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Abstract: We derive time evolution equations, namely the Klein-Gordon equations for coherent fields
and the Kadanoff-Baym equations in quantum electrodynamics (QED) for open systems (with a
central region and two reservoirs) as a practical model of quantum field theory of the brain. Next,
we introduce a kinetic entropy current and show the H-theorem in the Hartree-Fock approximation
with the leading-order (LO) tunneling variable expansion in the 1st order approximation for the
gradient expansion. Finally, we find the total conserved energy and the potential energy for time
evolution equations in a spatially homogeneous system. We derive the Josephson current due to
quantum tunneling between neighbouring regions by starting with the two-particle irreducible
effective action technique. As an example of potential applications, we can analyze microtubules
coupled to a water battery surrounded by a biochemical energy supply. Our approach can be also
applied to the information transfer between two coherent regions via microtubules or that in networks
(the central region and the Nyes reservoirs) with the presence of quantum tunneling.

Keywords: non-equilibrium quantum field theory; open systems; quantum electrodynamics; brain
dynamics

1. Introduction

What is a physical mechanism of generating memory in the brain, and where is memory stored
in the brain? These are still open questions in contemporary neuroscience [1,2]. We know that
memory has an aspect of information encoding and retrieval as well meaning attached to this
information. In information theory, we adopt Shannon entropy as a measure of information content [3].
This entropy increases as the uncertainty associated with information becomes larger. On the other
hand, in thermodynamics we use thermodynamic Boltzmannian entropy as a measure of disorder
in a physical system. This entropy increases as the order of the system is reduced. If Shannon
entropy represents the same concept as thermodynamic entropy, we must adopt an ordered system to
memorize information. There might be no way to memorize information without adopting an ordered
physical system as has been earlier discussed within quantum field theory (QFT) [4]. In QFT, order is
associated with the breakdown of symmetry [5]. For example, crystals are ordered quantum systems of
discretely arranged atoms, where continuous translational symmetry is spontaneously broken. Order is
maintained by long-range correlations involving phonons, with Nambu-Goldstone (NG) quanta [6-8]
emerging as quantum excitations from the ground state in spontaneous symmetry breaking (SSB).
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Since NG quanta are massless, macroscopic order emerges due to these long-range correlations.
Ferromagnets are examples of ordered quantum systems composed of magnetic dipoles aligned in the
same direction, so that rotational symmetry is spontaneously broken when the ferromagnetic phase
is generated by magnetic moment alignment. This order is maintained by long-range correlations
involving magnons, which are massless NG quanta emerging in SSB. The concept of SSB can be
adopted in QFT (with infinite unitarily- or physically-inequivalent vacua) distinguished from quantum
mechanics in which the concept of SSB does not appear. Furthermore, QFT is conventionally applied
to macroscopic matter, although its application is not restricted only to microscopic phenomena [5].
Hence, it is reasonable and convenient to adopt QFT with the possibility of spontaneous symmetry
breakdown for the physical description of ordered systems, which contain information, or memory.
Quantum field theory of the brain, or quantum brain dynamics (QBD), represents a proposal to
describe memory formation in the brain by adopting the breakdown of symmetry [9,10]. Memory in
the brain has properties of heterogeneity, long-term but imperfect stability, and diffuse nonlocal nature
Each memory is diffused and not localized to particular regions in the brain. It does not disappear due
to the destruction of particular local regions. [11-13]. The QBD can describe these properties of memory
in the brain by adopting unitarily inequivalent vacua, namely diverse coherent states. One vacuum is
imperfectly stable and transferred to another over the course of time. Each vacuum is characterized
by macroscopic spatial extension with long-range correlations. The QBD originated in the work by
Ricciardi and Umezawa in 1967 [14], where external stimuli trigger SSB of the system or macroscopic
order. In the 1970s, this model was further developed by Stuart et al. [15,16], whereby the brain is
envisaged as a mixed system of classical neurons and microscopic degrees of freedom, namely corticons
and exchange bosons, which were not specifically identified at this stage. Around the same time,
Frohlich studied a theory of biological coherence involving electric dipoles contained in the membranes
of biological systems [17-22]. When the frequencies of oscillating dipoles in the system are within
a narrow range around the resonance frequencies and coupling constants of interaction with heat
bath and energy pump are large enough, an ordered state with the dielectric polarization (where
electric dipoles are dynamically aligned in the same direction) emerges leading to the breakdown
of symmetry and the coherent wave propagation of dipole oscillation forms a so-called Frohlich
condensate. In 1976, Davydov and Kislukha proposed a theory of solitary waves propagating in
DNA and protein chains (alpha-helices) called the Davydov soliton [23]. The theories of coherence
in biological systems by Frohrich and Davydov can be described by static and dynamical properties
of the nonlinear Schrédinger equation with an equivalent quantum Hamiltonian, respectively [24].
In the 1980s, Del Giudice et al., studied collective properties of electric dipoles of water in biological
systems based on QFT [25-27]. After the analysis of water’s electric dipole fields in biological systems,
Jibu and Yasue identified concrete microscopic degrees of freedom of QBD (corticons and exchange
bosons) in the 1990s, namely water electric dipole fields and massive photon fields [9,28-31]. The QBD
is essentially Quantum Electrodynamics (QED) of water electric dipoles. They adopted a superradiant
phase, which represents the coherent state of water dipoles and massive photons [32-36]. When water
electric dipoles are aligned in the same direction, the rotational symmetry is spontaneously broken,
and polaritons, NG bosons, emerge in the SSB. They are absorbed into the longitudinal modes of
photons, and photons acquire mass due to the Higgs mechanism. The massive photons are called
evanescent photons. Since these photons have mass which is proportional to coherent dipole fields or
the square root of the number density of aligned dipoles, they can stay in the dynamically-coherent
regions of the brain. Memory in this model, therefore, is the coherent state of water electric dipole
fields and photon fields with the condensation of the NG modes in the vacuum state. In 1995,
Vitiello proposed a dissipative model of QBD to solve the problem of the informational capacity of
memory [37]. As a result, a huge informational capacity of memory capacity was proposed to result by
regarding the brain as an open system and by doubling the degrees of freedom. In 2003, Zheng and
Pollack showed experimentally the existence of the so-called exclusion zone (EZ) water, which formed
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around hydrophilic surfaces [38] such as those around proteins. The properties of EZ water correspond
to those of coherent water in QED [39].

However, the preceding research on this topic lacks the non-equilibrium multi-energy-mode
analysis in open systems since it is based on the two-energy-level approximation for charged fields
and single-energy-mode analysis for photon fields. Unsurprisingly, the main criticism found in the
literature is related to the quantum decoherence phenomena, which means the formed coherent
fields might rapidly disappear due to thermal effects destroying the broken symmetry states in
the process [40]. Hence, memory proposed in the QFT models discussed above would be rapidly
erased. In the above approximations, several components which might induce decoherence are
lost, namely field-particle conversion (decoherence), thermal effects, and collision processes with
multi-energy-mode incoherent particles. However, whether the decoherence occurs or not must be
demonstrated by non-equilibrium numerical simulations based on the multi-energy-mode analysis in
open systems. In case coherence is robust, we will be able to find non-equilibrium memory formation
processes through numerical simulations.

The aim of this paper is to derive time evolution equations based on QED with charged bosons
present in open systems in order to provide a theoretical framework for a concrete description of
memory formation processes, which can be further developed in the future. In this paper, to describe
multi-energy-mode phenomena, we adopt the Kadanoff-Baym (KB) equations [41-43] for quantum
fluctuations in QED for open systems, with the use of Klein-Gordon (KG) equations for coherent
fields. We can describe general dynamics with the above equations, since the Boltzmann equation,
the hydrodynamic equations and the Langevin equations are derived from the KB equation [42,44,45].
We introduce a kinetic entropy current by use of the KB equations, and show the H-theorem
in the Hartree-Fock approximation to the 1st order approximation in the gradient expansion.
These approximations are adopted as coarse-graining procedures to define a kinetic entropy. We
also find the total conserved charge and energy in spatially homogeneous systems. By use of the KG
equations and the KB equations, we can describe non-equilibrium, non-secular, multi-energy-mode,
charge-energy-conserving dynamics. Finally, we find that it is possible to describe the time evolution
of gauge-invariant quantities. This is the main result of this paper.

This paper is organized as follows. In Section 2, we provide the Lagrangian density in QED
in open systems (with a central region and two reservoirs coupled to it) and derive time evolution
equations for coherent fields and quantum fluctuations. In Section 3, we analyze the Kadanoff-Baym
equations and show the gauge invariance. In Section 4, we introduce a kinetic entropy current and show
the H-theorem. In Section 5, we derive time evolution equations in spatially-homogeneous systems,
and give the conserved charge and energy expression for total systems. In Section 6, we discuss
our results. In Section 7, we provide conclusions derived from this work. In the Appendix A,
several calculations for the O(e*|p|?) self-energy are given. In this paper, we adopt the metric 7V =
v = diag(1, —1, -1, —1) in 3 + 1 dimensions where the Greek letters (y,v) run over 0 tod ind + 1
dimensions and the subscripts (i, j) run over 1 to d. We use the Greek letter a to represent the left L and
the right R reservoirs. The speed of light and the Planck constant divided by 27t are both set to be 1.

2. Two-Particle Irreducible Effective Action and Time Evolution Equations

In this section, we begin with the Lagrangian density of quantum electrodynamics (QED) with
charged bosons in open systems, and derive time evolution equations for coherent fields and quantum
fluctuations.

