. I by p, K, and G, respec-
tively, in this section. [Note that the above equation reduces to
(32) for homogeneous fluids. To see this, we consider only the

barotropic mode (n = 0), choose hg = Hand j = p, and note that

scitation.org/journal/phf

the bottom boundary density does not change (73 = 0). Then,
we get 7ip(s) ~ 1and Nogo ~ 1.] More specifically, simple-wave
solution can be obtained by solving the eigenvalue problem for
Riemann modes (4), focusing on a particular right-propagating
(+pth) Riemann mode, assuming that Qq = 0, expressing the
prognostic variable vector p as a function of Q+p using (15),
calculating A., from (20), and calculating Ry, from (21). Then,
the evolution of simple waves is described by a simple prop-
agation equation of the Riemann variable R.y, (14) for r = +p.
Although (48) has terms that are not used in the simple-wave
calculation, the effects of those small terms of order 6 can be
added to the adiabatic simple-wave solution by a perturbation
approach, as shown in Subsection III D. Before doing so, how-
ever, we need to look at some properties of the simple-wave
solution.

Although (51) has a form similar to (3a), there is a dif-
ference in that G in (51) includes topographic self-interaction
terms, represented by B, in (49a). These terms are included
in G in order to make the solution to (51) independent of
the normalization of vertical modes, except for a constant
multiplication factor. The details are provided in Appendix C.

The above simple-wave solution is adiabatic or satisfies
the conservation of volume, momentum, and total (i.e., avail-
able potential plus kinetic) energy, as for surface waves in
homogeneous fluids (Sec. II). However, the energy conser-
vation property of (51) is not so obvious because the addi-
tional N,,,, factors break an analogy with (3a). The derivation
of the total energy equation associated with (51) is shown in
Appendix D. An important point from the appendix is that only
terms that contribute to horizontal energy flux are retained
in (51).

D. Perturbation expansion for diabatic
topographic effects

In this subsection, we add diabatic topographic effects to
the adiabatic simple-wave solution derived in Subsection I1I C.
To do so, we follow essentially the perturbation approach used
in Sec. I1, but consider up to 2nd-order topographic effects.

To add the diabatic topographic effects, we need to con-
sider nonprimary Riemann modes. It is convenient to separate
the following variables into the parts due to the primary mode
(or R.p) and nonprimary modes (or Q):

p=9" +ap, (52a)
cN=cV+ac, (52b)
i =0 +al, (520)
m =y +Ang, (52d)

where (522) applies to its components, 77, and i,. The vari-
ables with the superscript SW are due to the primary Riemann

. -SW
mode. Note that pSW, cf';fv ,andl,.  are calculated from the rela-
tionships for the adiabatic simple-wave solution as functions
of (R+p, x); however, these variables are not the adiabatic parts
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because R., is modified by diabatic topographic effects, as
shown below. This is analogous to non-equilibrium thermody-
namics in which, for example, adiabatically defined Gibbs free
energy is calculated using temperature affected by diabatic
mixing. The symbol A denotes the part due to nonprimary
modes, which are due to diabatic topographic effects.

Although we follow essentially the perturbation approach
used in Sec. 11, the existence of nonprimary modes requires
some changes. First, we define (r, &) coordinates using cfzv

instead of c}}, as
T—/de—t & =06x (24)
T "

Second, the definition of R+p is now written as

Ay =
+ S5 G ™) )
P

dR.p = AipdQsp
where the definition of G, is modified as

Gilf) = Mp)H( Yo 58), - 6@)15). 1)

Third, the integrability condition becomes

#),.,, (o)
= — G, (p ) . (20’)
( ¢ Qup118 9Qup C%"N ! &

Note that the r-derivative does not appear in the last two
equations because only Qﬂ) and np have direct r dependence,
but these variables are held fixed in the x-derivatives in (18)
and (20). Finally, using the above definitions, the evolutionary
equations of Q, and n; in (r, &) coordinates are obtained by

multiplying (48) by i:[ from the left and applying the coordi-
nate transformation (24’) and the definitions of Q, (25). This
yields

eN oG
(‘1 * Csrw) a% ~=6 ( o, g 6@+ Br(p)) (53a)
P
ong 1 4,y Abﬁl) b
- ——+e——(u'ns) ~—-|1+ex’ = Ju’0
g g iom) {1t
3 d2zds? \"
_Eég(u 7]B) €0= (WU) ong, (53b)

where u? = b i, is the horizontal component of velocity at
the bottom and

B3 - )" (Bipp - 522 ). 549

In the definition of G,(p) in (18’) and B (p) above, the arguments
of cN Lr and np are used to indicate the state vector used to
calculate them; in other words, cN@*") = ¢SV, cNE®" + Ap)
. SW o+ =W
W ac, ™) =1, L™ v ap) = 1) )
_ sw
="

+ ALy, and 77p(p
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For perturbation analysis, we expand the relevant vari-
ables in (4), (7), (17), (207), (25), and (53) as

(1)

p= f,(O) +opP+ 5213(2) T (55a)
= +end . (55b)
N=c+sc+62P 4. (55¢)
=146 (55d)
K=K+ 6k +52k% + ... (55€)
6=6"+56"+.., (551)
B=8"+s8"+. .. (55g)
Qr=QP+sQ +52Q7 + (55h)
Rip = RO+ 6R) +62RY + - (55i)
Tp=A0+610 4. (55i)

where only the terms required in the derivation are shown.
Note that (52) applies to the 1st- and 2nd-order terms of the
relevant variables and that the expansion of np is irregular
because it comes from the Taylor expansion of the kinematic
bottom boundary condition (35). Note also that the perturba-
tion of f) causes the perturbations of /Lp, K, G, and B and that

K" G and B" depend only on " because these matrices
are llnear in p. Substituting the above expansion into (4), (7),
(17, (25), and (53) and collecting like terms in 6§, we get the
governing equations for R.p, Qq, and 775 to each order in 6. To
express the results in dimensional form, the resulting equa-
tions and variables are combined to a required order and put
back to (x, t) coordinates.

To 1st order in ¢, the resulting equations are

d  n 0)\s o
(& * C+pa)R+p = =AipSip(P), (56a)
o 10 R
e Ta—(u ) = (1+e ‘bgi)u 6,  (56b)
where
Sip(d) = 064Gy + Bup(P), (57a)
AGy = é+p<ﬁ> - Gop(®™™). (57b)

Note that Qq =0,p=p" sy = Y, and g = 75" to this
order, and p p W is given by

ASW t~ A 7 Q+P ’

PV - /0 Fap (Quple, ), x) 2, (58)

where no sum is taken on +p.

