
Kobe University Repository : Kernel

PDF issue: 2025-08-10

Operator product expansion coefficients in the
exact renormalization group formalism

(Citation)
Physical Review D,101(10):105007-105007

(Issue Date)
2020-05-11

(Resource Type)
journal article

(Version)
Version of Record

(Rights)
Published by the American Physical Society under the terms of the Creative Commons
Attribution 4.0 International license. Further distribution of this work must maintain
attribution to the author(s) and the published article’s title, journal citation, and
DOI. Funded by SCOAP3.

(URL)
https://hdl.handle.net/20.500.14094/90007158

Pagani, C.
Sonoda, H.



 

Operator product expansion coefficients in the exact
renormalization group formalism

C. Pagani*
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We study how to compute the operator product expansion coefficients in the exact renormalization group
formalism. After discussing possible strategies, we consider some examples explicitly, within the ϵ
expansions, for the Wilson-Fisher fixed points of the real scalar theory in d ¼ 4 − ϵ dimensions and the
Lee-Yang model in d ¼ 6 − ϵ dimensions. Finally we discuss how our formalism may be extended beyond
perturbation theory.
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I. INTRODUCTION

The exact renormalization group (ERG) provides a
framework to study the fundamental aspects of quantum
field theories (QFT). For instance, it allows one to give a
nonperturbative definition of renormalizable theories [1]
and to discuss the realization of symmetries at the quantum
level [2]. On top of being a conceptual framework, ERG
offers a framework for practical computations. It has been
used as a computational tool for the universal quantities,
such as critical exponents in statistical field theory (see,
e.g., [3,4]), and also as an exploratory tool in a wide range
of subjects including quantum gravity [5].
Besides ERG, the operator product expansion (OPE)

offers important insights into nonperturbative aspects of
QFTs [6]. Let us denote composite operators as ½Oa� and
the product of two composite operators as ½OaOb�. OPE
states the validity of

½OaðxÞObðyÞ� ¼
X
c

Cabcðx − yÞ
�
Oc

�
xþ y
2

��
ð1Þ

inserted into any correlation functions for small jx − yj. The
existence of OPE has been proved perturbatively by

Zimmermann [7] and plays a fundamental role in the study
of conformal field theories (CFTs). Since both ERG and
OPE offer nonperturbative insights into QFT, it is natural to
study the relation between the two.
ERG was used to provide a perturbative proof of the

existence of OPE [8–13], but little effort had been made to
explore OPE within ERG beyond perturbation theory. In
[14] a nonperturbative definition of operator products was
given, and simple examples of OPE were constructed in the
Wilson action framework. Recently, composite operators
have been constructed explicitly in the ERG formalism to
make contact with various physical observables [2,15–22].
In the present work we construct explicit examples of

OPEs within the effective average action (EAA) framework
[23]. We identify two possible strategies to compute OPEs
via ERG. One is based on the construction of operator
products and their expansions in composite operators, and
the other is based on the computation of three-point
functions for theories with conformal invariance. We study
explicit solutions of the ERG equations perturbatively with
the ϵ expansions and compare our results with those
obtained via the conformal bootstrap [24–28]. We also
comment on how we may extend our strategies to non-
perturbative approximation schemes available within the
ERG formalism.
The paper is organized as follows. In Sec. II we define

composite operators and their products in the ERG for-
malism. We then consider the expansion of an operator
product in composite operators and outline two possible
strategies for the calculation of such an expansion. In
Sec. III we give technical remarks to explain how to
construct operators at the Wilson-Fisher fixed point.
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Discussions of a fixed point require fixing a momentum
cutoff, and we augment the technical outline given in Sec. II
where the momentum cutoff flows. Section IV is a long
technical section, where we construct some composite
operators explicitly and normalize them appropriately.
In Sec. V we apply the results obtained above to extract
OPE coefficients and discuss our findings. We summarize
our results in Sec. VI and discuss the future perspectives.

II. OPERATOR PRODUCT EXPANSION
IN THE ERG FORMALISM

A. Operator products in the ERG

We extend the usual ERG formalism by introducing
external sources that couple to composite operators so that
the correlation functions of composite operators can be
retrieved directly from the Wilson action. In this paper we
actually prefer to discuss the 1-particle irreducible (1PI)
counterpart of the Wilson action, known as the EAA, so
that we only need to deal with the 1PI part of the correlation
functions which are relevant to the short distance singu-
larities. A fully analogous construction applies to the
Wilson action; see [14] for example. For an overview
regarding composite operators in the ERG formalism, we
refer the reader to [2,14,15,29,30].
Let us consider the following modified generating func-

tional of connected correlation functions:

Zk½J; ε� ¼ eWk½J;ε�

≡ Z
Z

Dχ exp

�
−S½χ� þ

Z
ddxJðxÞχðxÞ

−
Z

ddxεiðxÞOiðxÞ − ΔSk½χ�
�
;

where S½χ� is the bare action and we have introduced the
sources JðxÞ; εiðxÞ to the elementary field χðxÞ and the
composite operator OiðxÞ. The momentum k is an
IR cutoff, introduced via the IR cutoff action ΔSk½χ�
defined by

ΔSk½χ�≡
Z

ddx
1

2
χRkð−∂2Þχ:

The kernel Rkð−∂2Þ≡ k2Rð−∂2=k2Þ suppresses the inte-
gration over the low momentum modes of χ.
The EAA is then defined by the Legendre transform of

Wk½J; ε�,

Γk½φ; ε� þ ΔSk½φ� ¼
Z

ddxJðxÞφðxÞ −Wk½J; ε�;

where

φðxÞ ¼ δWk½J; ε�
δJðxÞ ;

and no Legendre transform is performed over ε. A com-
posite operator ½Oa�ðxÞ is defined by

½Oa�ðxÞ≡ δΓk½φ; ε�
δεaðxÞ

����
ε¼0

: ð2Þ

This is motivated by its correspondence with δ
δεZk at fixed

source J. As a functional of φ, ½Oa�ðxÞ gives the 1PI part of
the correlation functions

h½Oa�ðxÞχðx1Þ � � � χðxnÞiS

in the limit k → 0.
The product ½OaOb�ðx; yÞ of two operators ½Oa�ðxÞ;

½Ob�ðyÞ is defined by

½OaOb�ðx;yÞ≡−
δ2Γk½φ;ε�

δεaðxÞδεbðyÞ
����
ε¼0

þ
Z
z1;z2

δ2Γk½φ;ε�
δεbðxÞδφðz1Þ

����
ε¼0

×Gkðz1;z2Þ
δ2Γk½φ;ε�

δφðz2ÞδεbðyÞ
����
ε¼0

þδΓk½φ;ε�
δεaðxÞ

����
ε¼0

δΓk½φ;ε�
δεbðyÞ

����
ε¼0

; ð3Þ

where Gkðz1; z2Þ½φ� is the field dependent high-momentum
propagator defined by

Z
ddx

δ2Γk½φ; 0�
δφðz1ÞδφðxÞ

Gkðx; z2Þ þRkð−∂2
z1ÞGkðz1; z2Þ

¼ δðz1 − z2Þ: ð4Þ

The product ½OaOb�ðx; yÞ can be represented diagrammati-
cally as in Fig. 1 which is motivated by its correspondence
with δ2

δεaδεb
Zk at fixed source J.1 See also [16].

