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Abstract  

Effects of the presence of solid particles on the terminal velocities, VB, of single bubbles 

in a narrow channel were investigated. The gap thickness of the narrow channel was 3 

mm. The bubble diameter, dB, was varied from 7 to 20 mm. Air, purified water and fine 

silica particles of 4.1 µm diameter were used for the gas, liquid and solid phases, 

respectively. The volume concentration of the particles, CS, was from 0.20 to 0.40. The 

apparent slurry viscosity, µSL, ranged from 1.7 to 3.1 mPa·s. The applicability of a velocity 

correlation proposed for bubbles in gas-liquid systems to bubbles in slurry was examined. 

The following conclusions were obtained under the present experimental conditions: (1) 

the dependence of VB on dB in slurry is similar to that in glycerol-water solutions, and the 

bubble Reynolds number in slurry and a glycerol-water solution of the same Morton 
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number are almost the same for CS < 0.35, and (2) the velocity correlation for gas-liquid 

systems is applicable to slurry with fine particles for CS < 0.35 by using µSL instead of the 

liquid viscosity in the correlation.  
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1. Introduction  

Bubbles in confined channel geometries are utilized in various practical systems (Akita 

and Yoshida, 1973; Bessler and Littman, 1987; Bush and Eames, 1998; Krishna et al., 

2000; Yamanoi and Kageyama, 2010; Piedra et al., 2015; Wang et al., 2016). The shape 

and the motion of a bubble in a confined channel are affected by channel walls. Bubbles 

in a narrow channel between parallel flat plates, for instance, become planar and can only 

move along the channel walls. It is important to understand the bubble dynamics in such 

cases in designing and operating some practical systems.  

Roig et al. (2012) measured the velocities, VB, of air bubbles in stagnant water filled in 

a narrow channel of the gap thickness d = 1 mm for a wide range of the Archimedes 

number, Ar, to investigate the bubble dynamics in detail. They observed that a bubble of 
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small Ar rose in a zigzagging path with periodic vortex shedding, whereas a large Ar 

bubble took a rectilinear path with unsteady vortices attaching to the bubble. They also 

found that the bubble Reynolds number, Re, was proportional to Ar. Filella et al. (2015) 

carried out experiments on bubbles in a narrow channel of d = 3.1 mm and proposed an 

empirical correlation of Re in terms of Ar and d/dB to account for the effects of d on VB. 

Wang et al. (2016) pointed out that the gap thickness plays an important role in the bubble 

dynamics in a narrow channel, and they investigated the effects of d and the bubble 

diameter, dB, on VB and reported that the ratio, d/dB, is required to correlate VB for various 

d. These correlations do not account for the viscous effect though the effects of the liquid 

viscosity on VB would often be non-negligible in practical systems. In our previous study 

(Hashida et al., 2019), we measured VB in a narrow channel filled with glycerol-water 

solutions to investigate the effects of the liquid viscosity on VB and found that a change 

in the bubble path from zigzagging to rectilinear causes an abrupt change in VB and 

proposed a VB correlation by taking into account the viscous effect.   

Tomiyama et al. (1996) measured terminal velocities of single air bubbles in stagnant 

water in narrow channels to evaluate air tightness criterion of unlined caverns for liquid 

petroleum gas (LPG) storage. They developed a velocity model for bubbles in liquids, 

which accounts for the effects of dB and d on VB. Although an actual channel, i.e. cracks 
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of a rock around a LPG tank, may include particulate matter like sands (Miyanaga et al., 

1994), their model does not account for the presence of particles. In waste water treatment 

processes, flat sheet membranes have often been used (Zhang et al., 2009; Drews et al., 

2010; Böhm et al., 2014). In this case, suspended solids (SS) in sludge affect the motion 

of bubbles rising through narrow channels between membranes. Therefore understanding 

the effects of the presence of fine solid particles on the motion and VB of bubbles in a 

narrow channel is important. Our knowledge on the particle effects on the bubble 

dynamics in a narrow channel is however still insufficient.  