Now, the problem is essentially reduced to a forced one-
directional propagation equation for R.p, (562). This is because
np is fully determined by the initial condition g = 0 and
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Rup(x, t) and hence not an independent variable. This is clearer
for an initial-value problem without boundaries, in which 73
becomes a diagnostic variable using 4/t ~ —cﬁ‘p(a/ax) in
(56b); however, we prefer keeping /8t because we consider
boundary-value problems in example applications in Sec. III E.
Equation (56a) is the continuous-stratification-version of (14)
for r = +p and has additional diabatic terms on the RHS. Note
that the diabatic term disappears in the limit of weak non-
linearity, which recovers the weakly nonlinear simple-wave
theory in Sec. 2.13 of Ref. 28. [To see this, note that the terms
with e can be neglected in (56b) under the assumption that
€ = ¢ and that /8t = -9/4t in (54).] Although it is unclear
in the 1st-order theory, the diabatic term represents the con-
version of the primary Riemann mode to nonprimary modes,
which becomes clear in the 2nd-order theory below.

To 2nd order in ¢, the resulting equations are

6 N 6 ~ ~ ~ N
(a + C+pa)R+p = —/l+ps+p(p), (593)
cSW 6Q .
[ B e RO <7 Sl
(1 Cf;’v) ot Sq(P )7 (59b)
8773 6 b ~
el fa(u UB) = =Sps(D), (59¢)

where $°" is defined by (58), S., is defined by (572), Ap is
defined by

Y s L\ 0Qq
AP = /0 o (Quplee, ), %) 1, (60)
and S, and S,, are defined by
Sa(®) = Gq(P) + Bq(P), (61a)

. b
N AL\ b 1(dZ/ds* sw\  sw
Siys(P) = (1 +em ﬁl )u 0+ed 5 ((dZ/dS)Z u ong".  (61b)

Also, Ac., to the 2nd order and Aly, to the Ist order are
required in the calculation. They are calculated from

~S ~
Acey = [y JTARFSY, (62a)
~ =S
ALy = gy (62b)
- 1 SW 1
lrs = s (b )TAKEY, (62c)
e —cy
X NinAly Ny A7)
AK = €6 Imn AW Amln 71 ’ (62d)
0 NmmAul

where A7, and A are calculated as the components of Ap.
In principle, these relationships are obtained by applying the
perturbation expansion (55) to (4); however, the expansion is
irregular because only p and p°"" are available to the 1st
order and up to f)sw(z) and Afa(l) to the 2nd order. The above
equations show that topographic effects excite all the Rie-
mann modes to the 2nd order because Qq # 0 for all q # +p.
Note that there is some arbitrariness in converting the per-
turbation equations to dimensional form because variables in
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the highest-order terms can be either only the primary-mode
parts (e.g., p°" and 75V) or the full expressions (e.g., p and
178). We choose the former in this study. With this choice, Qq
are not independent (in a way diagnostic) variables because
they are fully determined by the initial condition Qq = 0
and R.p(x,t). For this reason, the integrability issue does not
arise for non-zero Qq, and a simple-wave approach is applica-
ble with 2nd-order topographic effects. In contrast to Qq, 7B
becomes independent from R, to this order. So the degrees
of freedom in terms of the wave field increases from 1 (i.e., R.y)
in the 1Ist-order theory to 2 (i.e., pr and ) in the 2nd-order
theory. To the 2nd order, the problem essentially consists of
a forced one-directional propagation equation for R.y, (592),
and a forced advection equation for 7, (59¢).

In this study, solutions to (56) or (59) are called
topography-modified simple waves, in order to distinguish
them from adiabatic simple waves.

E. Reduction to weakly nonlinear theory

Reducing the above theory to a weakly nonlinear theory is
useful for comparisons with KdV-type theories and the deriva-
tion of analytic solutions. To do so, we assume that € = §2
in (56) and (59) in this subsection. For a weakly nonlinear
problem, it is more convenient to change indices for Riemann
modes from r and s to +n and +m, where n and m are the
indices for vertical modes and + and - signs indicate the right-
and left-propagating Riemann modes, respectively.

The base adiabatic solution is the following weakly non-
linear solution. To Oth order in &, each vertical mode follows
equations equivalent to the shallow water equations (3a), but c,
H, n7, and u are replaced by cy, ﬁn, 7In, and U, respectively. The
eigenvalues and eigenvectors of K are given by (5) and (6) with
n = u = 0 for each vertical mode, and ., is given by by (23).
We also need O(e = 62) nonlinear correction to the propaga-
tion speed, which is available from the power-series expansion
of simple-wave solution for a flat bottom.3° Then, the base
adiabatic solution is

Gphy =
Y =cp+ %Qp, (63a)
R 1[Rp/ep]
( sw m = z[ P P} +p6mp« (63b)
1
/l+p =A Cphp1 (63C)
Rip = LpQup, (63d)
. 3Cp
a@p = —Nppp (63€)
2hy,

Note that no sum is taken on p because the pth mode is the
single vertical mode of interest. The parentheses with the sub-
script m are used to indicate mth and (m + ny;)th components

of f)sw (a 2ny x 1 column vector), where ny is the number of
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vertical modes used in the calculation. Substituting this into
(56b) with € = 0, we get

Y 1
ot

The problems up to 2nd order in 6 are solved as follows.
To evaluate Ap to the 1st order, we assume that g = ngw and

use the Oth-order solution to calculate G.y and B.,, yielding

#50Qup. (64)

- 1(dc, ¢, dn
G = §<d_3f + _pd_; +(1= 1)Lppcp)Q+p6np, (65a)
hy
. 1~ hy . . N
Bin = 3 ¢Lpnﬁ—cn + LypCp — (1 F DYLppcpSnp |Qup. (65Db)
n
Then, using (B4), (59b) yields
= Q2
8Q1n o P (CP + Cﬂ)
rT +ch c%, 2 Lmﬁ,Q+p for n #p, (66a)
Q.  13cp -
ot 4o v (66b)

Note that we need Q_ to evaluate Ap. Using Ap from (60), (59¢)
to Ist order in § becomes

ons pdep b %
L T
n#p  ©p
(67)
and Afhp and B+p to the 1st order become
~ 1 dcp dcp ~
AG+p 8 dx dx /Q+pdt, (688)
. p p +3c2 .
Byp=g 2 bl / Qqdt.  (68b)

natp

Since np is determined by Q+p and the initial condition 775 = 0,
itis not an independent variable in this weakly nonlinear prob-
lem. Also, note that diabatic corrections to the propagation
speed Ac,p and the left-eigenvector Al, are O(s%) and hence
negligible. Therefore, to 2nd order in 6, we get the following
single equation for R, from (59a):

3 aphp =\ 9\ R /
Zotlep+ LRy |— Ry = —c Ripdt, 69a
(6t (P 22,0y P ox [P PP P (69a)
R 1 depdey ¢ c2 +3c2, .
——— - — ) —— Lyl 69b
"7 8e, dx dx 2 & C% —g e (69b)

where (B6) is used to simplify the equation.