The Lagrangian density in open systems (the central region C and the two reservoirs L, R [46-49]
with tunneling effects [50-53]) depicted in Figure 1 with the background field method [54-57] is
given by,

L=~Lc+ Z Ly + Liunnel- 1)
a=L,R



Entropy 2020, 22, 43 4 of 32

Figure 1. Open systems given by the central region C and the two reservoirs (L and R).

Here the Lagrangian density in the center region is

1
Lc = _Z]:HU[AC + (Zc]]:w[Ac + llc]
+[(0n + ie(Acy + ac,)) 9cl (9" — ie(AL +al))pc] — M@t oc

1

T2 (Ouac)?, @
where Aé is the background photon field in C, ag represents the quantum fluctuations in C, F,, [Ac] =
duAcy — dvAcyu, ¢ and @c are charged Bose fields in C, m is the mass of the charged bosons.
The Lagrangian density £, in « = L and R is given by changing the labels C in fields in Equation (2) to
«, namely by A}, af, ¢ and @,. The tunneling Lagrangian density L nnel i

Luunnet =+ Y (0a(x)@E (%) a(x) + 03(x) 95 (¥) pc () + Va,aac,i(%) i (%)), ®)
a=L,R
where we have introduced the tunneling variables v, (x) of charged bosons and the tunneling coupling

v, Of photons. We find that the total Lagrangian density in Equation (1) is invariant under the Type I
gauge transformations [54-57] in open systems, that is,

i —i M K 1 H I
pc — eXCoc, @F — e XCor, Ar— A-+ 39 xc, ac — ag,
Qo = Xy, @i — e g, Al — AR+ %Bi‘xa, al — aby,

Vg — vgetXCXa), 4)

To describe non-equilibrium processes, we consider quantum fields in the closed-time-path
C (the Keldysh contour) with the path 1 from fj to co and the path 2 from oo to ty depicted in
Figure 2. We impose gauge fixing conditions 42 = 0, and a) = 0 with & = L, R on the generating
functional with the above total Lagrangian in Equation (1). We adopt the functional integral with ac,
Ao, c, P¢, Pa, and @y with & = L, R in the generating functional. We shall perform the Legendre
transformation of the generating functional. Then we can derive two-particle irreducible (2PI) effective
action I'ypr[A, ' = 0, @, 9*, A, D] as

. 1
FZPI[A,L_Zl =0, ¢, (P*,A, D] = Add+1x l — EI}IV[AC]I?W[AC]

+ [0 +ieAcy) 9e] | (9" —ieAl) pc| — m*ptgc
+(C—a=1L,R)

+ Y (0a(X)PEPa + va(x) Prdpc)
a=L,R

+5TrinD~! + S TrD; "D +iTrinA ™" +iTrag '

1 *
+EFZ[A/ @/(P /A/D}/ (5)
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where d is the spatial dimensions, ¢§ = (¢), ¢* = (¢*), and @ = (a’) with brackets (-) =
Tr(density matrix) x (-). The iA; lis given by a 3 x 3 matrix as
-1 _ 8% [d1z2L(z)
By (xy) = o e
ac=a,=0
iAa%L(x,y) UL(x)égH(x —v) 0
= | @ x—y)  idEcny) (G -y) |, (6)
0 or(¥)Or (¥ —y) g Re(xY)
with
i aa (2, y) = [~ + e (Auu(y)O) — Aupu()3h) + AL () Au(x) = 2| S8 (x—y), )
(x = L,R),and
ibgec(x,y) = |93 +ie (Acu(y)d) — Acu()3k) + AL Acy(x) — 2] 68 (x—y).  (®)

L
Y
J

t(] 0.¢]
2

0 1

Figure 2. Closed-time-path contour C. The label 1 represents the path from tj to oo, and the label 2

represents the path from oo to #y.

Further, iD !is given by a 3 x 3 matrix as

1 . 0% [d%1zL(z)
oj(x:y) = )
ﬁC:aa:O
iDTY (xy) 0.6 (x —y) 0
o,LLij\ Y a,L%ij%¢ Yy
- va,L(Sij(SgH (x —y) iDO_’éC’l.j(x,y) vu,RéijégH(x -y |,
0 04, RO;0ET (x — ) iDOjllzR,ij(X,y)
where
Dy (xy) = (=38 =205 ) 66t (x—y), (a=LR)
iDa,éC,ij(x,y) = (—83{ — Zez(p’éq‘)c) (Sijégﬂ(x —y),

and we set the gauge fixing parameter as { = 1.
The Green function A(x,y) is written by a 3 x 3 matrix as

X,Y) (x,y (x,y)
Alx,y) = AcL(x,y) Acc(x,y) Acr(xy)
x,Y) (x,y (x, )

(Tedpr (x)o9L(y)) (Tedpp
= | (Tedpe(x)oeL(y)) (Tedof
(Tedgi(x)opL(y)) (Tcogy

)

(10)

(11)

(12)
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with dp = ¢ — @, and T representing the time-ordered product in the closed-time-path C. It is possible
to express each component in the above matrix by a 2 x 2 matrix in the closed-time-path,

Mc(ay) = | Biely) Ai%(x,w]:w&pz(x)a

pc(y))  (Opc(y)ogr(x)) (13)
Are(rvy) Afe(xy) (697 (x)o9c(y)) (Tog(x)og

cw) |’

with T representing the time-ordered product, and T representing the anti-time-ordered product.
Similarly, the Green function Dj;(x, y) is written as a 3 x 3 matrix as

Drrij(x,y) Dic,j(x,y) Drr,j(x,y)
D;i(x,y) = | Dcrij(x,y) Dcc,j(x,y) Dcrij(x,y) |, (14)
Drrij(x,y) Drc,ij(x,y) Drgr,ij(x,y)

where DCL,i]-(x,y) = <Tcacri(x)aLlj(y)>, and Doo(x,y) = Dol-(x,y) = Dio(x,y) =0withi= 1, eed.
The following relations for the 2PI effective action I'yp; are derived using the
Legendre transformation,

T=0, G =0, (15)
and
0Iopr 0l7pr 6T 0T2pr
. = . = 0, ZEI =0, — = 0, 16
dal lai=o Al lai=o °p 5¢ (16)

where the coherent fields are labeled by C or « = L,R. By use of the relations in Equation (15),
we can derive,

i (Ao—l - i) — A, (17)
and

i (Dgl - n) —=iD7, (18)

with the definition of self-energy, i = —%5—2 and iIl = — & . The self-energy is given by,
S 0
Zec(xy) 0 / (19)
0 ZRr(X, )
and
Irrii(x,y) 0 0
I (x,y) = 0 Iecij(xy) 0 : (20)
0 0 HRR,ij(xr y)

We neglect off-diagonal elements, since they represent a higher order of the tunneling variables
or the tunneling coupling constants. The explicit forms of diagonal elements are given by labeling CC
or ax with @ = L, R in Green functions of self-energy in [58]. These relations are the Kadanoff-Baym
(KB) equations in open systems.

Next we derive the Klein-Gordon (KG) equations for coherent fields. The first equation in
Equation (16) is written by,
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0" FilAc(x)] = Jci (21)
" FuilAa(x)] = Tuis (22)
where we define
Jouw = ecu— ie[ (afl —ieAc;(x1)) Alclc(x, xl)‘ — (aj‘z +ieAc;(x2)) Alclc(xz,x) ]
X1=X Xp=X
1 I
_2 , (23)
25A(x)
and
ja,y = e]a,il - ie[ (afl - iEAac,i(xl)) A}c}c (x/ xl)‘ - (afz + iEAvc,i(XZ)) Az}czc(xL x) }
X1=x Xp=x
1 oI
_z , 24
25AL) 24

where Jc,, = i[ — ¢E(9y —ieAcy)Pc + (04 + ieAcy)de)pc] and Jo, = i — §h(0y — ieAn ) Pu +
. e\ 6Ty 0Ty - i g0 0
((0u +ieAnyu) @) Pa]. Here (SA%fx) = a0 (Zx) = 0 due to the gauge fixing condition a> = a, = 0.

The second and the third equations in Equation (16) are written by

. . _ _ _ _ 14T
— (04 —ieAcy) (aﬂ - zeAé) Gc —m> e — eZDgC,ii(x, X)Pc+ Y va(x)Pa(x) + iﬁ =0, (25)
a=L,R C
. Wy i AR =% 2 ok 211 —% * —% 101
— (9 +ieAcy) (a + lEAC) §e —m*@é — e Deci(x, %) e+ Y, va(x)dalx) + 2550 0, (26)
a=L,R
' TP AR 2 211 _ wlon 14l
- (aﬂ - ZeA'X/V) (a - IEAUl) Qo — M Py — € Dtm,ii(x/ x)q)“ + Ua(x)q)C(x) + E(s(P* =0, (27)
/4
. i AN =% 2 —x 2111 —x —x 1405
— (0y +ieAny) (8 + 1eA,,¢) Po — M Py — €Dy (%, X) Py + 0a (%) P (x) + 2000 0. (28)

By using the above four equations and the Kadanoff-Baym equations in Equation (17), we can
derive the total charge conservation

o <x7C,y + 2 jzx,y) =0, (29)

a=L,R

in the Hartree-Fock approximation in the coupling expansion, in 1T in [58] and to the leading-order
(LO) in the tunneling coupling expansion for the KG and the KB equations. Using the total charge
conservation, the identity 0#9" 7, = 0, and Equations (21) and (22), we arrive at,
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a° (Jc,o+ ) ja,O) = -9 (jc,i-i- Y ja,i)
R R

a=L, a=L,
= _avai Fui [AC] + Z ]:vi[AtX]
a=L,R
= 0" Fyu |Ac+ Y Au| —0"0'Fi |Ac+ ) An
o o
= avaofvo AC+ZADt ’ (30)
o
namely,
aV]:vO AC + ZAOC:L,R = jC,O + Z jﬂé,O' (31)
® a=L,R

Here, the time-independent term in the time integration which might be interpreted as an initial
condition is set to be zero.