FIG. 1. Diagrammatic representation of the full correlation
function ½OaOb� in the EAA formalism. The black dots denote
composite operators ½Oa�; ½Ob�, i.e., the terms linear in the
sources ε. The black square is the quadratic term δ2Γ

δεaδεb
jε¼0.

1The connected part of the product is given by

δ2

δεbðxbÞδεaðxaÞ
����
J
W

¼−
δ2Γ½φ;ε�

δεaðxaÞδεbðxbÞ
þ
Z
x;y

δ2Γ½φ;ε�
δεbðxbÞδφðxÞ

Gkðx;yÞ
δ2Γ½φ;ε�

δφðyÞδεaðxaÞ
;

where we have used

δ

δεcðxcÞ
����
J
¼ δ

δεcðxcÞ
����
φ

−
Z
x;y

δ2Γ½φ; ε�
δεcðxcÞδφðxÞ

Gðx; yÞ δ

δφðyÞ :
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Both ½Oa� and ½OaOb� can be constructed from the
associated ERG, as summarized below. The EAA Γk½φ; ε�
satisfies the ERG differential equation [23,31–33]

∂tΓk½φ; ε� ¼
1

2
Tr½ðΓð2Þ

k ½φ; ε� þRkÞ−1∂tRk�; ð5Þ

where

∂t ≡ −k
∂
∂k ; ð6Þ

and Γð2Þ
k ½φ; ε� ¼ δ2Γk

δφδφ is the Hessian of the EAAwith respect
to the average field. By taking the functional derivative of

Eq. (5) we can derive the flow equations for composite
operators and for the 1PI contributions to the operator
products (3). More precisely, we obtain [2,29,30]

∂t½Oa�ðxÞ ¼ −
1

2
Tr½ðΓð2Þ

k þRkÞ−1½Oa�ð2ÞðxÞ

× ðΓð2Þ
k þRkÞ−1∂tRk�; ð7Þ

where ½Oa�ð2Þ ¼ δ2

δφδφ ½Oa� is the Hessian of the composite
operator. For the products, we obtain

∂t
δ2Γk½φ; ε�

δεaðxÞδεbðyÞ
����
ε¼0

¼ −
1

2
Tr

�
ðΓð2Þ

k þRkÞ−1
δ2Γð2Þ

k ½φ; 0�
δεaðxÞδεbðyÞ

ðΓð2Þ
k þRkÞ−1∂tRk

�

þ Tr
�
ðΓð2Þ

k þRkÞ−1
δΓð2Þ

k ½φ; 0�
δεaðxÞ

ðΓð2Þ
k þRkÞ−1

δΓð2Þ
k ½φ; 0�
δεbðyÞ

ðΓð2Þ
k þRkÞ−1∂tRk

�
: ð8Þ

By solving Eqs. (7) and (8), we can construct the operator
product ½OaOb� as in (3).

B. Operator product expansion coefficients
in the ERG formalism

The operator product expansion (1) and its connection to
ERG has already been studied in the literature [8–14]. The
ERG framework provides a further perturbative proof
of the existence of the OPE [8–13]. Actually, in the ERG
formalism, the OPE (1) amounts to expressing the operator
product ½OaOb�ðx; yÞ, given by (3), as an expansion in a
basis of composite operators, given by (2). Thanks to the
built-in locality, it has been argued that such an expansion
is natural in the ERG formalism [14].
Let us emphasize that Eq. (1) is expected to hold along

the entire RG trajectory. When the theory is at criticality,
however, we expect

h½Oa�ðxÞ½Oa�ð0Þi ¼
1

jx − yj2Δa
ð9Þ

to be valid at large distances if the operators are normalized
properly. Then, the OPE coefficients in (1) are given by

Cabcðx − yÞ ¼ cabc
jx − yjΔaþΔb−Δc

; ð10Þ

where Δa is the scale dimension of the operator ½Oa� and
cabc is a numerical factor. We refer to this numerical factor
cabc as an OPE coefficient. Theories with conformal
symmetry are the IR limit of such critical theories, and
the OPE coefficient cabc appears as the overall coefficient
of the three-point function

h½Oa�ðx1Þ½Ob�ðx2Þ½Oc�ðx3Þi
¼ cabc
ðx212Þd=2−νcðx223Þd=2−νaðx212Þd=2−νb

; ð11Þ

where x2ij ¼ jxi − xjj2, cabc is fully symmetric in its indices,
νa ¼ 1

2
ðdþ Δa − Δb − ΔcÞ, etc.

The main aim of this paper is to lay down a possible
strategy for computing the OPE coefficients cijk within
the ERG framework. We can consider the following two
possibilities:
(A) Construct the full operator product ½OaOb� first, and

expand it in a basis of composite operators ½Oc�.
(B) Assuming conformal symmetry, extract the coeffi-

cient cabc directly from the three-point function
given by (11).

The strategy (A) has been followed in [14] to provide
simple examples around the Gaussian fixed point.
Although available in principle, this strategy is cumber-
some in practice. Since one usually works in momentum
space, it is easier to construct the most singular (i.e.,
nonintegrable) part of the OPE rather than the full (i.e.,
including the finite part) OPE.
In this paper we will consider the approach (B) in

detail within the ERG formalism. We will extract OPE
coefficients from the associated three-point functions. We
calculate in momentum space rather than in coordinate
space. In Sec. II C below we recall a few basic features of
conformal invariance in momentum space and explain the
main points of our recipe. As a side note, we point out that
ERG is a very efficient framework to discuss the presence
of conformal invariance [34–40].
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We apply the strategy outlined above to compute some
examples of the OPE coefficients. We solve the ERG
differential equations perturbatively and express the results
via the ϵ expansion. This allows us to compare our results
with others that have been obtained in the literature
by means of the analytic conformal bootstrap approach
[24–28]. In particular, we will compute the coefficients
“c112” and “c114” to the first order in ϵ for the critical Ising
model in d ¼ 4 − ϵ dimensions, and the coefficient “c111”
to the first order in

ffiffiffi
ϵ

p
for the critical Lee-Yang model in

d ¼ 6 − ϵ dimensions. Our results agree with those
obtained by other approaches.