The above equation is a topography-modified KdV-type
equation. To see this, we use R,y = 21.pch;'i, + O(6%) and
9/t = —cpd/dx + O(6%) and assume that € ~ 62 ~ u = D? /L2,
Note that we can simply add the linear nonhydrostatic disper-
sion term of the KdV equation because the term is of O(u) and
determined independent of nonlinear and topographic effects

scitation.org/journal/phf

(e and 6) to the leading order. After these manipulations, we

get
AN - S .
+fBp 3) A—m,:v;,/ —1jpdx, (70)
dx hy .

where g, is the 1st-order nonhydrostatic dispersion coeffi-
cient. The basic topography-modified KdV equation,?!-2337
which is 1Ist order in €, &, and p, is recovered by neglect-
ing the RHS term, which provides the 2nd-order topographic
correction.

o
(Cth + (Cp + ap’hﬂ)

=y

IV. EXAMPLE APPLICATIONS

To illustrate important features of topography-modified,
fully nonlinear simple waves, we focus on the fastest right-
propagating internal waves (p = 1), use the undisturbed height
coordinate s = Z, and consider two example applications in
this section. The first example is the nonlinear steepening of
sinusoidal internal waves over a linear slope, which illustrates
similarities and differences compared to the process over a flat
bottom. The second example is Wunsch’s subcritical wedge
problem.>> This problem is important because analytic linear
solution is available for arbitrary slopes, although its practical
use is limited to subcritical slopes.>* We use the analytic solu-
tion to estimate the error in the proposed 2nd-order theory
and then illustrate additional features due to combined effects
of nonlinearity and topography.

Since the focus of this study is on the development of
theory rather than a numerical model, numerical methods
used in this study were kept rather basic (see Appendix E).
Although the theory presented in Sec. III is fully nonlin-
ear, internal-wave amplitudes in the examples are restricted
by two factors. First, we do not consider such large ampli-
tudes that lead to shock formation within the model domain.
This is because shock conditions in continuously stratified
fluids remain to be investigated, and shocks tend to disap-
pear if wave dispersion is added to the theory (e.g., in order
to develop an ISW model). Second, we assume that isopycnal
“layers” have nonzero thicknesses [i.e., (do/ds)™(A(Z + 17)/95)
< 0]. Some isopycnal layer thicknesses could reach zero under
full nonlinearity, and it appears possible to continue numerical
integration beyond this point. However, we leave the handling
of zero layer thickness to future studies because it requires
details that are important for numerical modeling but not for
the theoretical development in this study.

A. Background conditions and boundary forcing

Bathymetry and coordinates used in example applications
in this section are shown in Fig. 3. We use a uniform bottom
slope with the gradient 8. Water depths at the incoming and
outgoing boundaries are H and H/2, respectively. Consider-
ing typical water-depth ranges where shoaling deformation of
internal waves occurs on continental shelves,®?225 we use H
=160 m and @ in the range of 1073-102. The origin of the hor-
izontal coordinate is located at the incoming boundary, and
horizontal length of the domain H/(26) is 8-80 km. Note that
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HI(26) the bottom slope is relatively mild, but the total depth change

7 boundary

VA
\V4
0 = Wave propagation CX
Incoming
boundary NN
s
- 1

FIG. 3. Bathymetry and coordinates used in example applications. H = 160 m is

used throughout

this paper.

(80 m) is large.

:> " Outeoi We consider the hyperbolic-tangent and linear stratifica-
: going . o . : -

tion. Figure 4 shows the vertical profiles of density deviation
from the background and the associated vertical modes. The
pycnocline depth and width of the hyperbolic tangent stratifi-
cation [h and d in (25) in Ref. 30] are 54 and 17 m, respectively.
Note that as the vertical modes vary horizontally, so do param-
eters associated with the vertical modes (Fig. 5). For exam-
ple, the celerities ¢, decrease with decreasing water depth

[Figs. 5(a) and 5(e)], and shapes of the vertical modes change

depending on the relative location of pycnocline within the
water column [Figs. 4(b), 4(c), 5(c), and 5(d)]. The conver-

sion factor between the modal displacement amplitude, 7,
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0
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=
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FIG. 4. Stratification and vertical modes used in example applications. [(a) and (d)] Deviation of background density from the reference value of 5 = 1000 kg m=3, [(b) and
(f)] vertical modes 7, at the incoming boundary (x = 0), (c) 7, at the outgoing boundary (x = H/(26)), and (e) vertical modes ¢, at the incoming boundary. The density
difference between the surface and bottom is the same for (a) and (d) and corresponds to the temperature difference of ~13 K for seawater with a salinity of 0.035 kg m=.
For linear stratification, vertical modes are stretched or compressed vertically depending on water depth, but otherwise the shapes remain the same as in [(e) and (f)].
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FIG. 5. Horizontal variation of selected
parameters related to vertical modes.
[(@) and (e)] Celerities of VM1 and VM2,
[(b) and (f)] topographic factor .1, in the
linear limit, [(c) and (g)] maximum of ¢;
within the water column, and [(d) and (h)]
7tn, for VMO, VM1, and VM2 at the bot-
tom. Note that the black line in (h) is
overlaid by a red line.
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and the maximum (physical) isopycnal displacement within
the water column, max(|r|), is given by max(¢). It is essen-
tially constant for the linear stratification, but not constant for
the hyperbolic-tangent stratification under the vertical-mode
normalization used in this study [Figs. 5(c) and 5(g)].

Parameters related to adiabatic simple waves are calcu-
lated based on water depth, stratification, and the associated
vertical modes, but without specifying forcing (Fig. 6). Simple-
wave solutions without topographic effects are calculated
from (4) and (8) but using p and K defined in (50). The solu-
tions provide modal amplitudes of isopycnal displacements 7y,
horizontal velocities 1, and the associated nonlinear propa-
gation speed ¢SV for all the Riemann modes as a function of
the incomplete Riemann variable for the primary mode Q+1.
Note that 7 and 1%; have monotonic relationships with Qy
[Figs. 6(2) and 6(b)]. ¢$}" is almost independent of Q,; for the
linear stratification, but shows maxima for the hyperbolic-
tangent stratification [Figs. 6(c) and 6(d)]. Since the maxima
occur approximately when the pycnocline is at the mid-depth,
the maxima occur at positive Q,; (i.e., elevated isopycnals) for
water depth shallower than 108 m, but negative Q.; deeper

scitation.org/journal/phf

than 108 m. Then, using simple-wave solutions without topo-
graphic effects, (20’) is solved to determine the topographic
factor A, [Figs. 6(e) and 6(f)], which is needed to convert
Q.1 to the (complete) Riemann variable R,;. In the numerical
solutions, left Riemann modes I, are normalized to account

for the variation of i, in the linear limit \/c,h, /\,(Cpﬁp)ref,
using the incoming boundary as a reference location (see
Appendix E). Therefore, 1,; = 1 at the incoming boundary
(x = 0) and deviates from 1 with decreasing water depth due
to combined effects of nonlinearity and topography.