The terminal velocities of single bubbles in a narrow channel were measured in this 

study to investigate the effects of fine solid particles on the terminal velocity for a wide 

range of dB (7 < dB < 20 mm) and particle volumetric concentration, CS (0.20 < CS < 0.40).  

  

2. Experimental 

2.1 Experimental setup 

Fig. 1 shows the experimental setup made of the two flat plates of transparent acrylic 

resin and the gas injection nozzle. The height, width and thickness between the plates 

were 620, 200 and 3.0 mm, respectively. The stainless nozzle for injecting single bubbles 

was located at the bottom of the narrow channel. The inner diameter of the nozzle was 
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2.0 mm. The x and z are the horizontal and vertical coordinates, and their origin is set at 

the nozzle tip.  

 

 

Fig. 1 Experimental setup 

 

The channel was filled with slurry consisting of clean water and fine silica particles. 

Water purified by using a Millipore system (Elix 3) at room temperature (298±0.5 K) and 

atmospheric pressure was used for the liquid phase. Spherical hydrophilic porous silica 

particles (Fuji Silysia Chemical Ltd., SYLOSPHERE C-1504) and air were used for the 

solid and gas phases, respectively. The mean particle diameter, dP, was 4.1 µm. The pore 

volume of the particles was 1.53×10-4 m3/kg. The true density, rT, and the apparent 

density, rP, of the particles were 2250 kg/m3 and 1270 kg/m3, respectively. The rP was 
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evaluated by taking the volume-weighted average of rT and the density, rL, of clean water 

filling the pores. The CS tested were 0.20, 0.30, 0.35 and 0.40. The apparent densities, rSL, 

and the apparent viscosities, µSL, of slurry at each CS are summarized in Table 1, in which 

M is the Morton number defined by  

 

 (1) 

 

where s is the surface tension (0.072 N/m), and g the magnitude of the acceleration of 

gravity. The gas density, rG, and the gas viscosity were 1.2 kg/m3 and 1.8 mPa·s, 

respectively. The rL and the liquid viscosity, µL, were 997 kg/m3 and 0.89 mPa·s, 

respectively. The densities, the viscosities and s were measured by using a densimeter 

(Ando Keiki Co., Ltd., JIS B7525), a viscometer (A&D Co., Ltd., SV-10) and a pendant 

bubble method (Lin et al., 1990; Pan et al., 1998), respectively. Uncertainties in rSL, µSL 

and s estimated at 95% confidence were 0.02%, 4.2% and 3.3%, respectively. Orvalho et 

al. (2018) measured s of slurry consisting of water and silica particles (dP = 100 µm) and 

confirmed that s is the same as that of clean water, implying that the particles do not bring 

any surfactants into water. Hence the systems used in the present experiments were clean. 

 

32

4 )(
sr

r-rµ
=

SL

GSLSL g
M



7 

Table 1 Physical properties of slurry (298±0.5 K) 

CS µSL [mPa·s] rSL [kg/m3] logM 

0.20 1.7 1051 -9.7 

0.30 2.3 1077 -9.2 

0.35 2.7 1092 -8.9 

0.40 3.1 1105 -8.7 

 

The rSL was also measured using the densimeter and was compared with the following 

equation as shown in Fig. 2: 

 

 (2) 

 

Good agreement between the data and Eq. (2) confirms the validity of rP.  

Fig. 3 shows measured µSL. The increase in CS increases µSL and µSL at CS = 0.40 is 

about three times larger than µL. The following correlation proposed by Toda and Furuse 

(2006) gives good evaluations for the present data: 
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Fig. 2 Comparison between Eq. (2) and measured rSL 

 

 
Fig. 3 Comparison between Eq. (3) and measured µSL 

 

Sedimentation velocities of silica particles, VS, were estimated based on the Stokes law. 

The VS was negligibly small compared with bubble velocities, i.e. VS ~ 1.0×10-5 m/s. 
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Experiments on bubbles in glycerol-water solutions were also carried out for 

comparison with the data of slurry. The glycerol concentration, CGL, of the glycerol-water 

solutions were 0.28 and 0.33. The data for CGL = 0.21 and 0.38 obtained in Hashida et al. 