3. The Kadanoff-Baym Equations in QED in Open Systems

In this section, we write the Kadanoff-Baym (KB) equations in QED in open systems to the
1st order approximation in the gradient expansion by introducing gauge-invariant Green functions
under Type I gauge transformation in Equation (4). We find that time evolution equations in diagonal
elements are written only by gauge-invariant functions to the 1st order in the gradient expansion.
We use the « = L, R to represent the two reservoirs to avoid confusing ‘R’ (Retarded in Green functions
and self-energy) and ‘L’ (Longitudinal modes in Green functions and self-energy for photons) in this
section. We set t( to —oo.

We begin with the KB equations given in the previous section. We multiply the matrix A from the
right in Equation (17) and take the (C, C) component, then we write,

{i (Aa,éc - 2cc) Acc} (x,y) + Y0 (¥)Anc(x,y) = ide(x —y). (32)
We define
Ie(x,y) = e/x dzyAz(z). (33)
Y

We then multiply Equation (32) by exp (ilc(x,y)) [59,60] and define the gauge-invariant Green
function and gauge-invariant self-energy as

Gee(x,y) = exp(ilc(x,y)) Acc(xy), (34)
Sec(xy) = exp(ile(x,y)) Zcc(x,y), (35)

under the Type I gauge transformation in Equation (4). We next Fourier-transform by the relative
coordinate x —y with [ d(x — y)e?"(*=¥) and neglect terms beyond than 1st order in the gradient
expansion in Equation (32), then we know that the 1st term on the left-hand side in Equation (32)
can be written by gauge-invariant functions in the 1st order in the gradient expansion [58,61-65].
We show that the 2nd term on the left-hand side in Equation (32) is invariant under the Type I gauge
transformation in Equation (4) in the 1st order in the gradient expansion. The («, C) component in
Equation (17) multiplied by the matrix A from the right is written as

[i (A(;,;a - i,m) Aac} (w,y) + va (W) Acc(w,y) = 0. (36)
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Here, it is convenient to define the function Ag’,}m satisfying

iAghy =i (A(]j;a - iw) . (37)

Using Equation (37) in Equation (36), we arrive at

1
Bacly) = =7 [ Aualxw)on(w)Bec (). (38)
When we define
X
Iy(x,y) = e/ dzyAZ(z), (39)
Y
Pcyxw = Io(y, w) + Ic(x,y) + Ic(w, x) ~ e/dSW}"“’, (40)

(with the Stokes theorem and the surface integral [ dS"” of the triangle yxw) and

Saa (%, ) = exp(ila(x,y))Ag,m(x,y), (41)

we arrive at

1 .
— ? /C U;‘Z (x)el(‘PC,yxw""IC(xrw)""IC(wr}/)) Ag/mx (x/ w)
W

o (x) exp (ilc(x, ¥)) Bac (%, y)
« ei(I"‘(x’w)_I“(x’w))U“(w)Acc(w, }/)

1 .
= -3 /C eV, (x, ) gaa (x, w) Gee (W, y), (42)
W
with the definition
Va(x,w) = vy (x) exp(ile(x, w) —ily(x, w)) v (w). (43)

We find V, (x, w) is gauge invariant under the Type I gauge transformation in Equation (4). Later,
we show g, is a gauge-invariant function in the 1st order in the gradient expansion. With the use of
Equation (42), the Fourier transformation of Equation (32) by f e!P"(x~Y) after multiplying ¢'lc in the
matrix notation is rewritten as,

(G 11 *cho'z) oc Gcc(X P +ZZ/ *=y) / eiq’C/y“"Va(x,w)g,m(x,w)azGcc(w,y) =1, (44)

where X = ¥, iGy1(p) = (p* — m?),1 = diag(1,1), and 0, = diag(1, —1). Here, we have used the
Moyal product [61-65] in QED in open systems. When we neglect terms beyond the 1st order of the
gradient expansion in the Moyal product, we find that

2
MocN = MO PINGGP) + 5 (Nl +0 (5 ). @)

with the arbitrary function M(X, p) and N(X, p) and the Poisson bracket in C written as

oM oN JdM oN OMON JdMOIN oM oN
(N MY MO (@MY OMON) gy (M 0N

pl 0X,  0XF dpy, dp op®  ap° Ip p " op (46)
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where the electric field E and the magnetic field B in the central region C are introduced.
The electromagnetic fields appear by expanding ¢'#C#< in the convolution integral. In Equation (44),
we define

Upa (x, w) = Voo (x, W) Qaa (x, W), 47)

to arrive at
i (Go_ll — Yoz + Z uvcoﬂ'z) oc Gee = 0%, (48)
14

where Uy, is a function of (X, p). The functions Go_l(p), Gee(X,p), Zee(X, p), gua(X, p), and o, are
written using a 2 x 2 matrix in the closed-time-path, but the Fourier-transformed V, (X, p) is a scalar
function.

Next, we multiply the matrix A from the left in Equation (17) and take the (C,C) and (C,«)
component. Then we can write

[Acc (ingéc — i%ce) | (vy) + L Acu(xy)oa(y) = ide(x = y), (49)
and
[Acu (i85, = iaa ) | (x,) + Bec(x, w)oi(w) = 0. (50)
With the use of Equations (37) and (50), we can write
Aculw,y) = —7Bcc(x, W) () Agan(,y), 61
and taking into account Equations (33), (39), (40), and definitions (34), (41) and (43),

1Y Ay (x,y)va (1)

/c ) ieilc(w,y)Jrilc(x,w)+i¢c,ywaCC(x, W) 0k (1) Ag e (W0, ) 0a ()
Xeil,x(w,y)fila(w,y)

/c e Cuw G (x, W) gaa (w, )0k (w)etle @y =k (@y)y ()
W

= [, Geclx wigua(w,y)Va(w y)etes. 2
W

With the use of the above equation, we can rewrite Equation (49) in the matrix notation after the
Fourier transformation:

Gecoc (11Gy ! — iozEcc +i0z Y Una) = i0z, (53)
14

where Green functions, self-energy and Uy, are functions of (X, p) and a 2 X 2 matrix in the
closed-time-path.

It is possible to derive the solution of the retarded Green function Gec r = z'(GélC — Gézc) of the Oth
and 1st order equations in the gradient expansion. We rewrite the self-energy as Xcc(x,y) = —ide(x —
Y)Zccloc(X) + Xccnoni (¥, ) and use the Fourier transformation of the self-energy. By summing
Equations (48) and (53) and taking the difference of (1,1) and (1,2) components, we arrive at,

(iGo_l (P) — Zccjoc(X) = Zeor(X,p) + ) Una r(X, P)) Geer(X,p) = -1, (54)
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where the retarded functions are defined as Xcc g = i (Z}:lc nonl — Z}:ZC nont) and Uge g = i(ull —ul2.
Furthermore, by taking the difference of Equations (48) and (53) and taking the difference of (a,b) =
(1,1) and (1,2) components, we arrive at,

{iGol (P) = Zccjoc(X) — Zee,r(X, p) + Y Usa r(X, p), Geer(X, P)} = 0. (55)
x C
The solution of the above two equations is

-1
Pz - 1712 - Z‘loc - Z‘CC,R + le utm '

Gcer = (56)

The spectral function defined as pcc (X, p) = i(GE- — G%) is given by taking the imaginary part
of Gcc g and multiplying by 2.
Next, with the help of the relation (37), we can derive an expression for g as

(iGy M1 — iZ4a0z) On gaa = i0%, (57)
and

Qua O (11Gy ' — 02 %0s) = 03, (58)
in the matrix notation in the closed-time-path. Here the Moyal product o, in the reservoir a represents

- 2
Moo N = M(X, p)N(X, p) + % {M,N}, +0 (aa)@) , (59)

with the arbitrary function M(X, p) and N(X, p) and the Poisson bracket in « written as

oM ON oM oN OM ON 0MON oM _ oN
(N = e~ sxiap, B (o) T (5 <%p)-
We derive the solution of the retarded Green function g,, r = i(gLh — g12)
- — o)
Sun Rk P2 - mZ - Z‘tm,loc - me,R ’
where we rewrite the self-energy as Laa(x,y) = —idc(x — ¥)Zyntoc(¥) + Zaanon (X, ¥) and define
ZW"/R = i(zi}c,nonl - Z}ci,nonl)'

Next we derive time evolution equations of the («,«) components. Let us multiply the matrix A
from the right in Equation (17) and take the («, #) components. Then we can write them as

{i (Aa,alm - im) Atxa} (%, y) +va(x)Aca(x,y) = idc(x —y). (62)
We know that the 1st term in the above equation is written by gauge-invariant functions given by

Gua(x,y) = exp(ile(x,y)) Dua(x,Yy), (63)
Zu(r,y) = exp(il(x,y)) Zua(x,y), (64)

by multiplying the link variable e/«(*¥) in the same way as in the isolated system [58,65]. Taking into
account Equation (51) and the definition