C. Operator product expansion coefficients in
momentum space

Calculations in quantum field theory often rely on
momentum space, where the loop corrections are most
easily expressed and computed. On the other hand, for-
mulas regarding OPE are often most naturally expressed in
real (coordinate) space, especially in the case of CFTs. In
this subsection we briefly describe the connection between
expressions in real space and those in momentum space.
Conformal symmetry in momentum space has been

analyzed in the literature in some detail; see [41–48] and
references therein. We only need a few very basic formulas,
which we review below (a few more technical details are

provided in Appendix A). We refer the interested reader to
the literature given above for more details regarding the
constraint imposed by conformal symmetry in momen-
tum space.
Let us consider a set of primary operators ϕi, normalized

by the two-point functions

hϕiðxÞϕjð0Þi ¼
1

xΔiþΔj
δij: ð12Þ

In momentum space this normalization gives

hϕiðpÞϕiðqÞi ¼ ð2πÞdδðpþ qÞ · πd=2 Γð
d
2
− ΔiÞ

ΓðΔiÞ
�
4

p2

�d
2
−Δi

;

ð13Þ
where we have used (A2) given in Appendix A.
The Fourier transform of the three-point function

hϕ1ðx1Þϕ2ðx2Þϕ3ðx3Þi ¼
c123

ðx212Þd=2−ν3ðx223Þd=2−ν1ðx212Þd=2−ν2
ð14Þ

[the same as (11)] is given by a somewhat complicated
expression either as a momentum integral or via special
functions. To avoid such complications, we consider the
limit p1 ≫ p2, where we find

hϕ1ðp1Þϕ2ðp2Þϕ3ð−pÞi⟶
p1≫p2 ð2πÞdδðp1 þ p2 − pÞ · c123

pdþΔ2−Δ1−Δ3

1 pd−2Δ2

2

× ð4πÞd4−1
2
ðΔ1þΔ2þΔ3Þ Γð

1
2
ðdþ Δ2 − Δ1 − Δ3ÞÞ

Γð1
2
ðΔ1 þ Δ3 − Δ2ÞÞ

Γðd
2
− Δ2Þ

ΓðΔ2Þ
: ð15Þ

To extract the coefficient c123, it is enough to know this
asymptotic behavior. We provide a few more details of this
formula in Appendix A.

III. WILSON-FISHER FIXED POINT

In this section we wish to discuss technicalities that are
quite important for our calculations. In the main part of this
paper we consider a real scalar theory at its criticality in
d ¼ 4 − ϵ dimensions. In doing so with ERG, we have two
alternatives:
(C) We start from a bare theory SB½χ� with a large but

finite cutoff k0. We tune the bare parameters to make
the theory critical. We then construct the EAA
Γk½φ; ε� whose k dependence is determined by
ERG. In the limit k → 0, Γk becomes the 1PI
generating functional of the correlation functions.
A conformal field theory is obtained as the IR limit
of the critical theory; i.e., we must look at the
correlation functions for the momenta much smaller
than the bare cutoff k0.

(D) We adopt the dimensionless convention by meas-
uring all dimensionful quantities in appropriate
powers of the cutoff k. The resulting 1PI EAA
Γ̄t½φ̄; ε̄� has a fixed cutoff of order 1 and satisfies
an ERG differential equation with the Gaussian
and Wilson-Fisher fixed-point solutions. Γ̄�½φ̄; ε̄�
at the Wilson-Fisher fixed point gives the corre-
lation functions of a conformal field theory, but
only for the momenta much larger than the fixed
cutoff [49].

We prefer (D) because it is easier to construct a
fixed point than to tune a bare theory for criticality. For
completeness and the convenience of the reader, let us
rewrite the relevant ERG differential equations in the
dimensionless convention.
We first introduce dimensionless fields by

φ̄ðpÞ≡ k
dþ2
2 φðpkÞ; ð16aÞ

½Ōi�ðpÞ≡ kd−di ½Oi�ðpkÞ; ð16bÞ
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ε̄iðpÞ≡ kdiεiðpkÞ; ð16cÞ

where di is the scale dimension of ½Oi�ðxÞ ¼
R
p e

ipx½Oi�ðpÞ
in the coordinate space at the Gaussian fixed point. It is
sometimes called the engineering dimension.

We then define

Γ̄t½φ̄; ε̄�≡ Γk½φ; ε�; ð17Þ
where we have traded the momentum cutoff k for the
logarithmic flow time t, given by (6). The ERG differential
equation for Γ̄t½φ̄; ε̄� is given by

∂tΓ̄t½φ̄; ε̄�¼
Z
p

�
dþ2

2
þp ·∂p

�
φ̄ðpÞ ·δΓ̄t½φ̄;ε̄�

δφ̄ðpÞ þ
Z
p
ðdiþp ·∂pÞε̄iðpÞ ·

δΓ̄t½φ̄; ε̄�
δε̄iðpÞ

−
Z
p
ð2−p ·∂pÞRðpÞ ·

1

2
Gt;p;−p½φ̄;ε̄�; ð18Þ

where Gt;p;−q½φ̄; ε̄� is defined by
Z
q
Gt;p;−q½φ̄; ε̄�

�
δ2Γ̄t½φ̄; ε̄�

δφ̄ðqÞδφ̄ð−rÞ þ RðqÞð2πÞdδðq − rÞ
�

¼ ð2πÞdδðp − rÞ: ð19Þ
The cutoff function RðqÞ is a fixed function.
We are interested in the ERG flow from the Gaussian

fixed point to the Wilson-Fisher fixed point. We para-
metrize the flow by g so that the Gaussian fixed point is at
g ¼ 0, and the Wilson-Fisher fixed point is at g ¼ g�. We
can then replace ∂t by