(2019) will also be used in the following sections. The fluid properties of the glycerol- 

water solutions are shown in Table 2, in which M were calculated using µL and rL instead 

of µSL and rSL. The fluid properties of the glycerol-water solutions are almost the same as 

the apparent fluid properties of the slurry given in Table 1.  

 

Table 2 Physical properties of glycerol-water solutions (298±0.5 K) 

CGL µL [mPa·s] rL [kg/m3] s [N/m] logM 

0.21 1.7 1047 0.071 -9.6 

0.28 2.3 1063 0.071 -9.2 

0.33 2.7 1077 0.071 -8.8 

0.38 3.1 1087 0.069 -8.6 

 

2.2 Measurement method 

The terminal velocity and the diameter of a single bubble were measured by processing 

bubble images. Successive images were taken by using a high-speed video camera 

(Photron Ltd., FASTCAM SA-X2) and a fluorescent light source was used for back 
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illumination. Fig. 4(a) shows an example of bubbles. The spatial and temporal resolutions 

were 0.20 mm/pixel and 1/125 s, respectively. The projected area, A(z), of a bubble and 

the instantaneous rise velocity, V(z), were measured by using an image processing method 

consisting of binarization and edge detection algorithms (Hosokawa and Tomiyama, 

2003) (Fig. 4(b)). The bubble diameter, d(z), was calculated as 

 

 (4) 

 

The dB was evaluated by averaging d(z) for 300 < z < 400 mm. The uncertainty in dB 

estimated at 95% confidence was less than 2%. The experimental range of dB was from 7 

to 20 mm. The geometric center, xg(z), of a bubble was also obtained (Fig. 4(c)). The V(z) 

was calculated from the moving distance in the z direction during the time duration 

between two successive images. Fig. 5 shows V(z) of a small bubble (dB = 7.0 mm) and 

a large bubble (dB = 19.0 mm) at CS = 0.30. Small bubbles periodically fluctuated, and 

therefore, VB were obtained by averaging V(z) for three periods of oscillation. On the other 

hand, V(z) of large bubbles were almost constant. The VB of large bubbles were obtained 

by averaging V(z) for 300 < z < 400 mm. We confirmed that the bubbles reached the 

terminal conditions at z < 300 mm. 

p
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Fig. 4 Image processing for measurements of A and geometric center, xg(z), of bubble at 

dB = 16.2 mm and CS = 0.40 

 

 

Fig. 5 Instantaneous rise velocities and VB at (a) dB = 7.0 and (b) 19.0 mm (CS = 0.30) 
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Fig. 6 shows a bubble with zigzagging motion and the path of the geometric center 

(dotted line). The mean path (solid line), (xc, zc), of the center of a bubble was represented 

as a linear function, 

 

 (5) 

 

by using the least square fit, where a and b are constants. The f(z) in the figure is the 

distance between the mean path and the geometric center calculated by 

 

 (6) 

 

The standard deviation, s, from the mean path was calculated by 

 

 (7) 
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Fig. 6 Bubble path at dB = 9.5 mm and CS = 0.40 (logM = -8.7 and ReSE = 385, where 
ReSE is the bubble Reynolds number defined by Eq. (8)) 

 

3. Results and discussion 

3.1 Bubble shape, path and terminal velocity 

Bubble shapes at each slurry concentration are shown in Fig. 7. The bubble shapes at 

dB = 7.0 mm ((a), (f) and (k)) are distorted ellipsoidal and their paths (dotted line) are 

zigzag. Comparing (a) and (b) shows that the amplitude of the path oscillation increases 

with increasing dB, and the shape deformation also becomes larger. However the 

amplitude of the path oscillation at dB = 11.4 mm ((c)) is much smaller than that of (b) at 

11.1 mm in spite of the small difference in dB. This abrupt change in the bubble motion 

from zigzagging to rectilinear can also be observed at the other CS ((g)-(h) and (l)-(m)). 
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The bubble shapes and paths of larger bubbles are spherical-cap like and almost rectilinear. 