Boundary conditions are set as follows. Incident waves
at x = 0 are assumed to be sinusoidal with a fixed period
of 12 h to represent semi-diurnal internal tides. In numeri-
cal solutions, incident-wave amplitude is gradually increased
from O within the first 12 h. No outgoing boundary condition
is required for R,; because (562) and (59a) are one-directional
wave-propagation equations. To 2nd order in &, we do need
boundary conditions for i because of the advection term in
(59Db), but the theory does not appear to dictate how to set
them. In this study, we exploit the fact that, under oscillatory
flows considered in this study, the boundary conditions tend
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to affect only the regions within one wave-induced horizontal
particle excursion from the boundaries, typically 1-6 km in the
following applications. Therefore, we use buffer zones to avoid
artifacts due to the boundary conditions for 7.

B. Nonlinear steepening of sinusoidal waves

In this example, we use the hyperbolic-tangent stratifica-
tion in Fig. 4(a) and a mild bottom slope of 6 = 103, Incident-
wave (semi-) amplitude is 7 = 14 m [or 6.5 m in maximum
isopycnal displacement within the water column, using the
conversion factor max(¢;) in Fig. 5(c)]. The amplitude is chosen
so that shocks are not formed within the model domain.

To compare the results with the corresponding flat-
bottom case, we first look at the adiabatic solution, which is
a solution to (59a) without the RHS term (Fig. 7). Since Ry
remains constant along the characteristic, the problem can be
solved by the characteristic method;?7-?® however, note that
the wave propagation speed cf}’v changes with water depth
(compare Figs. 1 and 7). Wave steepening occurs behind the
crests for x < 50 km because the wave troughs propagate
faster there, but in front of the crests for x > 50 km where
the crests propagate faster. Although R,; remains constant,
the amplitude in 7; increases adiabatically as the waves shoal
[dashed lines in Fig. 7(a)].

w2
(=

n, (m)

Modal displacement

Time ¢ (h)

0 10 20 30 40 50 60 70 80
Horizontal distance x (km)
FIG. 7. Adiabatic simple internal waves in the signaling problem under hyperbolic-
tangent stratification [Fig. 4(a)] and bottom slope 6 = 10=3. Boundary forcing at x
= 0 is sinusoidal with an amplitude of 77; = 14 m. Panel (b) shows characteristics,
and panel (a) shows spatial slices of 77; at times indicated by colored lines in (b).
Dashed lines in (a) indicate variations of maximum and minimum 77, calculated
from the adiabatic relationship between R.; and 73;. To convert 7j; to maximum
isopycnal displacements within the water column, use the factor in Fig. 5(c).
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The adiabatic solution provides a good approximation
near the incoming boundary, but diabatic topographic effects
become important as the waves shoal. Figures 8 and 9 show
a numerical solution for fully nonlinear simple waves with
2nd-order topographic effects. In Fig. 8, R,; is shown together
with the characteristics for adiabatic simple waves from Fig. 7.
The adiabatic solution provides a good approximation for
x £ 50 km, but diabatic effects are apparent in shallower water.
Figure 9 shows a time slice of the solution. The propagation
speed due to the primary Riemann mode (cf}"’ ) shows sub-
stantial nonlinear fluctuation [compare with the black line in
Fig. 5(a)]. The adjustment due to the nonprimary modes (Ac.1)
is overall small. As the waves shoal, the modal velocity of VM1
deviates from the adiabatic solution, and the contributions
from VMO and higher baroclinic modes increase [Fig. 9(b)]. As
a result, the two-dimensional velocity field deviates from the
simple VM1 structure for x g 50 km [Fig. 9(d)].

An interesting feature of the fully nonlinear solution with
2nd-order topographic effects is the relatively rapid develop-
ment of mean components. Figure 10 shows time-series of the
modal amplitudes at x = 60 km and the corresponding mean
vertical profiles over a wave period. Note that 75" and 43" for

Time ¢ (h)

[N} (%)
S (=]

—_
o0

0 10 20 30 40 50 60 70 80
Horizontal distance x (km)

-0.24 -0.12 0 0.12 0.24
Riemann variable R | (-)

FIG. 8. Comparison of adiabatic and topography-modified simple-wave solutions in
the signaling problem shown in Fig. 7. Solid lines show characteristics of adiabatic
simple waves from Fig. 7(b), and color shows the (complete) Riemann variable
R4 from numerical solution for simple waves with 2nd-order topographic effects.
Note that incident-wave amplitude increases gradually within the first 12 h in the
numerical solution. Dotted lines indicate the time and location shown in Figs. 9 and
10, respectively.
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FIG. 9. Fully nonlinear simple internal waves with 2nd-order topographic effects for -100, 0 > 7 006 0 o006
the signaling problem shown in Figs. 7 and 8. (a) Wave propagation speed due to Mean displacement 77(m) ~ Mean velocity 7 (m s-))
primary mode cflw and that due to nonprimary modes Ac.+, (b) modal velocities
{p of the lowest 3 vertical modes, (c) bottom boundary displacement 775, and (d) FIG. 10. Evolution of isopycnal displacements and velocities at 100-m water depth
horizontal velocity field u at ¢ = 52.5 h. The dashed line in (b) shows adiabatic in the signaling problem shown in Figs. 7-9. (a) Modal displacements of the lowest
solution for d. Vertical dotted lines indicate the location shown in Fig. 10. 3 vertical modes due to primary Riemann mode ﬁﬁw, (b) those due to the sum of

nonprimary modes A7y, (c) modal velocities of the lowest 3 vertical modes due
to primary Riemann mode ﬁﬁw, (d) those due to the sum of nonprimary modes
Ady, and [(e) and (f)] vertical profiles of isopycnal displacements and velocities

; i : : averaged over a wave period. Dotted lines in (a)—(d) indicate the time shown in
VMO and VM2 tend to be either positive or negative with half Fig. 9. Dashed lines in (e) and (f) show results for adiabatic simple waves. They

the pgrioq compar.ed to VM1 be.cause‘they are excited by non- are stationary in time.
linearity in the adiabatic solution [Figs. 10(a) and 10(c)]. This
indicates the isopycnal setup (or set-down) and mean flow. In
addition, diabatic effects cause slow growths of 73" and 45W.
By contrast, Af, and Al, primarily show growths, except for
Arpp [Figs. 10(b) and 10(d)]. The development of mean compo-
nents is the reason why the deviation from the adiabatic solu-
tion increases with time for x 3 50 km in Fig. 8. These results
suggest that diabatic topographic effects tend to strengthen
wave-induced isopycnal setup and mean flow.