ðϵgþ βðgÞÞ∂g;

where ϵ is the scale dimension of g at g ¼ 0. Accordingly,
Γ̄ðgÞ½φ̄� ¼ Γ̄t½φ̄; 0� satisfies the ERG equation

fðϵgþ βðgÞÞ∂g þ Δφ̄gΓ̄ðgÞ½φ̄�

¼ −
Z
p
ð2 − p · ∂pÞRðpÞ ·

1

2
GðgÞp;−p½φ̄�; ð20Þ

where we define Δφ̄ and GðgÞp;−q½φ̄� by

Δφ̄ ≡
Z
p

�
−
dþ 2

2
− p · ∂p

�
φ̄ðpÞ · δ

δφ̄ðpÞ ð21Þ

and

Z
q
GðgÞp;−q½φ̄�

�
δ2Γ̄ðgÞ½φ̄�

δφ̄ðqÞδφ̄ð−rÞ þ RðqÞð2πÞdδðq − rÞ
�

¼ ð2πÞdδðp − rÞ: ð22Þ

Actually, for the Wilson-Fisher fixed point to exist at
g ¼ g� ¼ OðϵÞ, we need to introduce an anomalous dimen-
sion 1

2
ηðgÞ ¼ Oðg2Þ of φ̄. Since we are only interested in the

corrections of order ϵ to the OPE coefficients, we can
ignore it. In Appendix B we obtain βðgÞ to order g2 to
determine the fixed-point value

g� ¼
ð4πÞ2
3

ϵþ Oðϵ2Þ: ð23Þ

Similarly, differentiating (18) with respect to ϵ̄i, we
obtain the ERG equation for ½Ōi� as

fðϵgþ βðgÞÞ∂g þ d − di þ p · ∂p þ Δφ̄g½Ōi�ðpÞ
−
X
j

γijðgÞ½Ōj�ðpÞ

¼
Z
q
ð2 − q · ∂qÞRðqÞ

1

2

Z
r;s

GðgÞq;−r½φ̄�

×
δ2½Ōi�ðpÞ
δφ̄ðrÞδφ̄ðsÞGðgÞ−s;−q½φ̄�: ð24Þ

The mixing matrix γijðgÞ results from appropriate boundary
conditions imposed at p ¼ 0. Differentiating (18) once
more, we obtain the ERG equation for

Qijðp1; p2Þ≡ −
δ2Γ̄ðgÞ½φ̄; ε̄�

δε̄ið−p1Þδε̄jð−p2Þ
����
ε¼0

ð25Þ

as

fðϵgþ βðgÞÞ∂g þ 2d− di − dj þp1 · ∂p1
þp2 · ∂p2

þΔφ̄gQijðp1;p2Þ
−
X
k

ðγikðgÞQkjðp1; p2Þ þ γjkðgÞQikðp1; p2Þ þ γij;kðgÞ½Ōk�ðp1 þp2ÞÞ

¼
Z
q
ð2− q · ∂qÞRðqÞ

Z
r;s
GðgÞq;−r½φ̄�GðgÞs;−q½φ̄�

�
1

2

δ2Qijðp1;p2Þ
δφ̄ðrÞδφ̄ð−sÞ þ

Z
u;v

δ2½Ōi�ðp1Þ
δφ̄ðrÞδφ̄ð−uÞGðgÞu;−v½φ̄�

δ2½Ōj�ðp2Þ
δφ̄ðvÞδφ̄ð−sÞ

�
; ð26Þ
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where the mixing γij;kðgÞ is due to appropriate boundary
conditions imposed at p1 ¼ p2 ¼ 0.2

We have thus given the defining ERG differential
equations for Γ̄ðgÞ½φ̄�, ½Ōi�ðg;pÞ, and Qijðg;p1; p2Þ. We
end this section by summarizing how to extract the two-
and three-point functions out of these [49]. We first set g to
the fixed-point value g� to go to the Wilson-Fisher fixed
point. To extract the two-point function of the elementary
scalar field, we expand

Γ̄ðg�Þ½φ̄� ¼
1

2

Z
p1;p2

φ̄ðp1Þφ̄ðp2Þð2πÞdδðp1 þ p2ÞΓ̄ð2Þðp1Þ

þ � � � ð27Þ

in powers of fields. For p ≫ 1, we obtain the two-point
function as

hφ̄ðpÞφ̄ðqÞi ¼ 1

Γ̄ð2ÞðpÞ ð2πÞ
dδðpþ qÞ: ð28Þ

Similarly, the field independent part of

½ŌiŌj�ðg�;p1; p2Þ ¼ ½ŌiŌj�ð0Þðp1Þð2πÞdδðp1 þ p2Þ þ � � �
ð29Þ

gives, for p1, p2 ≫ 1, the two-point function as

hŌiðp1ÞŌjðp2Þi ¼ ½ŌiŌj�ð0Þðp1Þð2πÞdδðp1 þ p2Þ: ð30Þ

Finally, the part quadratic in fields of

½Ōi�ðg�;pÞ ¼
1

2

Z
p1;p2

φ̄ðp1Þφ̄ðp2Þð2πÞdδðp1 þ p2 − pÞ

× ½Ōi�ð2Þðp1; p2Þ þ � � � ð31Þ

gives, for p1, p2 ≫ 1, the three-point function as

hφ̄ð−p1Þφ̄ð−p2ÞŌiðpÞi

¼ ½Ōi�ð2Þðp1;p2Þ
1

Γ̄ð2Þðp1ÞΓ̄ð2Þðp2Þ
ð2πÞdδðp1þp2−pÞ

ð32Þ

for Z2-invariant operators ½Ōi�. This equation needs to be
modified as (115) if the fixed point has no Z2 invariance.
In the remaining part of the paper we work only in the

dimensionless convention. Hence, we omit the bars above
the symbols altogether.

IV. SCALING OPERATORS FROM ERG

In this section we construct explicitly scaling composite
operators ϕi at the Wilson-Fisher fixed point in d ¼ 4 − ϵ
dimensions by solving the ERG. Composite operators are
solutions of (24), which we write again as

ðp ·∂pþΔφÞ½Oi�ðpÞþðdδij−ΔijÞ½Oj�ðpÞ

¼1

2

Z
q
ð2−q ·∂qÞRðqÞ

Z
r;s
Gq;−r½Φ�G−q;−s½Φ� δ

2½Oi�ðpÞ
δφðrÞδφðsÞ ;

ð33Þ

where Gp;q½Φ� is defined by

Z
q
Gp;q½Φ�

�
δ2Γ�½φ�

δφð−qÞδφðrÞ þ RðqÞð2πÞdδðq − rÞ
�

¼ ð2πÞdδðp − rÞ;

and

Δφ ≡
Z
q

�
−
dþ 2

2
− q · ∂q

�
φðqÞ · δ

δφðqÞ :