The dB for the transition from zigzagging to rectilinear decreases with increasing CS, in 

other words, with increasing µSL ((c), (h) and (m); dB for the path transition decreases 

from 11.4 to 9.9 mm). Just before the path transition ((b), (g) and (l)), the bubble shapes 

are elongated in the lateral direction and are similar although dB in each case are different 

(dB = 11.1 ~ 9.7 mm from CS = 0.20 to 0.40). After the path transition ((c), (h) and (m)), 

the bubble shapes are similar for CS < 0.30. However, the bubble motion and the shape at 

CS = 0.40 are different from the others. The bubble shape at CS = 0.40 has the left-right 

symmetry and the amplitude of the bubble lateral motion is very small. The larger bubbles 

in the rectilinear path regime at CS = 0.40 ((n) and (o)) are also more stable and symmetric 

than those at lower CS ((d), (e), (i) and (j)). 
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Fig. 7 Bubble shapes and paths (time duration between two consecutive images is 40 ms.)  
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Fig. 8 shows s of bubbles. In all CS conditions, s increases with increasing dB up to a 

certain dB, and then, s abruptly decreases. We reported in our previous study (Hashida et 

al., 2019) that dB for the abrupt decrease in s becomes smaller as µL increases. Therefore 

µSL plays a similar role as µL in the transition of bubble motion from zigzagging to 

rectilinear. Discussion on the bubble path transition in terms of dimensionless groups is 

given in Appendix A. 

 

 

Fig. 8  s of bubbles 

 

Fig. 9 shows VB of bubbles in the slurry. At CS = 0.30, VB of bubbles with zigzagging 

motion increases with increasing dB up to dB ~ 8.0 mm (Regime 1), whereas for 8.0 < dB 

< 10.9 mm VB decreases with increasing dB. Then VB abruptly increases at dB ~ 11.2 mm.  
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Fig.9 Comparisons of VB between bubbles in slurry and glycerol-water solutions (SL 
and GL denote slurry and glycerol-water solution, respectively, and gray region 

represents transition regime) 
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VB of bubbles with rectilinear path again increases with increasing dB (Regime 2). This 
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rectilinear motion. The VB of bubbles in the slurry are compared with those in the 

glycerol-water solutions in Fig. 9. The comparisons clearly show that, up to CS = 0.35, 

VB of Regime 1 and 2 in the slurry are almost the same as those in the glycerol-water 

solutions of the same M. The range of dB for the transition regime in the slurry however 

slightly differ from that in the glycerol-water solution. The difference in the dB range of 

path transition increases with increasing CS, resulting in the increase in the difference in 

VB between the slurry and the glycerol-water solution in the transition regime with 

increasing CS. This implies that the complex trend of VB in the transition regime cannot 

be described by the apparent fluid properties only. The VB at CS = 0.40 largely differs from 

that at CGL = 0.38 not only in the transition regime but also in Regime 2 even at the same 

M. Note that no bubbles were classified into Regime 1 in the present dB range at CS = 

0.40. The VB data in Fig. 9 are replotted on the ReSE–EoSE plane in Appendix B, where 

EoSE is the Eötvös number. 

The shapes of bubbles in slurry are compared with those in the glycerol-water solutions 

in Fig. 10. In each condition of CS and CGL, the small bubbles on the left side are in 

Regime 1 and the large bubbles on the right side are in Regime 2. At dB ~ 7.0 mm, the 

bubbles in slurry are slightly wider than those in the glycerol-water solutions. The bubble 

shapes in slurry and the glycerol-water solutions are similar in Regime 2 for CS < 0.35,  
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Fig. 10 Bubble shapes and paths in Regime 1 and 2 for CS < 0.40 and CGL < 0.38 
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zigzagging to rectilinear motion (Hashida et al., 2019). The abrupt changes in VB at CS = 

0.40 take place at dB ~ 9.9, 12.8 and 15.9 mm. The second VB jump occurs at dB ~ 12.8 

mm where s abruptly increases. The widths, W, and the heights, H, of bubbles were 

evaluated by averaging instantaneous bubble width and height as shown in Fig. 12, and 

the relations between them and dB are shown in Fig. 13. The W for 9.9 < dB < 12.8 mm 

increases with increasing dB while H is almost constant. The W slightly decreases at dB ~ 

9.9 mm (dotted line A) when the abrupt transition of the bubble motion occurs. Then, the 

abrupt decrease in W and the increase in H take place at dB ~ 12.8 mm (B). Before the 

second VB jump (Fig. 14(a)), the bubble path is rectilinear and the bubble shows fluttering, 

whereas after the VB jump (Fig. 14(b)) the bubble path fluctuates and the flutter is 

mitigated. The fluctuation of bubble path abruptly mitigates at dB ~ 15.9 mm (C) (Figs. 