Qbix,yxw =1 (y; w) + Itx(x/ ]/) + Itx(w/ x)/ (65)
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we can write

V) (x) Aca (2, y) /Cw W)y, (x)iAce (x, w) vk (w )Ag aa(tw0,y)

— /c weilu(x/y)z;a(x)iACC(x’ w)elle () Hle () e (14)

X Ag (10, y )etln @)+l (y.0)

/cw el (2)iGec (x, w)e! e WD)y (1) gug (w, y)e!le W)
/(; ™ iGec (x, w)g (1w, y)vg (x) e @A) =il (@) (1) iy

/c iGee (x, ) Vi (w, x)g (1w, y)eiome, (66)
W

with the definitions (34), (41) and (43). Using the definition
QtXIX (x/ ZU) = GCC (x/ w)va (ZU, x)r (67)

Equation (62) is written after the Fourier transformation with | —y e (x=Y) ag

(iGall - iZMcUZ) on Gua +1Qua0z 04 gan = 0. (68)

Multiplying the matrix A from the left in Equation (17) and taking the (a,«) components,
we arrive at

Gaa Ou (ilG()_l - iUzZaa) + igmx 0y 07 Quu = 107%. (69)

In a similar way to [66], the Oth order solution of the retarded Green function Gy r = i(Gi}a - Gl2)
is derived as

Gmx,R = Qaa,R t San,R Qm,Rgmx,R/ (70)

with Quur = i(QLL — Qi2). It is derived by multiplying Equation (62) by Agqa from the left,
multiplying elx, and taking only the Oth order terms in the difference of (1,1) and (1,2) components
after the Fourier transformation. It is also the solution of the 1st order equation of the retarded Green
function written by

{lG zw( loc — Zm,Rl GM'R}a + {QDUX,R/ gazx,R}“ - 0/ (71)

which is derived by taking the difference of Equations (68) and (69) and taking the difference of (1,1)
and (1,2) components. The spectral function py, = i(G2L — GJ2) is given by taking the imaginary part
in Equation (70) and multiplying by 2.

Next, we comment on the gauge dependence of gu. The relation (37) means that the
gauge-dependent function Ag}m has the same gauge dependence as that on the right-hand side.
The explicit form of A, is given in Equation (7), and the explicit form of self-energy £, in O(e 2)
and O(e*|¢|?) is calculated in the same way as the case in the isolated system [58] or the Appendix A.
We then show that H = ¢l Ag,}m = el (AO,; i i,w) is written in gauge-invariant form as in the
isolated system [65]. But no explicit gauge dependence of A 4, is given, although the explicit gauge
dependence of Acc and Ay, is given in their definition. We then multiply Ag 1a, the inverse function of
Ag’}m, in Equation (37) from left and right and multiply e/, and then take the Fourier transformation
to arrive at

Hog=1, goH=1, (72)
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where g = ¢ile A and we omit the label ax and the label a in the Moyal product. We now perform
Type I gauge transformation for Equation (37) and repeat the same procedures as above. Since H is
gauge invariant, we can write gauge transformed g, as

Hogy=1 gocH=1 (73)
If there is gauge dependence g, = g + €, the above two relations impose
Hoe=0, eoH=0. (74)

We can write the solution of the retarded er in Equation (74) in the Oth and 1st order in the
gradient expansion in the same way as [58,67]

€ER = C,

pz —m? — z'loc,awa - ZR,oax

with ¢ = 0 since the right-hand side in Equation (74) is zero. Since the charged bosons are massive
(no infrared divergence), m # 0, and the spectral width ImZg ,,(X,p) in T» # 0 around p° =
++/p? + m2 + - - - is nonzero (even if much smaller than ?) in the presence of nonzero continuous
particle distributions in (X, p) in general, the solution is eg(X, p) = 0 (no peaks) and e(x,y) = 0.
Hence, even if the gauge dependence in g remains, it is of higher order in the gradient expansion.

Finally, we write the Kadanoff-Baym equations for photons. Starting with Equation (18), we
can derive

c~—1 . . 2 .
(lDo,ccl - IHCCUz) L © Decjj+ 1) Us aflanik0z © Deckj = 0263, (76)
L4

i
Dcc i (ilDa,éC—iUZHCC>kj+i20§raDcclikoazdmkj — indy 77)
o
with iDg L (X, p) = (P* — 26295 (X) c(X)) i and
(iDy "1 — iT1aa0% )ik © duaj = 10265, (78)
dygic © ((1Dg " — i M1an)iy = 0255 (79)

Here, the Moyal product o for photons to the 1st order in the gradient expansion is

i s
MoN = M(X,p)N(X,p) + 5 {M,N} + 0 (axZ) (80)
with
oM ON oM oN
= — . 1
{M,N} ap7 9X, ~ 9X* p, (81)
The («, &) components are

(iD(T,ial - iHmUz)ik © Dy kj + i 4 Decik © Oelua i = 1020, (82)

Dlxuc,ik (e} (ilDOi;IX — iaZHM)kj + ivg,admx,ik(rz e} DCC,kj = io'zéi]', (83)

with iDo_,;,x,ik(X/ p) = (PZ — 2G5 (X) Pa(X)) ik
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4. Kinetic Entropy Current and the H-Theorem

In this section, we derive a kinetic entropy current in QED in open systems by adopting the 1st
order approximation in the gradient expansion as a coarse-graining procedure [67-71], and show the
H-theorem in the Hartree-Fock approximation in the coupling expansion and in the leading-order (LO)
approximation of the tunneling variable and tunneling coupling expansion. In this section, we use
the « = L, R to represent the two reservoirs, the R represents the ‘retarded” and the L represents the
longitudinal of photons.

If we subtract Equation (53) from Equation (48), then we can derive

ab
i {Pz — m* = £ locs Géhc}c = i [(ZCC,nonl -y Umx) 0z o Gcc]
[

ab
(84)

—i |Gec oc 0z (ZCC,nonl -y, Umx)
o

We find that this equation has the same form as [58] with changing X,,n t0 Zcc nont — g Uaa
in deriving the kmetlczentropy current. gBy using the Kadanoff-Baym Ansatz GCC = fcc CC fec, G%lc =
U,m UIMX
BC(1+ fee), 2 = =72vce, T8 = —72(1+vee), Upz = —72 YU and Ugy = =72 (1 4+ Yuen)
with Secp = i(Z2 — Zlczc) and Ugap = i(U2} — U}2), and by neglectmg the 2nd order terms in the
gradient expansion [67-71], we can use

fcc ~ e ~ Yuaa (85)
Then we arrive at
Gl
I _ ~CcCc
aF‘Smatter,C - /p ( CC, noan CC noan ) G?—jlc
21 ~12 12 ~21 Gézc
+) / (Umecc - Uchc) In 51 (86)
o VP CcC
with
anatter c - 2 [ (P” - %aRe(ZCC,l;* sz umx,R)) Pﬂ
, Pu i
1 dReGcc R ZCC‘D - Uatx,ﬂ
il : ’ , 87
+5 EE : olfecl (87)
and
olfl =(1+f)In(1+f) — fInf). (88)
We subtract Equation (69) from Equation (68), to find
i {PZ - m2 - ZDLDL,IOC' GZZ }pc = i [me,nonlo-z O Gtxa]ab —i [Gmx On U'Z):tm,nonl}ab
—i [th‘fz O gtxa]ah +i [gmx O UzQaa]ub . (89)

By using the Kadanoff-Baym Ansatz G2 = ¢ f,,, G2} = £2(1 + f,,), £12 = Z““"'ym, ¥2 =

ZIXKX 0&0( tXﬂ(
e (1 + 'y,m) 12 _ 0 “y0.xa and Q = Q £(1 —|— YQaa) With Zyyp = 1(221 212) and Quap =
(Q 12y, and neglectmg the 2nd order terms in the gradient expansion, we use

leﬂ( ~ Yoawr  Vgua ™ VQ,un- (90)
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We can also use

Ygaw ~ Yaos 91)

by neglecting the 2nd order terms in the gradient expansion in the difference of Equation (57) and
Equation (58) written by

. . b . b
1 {pZ - m2 - ZoaJc,locr gii}a = 1 [Zm,nonlaz On gtm]a —1 [glm On Uzzam,nonl]u (92)

Then, we obtain the following relation in a similar way as [66].