Δij is the matrix of scale dimensions, and it is not diagonal
in general,

Δij ¼ diδij þ γij;

where di is the engineering (mass) dimension of Oi in
coordinate space and γij is the mixing matrix.
The scaling composite operators ϕi are suitable linear

combinations of composite operators that diagonalize the
mixing matrix Δij. The scaling operators ½Φi� for the
eigenvalue Δi satisfy

ðp ·∂pþd−ΔiþΔφÞ½Φi�ðpÞ

¼ 1

2

Z
q
ð2−q ·∂qÞRðqÞ

Z
r;s
Gq;−r½φ�G−q;−s½φ�

δ2½Φi�ðpÞ
δφðrÞδφðsÞ :

ð34Þ

We can then introduce a normalization constant N i so that
ϕi ≡N i½Φi� satisfies the normalization (12). Note that the
coefficient N i depends on the space dimension d, and
therefore on ϵ. Possibly, the simplest example along this
line is given by the field ϕ1 ≡N 1φ, which we describe in
Sec. IVA.
Of course, before solving the ERG for the composite

operators and their products, we need to solve the ERG
equation to obtain Γ�½φ� at the fixed point. In this work we
use perturbation theory to solve the ERG explicitly. Since
solving for Γ�½φ� is not the main focus of this paper, we give
the first order derivation of Γ�½φ� in Appendix B. For the
present purposes, it suffices to say that the EAA para-
metrized by g is expressed as

2Equations (24) and (26) are derived by employing renormal-
ized sources.
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ΓðgÞ½φ� ¼ 1

2

Z
p
φðpÞφð−pÞvð2Þðg;pÞ

þ 1

4!

Z
p1;…;p4

Y4
i¼1

φðpiÞð2πÞdδ
�X4

i¼1

pi − p

�

× vð4Þðg;p1;…; p4Þ; ð35Þ

where

vð2Þðg;pÞ ¼ p2 þ gvð2Þ1 ; ð36aÞ

vð4Þðg;p1;…; p4Þ ¼ gþ g2vð4Þ2 ðp1;…; p4Þ: ð36bÞ

vð2Þ1 is a constant given by (B11), and the momentum

dependent vð4Þ2 is given by (B15). The Wilson-Fisher

fixed point corresponds to g ¼ g� ¼ ð4πÞ2
3

ϵ up to order ϵ.
We introduce the high momentum propagator and its
derivative by

hðpÞ≡ 1

p2 þ RðpÞ ; ð37aÞ

fðpÞ≡ ðp · ∂p þ 2ÞhðpÞ ¼ ð2 − p · ∂pÞRðpÞ
ðp2 þ RðpÞÞ2 : ð37bÞ

Both RðpÞ and fðpÞ decay rapidly at p ≫ 1. To second
order in g the beta function is given by

βðgÞ ¼ β2g2 ¼
�
−3

Z
q
fðqÞhðqÞ

�
g2; ð38Þ

where

Z
q
fðqÞhðqÞ ¼ 1

ð4πÞ2 þ OðϵÞ: ð39Þ

Using this result, calculated in Appendix C, we obtain g�
given in (23).

A. The scaling field ϕ1

To first order in g, we obtain

Γð2Þðg;p;−pÞ ¼ p2 þ gvð2Þ1 ; ð40Þ

where

vð2Þ1 ¼ 1

2 − ϵ

Z
q
fðqÞ ð41Þ

is a constant. As p → ∞, we obtain

Γð2Þðg;p;−pÞ ⟶p→∞
p2: ð42Þ

Hence, to first order in g, the two-point function is the same
as the Gaussian theory:

hφðpÞφðqÞi ¼ 1

p2
ð2πÞdδðpþ qÞ: ð43Þ

Taking the inverse Fourier transform, we obtain

hφðrÞφð0Þi ¼ 1

N 2
1

1

rd−2
; ð44Þ

where

1

N 2
1

≡ 1

4π
d
2

Γ
�
d − 2

2

�
: ð45Þ

(See Appendix A.) Thus, ϕ1 ¼ N 1φ has the normalization
of (12).

B. The composite operator ½φ2=2�
In this subsection we construct the composite operator

½φ2=2�. This satisfies the ERG equation

fðϵgþ βðgÞÞ∂g þ p · ∂p þ 2þ Δφg
�
1

2
φ2

�
ðpÞ

¼ γ2ðgÞ
�
1

2
φ2

�
ðpÞ þ

Z
q
ð2 − q · ∂qÞRðqÞ

×
1

2

Z
r;s

GðgÞq;−rGðgÞ−s;−q
δ2

δφðrÞδφðsÞ
�
1

2
φ2

�
ðpÞ;

ð46Þ
where γ2ðgÞ is the anomalous dimension. To solve this, we
expand the operator in powers of φ:

�
1

2
φ2

�
ðpÞ ¼

X∞
n¼0

1

ð2nÞ!
Z
p1;…;p2n

Y2n
i¼1

φðpiÞ

· ð2πÞdδ
�X2n

i¼1

pi − p

�
cð2nÞðg;p1;…; p2nÞ:

ð47Þ
We normalize the operator by the condition

cð2Þðg; 0; 0Þ ¼ 1: ð48Þ

This determines γ2ðgÞ. To order g, we only need the first
two terms n ¼ 0, 1. We expand

cð2Þðg;p1; p2Þ ¼ cð2Þ0 ðp1; p2Þ þ gcð2Þ1 ðp1; p2Þ; ð49aÞ

cð0ÞðgÞ ¼ cð0Þ0 þ gcð0Þ1 ; ð49bÞ

γ2ðgÞ ¼ gγ2;1: ð49cÞ
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1. Order g0

Equation (48) gives

cð2Þ0 ðp1; p2Þ ¼ 1; ð50Þ

independent of momenta. For n ¼ 0, the ERG equation
gives

cð0Þ0 ¼ −
1

2 − ϵ

1

2

Z
q
fðqÞ ¼ vð2Þ1 : ð51Þ

2. Order g1

For n ¼ 1, the ERG equation gives

�X
i¼1;2

pi ·∂pi
þ ϵ

�
cð2Þ1 ðp1;p2Þ¼ γ2;1−

Z
q
fðqÞhðqþpÞ:

ð52Þ

Equation (48) gives

γ2;1 ¼
Z
q
fðqÞhðqÞ ¼ −

1

3
β2 ⟶

ϵ→0þ 1

ð4πÞ2 : ð53Þ

Hence, the equation becomes

�X
i¼1;2

pi · ∂pi
þ ϵ

�
cð2Þ1 ðp1; p2Þ

¼ −
Z
q
fðqÞðhðqþ pÞ − hðqÞÞ: ð54Þ

This has no homogeneous solution analytic at p1¼p2¼ 0.
Hence, the solution is given uniquely by

cð2Þ1 ðp1; p2Þ ¼ −FðpÞ; ð55Þ

where we define

FðpÞ≡ 1

2

Z
q
hðqÞðhðqþ pÞ − hðqÞÞ: ð56Þ

For n ¼ 0, the ERG equation gives

ð−2þ 2ϵÞcð0Þ1 ¼ 0: ð57Þ

We have thus obtained

�
1

2
φ2

�
ðpÞ¼1

2

Z
p1;p2

φðp1Þφðp2Þδðp1þp2−pÞf1−gFðpÞg

þvð2Þ1 ð2πÞdδðpÞ: ð58Þ

The anomalous dimension is

γ2ðg�Þ ≃ γ2;1g� ¼
1

3
ϵþ Oðϵ2Þ: ð59Þ

C. The scaling field ϕ2

To determine the normalization

ϕ2ðpÞ ¼ N 2

�
1

2
φ2

�
ðpÞ; ð60Þ

we need to compute the two-point function of ½1
2
φ2�.

Let

�
1

2
φ2

1

2
φ2

�
ðp;qÞ¼

�
1

2
φ2

�
ðpÞ

�
1

2
φ2

�
ðqÞþ

Z
r;s

δ

δφðrÞ
�
1

2
φ2

�
ðpÞ ·GðgÞ−r;−s½φ� ·

δ

δφðsÞ
�
1

2
φ2

�
ðqÞþQ22ðg;p;qÞ: ð61Þ

The 1PI part is determined by the ERG equation

fðϵgþ βðgÞÞ∂g þ p · ∂p þ q · ∂q þ 4þ ΔφgQ22ðg;p; qÞ

¼ 2γ2ðgÞQ22ðg;p; qÞ þ γ22;0ðgÞð2πÞdδðpþ qÞ þ
Z
r
ð2 − r · ∂rÞRðrÞ

Z
s;t
GðgÞr;sGðgÞt;−r

�
1

2

δ2

δφð−sÞδφð−tÞQ22ðg;p; qÞ

þ
Z
u;v

δ2

δφð−sÞδφðuÞ
�
1

2
φ2

�
ðpÞGðgÞ−u;v

δ2

δφð−vÞδφðrÞ
�
1

2
φ2ðqÞ

��
: ð62Þ

We expand

Q22ðg;p; qÞ ¼
X∞
n¼0

1

ð2nÞ!
Z
p1;…;p2n

Y2n
i¼1

φðpiÞð2πÞdδ
�X2n

i¼1

pi − p − q

�
dð2nÞðg;p; q;p1;…; p2nÞ: ð63Þ

The mixing γ22;0ðgÞ is determined by the normalization condition
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dð0Þðg; 0; 0Þ ¼ 0: ð64Þ

To first order in g, only dð0Þ and dð2Þ are nonvanishing. We
expand

dð2Þðg;p; q;p1; p2Þ ¼ gdð2Þ1 ðp; q;p1; p2Þ; ð65aÞ
dð0Þðg;p;−pÞ ¼ dð0Þ0 ðp;−pÞ þ gdð0Þ1 ðp;−pÞ; ð65bÞ

γ22;1ðgÞ ¼ γ22;1;0 þ gγ22;1;1: ð65cÞ

1. Order g0

The ERG equation is

ðp ·∂pþ ϵÞdð0Þ0 ðp;−pÞ¼ γ22;0;0þ
Z
r
fðrÞhðrþpÞ: ð66Þ

Equation (64) gives

γ22;0;0 ¼ −
Z
r
fðrÞhðrÞ ¼ 1

3
β2: ð67Þ

Hence, we obtain

dð0Þ0 ðp;−pÞ ¼ FðpÞ: ð68Þ

2. Order g1

For n ¼ 1, the ERG equation is

�X2
i¼1

pi · ∂pi
þ p · ∂p þ q · ∂q þ 2þ ϵ

�
dð2Þ1 ðp; q;p1; p2Þ

¼ ð−Þ
Z
q
ðfðrÞhðrþ pÞhðrþ pþ qÞ

þ hðrÞfðrþ pÞhðrþ pþ qÞ
þ hðrÞhðrþ pÞfðrþ pþ qÞÞ: ð69Þ

The solution, analytic at zero momenta, is given
uniquely as

dð2Þ1 ðp;q;p1;p2Þ¼ð−Þ
Z
r
hðrÞhðrþpÞhðrþpþqÞ: ð70Þ

For n ¼ 0, the ERG equation is

ðp · ∂p þ 2ϵÞdð0Þ1 ðp;−pÞ

¼ γ22;0;1 −
1

2

Z
q
fðqÞ

Z
r
hðrÞ2hðrþ pÞ

− vð2Þ1

Z
r
ð2fðrÞhðrÞhðrþ pÞ þ hðrÞ2fðrþ pÞÞ

− 2

Z
r
fðrÞhðrþ pÞFðpÞ: ð71Þ

Equation (64) determines

γ22;0;1 ¼ 2ϵvð2Þ1

Z
p
hðpÞ3: ð72Þ

The solution is

dð0Þ1 ðp;−pÞ¼−vð2Þ1

Z
r
hðrÞ2ðhðrþpÞ−hðrÞÞ−FðpÞ2:

ð73Þ

Thus, we obtain

dð0Þðg�;p;−pÞ

¼ FðpÞ þ g�

�
−vð2Þ1

Z
r
hðrÞ2ðhðrþpÞ− hðrÞÞ−FðpÞ2

	
:

ð74Þ

For large p, this gives the two-point function of ½1
2
φ2�.