6 = 1072 used in the previous example, to the critical slope
6 = 1072, We first derive an analytic linear solution based on
the proposed theory and compare the results with the ana-
lytic solution by Wunsch.>* Then, we calculate fully nonlin-
ear solutions for two cases. The first case is for a relatively
steep subcritical slope of 6 = 0.0066 and incident-wave (semi-)
, . amplitude of 77; = 2.2 m [or 1.0 m in maximum isopycnal
C. Wunsch's subcritical wedge problem disglacement within the wa[ter column, using the conv?r]sion

In this example, we use the linear stratification in Fig. 4(d) factor max(¢) in Fig. 5(g)]. This rather small incoming-wave
and vary the bottom slope from the relatively mild value of = amplitude was necessary to keep isopycnal-layer thickness
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nonzero. The second case is for the bottom slope and inci-
dent wave amplitude used in the example with hyperbolic-
tangent stratification, i.e., @ = 10~% and incident-wave (semi-)
amplitude of 77; = 14 m.

Assuming linear stratification with small vertical density
variation (i.e., the Boussinesq approximation), we can derive a
linear analytic solution for Wunsch’s subcritical wedge prob-
lem with 2nd-order topographic effects, as follows. In the
derivation, we consider a linear slope in Fig. 3, but assume that
the origin of the x coordinate is located at the virtual apex
where water depth is 0, for brevity. Following Wunsch,>* we
also assume a rigid lid and neglect the barotropic mode. Then,
water depth, vertical modes, and the associated topographic
interaction coefficients and 1st-order nonlinear coefficient are

H(x) = -6x, (71a)
cSW(x) = ¢%x (n#0), (71b)
An(x,s) = (-1)"V2 cos(—nngz—x) (n#0), (71c)
Lm(x) = _n—fr—l—_:n—za_lc (n#m; n,m # 0), (71d)

ap(x) = 0, (71e)

where I, = H(x) is assumed. The solution to (69) has the form

scitation.org/journal/phf

Substituting this into (69), we get

2pr 5\’
y__T<1—B(ZTﬂ) ) (73a)
5= N0 (73b)
w
gl pPe3n? L
=gt Z - n-2)3p n-. (73¢c)
n#0,p

Although wavelengths in the solution continuously change in
x, we may follow Wunsch>® and introduce a local horizontal
wavenumber ky = yx~!. Assuming the local horizontal length
scale of L = 2xky!, the above ¢ is equivalent to & used in the
scaling in Sec. III for VM1. Note that 6 = 2 for the critical slope.
Setting B = 0 yields the corresponding solution with 1st-order
topographic effects. To calculate the wave field associated
with this solution, we need to calculate Qq from (66), p from
R.p and Qq using (58), (60), and (63d), and then 7, m, and u
from (43).

Comparisons of the above Ist- and 2nd-order solutions
with Wunsch’s analytic solution suggest that the proposed
theory is applicable to subcritical slopes (Fig. 11). The behav-
ior of the primary Riemann mode, which is characterized by
a single parameter y in the above analytic solution, is cap-
tured reasonably well by the 1st-order solution [Fig. 11(d)].
The main role of the 2nd-order topograhic effects is the

Rip = (6x)"7 exp(—iwt). (72) diabatic corrections to the wave fields by the nonprimary
0 0
a) Analyti
-40 1
- -10t

;3 15} FIG. 11. Comparisons of analytic solution
g and linear-wave solutions with 1st- and
& 207 2nd-order topographic effects for Wun-
= st sch’s subcritical wedge problem. Stratifi-
—— Analytic cation is linear [Fig. 4(d)], and the bottom
30 1% order slope is @ = 0.0066 (or dimensionless
B 2 2 order slope 6 = 4/3). (a) Horizontal velocity
N -40 -3 - field from analytic solution and [(b) and
g O 10 (c)] those from linear-wave solutions with
5 %0 5 1st- and 2nd-order topographic effects,
g 5 10" respectively. (d) Comparisons of expo-
= g nenty in (72) and (e) relative root-mean-
% -120 , = 102f square errors (RMSEs) of -y and hori-
El & zontal velocity field u. Relative RMSEs
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0 : solu :
2 —— y: 1™ order : are calculated as the integral of squared
2 104t — 7: 2% order} error over the area shown in (a)—(c) nor-
% oo ; dor‘iier : malized by the corresponding integral of
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modes. When the bottom slope is close to the critical, the
1st-order solution cannot capture a ray-like feature in the
wave field because the vertical structure is given by a sin-
gle vertical mode [Figs. 11(a) and 11(b)]. The 2nd-order solution
captures the main features of Wunsch’s analytic solution for
6 as large as 1.3 [Fig. 11(c)]. Unavoidably, the error increases
as the bottom slope approaches the critical slope [6 = 2 in

Fig. 11(e)]. This suggests that the proposed theory based on the
2nd order perturbation expansion is applicable to subcritical
slopes despite the mild slope assumption (6 < 1) in the deriva-
tion. The comparisons also confirm that the proposed theory
is applicable to large depth change.

For the case shown in Fig. 12, the nonlinear solution is
qualitatively similar to the linear solution in the oscillating
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FIG. 12. Fully nonlinear simple-wave solution with 2nd-order topographic effects
for Wunsch's subcritical wedge problem. Input parameters are the same as those
used in Fig. 11 but with an incident-wave (semi-) amplitude of 77; = 2.2 m. (a)
Wave propagation speed due to primary Riemann mode cf}” and that due to
nonprimary modes Ac.1, (b) modal velocities d, of the lowest 3 vertical modes, (c)
bottom boundary displacement 775, and (d) horizontal velocity field u at t = 34.5 h.
Dashed line in (b) shows adiabatic solution for ds. Vertical dotted lines indicate the
location shown in Fig. 13.
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components, but different in the mean components (Figs. 12
and 13). Similarity in the oscillating components originates
from the fact that the incident-wave amplitude is rather small
and that the wave propagation speed remains almost indepen-
dent of the wave amplitude [Fig. 6(d)]. This is in contrast to the
previous case with hyperbolic-tangent stratification, in which
the amplitude dependence causes nonlinear steepening. Since
the bottom slope considered in this example is much steeper
than the previous example in Fig. 9, topographic adjustments
from the adiabatic solution are quantitatively large [Figs. 12(b)
and 12(d)]. Wave-induced isopycnal setup and mean flow grow
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FIG. 13. Evolution of isopycnal displacements and velocities at 100-m water depth
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of the lowest 3 vertical modes due to primary Riemann mode 775", (b) those due
to the sum of nonprimary modes A7y, (c) modal velocities of the lowest 3 vertical
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much faster than in the previous example and obtain ampli-
tudes comparable to the oscillatory components only after
3-4 wave periods. The change of mean stratification by this
setup is the main reason why relatively small incident-wave
amplitude was needed to avoid zero isopycnal-layer thickness.