G12
ailsll'lnatter,tx = / Zii non Z}éi noangt}c) In Ggi‘
an
GlZ
AR iﬁgik) In 232, 93)
Gia
with
1 0ReX 1 dReG z
# - 2 p LOReZggR | Pan | 1 OREGyy R Znap
Smatterrx [ <P 2 apy ) i + 2 apﬂ i
1 aReQaa,R San,p aRegowc R lerx 0
*3 ( pu i S o[ fual- (94)

_ M #
We find that for s/, ... = Smatter,C T L Smatter,

I _ ~CC
aHsmat’ter - / 2‘CC rlonl CC noan ) G21
cC
_ Z 221 _yl2 e, Gua
o, non o nonl Mo G21
o
21 ~12 12 ~21 G(1:2C
+ Z/ (uoaxGCC - umeCC) n G21
CcC
21 12 12 21 G12
+ 2/ Qaagtw zxagowc) In Ggi( . (95)
an

We show that the 3rd and 4th term on the right-hand side in the above equation is positive
definite. Using the definitions Uua (¥, w) = Vi(x, w)gaa (X, w) and Quu(x, w) = Gee(x, w)Va(w, x),
we can re-express them after the Fourier transformation as

Ub(X,p) = [ V(XK (X,p =), (96)

BXp) = [ Va(XRGE(X,p+h), ©7)

with X = % and the real function
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Va(X,k) _ / eik-(xfw)vz(x)eilc(x,w)fila(x,w)le(w)
_ eikz* ilc(X+3,X-3)—ilo(X+5,X-%) oz
/z (XJrz)eC T ’ zv“(X 2)
- /efk‘z - <X+ E)‘e—i(ﬁc(X+§)—ﬁa(x+§)+9a(x+g))
z 2
I3 X3) (X 3) o, (x — £ Be(X5) (X 5)san(x-3)
o i _ﬁ — 3ﬂv¢ 3 92
~ ./Zelk'z|v,x|2ez(e(AC ) (A ) ae) +O<8X )
=l 16t (ke (a0 - %) —e (4= %) 2n,)), 8)

where we have used the expansion v, = |v,|e(Pc—Pat0) with ¢ = |@c|ePc and @y = |@y|ePr. Here,

the Ac — aﬁTC and the A, — ’3 £ are invariant under the Type I gauge transformation, and these physical
quantities are introduced in a similar way to [72]. We find that V, (k) is a semi-positive definite in the
1st order in the gradient expansion. Then, we arrive at

G12
+x / (uzck - uct) +z | (Qshi -~ Qitgis) n 28
a YP o
82 (p)GE(p+ k)
Vi ( g p)Gee(p+k) — gu(P)G c(p+k)|In >0, (99)
Z/ () gia e } 82(p)GZ-(p +k)

=1In 1f “Jﬁ‘ — ~ In ggi‘ with Equations (90) and (91) and omitted X in the
Green functions. We find that the tunneling of charged bosons contributes to the entropy production.

In a similar way, we can derive a kinetic entropy current for photons. Let us use the following
relations for Fourier-transformed Green functions and self-energy for photons

Dif (X, p) = (‘51‘]‘ - 1; ]> DY (X, p) + ;2] D" (X, p), (100)
PiPj pipj
I (X, p) = (%‘ — ) I (X, p) + 2 I (X, p), (101)
where iI1 = % Using the Kadanoff-Baym Ansatz DCCT = —ipcerfeet D(2:1C,T = —ipcer(1+
feer), DCCL = —ipccLfecr Decp = —ipcc(1+ fec ), Das r = ~iPus, T faa, T Dag 1 = —iPaa,7(1 +
faa1), D ML = _iPaa,Lftm,Lr and DﬂL = _inza,L(l + fan,L) With pccr = i(D?CéT Dézc T)r
pceL = l(Dclc 1~ D&t 1) Paa, = Z(Dii 7= Daz 1) Paa,r = 1(D3L — D2 1), d,m,p,T = i(d2l p —di2 ),
duapr = i(d2L, —d2 ), Tecyr = (N2, — 2 1), Tecpr = i(T2s, — T2 ), Thapr =
<H§}¢ T Hgax ) Hawpr = z(Hﬁ L H}(i 1), and neglecting the 2nd order in the gradient expansion,
we arrive at
! D&
USphoton = 54— 1)/ (Hcc rDEcr — Hee,rDée T)l T
ccT
D12
CCL
*2 / ¢, DEc,. — ge, Dée L) In 7
cCL

+) (CC — aa)
4

+(tunneling of photons), (102)
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with
| 1 2,2
(tunneling of photons) = 3 Z { / (di}x TDCC T dmx T CC T) In di;ﬁ
« p an, T~ CC,T
le D12
21 12 p2 LTCCL
ax, L~ CC,L
I3 I I i
where Sphoton - Sphoton,C + Zﬂé Spho’ton,uc with

10Re (Tlccr,T — Lo VaadaarT) \ PccT
Sghoton,C = /P [(d B 1) [ (;ﬂ‘ B 2 ap# ] i

1 aReDCC’R,T HCC,p, Za a0 Ay 0T
+5 7 ; olfcer]

_|._

o 10Re (Ilccr — Yo VaaaaRL) | oot
P2 py i

1 aReDCC’R,L IICC,p,L — Y v%,zxdtxa,p,L
+3 5, i olfce,r]

Sghoton,a = /P [(d - 1)

(py . 1aReme,R,T> Pan, T + laReDka,R,T Htxa,p,T

2 pu P2 opy i
(104)
1, dReDccr 1 dzm,p, aRedM RT PCC,T
+20a,a < opu i Py i [ faa,T]
+ (py . EBReme R, L) pmf,L + laReDW’R,L Hﬁll’f,P,L
(105)
1 2 aReDCC,R,L dﬂéﬂ(,p,L aRedW R,L pCC L
+5 0 ( X . 3Py [ fun,Ll |- (106)

We now show that the sum of the 1st term on the right-hand side in Equation (95) and the 1st
and the 2nd term on the right-hand side in Equation (102) is semi-positive definite for O(e?) and
O(e*|p|?) self-energy (the Hartree-Fock approximation). We also show that the sum of the 2nd term
on the right-hand side in Equation (95) and the 3rd term on the right-hand-side in Equation (102) is
semi-positive definite for the O(e?) and O(e*|p|?) self-energy. The proof is the same as that in the
isolated system in [58].

Hence, we find that

dust >0, (107)

— ¥ K
for s¥ = s ter + Sphoton

Hartree-Fock approximation in the 1st order in the gradient expansion. For the equilibrium state,

in the LO of the tunneling variable and coupling expansion in the

we arrive at
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1
fCC,TorL(p) = fmx,TorL(p) = 0
exp (T) -1
fec(p) ! fuu(p) !
cc = ’ =
exp(po}yc -1 o exp(pL”‘”) 1
0 0
no = —e(ar-2EY), o —e(ag- TR,
pe = M (108)

where T is absolute temperature, jic and i, are the chemical potentials for C and « = L, R, respectively.
Chemical potentials are negative signs of gauge invariant parts of scalar potentials. This is derived
in the proof of the H-theorem for the O(¢*|@|?) self-energy in the Appendix A. Due to the tunneling
processes in Equation (99), temperature and the chemical potential in C and @ = L, R are the same
values in the equilibrium state.

5. Time Evolution Equations in Spatially-Homogeneous Systems in Open Systems

In this section we derive the Klein—-Gordon (KG) equations for coherent fields and the
Kadanoff-Baym (KB) equations for quantum fluctuations in the spatially-homogeneous system. In this
section, we use the & = L, R to represent the two reservoirs; the R represents the ‘retarded” and L
represents the ‘longitudinal’ reservoir of photons.

. . . G2 +G12 21 4 12 21,12
We introduce the statistical functions Foe = -5 F, = %, SuaF = W,
21 12 21 12 21 12 21 12 21 12
F — DCC,T+DCC,T F — DCC,L+DCC,L F — Daa,T+Daa,T F — Daa,L+Daa,L d — duwz,T+dzm,T
CC, T = 7 s TCC,L = 7 s Yo, T — 7 s Foaw,L = ] s Uan,F, T = ] ’
A2 a2 o . . . .
dapr = —2%:5"%L in addition to the spectral functions pcc = i(G2L — G&), pax = i(G2L — G12),
— (21 12 — (P21 12 — (P2l 12 — (P21
Suap = 1(8an — San)r PcCT = Z(Dcc,T - Dcc,T)/ pceL = 1<DCC,L - DCC,L>’ Pua,r = 1(Dggr —
Dii/T), Panl = i(Di}‘,L — Diﬁ,L)' danpT = i(dﬁj — dii/T), We also introduce the following
221 +Z]2 22]’ Z],Z HZl +H12
two types of self-energy, Yccr = ““5-C, Y r = W,HCC,P,T = LT Mecrpr =
H21 +H12 HZl +H12 HZl +1—[12
CC,L CC,L — ,T T — L L J— 21 12 J— 21 12
2 er,F,T = 2 = IHIXDL,F,L = 2 — z:CC,p = I(ZCC - ch)r ZM,,D = I(me - sza)f

Hecpr = Z'(Hzclc,T - H%ZZC,T)’ Hecpr = Z‘(H%lc,L - H%ZZC,L)’ Hagpr = i(Hizlx,T - H}ci,r)f and Iygpr =
i(TI12! . —T1!2 ). We then derive the following Kadanoff-Baym equations from Equations (48) and (53):

oan,L aw,L

{Pz —m® = Zccjoc — ReZeer + Y Rellya k) Fcc} + {ReGCC,RrZCC,F -y sza,F}
14 C 14

1
i

C

1
(FecZec,p — pecZecr) — = Y (FecUaap — pecUanF) (109)

4

{ p* —m* — Eccioc — ReZeer + ZReUm,R,PCC} + {ReGCC,RzZCC,p -y umx,p} =0, (110)
« c « c

where Uy, p = % and Uy, = i(UZL — Uya) with Up2°21(X, p) = [ Va(X, k)ga2 " 21(X, p — k)
and V, (X, k) = |v,|?(2mr)d+154+1 (k +e (AC — 6/37C) —e (Aa — af"‘) — 86,X> as given in Equation (98).