14(c) and (d)) accompanying with the decrease in W, which resulted in the third VB jump. 

On the other hand, there are no remarkable changes in the trends of W and H at CGL = 

0.38 as shown in Fig. 13. 
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Fig. 11 VB and s of bubbles at CS = 0.40 and VB at CGL = 0.38 
 

 
Fig. 12 Definitions of bubble width, W, and height, H  
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Fig. 13 W and H at CS = 0.40 and CGL = 0.38 
 

 

Fig. 14 Bubble shapes and paths at CS = 0.40 
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Fig. 15 shows the bubble Reynolds number, ReSE, plotted against the Archimedes 

number, ArSE, defined by  

 

 (8) 

 (9) 

 

where dSE is the sphere-volume-equivalent bubble diameter (dSE = [3dB2d/2]1/3) and rSL 

and µSL are replaced with rL and µL, respectively, in the glycerol-water solution cases. 

The ReSE of the slurry are proportional to ArSE. The slurry data represented in terms of the 

dimensionless groups agree with those of the glycerol-water solutions. Hence ReSE in 

slurry and a glycerol-water solution of the same M are almost the same. 

We proposed the following bubble Reynolds number correlation for bubbles in 

glycerol-water solutions (Hashida et al., 2019):  

 

 (10) 

 

The function, f(M), of the Morton number (M = µL4Drg/rL2s3) is given by  
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(a) Regime 1 

 

 

(b) Regime 2 

Fig. 15 ReSE plotted ArSE for CS < 0.35 and CGL < 0.33 
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 (11) 

 

where C1 = 0.824, C2 = 0.146, C3 = -0.168, C4 = 27 and CR1 = 0.33. The coefficients were 

determined by fitting the functional form to the data of CGL = 0 (clean water), 0.21, 0.38, 

0.67 and 0.83. We added the present data of CGL = 0.28 and 0.33 into the database of VB 

in glycerol-water solutions and reconsidered the functional form of Eq. (11), resulted in  

 

 (12) 

  

where C1 = 0.791, C2 = 0.109, C3 = -0.303, C4 = -1.52, C5 = 9.47 and CR1 = 0.056. Eq. 

(10) can be rewritten as  

 

 (13) 

 

The VB in the slurry were evaluated using Eq. (13), while the liquid physical properties 

were evaluated using the apparent physical properties of slurry. The calculated VB are 

compared with the data for CS < 0.35 and CGL < 0.33 in Fig. 16. Eq. (13) gives good 
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evaluations not only for bubbles in the glycerol-water solutions but also for those in slurry. 

Fig. 17 shows the comparison between Eq. (13) and the measured data at CS = 0.20, 0.30 

and 0.35 except for the transition regime, and all the data in Regime 1 and 95 % of the 

data in Regime 2 are to within ±5% errors. Therefore Eq. (13) is also applicable to bubbles 

in the slurry at least for CS < 0.35 and dP = 4.1 µm. Comparisons between the present data 

and the correlation, Eq. (10), in the dimensionless form are given in Appendix C. 

 

4. Conclusion 

The terminal velocities, VB, of single bubbles in a narrow channel filled with slurry 

were measured to investigate the effects of the presence of fine particles on VB. The gap 

of the narrow channel was 3 mm. The bubble diameter was varied from 7 to 20 mm. Air 

and purified water were used for the gas and liquid phases, respectively. The spherical 

silica particles of 4.1 µm diameter was used for the solid phase. The volume concentration 

of the particles, CS, was varied from 0.20 to 0.40. The applicability of a velocity 

correlation proposed for gas-liquid systems to bubbles in slurry was examined. The 

conclusions obtained under the present experimental conditions are as follows: 
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Fig. 16 VB data for CS < 0.35 and Eq. (13) with Eq. (12) 
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Fig. 17 Comparison between measured and calculated VB 
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for the transition regime. Therefore the effect of the presence of fine particles on VB 

is the same as that of the liquid viscosity in the zigzagging and rectilinear path 

regimes. 