Combined effects of nonlinearity and topography are
important not only for wave-induced isopycnal setup and
mean flow but also for the wave fields. This is much clearer
in Fig. 14 than the previous two examples in Figs. 9 and
12. Compared to the linear solution with 2nd-order topo-
graphic effects, the fully nonlinear solution shows more local-
ized upslope currents both in width and height [Figs. 14(a)
and 14(b)]. This tendency is already clear near the incom-
ing boundary and strengthened as the waves shoal. The flow
field near the outgoing boundary shows resemblance to the
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FIG. 14. Comparison of linear and fully nonlinear simple-wave solution with 2nd-

order topographic effects for Wunsch’s subcritical wedge problem. Stratification is

lingar [Fig. 4(d)], the bottom slope is & = 103 (or dimensionless slope & = 0.2),

and incident-wave (semi-) amplitude is 77; = 14 m. (a) Horizontal velocity field u

from linear solution, (b) that from fully nonlinear solution, and (c) isopycnal-height
field from fully nonlinear solution at t = 64.5 h.
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so-called boluses,>>5¢ which are ISWs of elevation with a
trapped core on a sloping bottom [Figs. 14(b) and 14(c)],
although the wavelength is too long for a bolus in the figure.

Comparisons of wave-induced isopycnal setup and mean
flow with the previous cases provide some indication of the
sensitivity to background stratification, incident-wave ampli-
tude, and the bottom slope. The wave-induced isopycnal setup
and mean flow in this case develop roughly 2-3 times faster
than the case with the same bottom slope and a similar
incident-wave amplitude but with hyperbolic-tangent strat-
ification (Fig. 10). Compared to the previous case with lin-
ear stratification (Fig. 13), the wave-induced isopycnal setup
and mean flow in this case develop roughly 3-4 and 6-7
times faster, respectively. Note that the effects of nonlinear
and topographic effects are partly compensated because the
incident-wave amplitude is 6.5 times larger, but the bottom
slope is 6.6 times milder than the previous case.

V. DISCUSSION

This study developed a theory of fully nonlinear simple
internal waves over subcritical slopes in continuously strati-
fied fluids. To my knowledge, this study is the first to incorpo-
rate topographic effects in a fully nonlinear simple-internal-
wave theory. More generally, the theory might be novel as a
theory of fully nonlinear simple waves in a gradually varying
cross section, although a comprehensive literature survey is
difficult because there are vast fields of physics in which the
simple-wave theory can be applied. The proposed theory can
be seen as a generalization of the weakly nonlinear simple-
wave theory with gradually varying composition and cross
section by Lighthill.?® It can also be seen as an extension of
the topography-modified KdV-type theory??37-3° to full non-
linearity. [Although nonhydrostatic effects are not considered
in this study, it is straightforward to add a linear dispersion
term to (56a) and (59a), as done in (70).] For example, (2) with-
out the RHS term and (69) can be seen as the power-series
expansion of (1) and (592) for weak nonlinear and topographic
effects, respectively. In the KdV theory, it has been known that

the quantity hs 1c317p remains constant under adiabatic topo-

graphic effects.?23%57 This study appears to be the first to
identify the quantity as the Riemann variable R., in the limit
of weak nonlinear and topographic effects.

An important feature of the proposed theory is the appli-
cability to large water-depth change over a long distance,
provided that the local bottom slopes are mild. This is a signif-
icant advantage over the more straightforward perturbation
expansion of the flat-bottom simple-wave solution??3° for
small depth change. It was enabled by separating adiabatic and
diabatic topographic effects and using the adiabatic simple-
wave solution as a base solution for the perturbation expan-
sion with respect to diabatic topographic effects. Although the
evolutionary equations of modal amplitudes (44) unfortunately
have many more terms than the original governing equations
(33), the projection of (33) onto vertical modes was essential
to separate adiabatic and diabatic topographic effects. As a
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by-product of this approach, the applicability of the charac-
teristic method?72¢ has been extended from flat bottom to
mild slopes (e.g., Fig. 7). Although the method is applicable
only to the adiabatic part of the solution, it still provides a
useful first-order approximation for shoaling internal waves
under large depth change if the local bottom slopes are far
from critical [Fig. 8; also compare Figs. 9(b) and 12(b)].

The development of wave-induced isopycnal setup (or
set-down) and mean flow (Figs. 10 and 13) is one of the pro-
cesses in which the combined effects of strong nonlinearity
and topography are important. For both surface waves“?58
and internal waves,>9%3 wave-induced surface/isopycnal
setup and mean flow are often studied based on the Stokes
drift and radiation stress, which are first derived for a flat
bottom assuming weak nonlinearity but could then be applied
to slowly varying topography. Since the adiabatic simple-wave
solution in this study is fully nonlinear, the effects of the
Stokes drift and radiation stress (more precisely their counter-
parts in the isopycnal coordinate) are included in the solution,
which can be seen by expanding the solution in power series
around zero amplitude. Adiabatic simple internal waves do
induce isopycnal setup and mean flow, but they remain sta-
tionary in time, even under the effects of subcritical slopes.
By contrast, the setup and mean flow due to nonlinear and
diabatic topographic effects grow in time, which makes the
combined effects of strong nonlinearity and topography more
important [compare solid and dashed lines in Figs. 10(e) and

10(f)].

It should be emphasized here that the isopycnal setup and
mean flow shown in this study are only the parts associated
with topography-modified simple internal waves. To investi-
gate the total wave-induced setup and mean flow on conti-
nental shelves in the future, it would be necessary to develop
a formulation for the mean (or slowly varying) components
under the apparent forcing from the fluctuating (internal-
wave) components, which is essentially given by the diabatic
forcing terms on the RHS of (56a) or (59a). This is because
the simple-wave theory focuses only on one Riemann mode
propagating in one direction, and other modes and waves (or
signals) propagating in the other direction are necessary to
establish a mean state. For example, the mean flow in Fig. 10
has a barotropic component, which needs to be compensated
to satisfy the zero volume flux condition at the coast. Despite
this caveat, the relatively rapid growths of isopycnal setup and
mean flow (Fig. 13) imply, for example, that large-amplitude
internal waves on continental shelves have an inherent ten-
dency to modify the “background” stratification and currents
without mixing and that it could occur within a spring-neap
tidal cycle. This could be one of the causes for the relatively
rapid modulation of the bore or ISW activity.®*

Since the proposed theory uses a perturbation approach
to include diabatic topographic effects, the applicable slope
range needs to be checked using some reference solutions.
In this study, this was done using the analytic linear solution
to Wunsch’s subcritical wedge problem (Fig. 11). The compar-
isons suggest that the proposed 2nd-order theory fortunately

scitation.org/journal/phf

provides a reasonable approximation even for relatively steep
subcritical slopes of 6 = O(l). For slopes very close to critical
(6 £ 2), the proposed theory of course breaks down, but any
inviscid solution, including Wunsch’s analytic solution, is not
very useful because mixing becomes significant.>* Physically,
the applicability of one-directional (including simple) wave
theory to subcritical slopes is unsurprising because internal
wave rays reflected on a subcritical slope travel in the for-
ward direction (i.e., the same horizontal propagation direc-
tion as the incident waves).#%.65 These facts suggest that the
proposed theory is applicable to subcritical slopes but not
near-critical slopes. However, it should be noted that the
comparisons in this study are limited to linear cases, and it
is preferable to check the applicable slope range using fully
nonlinear solutions, such as the results of fully nonlinear
numerical simulations, in the future.