We derive the following equations from Equations (57) and (58):

{Pz - 1712 - Zuux,loc - ReZm,Rz gm,P}a + {Regmx,R/ Z‘IXDL,F},X = % (gaa,Fme,p - gﬂca,pzzxa,F) , (111)

{1 = = Zotoc — ReTaq ko Guap |+ {Reua T}y = 0. (112)

We obtain the following equations from Equations (68) and (69):
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{Pz - m2 - me,loc - Rezaa,Rl Fm}a + {ReGaa,Rr Zaa,l—"}a
+ {ReQﬂCIX,R/ gwx,P}a - {Regowc,R/ me,F}a

1
== (thazaa,p - thﬂ(ZD(IX,F) - (gmx,Fme,p — Saa,p wa,P) ’ (113)

~ =

{Pz - m2 - 2‘owc,lcx: - Rezzxa,Rr Pan }oc + {RthJUX,R/ szzx,p }a
+ {Reme,R/ Saa,p }IX - {Regmx,R/ th,p }a =0, (114)

21 | ol12 . .
where Quar = % and roa,p = I(Q%ulx - l}é%() with Qi%c o 21(Xr P) = fk VIX(X/ k) G(l:Zcor 21(Xr p+ k)'
Similarly, we derive the Kadanoff-Baym equations for photons as

{P2 —26*|¢c|* —Tcc oo — Rellccrr + Re Y 07 o dua v, FCC,T}
w

2
+ {ReDCC,R,Tr Heorr — Y, Vs wlan }
14

1 1
= = (Fecrlecpr —pecrllecrr) — - Y 03 o (Fec,mdanpT — Pcc,1daaE 1), (115)
[

{PZ —26*|¢c|* —Tcc oo — Rellccrr + Re Y 02y dua ks PCC,T}
14

+ {ReDCC,R,TrHCC,p,T - ng,admx,p} =0, (116)
14

{p2 - 262|¢IX |2 - Hzm,loc,T - ReHzm,R,Tr dtm,P,T} + {Redtm,R,T/ Hzxrx,P,T}
1
= ? (daca,F,THuca,p,T - dmx,p,Tme,F,T)r (117)

{p2 B 262 | Pu |2 - eroc,loc,T - ReH:m,R,Tr duux,p,T} + {Redmx,R,Tr me,p,T} =0, (118)

{Pz - 262 | (ptx |2 - Hoax,loc,T - ReHaa,R,T/ Faa,T} + {ReDMX,R,T/ Haa,F,T}

2 2
+ {va,aREDCC,R,T/ dmx,F,T} - {Redmx,R,Tr va,aFCC,T}

| —

1
= - (Fazx,THm,p,T - Ptxa,THzxa,F,T) - ?Ug,a (daa,F,TPCC,T - dowc,p,TFCC,T)/ (119)

{

N o~

- 262 | Pun |2 - me,loc,T - Reme,R,T/ me,T} + {ReDm,R,Tr antx,p,T}

+ {Ug,,xReDcc,R,T, dﬂm,p,T} - {Redtm,R,T/ U%,aPCC,T} =0. (120)

The Kadanoff-Baym equations for longitudinal modes are given by changing the label T to L in
the above equations.

Next, we write the Klein-Gordon equations for coherent fields. We use ¢c = |gcle’Pc, ¢, =
| @u|ePr with @ = L, R, and v, = |v,|e!(Pc—Pat8) Multiplying e~c(X) in Equation (25) and taking the
real part, we arrive at
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_ P ; o

Blocl = (- ﬁc) 7el & (At - ﬁc) ocl

- [mz +(d— 1)62/ Feer (X, p) + 62/ Fee (X, p) — (counter terms) | |@c|
r p

+2¢*|pc | /p {Rchc,R (X,p—e(Ac —9Bc/e)) Pecr(X, p)

+Fcc(X,p —e(Ac —9Bc/e))RePecr(X, P)}

+Zlva|\¢a\cos9a( ), (121)
(counter terms) = de? / 2 2 *2 e (122)
where Pcc (X, p) and Pec r(X, p) are the Fourier transformations of Pec p(x,y) = w

and Pccr(x,y) = i(PLL(x,y) — P& (x,y)) with PL(x,y) = D% l]( y)D”CbCl (x,y). Here, we have
left the Oth order terms in the gradient expansion on the right-hand side. We then write the following
equations by using Equation (27):

a(] 2 ~ X ai 2 -
@ (4= P gl - (4= T8 ) g

- [mz +(d —1)é? / Fuu (X, p) + € / Fuo 1. (X, p) — (counter terms) | | @4 |

353 ¢al

#261u] | [ReGuu (X,p = e(As =30 /) Pua (X,p)

+Gaa p (X, p — e(Au — 0a/€))RePar (X, 1)
Hva\lqbc\cosf’( ) (123)

(124)

(counter terms)

@ [
@) z\/72+2e2m|2

where Pf(X, p) is the Fourier transformation of P& (x,y) = D% 11( x,y)D® 1]( X, Y).

Let us multiply i¢- in Equation (25) and i¢¢ in Equation (26), and take the difference, then we
arrive at

3% [— @& (99 —ieAcp) §c + (0 + ieAcy) §E) Pcl
i ¥ _ o6 ]

— =0. 125
5% ﬁf’c(sqﬁc (125)

i) (0aPEPa — VaPCPr) + [qoc

For the O(e?) and O(e*|p|?) diagrams (the Hartree-Fock approximation), we can use

et - e

aReGCC R:|
Yooz~ " ogc

= —80/ [RQZCC,R J’_ZCC, _
b op° Ty
1
+- / (FecZecp — pecZecF)
80/2;? PCC - 802/ {Reu,mR

+? /rl (FCCUML,,D - PCCuoux,F) ’ (126)

aFCC aReGCC,R
umx,F T
p

where we have used the relation in the Appendix A and the integration (| p) of the KB equation (109).
Then we can write Equation (125) as
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aO
—d [2|<pc|ze <Ag — fc)] +80/;72p0FCC

_ _ . dReG
= 2 [oullpc]|galsinO +00 Lo f, [ReUunr 555 + Unap " 55X |
4
-1y, f,, (FecUaa,p — pccUnaF) - (127)

The left-hand side represents the time derivative of the charge in the C. This is equivalent to
the tunneling of charged bosons between the C and the & = L, R reservoirs on the right-hand side.
The first term on the right-hand side represents the Josephson current. We interpret the above equation

0
as representing the time evolution equation for A2 — %. Similarly, we derive

—9 5 |2 AO_BO:B‘X d OF
0 |2Pal%e [ Ay . +9do | 2p Fua
p

— — . 9 OCDL oR aw,
= —2|a|[Pc||Pa sin On +aofp [RewaR 28 4 Quar Zio ’R}

_% fp (goax,F Qua,p — Sanyp tha,F) , (128)

where we have used the integration of Equation (113). We now show the total charge conservation as

Y
—dy |:2§l_)c|2€ <A% — 'BC>:| +80/2p0FCC

~3 Y. {2|(pa|2 ( )} +280/2p Fue = O, (129)
o

by using the definitions Uz (X, p) = [ Va(X,k)gua(X, p —k) and Qua (X, p) = [, Va(X, k)Gee (X, p +

k). We set the total charge to be zero in the spatially-homogeneous system. Using Equations (21) and

(22), the Klein-Gordon equations for Aé: and Al are written as

e _ . 9'Bc 1 0T,

2 i — _n,2 2 i _

3 (AC : ) 2% gc| (AC 42 / PFec— 53 A (130)
- . .o , 1 6T,

3% (A;— f ) = —28|@a|? <A; L ) +2e / PFa =557 (131)

When Fcc and Fy, is symmetric under p' — —p' at the initial time, we find the solutions
A’é — al# = Al — a’% = 0 at any point in time, which are derived in the same way as the isolated
system [58].

We find that Equation (99) represents the entropy production in tunneling processes between C
and « reservoirs. Here, we discuss only the tunneling phenomena which never change the frequency.
Then, we just impose the following constraint on parameters 6,:

Po=e (a2 TEe) o (ap-Thr). 132)

Finally, we write the total conserved energy. Using the KB equations and the KG equations and
assuming the |v,|’s are constants, we derive the total energy as

Eot = Ecoh + qu + Epot,loc + Epot,nonlf (133)
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: 2
1 Y
Ecoh = (30|<Pc)2+2(30<14c— §C>>
2

aO 2 . ai
R e W e e
—I—Z(C—Hx)
o

— Y 2[va]|pcl|Pal cos ba, (134)
[

/ 0 FCC(X p)+ ! /pz (PO)Z((d_1)FCC,T(XfP)+FCC,L(XIP))
Z (CC — an) (135)

o
Epooc = =€ [ [(d= DEFcer(X,0) + Fecr (X, 0] [Fec(X,1)

H(d=V)omE g+ om?) [Fec(X,1)

1
+§5mgb /k [(d —1)Fcc,r(X, k) + Fee, (X, k)]

+) (CC — aa), (136)

o

1
Epotnonl = *g/p(RGZCC,R(X,P)FCC(X,P)+ZCC,P(XrP)REGCC,R(XIP))
d—1
—T/p(ReHcc,R,T(X,P)FCC,T(X,P) +Tcc,r,r (X, p)ReDec g (X, p))

1
~g /p (ReIlcer, (X, p)Fee,L (X, p) +ec,r,r (X, p)ReDecr (X, p))

+) (CC — aa), (137)

1 Sm2 — 2 1 1
P 2y/p2im2’ "G Torl P 2,/p2+2e2[¢c[2” P 2/p2+2¢2| 0|2

The notations (C — «) and (CC — aa) represent the terms changing the labeling C to a for coherent
fields and the labeling CC to aa in the Green functions and the self-energy in the previous
terms, respectively.