The asymptotic behavior of FðpÞ for large momentum
is obtained in (C11). We then obtain the two-point
function as



φ2

2
ðpÞφ

2

2
ðqÞ

�
¼ ð2πÞdδðpþ qÞðFasympðpÞ − g�FasympðpÞ2Þ

¼ ð2πÞdδðpþ qÞ 1

2ð4πÞ2
�
− ln

p2

4
þ const

þ ϵ

�
1

12

�
ln
p2

4

�
2

þ ln
p2

4
·
1

6

�
γ − 2 − ln π þ 4

3
ð4πÞ2β02ð0Þ

�	�
: ð75Þ

3. Normalization for ϕ2

We wish to determine the constant N 2 so that ϕ2 ¼
N 2½φ2=2� is normalized as in (12). We expect N 2 to differ
from the value at the Gaussian fixed point at order ϵ, and we
parametrize it as

1

N 2
2

¼ 1

2

�
1

4π
d
2

Γ
�
d − 2

2

��
2

ð1þ AϵÞ: ð76Þ

Since the scale dimension of ϕ2 (in coordinate
space) is
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Δ2 ¼ d − 2þ γ2ðg�Þ ≃ 2 −
2

3
ϵ; ð77Þ

we expect, from (13),



1

2
φ2ðpÞ1

2
φ2ðqÞ

�
¼ 1

N 2
2

hϕ2ðpÞϕ2ðqÞi¼ ð2πÞdδðpþqÞ 1

N 2
2

π
d
2

Γðd
2
−4þ 4

3
ϵÞ

Γð2− 2
3
ϵÞ

�
4

p2

�d
2
−2þ2

3
ϵ

¼ð2πÞdδðpþqÞ 1
32

π−2þϵ
2

Γð1− ϵ
2
Þ2Γðϵ

6
Þ

Γð2− 2
3
ϵÞ

�
4

p2

�ϵ
6

· ð1þAϵÞ

≃ ð2πÞdδðpþqÞ 1

2ð4πÞ2
�
− ln

p2

4
þ constþϵ

�
1

12

�
ln
p2

4

�
2

þ ln
p2

4
·
1

6
ð−6A−4− γ−3 lnπÞ

	�
: ð78Þ

Comparing this with (75), we obtain

A ¼ −
1

3

�
1þ γ þ ln π þ 2

3
ð4πÞ2β02ð0Þ

�
: ð79Þ

D. The composite operators ½φ4=4!� and ϕ4

In this subsection we construct the composite operator ½φ4=4!�. This satisfies the ERG equation

fðϵgþ βðgÞÞ∂g þ p · ∂p þ ϵþ Δφg
�
1

4!
φ4

�
ðpÞ ¼ γ4ðgÞ

�
1

4!
φ4

�
ðpÞ þ γ4;ϕ∂2ϕ½φ∂2φ�ðpÞ þ γ4;∂2φ2=2ð−p2Þ

�
1

2
φ2

�
ðpÞ

þ
Z
q
ð2 − q · ∂qÞRðqÞ

1

2

Z
r;s

GðgÞq;−rGðgÞ−s;−q
δ2

δφðrÞδφðsÞ
�
1

4!
φ4

�
ðpÞ;

ð80Þ

where γ4ðgÞ is the anomalous dimension. To solve this, we expand

�
1

4!
φ4

�
ðpÞ ¼

X∞
n¼0

1

ð2nÞ!
Z
p1;…;p2n

Y2n
i¼1

φðpiÞ · ð2πÞdδ
�X2n

i¼1

pi − p

�
cð2nÞðg;pÞ1;…; p2nÞ: ð81Þ

We normalize the operator by the condition

cð4Þðg; 0; 0; 0; 0Þ ¼ 1: ð82Þ

This determines γ4ðgÞ. The mixing is determined by the
additional boundary conditions at p1 ¼ p2 ¼ 0:

c2ðg;p1; p2Þ − c2ðg; 0; 0Þ ¼ Oðp4Þ: ð83Þ

To order g, we only need the first three terms n ¼ 0, 1, 2.
We expand

cð4Þðg;p1;…; p4Þ ¼ cð4Þ0 þ gcð4Þ1 ðp1;…; p4Þ; ð84aÞ

cð2Þðg;p1; p2Þ ¼ cð2Þ0 þ gcð2Þ1 ðp1; p2Þ; ð84bÞ

cð0ÞðgÞ ¼ cð0Þ0 þ gcð0Þ1 ; ð84cÞ

γ4ðgÞ ¼ gγ4;1: ð84dÞ

We do not need to calculate cð0Þ.

1. Order g0

For n ¼ 2, Eq. (82) gives

cð4Þ0 ¼ 1: ð85Þ

For n ¼ 1, the ERG equation gives

cð2Þ0 ¼ −
1

2 − ϵ

1

2

Z
q
fðqÞ ¼ vð2Þ1 : ð86Þ
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2. Order g1

For n ¼ 2, the ERG equation gives

�X4
i¼1

pi · ∂pi
þ ϵ

�
cð4Þ1 ðp1;…; p4Þ

¼ γ4;1 −
Z
q
fðqÞðhðqþ p1 þ p2Þ þ hðqþ p3 þ p4Þ

þ ðt; u channelsÞÞ: ð87Þ

The normalization condition (82) at pi ¼ 0 requires

γ4;1 ¼ 6

Z
q
fðqÞhðqÞ ¼ −2β2: ð88Þ

We then obtain

cð4Þ1 ðp1;…; p4Þ ¼ −Fðp1 þ p2Þ − Fðp3 þ p4Þ
− ðt; u channelsÞ: ð89Þ

For n ¼ 1, the ERG equation gives

�X2
i¼1

pi · ∂pi
þ 2ϵ− 2

�
cð2Þ1 ðp1;p2Þ

¼−2β2v
ð2Þ
1 þ γ4;φ∂2φð−Þðp2

1þp2
2Þþ γ4;∂2φ2=2ð−p2Þ

−vð2Þ1

Z
q
fðqÞhðqþpÞ− 1

2

Z
q
fðqÞ ·FðpÞ

−vð2Þ1

Z
q
fðqÞhðqÞ−

Z
q
fðqÞðFðqþp1ÞþFðqþp2ÞÞ:

ð90Þ

The boundary conditions (83) at p1 ¼ p2 ¼ 0 demand

γ4;φ∂2φ ¼ η2; ð91aÞ

γ4;∂2φ2=2 ¼ −2ϵvð2Þ1

d
dp2

Fðp ¼ 0Þ; ð91bÞ

where

η2 ≡ −
d

dp2

Z
q
fðqÞFðqþ pÞ

����
p¼0

: ð92Þ

The solution is given by

cð2Þ1 ðp1; p2Þ ¼ −vð2Þ1

�
FðpÞ − p2

d
dp2

Fðp ¼ 0Þ
�

−Gðp1Þ −Gðp2Þ: ð93Þ

The function GðpÞ is defined by

ðp ·∂p−2þ2ϵÞGðpÞ¼
Z
q
fðqÞFðqþpÞþvð2Þ1

2

3
β2þη2p2;

ð94Þ

and the condition

d
dp2

GðpÞ
����
p¼0

¼ 0: ð95Þ

We have thus obtained

�
1

4!
φ4

�
ðpÞ ¼ 1

4!