The 2nd-order topographic effects included in the pro-
posed theory are necessary for understanding the dynam-
ics of large-amplitude internal waves on continental shelves.
Theoretical models for nonlinear internal waves, such as
topography-modified KdV-type models, usually include only
1st-order topographic effects.?237-3° This is probably because
the models are mostly applied to ISWs, whose short wave-
lengths tend to make higher-order topographic effects unim-
portant. However, internal tides and ISWs need to be mod-
eled together on continental shelves because ISWs are often
generated from internal tides within the shelf*2225 and
because combined effects of topography and nonlinearity are
important for internal tides (Fig. 14). To get a rough esti-
mate of topographic effects on internal tides, we may use the
dimensionless slope parameter § = OL/H and typical num-
bers for semi-diurnal internal tides on continental shelves.
We consider only internal tides propagating shoreward past
the generation zone because the proposed theory assumes
one-directional waves. Two-dimensional effects, such as mul-
tiple generation zones®® and oblique interaction,®7.68 are out-
side of the scope of this study. Using typical numbers from
the Australian North West Shelf,222 inner Californian shelf, %4
New Jersey coast,%® Oregon shelf,”° and Scotian Shelf?>
(L ~ 5-30 km, H = 30-150 m, and ® ~ 1-5 x 107%), for exam-
ple, we get 6 ~ 0.4-0.9. These values are within the range
where 2nd-order topographic effects are necessary to cap-
ture topographic modification of the wave fields as well as
the wave-induced isopycnal setup and mean flow. Note that
the above scaling does not apply to bores and ISWs that have
shorter horizontal scales, but does apply to the overall (mean)
wave form over a semi-diurnal tidal cycle (e.g., triangular for
an idealized bore over a flat bottom) in the presence of bores
and ISWs.

The original motivation of this study was to develop a fully
nonlinear, weakly nonhydrostatic internal wave model appli-
cable to continental shelves. Having developed a fully nonlin-
ear simple-wave model with 2nd-order topographic effects, it
is now straightforward to extend the model to include weak
nonhydrostaticity. The result would be a one-directional ver-
sion of the MCC-type theory for continuously stratified flu-
ids with 2nd-order topographic effects. Such an extension,
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application of the model to large-amplitude internal waves
on continental shelves, and investigation into their effects on
isopycnal setup and mean flow are in progress.

VI. CONCLUSIONS

This study proposed a theory of fully nonlinear simple (or
Riemann) internal waves with 2nd-order topographic effects.
An important feature of the theory is the applicability to large
water-depth change, provided that the local bottom slopes
are mild. The incorporation of adiabatic topographic effects
into the previous simple-wave theory*° made the Riemann
variable R., constant along the characteristic over topogra-
phy and hence extended the applicability of the characteristic
method?7-?% from a flat bottom to mild slopes. Comparisons
with the analytic solution to Wunsch’s subcritical wedge prob-
lem suggested that the proposed theory with 2nd-order dia-
batic topographic effects is applicable to subcritical slopes;
however, the error unavoidably increases as the bottom slope
approaches the critical slope. An important finding is the rela-
tively rapid development of wave-induced isopycnal setup and
mean flow, induced by the combined effects of strong nonlin-
earity and topography. Since previous fully nonlinear internal-
wave theories are inapplicable to large depth change, the
proposed theory is a significant step forward in understanding
the dynamics of fully nonlinear internal waves over topogra-
phy, such as large-amplitude internal waves on continental
shelves.
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APPENDIX A: SCALING OF BOTTOM BOUNDARY
CONDITIONS

This appendix explains the scaling applied to the bottom
boundary conditions (37) and (39). Applying the scaling (47) to
(37), we get

n= —6(7]](30) + 6677](31)) +0(e?6%) at s=8", (A1)

To scale (39), we need to evaluate du/ds and &%1/8s? at
s = SP. Applying the scaling (47) and the above equation, (33a)
and (33c) at's = SP are

ou 91, d (m

G reamle?)=&(5) (h22)
om dp . (0) ) 2.3

0=——5 —09 5 (" +edmy) + O(e”5”), (A2b)

where p'g(dp/ds)/(dZ/ds) = O(C?D?) is used. Taking the s-

derivative of the upper equation and then substituting the

lower equation, we get
o (ou o ( ou gdp 9 ( (o) 0
0t(6s)+66x( 63) ods ax(” +eong )

Ldoom 2
+ (gD) 20 I +0(e“6%).  (A3)
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Since we assume waves propagating into quiescent water,
du/ds = 0 at s = S initially, and the order of magnitude
of du/ds is determined by the “forcing” terms on the RHS.
Therefore,
ou C?
— = — . A4
s "gD (A4)
To evaluate 9% /8s® at s = SP, we substitute (43a), use (40), and
apply the scaling (47), yielding
2 2y 2
o _dZ.m o(c—). (45)
9z~ dst hl gD
The Taylor expansion of (35) and the above scaling lead to the
order of magnitude of the remaining terms in (44c).

APPENDIX B: ANALYTIC EXPRESSIONS OF Ly,

The analytic expressions of fum in terms of the vertical
modes 7, and the bottom slope 8 are derived in this appendix.
Although the resulting expressions are essentially the same
as those for multilayer stratification,' the derivation in the
isopycnal s-coordinate is presented here because the deriva-
tion is not straightforward. Note that the expressions in this
appendix are applicable to steep slopes.

To derive analytic expressions of Lm, we begin with the
expression

F ot [ 2t i,
S, 6xpds7rm s, 0x\ "0s\gdp/ds Os pds7rm

(B1)

which comes from (41a). We apply integration by parts with
respect to s to the RHS twice, noting that the x-derivative of
p is 0 with s fixed. When evaluating the boundary values, it is
essential to distinguish x-derivatives at constant s and along
the boundary.“* To calculate the derivative along the bound-
ary, it is useful to consider the boundary following coordinate
o, which is constant along the boundaries. The standard rule
for vertical coordinate transformation““ requires

e} o ds)\ 0

(5¢),= (), - (), & #2)
Note that the bottom boundary condition (41c) can be sub-
stituted into the x-derivative along the bottom (fixed o), but
not that with s fixed. After applying the above relationship
to the x-derivatives at the bottom and applying the boundary

conditions (41b) and (41c), we get
c2-c2 . ¢ 1 ( 1 dc?

o 2 =
c2c2 o

~ A~

himhn

where 6 = (dZ/ds)(0S/3%)o <bottom = (dZ/ds)(dSP/dx). This
yields the rule for index swapping,

- hnén m+ —(”npﬂm) 9) (B3)

c2 . cl
L= —Lnm fl_m(n * m)v (B4)

Lmn e
n m

as well as the analytic expression for dcy, /dx,

dey
dx

= no7ty) 0. B5
thn( ) (B5)
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To get an expression for Ln, we take the x-derivative of (42a)
and substitute the above relationship, yielding

. hn d[c
Loy = - 220 ), B6
" 2c%dx(hn ®9

Note that L.y, vanishes when ﬁn is proportional to cZ. Note also
that, in general, dh,, /dx is required to evaluate Ly,. The gen-
eral analytic expression for dhy, /dx appears unavailable, but
we may set fn using variables whose x-derivatives are known.
In this study, we use ﬁn = H so that analytic evaluation of T
is possible.