2 _ 52 2 _ 2
where Jmcb = 2¢ and §ma,T0rL = e

6. Discussion

In this paper, we have derived the Klein-Gordon (KG) equations and the Kadanoff-Baym (KB)
equations to describe non-equilibrium phenomena in quantum electrodynamics (QED) with charged
bosons in open systems. We have found that time evolution equations of diagonal elements in
KB equations are written by gauge-invariant Green functions and self-energy for the Type I gauge
transformation to the 1st order in the gradient expansion. We have introduced a kinetic entropy
current in QED for open systems to the 1st order approximation in the gradient expansion, and shown
the H-theorem in the Hartree—Fock approximation and in LO of the tunneling variable expansion.
We have shown that the tunneling processes also contribute to entropy production. We have
written the KG equations and the KB equations only with real and pure imaginary functions in
the spatially-homogeneous system, namely real statistical functions, pure imaginary spectral functions,
and absolute values of coherent fields of charged bosons. It is possible to show the charge-energy
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conservation in the total system, and no memory integral terms appear in the conserved energy in the
Hartree—Fock approximation, in 1st order approximation in the gradient expansion.

It is important to discuss equilibrium states. In an equilibrium state, the central region C and the
« = L, R reservoirs have the same temperature and chemical potentials due to the tunneling processes
as shown in the proof of the H-theorem. The chemical potentials are negative signs of gauge-invariant
parts of scalar potentials as shown in the Appendix A. When scalar potentials have the same constant
values, the 3°6, in the time derivative of phase factors in the tunneling variables in Equation (132) is
zero, namely 0, = constant. Since the tunneling processes are balanced in the central region C and the
« = L, R reservoirs and charge flow between systems stops, we find 8, = 0 or 7t due to Equations (127)
and (128). The ratios of the coherent fields of charged bosons |§¢| and |, | are determined by setting
the left-hand side in Equations (121) and (123) to zero with the same scalar potentials. Since the proof
of the H-theorem restricts the distribution functions but does not restrict the dispersion relations for
equilibrium states, the |p¢| and the || (the mass of evanescent photons) might have different values.
When the 2nd derivatives on the left-hand side in Equations (121) and (123) remains, the coherent fields
of charged bosons |@c| and |¢,| might oscillate around the minimum value of the potential energy

2
®(|p|) = m?| @) + é? (AO - 807/3) |p|? = m?|@)> + I;ﬁ in the 3rd and the 4th terms in Equation (134)

in ( A0 — a()7ﬁ) = e|Cq_)1|2 with ¢ proportional to the total charge of incoherent particles in the system as
in the case of the isolated system [58]. Since the mass of evanescent photons oscillates due to the 2nd
order contributions in the gradient expansion, Green functions still oscillate at later times near the
equilibrium state.

We have considered three regions as a practical example of an open system. They are rewritten
by energy supply (L), water battery (C), and microtubule (R) shown in Figure 3. The energy
supply provides incoherent photons to achieve coherent output of water dipoles and photons inside
microtubules. The source of photons, which might be mitochondria or reactive-oxygen species (ROS)
in living cells [73], is still largely unknown. The water battery plays the role of maintaining coherent
states inside microtubules. It will be interesting to investigate the relevant time scales required to
maintain coherent states only by the use of the water battery in case no external energy being supplied.
We might be able to describe the formation of coherent states in these systems.

Energy Supply (L)

Battery (C)

Microtubule (R)

Figure 3. Open systems rewritten by energy supply (L), battery (C), and microtubule laser (R).

We also discuss the equilibration processes in the central region and multiple reservoirs a =
1,2,..., Nres, that is, the network. In QBD, there are at least two types of quantum mechanisms for
information transfer between systems. The first one is to use self-induced transparency in microtubules
which connect two coherent regions [30]. Pulse propagation appears from one side of a microtubule
to the opposite end, then the information transfer between coherent regions takes place. The second
one is to use quantum tunneling phenomena [31]. In case several coherent regions are surrounded by
non-coherent regions and the distances between two coherent regions are smaller than the inverse of
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mass of evanescent photons, the coherent field transfer and the incoherent particle transfer between
systems can occur. We now describe the information transfer with quantum tunneling phenomena in
this case. The second one is the same as the Josephson effect, which suggests the tunneling current
between two superconducting regions separated by the normal metal regions. We have also shown
that the Josephson current appears in Equations (127) and (128) in QED with charged bosons. It is
possible to extend our theory to the case of the network by changing },_; r to Zi\[:i in all the time
evolution equations. If we trace time evolution in the network, we might be able to describe not only
the equilibration but also the information transfer among regions in the brain.

In this paper, although we have discussed time evolution equations with relativistic charged

bosons, our analysis is applied to a non-relativistic case. In the non-relativistic case, we need to change
2
from iGy ' (p) = p?> — m? to iG, ' (p) = p° — £ in the KB equations for charged bosons, and multiply

by the factor ﬁ in all of the nonlocal self—erfg*gy in the relativistic case in this paper.

We also need to extend our theory (QED with charged boson fields) to electric dipole fields in order
to describe water electric dipoles in open systems. Since we have derived time evolution equations for
charged boson fields with the gauge invariant functions in open systems, we only need the theory for
dipole fields to perform multi-energy-mode analysis with the KG and the KB equations. Although we
can check whether coherent states in QED with charged bosons are robust or not qualitatively, we need
to describe time evolution for dipole fields in 3 + 1 dimensions to estimate quantitative behaviors of

water electric dipole fields and photon fields in the memory formation in the brain.

7. Conclusions

In this paper we have derived the Klein-Gordon equations and the Kadanoff-Baym equations
in QED with charged singlet bosons in open systems. These equations are expressed only by gauge
invariant quantities in the 1st order in the gradient expansion. They describe non-equilibrium,
charge-energy conserving, and entropy-producing dynamics in the Hartree-Fock approximation with
the LO approximation of tunneling variable and coupling expansion in the 1st order in the gradient
expansion. This work paves the way for a concrete implementation of this approach to the modeling
of quantum brain dynamics, which until now has not incorporated open system characteristics of the
brain. Both metabolic energy supply and thermal dissipation need to be accounted for in addition
to the nonlinear interactions between the quantum fields (Figure 3). The remaining challenge is
to represent realistic dynamical degrees of freedom that correspond to information storage and
information processing capabilities in neurons and neuronal assemblies. This will not only require a
sufficiently long decoherence time for these quantum fields (on the order of 1 ms or more) but also
the formulation of testable predictions for such a model. While we are not yet prepared to propose
a specific implementation of such a representation, the current model is sufficiently generalised that
it covers the essential features expected of a properly formulated quantum brain dynamics theory.
At present, the most likely candidate structures for a biophysical representation of the presented model
appear to be neuronal microtubules, especially in dendrites. However, we still need to identify specific
microscopic degrees of freedom which can be involved in quantum coherence through nonlinear
interactions similar to those taking place in laser action. This also requires inclusion of incoherent
energy pumping. As is the case with lasers, due to these nonlinear interactions between dynamic
degrees of freedom, the pumped energy is transformed into quantum condensed modes, which can
overcome the decoherence effects of thermal motion at physiological temperature. This biophysical
model development can, for example, involve the interactions between tryptophan residues in tubulin
dimers as recently argued by Craddock et al. [74]. While quantum coherence simulated in this work
only survives about 1 ps in a single dimer, this can be extended to much longer decoherence times
using the nonequilibrium quantum field theory formalism for an entire microtubule including energy
pumping which the Craddock et al., paper did not consider.
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Appendix A. The O(e*|¢|?) Diagram

In this section, we shall derive several relations with respect to the O(e*|¢|?) diagram in the
isolated system. We omit the subscript CC or ax with w = L, R.
The lFTZ in Figure Al is
T
172 = —264/Cdd+1udd+1w [¢* (1) @(w) D" (1, w) Dy (w, u) Aw, u)] . (A1)

Figure A1. The O(e*|@|?) diagram in %

The functional derivative by ¢*(x) is written as

RS —2¢*
0p*(x) 2 i
—D}jz(x, w)D]Zi1 (w, x) A% (w, x)]

/dd+1w<p(w) [Dl-ljl (x,w)D]lil (w, x)AM (w, x)

— 2t / A% [P (x, w) Ar (w, x) + Pr(x, w)A 4 (w, x)] §(w), (A2)

2
with P (x,w) = D (x,w)Di(w,x) = (D@ (x,w))" (a,b = 1,2), Pp = i (P = P2), Pp = P25,
Ag =i (AN —A12), Ap = M, and Ay =i (A" — A?!). By multiplying e~*f(*) and taking the real

part in Oth order in the gradient expansion, we can derive:

Re ¢~ iF(x) (5435(36)1} = Re2¢? / e—iﬁ(")+iﬁ(w)|¢(w)‘

% [Pr(x, w)Ap(w, x) + Pr(x, w) A a (w, x)] e Jx Aldzutie [ Aldz,
~ 26p(x)| [ [RePr(X, p)F(X,p—e(A —0B/e))
P
+P (X, p)ReGr (X, p — e(A—dp/e)) |, (A3)
with G(w, x) = ¢ K A'dzuA(w, x) and F = % This term appears in KG Equations (121) and (123)

for | ¢|.
We can also derive the following relations:
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Re (100055552 ) = 3o [, (Rexhlp o+ xp(a ) RERELL)
¥ (x, . )
%/ (MF(XIP)—Z%(x,p)p(lp)> +O<aaX2>’ (A4)

with the O(e*||?) self-energy X% (X, p —e(A —9B/e)) = —2¢*|@(X)|?P®(X, p) in 1st order in the
gradient expansion. As a result, we can derive:

I . _ s I
(Z(P (%) <P§(X)72_Z‘P(X)5(pfx)72)
-% (ReZ’ p) PEEKR) |y (x, p) BeCulX)
(X,p
+f< FUF(X,p) — Zp(X,p) 2 ))+O(£Z). (AS)

In the Hartree-Fock approximation with O(e?) and O(e*|p|?) diagrams, since the O(e?)
interactions never change total charge density in a spatially homogeneous system, the self-energy ¥’
can be replaced by ¥ which is written by the sum of O(e?) and O(e*|¢|?) self-energy. We have used
the above relation in Equation (126).