 

(3) The velocity correlation for gas-liquid systems is applicable to slurry with fine 

particles for CS < 0.35 by using the apparent viscosity instead of the liquid viscosity 

in the correlation.  

 

(4) The dependence of VB on the bubble diameter at CS = 0.40 is more complicated than 

that in the glycerol-water solution, implying that the effects of fine particles on the 

bubble motion at the high CS cannot be described by the apparent fluid properties 

only.  
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Appendix 

A. Discussion on bubble motion in terms of dimensionless groups 

The s is normalized by the critical bubble diameter, dC, at the beginning of Regime 2 

(the rectilinear path regime) in Fig. A1, where the horizontal axis is ReSE. The different 

curves for the different CS mean that the path transition cannot be described in terms of 

ReSE only, and the critical bubble Reynolds number, ReSEC, for the path transition depends 

on M, where dC and ReSEC are summarized in Table A1. On the other hand, the maximum 

value of s/dC less depends on M, i.e. s/dC ~ 0.34 just before the abrupt decrease in s/dC. 

Bubbles in Regime 1 oscillate and are accompanied with vortex shedding in their wakes 

due to hydrodynamic instability, and s/dC increases with increasing ReSE since the 

potential energy used for the lateral motion increases. However, when the wake becomes 

large enough, vortices behind a bubble attach to the bubble rear (Roig et al., 2012) and 

consequently the bubble motion becomes stable with a rectilinear path. Although the 

wake structure was not observed in the present experiments, it may start to change from 

the periodic vortex shedding mode to the attaching vortex mode when s/dC reaches the 

upper limit, s/dC ~ 0.34.  

Fig. A2 shows ReSEC plotted against M. The data of M = 1.7×10-11 were obtained from 

our previous paper (Hashida et al., 2019). The ReSEC can be simply expressed as a function 
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of M:  

 

 (A1) 

 

The ReSEC of bubbles in glycerol-water solutions (Hashida et al., 2019) are also shown in 

the figure. The ReSEC in slurry are somewhat smaller than those in the glycerol-water 

solutions, and therefore, the effects of fine particles on the bubble motion cannot be fully 

explained in terms of the apparent viscosity only. 
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Fig. A2 ReSEC plotted against M 

 

Table A1 dC and ReSEC 
CS 0 0.20 0.30 0.35 0.40 

dC [mm] 13.0 11.4 11.2 10.6 9.9 
ReSEC 2030 968 742 601 466 

 

B. Relation between bubble Reynolds number and Eötvös number 

The relation between ReSE and the Eötvös number, EoSE (= [rSL-rG]gdSE2/s), is shown 

in Fig. B1, in which the gray region represents the transition regime. In Regime 1 ReSE 

increases with increasing EoSE. The behavior of ReSE is complicated in the transition 

regime. Then ReSE again increases with increasing EoSE in Regime 2. The abrupt increase 

in ReSE can also be seen at the end of the transition regime as on the VB–dB plane in Fig. 

9. The data, ReSE(EoSE), depend on M, and therefore, ReSE = f(EoSE, M). It should however 
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be noted that ReSE can also be expressed as ReSE(ArSE, M) since EoSE = [ArSE4M]1/3. The 

correlation, Eq. (10), uses the latter form. 

 

 
Fig. B1 ReSE plotted against EoSE 

 

C. Comparisons between empirical correlation in dimensionless form and 

experimental data 

Fig. C1 shows comparisons between Eq. (10) and the data on the ReSE–ArSE plane. The 

good agreement clearly shows the validity of Eq. (10) for the slurry systems even though 

it is for gas-liquid systems in the absence of fine particles. 
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Fig. C1 Comparisons between Eq. (10) and present data 
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