APPENDIX C: THE ROLE OF TOPOGRAPHIC
SELF-INTERACTION TERMS IN CALCULATION
OF ADIABATIC SIMPLE WAVES

This appendix explains how the topographic self-
interaction terms [Bqe¢ in (49)] make an adiabatic simple-wave
solution independent of vertical-mode normalization, except
for a constant multiplication factor. Substituting (B6) into Ly,
in Bgoyp, (51) becomes

9 [mn] _ 0 [caty, +N;nm m]_[ 0 |ou, 1)
atlun] ~ ax m AT P
where
, Cn .
M = —==1n, (C2a)
hn
h
w, = Y4, (C2b)
Cn
’ CnCm ﬁ[ Q
= ———Nyim- C2c
nlm C hnhm nlm ( )

To understand what this means, we need to consider how
modal variables vary when the normalization factors h, are
changed. Using the terminology in tensor analysis,”’ (40) and
(42a) show that &, and #, are contra- and co-variant with
respect to the “metric” gnn = ﬁﬂ, respectively. Since n and
u are physical variables independent of vertical-mode nor-
malization, this means that 7, and 1, are co- and contra-
variant, respectively. Using the notation in tensor analysis (i.e.,
super- and subscripts for contra- and co-variant variables,
respectively), the above relations become

7'(n) = C(A") B (C3a)
Jnn
an
w(n) = ‘({(n_)a", (C3b)
Nnim) = SO |G g (C3¢)

() GnnGmm
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Here, indices in parentheses are used to denote physical
components in tensor analysis, which do not vary with the
metric §nn. This shows that (C1) are written in physical com-
ponents. It also shows that if vertical modes are normalized
such that c2/h,, is constant independent of x, (51) becomes (C1)
because fnn = 0 from (B6). From these, we see that the self-
interaction terms in By are required to make (51) indepen-
dent of vertical-mode normalization. Although this normal-
ization independence is convenient, the equations in physical
components are less intuitive due to the loss of similarity to
the shallow water equations (3a). For example, dimensions of
the prognostic variables are changed, and the variables corre-
sponding to water depth and wave propagation speed in (C1)
are ¢2 and 1, respectively. For this reason, we use (51) rather
than (C1) in the main body of this paper.

APPENDIX D: TOTAL ENERGY EQUATION
ASSOCIATED WITH (51)

To derive the total energy equation associated with (51),

it is convenient to assume that By = O (by choosing c%/ﬁn
= const. or applying appropriate normalization in Appendix C)
and write the equations as

A i) _ (H +Y)u O O]9 [n (D1)
8tﬁ_6xc2|-|q “lo O|ax|al
where the vectors and matrices are defined as
@)y, = 7, (D2a)
(), = tin, (D2b)
(C)nm = C"(s".mv (DZC)
(H), = hadum, (D2d)
(v)nm = Nm[nﬁh (Dze)
(O)nm = Nlnmﬂ'l (DZf)

and parentheses with subscripts are used to denote matrix
components. It is also convenient to introduce the following
equations equivalent to (D1):

g[czﬂlﬁ _ [ o cn!

at| g ]_ [I:I+V o - (D3

X q ox|U

5 [czH n]_i[%

where § = (H + Y)it is the modal amplitude of “layer” transport,

= (dp/ds){(d(Z + 17)/ds)pu. Note that if we define p = [ @]T
and pp, = [Czl:lflﬁ 4]7, the total energy is pppp/2, where the
superscript T denotes matrix transpose. So the total energy
equation can be derived by multiplying (D1) by ﬁfag and (D3) by

pp’ from the left and adding the equations, yielding

OE g

ot ox’ (Dda)
E= g(ﬁTCZFI_lﬁ " qTa), (D4b)
Jp = p4"C2A i + £4'0a (D4c)
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The advantage of using the above “dual” formulation is that,
unlike (29), the nonlinear energy flux term remains 3rd order
with respect to the prognostic variables (note that U is lin-
ear in 1), which simplifies the mathematics in the presence of
inter-mode interactions. This idea was originally based on the
energetics calculation in electromagnetism’? and applied to
multi-layer stratified fluids.”*>74 The derivation above shows
that only the terms that contribute to horizontal energy
flux are retained in (51). Since only one Riemann mode has
nonzero amplitude in the simple-wave solution, the substitu-
tion of 7, 4, and q from (15) or (58) into the above equation
shows the energy conservation property of adiabatic simple
waves.

APPENDIX E: NUMERICAL METHODS

Numerical methods used to calculate topography-
modified simple waves in this study are briefly explained in
this appendix. Since the focus of this paper is the development
of theory rather than a numerical model, the explanation here
is brief. The details will be presented elsewhere.

The topography-modified simple-wave solutions were
calculated in four steps. First, (40) was discretized using
the control volume (or finite volume) method.”> It effec-
tively yielded the equations for multilayer stratification,
and the equations were solved following Shimizu.>' Sec-
ond, simple-wave solutions were calculated as Ref. 30,
but normalizing left Riemann modes I, such that the
component corresponding to maximam modal velocity is

wlcpﬁp /\,(Cp’:lp)ref instead of 1 Ref. 30, using the incoming

boundary as a reference location. This normalization removed
the variation of A, due to linear topographic effects
and made numerical calculation of A., easier. Third, A.,
was calculated from (20") but in (x, t) coordinates. I first
attempted to solve the equation by simple finite-difference
discretization in (Q+p,x) space, but the problem appeared
very sensitive to small errors in the initial condition. So
(20) was expanded into power-series in the Q., direc-
tion, using the power-series solution for simple waves in
terms of Qﬂ, Ref. 30. The equation was numerically inte-
grated in the x direction and then extrapolated to larger or
smaller Q., using the power series, starting from Q., = 0.
Since the higher-order power-series coefficients of 1., were
unreliable, the process of the numerical integration in x
and the extrapolation in Qﬂ, with a low-order (up to 3rd)
power series were repeated with a sufficiently small step
in Qip. Finally, (56) or (59) were discretized using the con-
trol volume method”> with explicit time stepping. The advec-
tion terms were solved using the QUICKEST scheme.”® The
number of grid points in (x, Z) was (80, 85) regardless of
the bottom slope, and the number of vertical modes was
10. Buffer zones of 10 extra grid points in the x direction
were used to allow np to adjust to model internal dynam-
ics from potentially inconsistent boundary conditions (see
Sec. [V A).
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