Next we shall write the O(e*|¢|?) self-energy (X’ and IT') in the Kadanoff-Baym equations. We can
write the self-energy as

(X, k—e(A—aB/e))

4| - 2 b b
—2¢ (X)) /Zij (X, k— 1D (X, 1)
= —2¢4(X) PP (X, k), (A6)
XK = —4ep(X) |2/D“b (X,k—1)

x (G”b(X,Z —e(A—23B/e)) +GM(X, —1 —e(A — aﬁ/e))) . (A7)

It is possible to prove the H-theorem for the above self-energy in the same way as [58]. Then we
find the following term as

POOP [ 1y [PPODP (p)G? (k ~ e(4 — 9p/e)) — D ()DF (p)G2(0 — e(A — /)

DY (1)DF (p)G*' (k — e(A —ap/e))

DR () C oA —apre)) ~ AP
At the equilibrium state, we find
_ __ N
fT(P) fL(p) exp (?LO) _1r f(P) exp<po%y>—1’
n= (A° i ) (49)

where T is the temperature, y is the chemical potential, f is the distribution function of charged bosons
in the Kadanoff-Baym Ansatz, and fr 1, is the distribution function of photons in the transverse and
longitudinal parts.

Finally let us derive the potential energy Epotnon for O(e|¢[?) self-energy. We can write the
Kadanoff-Baym equations with only O(e*|®|?) self-energy in the spatially homogeneous isolated
system in Al — ailB/e =0as
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[V —m® —Rexp F} + {ReGr 5} — ¢ (F5)—p%f) = 0
1
{P? =292 — Rellp 1, Fr} + {ReDr, Ty r} — = (FrlTr — prllip) = 0,
{pz — 262|¢|2 ReHR L PL} + {ReDR L, HFL} (PLH PLH/F,L) — (A10)

As in [75,76], after multiplying p° in this relation and taking the sum, we need to calculate the
following integration by | P’

0 0 0OReX
ReXiF + ReGREf) — o / R
aXO/ (ReZpF +ReGr¥r) — 553 |, (’7 a0 P
+ / (ReZ%:}l;) + L;?O;R 2;) - a%% (RerTy D + ReDJIT ”)
/l

19 OReITy i 1] 1y ;D] aReD i
_2ax0/p<p Top0 DF TP ReDR 2/ Relly 350 +
1 0 / / 1 ! /
_?/pp (Fz‘p_pZF> _Z/p (F le] pi]'HFZ])
J 0 2 il
+8X0[2/p<p)1:+/p(p DF}

The sum of the 1st and the 4th term on the left-hand side in Equation (A11) is

=0. (Al1)

_ _i N1 ~11 /22 ~22 _i M11y11 _ y7/22H22
(1st+4th) = zao/(z Gl - x2G2) 480/;7(11-]- D}l — 12D

= —ao

3¢4| 92 / 8pk1 (DI (p) DY (k)
x (G“(l —e(A—0B/e)) + G (=1 —e(A— a,rs/e))) — (11— 22))], (A12)

where we have used ReGg = § (G — G?), ReDg;; = % (D11 Gizjz), Refy = 4 (21 -x722),
and RelTy ;= 4 (T} — TI2) with T/ (k — e(A — 3p/e)) = ~2¢4|gf? [, Dif(k — q)D%¥(g) and

H;}Z“(k) 464\g0|2le”“ —1)(G*(l —e(A—9B/e)) +G"(—1 —e(A—09B/e))). The sum of the
2nd and the 5th term on the left-hand side in Equation (A11) is

(nd+5th) = 13| el / 8yk1 (DE (p)DY (k)

2B i (p)
4| 512 11
—e'|g| /k/l/p Optk+l € (A - T) ( 30 D;; (k)

x (cll(—z —e(A—3p/e)) — Gl (I —e(A - Bﬁ/e))) — (11— 22))], (A13)

i
+an

where we have used D (p) = Dff (—p) with a = 1,2. We can write the sum of the 3rd and the 6th
term on the left-hand side in Equation (A11) as
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. 2
_ 1 m G 5 dG*2 / /11 _ /228D1
(3rd +6th) = Z/k (Z X0 T x0T i ax0 ~ i 5x0
oG (k)
= (=20 / = B
2( ¢*|9l?) e
oD (k)

X0
+D} (k=1 (G(1 = e(A—3p/e) + G (~I —e(A—p/e))) —s

Di! (k—1+e(A—3p/e))Di (1)

—(11 — 22)]

oG (k
Sk—1—p+e(A—apse)Dij (P)D3 (1) axé)

= 2Py [
oD (k)

+0x 1D} (p) (G (1 — e(A—3B/e)) + G (~1 - e(A—3p/e))) =0

—(11 > 22)]

1 oG (k
= 5( 26| )/ [25k I—pre(a—ap/e) Di (P)DE (1) an)

1 11 11,y 9GM (k)
+50%k-1-p-e(a-ap/e)Pij (P)Dij (D55
oD (1)
11/, 11 if
o1kt p—e(a-ap/e)Dij (P)G (k) —5
D (1)
01k pre(a—ap/e) i (P)GM (k) a;]{() -(11 - 22)] , (A14)

and
i _
(3rd +6th) = 5% {(Eﬂq’z)/}d’p {Jk I-pte(A— a/i/e)D (p)D“(l)G“(k)

+0k-1-p-e(a-2p/0) Djj (P)D“(l)G“(—k)—(11%22)]}

i 4a|4"2 11 11
3 5%0 oy, [Brettamapro DY (P)DI (G ()

+0k—1-p—e(a-ap/e) Dij (P)DIF (DG (—k) — (11 — 22)]}

43 (2etoR)e (a (- %)) 3 /k,p(skfzfp[aDj;ép) DI (G (& e(A — 9/0))

D (p)
apY

DI(1)G™ (—k —e(A —0p/e)) — (11 — zz)u, (A15)
where we have used ij“(p) = D;‘].“(—p) witha = 1,2 and

90
9 a(a0-%F) ,
ﬁék—l—p+e(A—aﬁ/e) I < Twék—l—p+e(A—aﬁ/e)/ (Al6)

aO
a a (AO — ?‘B) a
ﬁ‘sk—l—p—e(A—a,s/e) = T ax0 @Jk—z—p—em—aﬁ/e)' (A17)

We find that the 1st term in Equation (A13) and the 1st term in Equation (A15) has the same form
as Equation (A12) except constant factors. As a result, Equation (A11) is rewritten as
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e 2 0 6
}

—%ao / [ReXiF + ReGrzf] — 6ao / [Rel 1}/ D] + ReDJIT
p
Ly 0(F2/,2/>,l (FH T,
; pp o — P=F 2 pp il o,ij = PijLLF ij

o 8\ (2Di (p)
e4|¢|ZAlp5p+k+ze(A°ﬁ)< S

i
3% e ap

2

x (G“(—l —e(A—3B/e)) — G (I —e(A— 85/6))) —(11— 22))}

i 43\(P|2 11 1
T3¢ 9x0 /,l,p [5k 1= pte(a-ap/e)Dij (P)Di (DG (k)

+0t—1—p—e(a-ap/e) D (P)DIH (G (=k) — (11 — 22)”

4 () (3 (0= 2E)) 3 [, e [ o0 =t ~apr0)
oD} (p)
apY

DY ()G (~k —e(A —0p/e)) — (11 — 22)” =0. (A18)

We find that 4th, 5th, ..., 8th terms cancel with energy terms from Klein-Gordon equations.
By multiplying the Klein—-Gordon equations in Equation (121) by 2dy|¢|, we find that the following
terms appear in both the isolated system and the open systems:

iy . o
2¢° 50 /k[RePR(k)F(k e(A—aB/e)) + Pr(k)ReGr(k —e(A — dB/e))]

02 o 5 e 22) o).

where we have used the relations (127) and (128) with the integration of the KB equations of charged
bosons in Equations (109) and (113). The 1st term in Equation (A19) cancels with the 7th term in
Equation (A18). The 2nd term in Equation (A19) cancels with the 6th and the 8th term in Equation (A18).
For the 3rd term in Equation (A19), 4th and 5th terms in Equation (A18), we can also show that

0L o)

= (AO il > /p (FEp—pxt) = 0, (A20)

e

for O(e*|@|?) self-energy. Therefore we arrive at Equation (137). There is no memory integral term in the
total energy in QED in open systems in the Hartree-Fock approximation with the LO approximation in
the tunneling variable and coupling expansion in the 1st order in the gradient expansion. (The memory

integral term in the energy in [58] appears in neglecting NLO O(e*) contributions in %.)
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