Z
p1;…;p4

Y4
i¼1

φðpiÞð2πÞdδ
�X4

i¼1

pi − p

�

× ð1 − gðFðp1 þ p2Þ þ Fðp3 þ p4Þ þ � � �ÞÞ

þ 1

2

Z
p1;p2

φðp1Þφðp2Þð2πÞdδðp1 þ p2 − pÞ

×

�
vð2Þ1

�
1 − g

�
FðpÞ − p2

d
dp2

Fð0Þ
��

− gðGðp1Þ þ Gðp2ÞÞ
	
: ð96Þ

3. The normalization N 4

Before discussing the normalization of the scaling
operator ϕ4, let us recall that ϕ4 is actually a linear
combination of ½φ4=4!�ðxÞ, φ∂2φ, and the total derivative
∂2φ2=2. The operator φ∂2φ is an equation of motion
operator whose correlation functions vanish at separate
points (the equation of motion operator contributes to
correlation functions only via delta functions). Hence,
the mixing with φ∂2φ is totally harmless. Thus, the mixing
with the total derivative and the equation of motion
operator can be neglected for our present purposes.3

We determine the normalization factor N 4 to the
leading order in ϵ, i.e., Oðϵ0Þ. Since c114 vanishes in the
Gaussian theory, we have c114 ∼ ϵ, and the OðϵÞ correction
to N 4 is relevant only for the OPE coefficient to higher
orders. Therefore, we can take the Gaussian value of N 4

given in (A9):

1

N 2
4

¼ 1

4!

1

N 8
1

¼ 1

4!28π2d
Γ
�
d − 2

2

�
4

: ð97Þ

It is also possible to obtain this result directly in the ERG
framework. The computation in momentum space requires
three-loop calculations, and we do not display it here.

3Note that, since we are interested in the OPE coefficient at the
Wilson-Fisher fixed point, we could solve directly the fixed-point
equation for the scaling composite operators and their products.
This leads to the same final OPE coefficient but the calculations
are somewhat more cumbersome.
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V. OPE COEFFICIENTS FROM ERG

As mentioned in Sec. II B we will deduce the OPE
coefficients from the three-point functions of the associated
operators. In this section we compute the coefficients c112
and c114 to order ϵ at the Wilson-Fisher fixed point. The
three-point functions involved are, respectively, hϕ1ϕ1ϕ2i
and hϕ1ϕ1ϕ4i. We have already explained how to compute
these within the EAA formalism in Sec. III.
Using (32), we obtain

1

N 2
1N 2

hϕ1ð−p1Þϕ1ð−p2Þϕ2ðpÞi

¼


φð−p1Þφð−p2Þ

�
φ2

2

�
ðpÞ

�
:

¼ 1

p2
1p

2
2

�
1

2
φ2

�ð2Þ
ðp1; p2Þð2πÞdδðp1 þ p2 − pÞ; ð98aÞ

1

N 2
1N 4

hϕ1ð−p1Þϕ1ð−p2Þϕ4ðpÞi

¼


φð−p1Þφð−p2Þ

�
1

4!
φ4

�
ðpÞ

�

¼ 1

p2
1p

2
2

�
1

4!
φ4

�ð2Þ
ðp1;p2Þð2πÞdδðp1þp2−pÞ; ð98bÞ

where we have to take the momenta much larger than the
fixed cutoff of order 1.
We now have all the ingredients to compute the three-

point functions of the normalized fields. In Sec. IV we have
determined the normalization constants N i and the
composite operator vertex functions ½O�ð2Þ entering (98).

To finally read off the OPE coefficient we compare the
limit p1 ≫ p2 of (98) with the expectation from CFT (15)
with an unknown OPE coefficient c11i. It is interesting to
note that taking either one of p1 or p2 much larger than the
other corresponds to taking an OPE in the three-point
function. For instance, if we take p1 ≫ p2, we are
effectively taking the short distance limit of the product
ϕ1ð−p1Þϕiðp1 þ p2Þ. Of course, if one applies the same
reasoning to the case p2 ≫ p1 one can read off the same
OPE coefficient. This is manifest in our vertices since they
are symmetric under p1 ↔ p2. Taking one of the momenta
much larger than the other corresponds to a short distance
limit, and the comparison of the two limits p1 ≫ p2

and p2 ≫ p1 reminds us of the bootstrap associativity
requirements.

A. The OPE coefficient c112
We expand the OPE coefficient

c112 ¼
ffiffiffi
2

p
ð1þ BϵÞ ð99Þ

to first order in ϵ, where
ffiffiffi
2

p
is the value for the Gaussian

theory. We compute B by comparing the result obtained
from the ERG with that expected from CFT. For com-
pleteness, we also sketch an alternative method by con-
structing the operator product ½ϕ1ϕ2� and expanding it up to
the operator ϕ1.

1. From the three-point function

Using a result (15) from CFT, we obtain

hϕ1ð−p1Þϕ1ð−p2Þϕ2ðpÞi ⟶
p1≫p2 ð2πÞdδðp − p1 − p2Þ

c112
pd−Δ2

1 p2
2

ð4πÞd
4d−2þ1

2
Δ2

Γð1
2
ðd − Δ2ÞÞ

Γð1
2
Δ2ÞΓð12 ðd − 2ÞÞ ; ð100Þ

where we have substituted the Gaussian value Δ1 ¼ 1
2
ðd − 2Þ. Now, using the results from Sec. IV, i.e., Δ2 (77), N 1 (45),

and N 2 (76), (79), we obtain



φð−p1Þφð−p2Þ

�
1

2
φ2

�
ðpÞ

�
¼ 1

N 2
1N 2

hϕ1ð−p1Þϕ1ð−p2Þϕ2ðpÞi

⟶
p1≫p2 ð1þ BϵÞ

�
1þ 1

2
Aϵ

�
Γð1 − ϵ

2
ÞΓð1 − ϵ

6
Þ

Γð1 − ϵ
3
Þ

1

p2
1p

2
2

�
p2
1

4

�ϵ
6

¼ 1

p2
1p

2
2

�
1þ ϵ

�
Bþ 1

6

�
ln
p2
1

4
þ γ − ln π − 1 −

2

3
ð4πÞ2β02ð0Þ

�	�
: ð101Þ

[We have omitted ð2πÞdδðp1 þ p2 − pÞ for simplicity.]
We compare this with the result from (58):

�
1

2
φ2

�ð2Þ
ðp1; p2Þ ⟶

p1→∞
1 − g�Fasympðp1Þ ¼ 1þ ϵ

6

�
ln
p2
1

4
þ γ − ln π − 2 −

2

3
ð4πÞ2β02ð0Þ

�
: ð102Þ

Hence, we obtain
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B ¼ −
1

6
: ð103Þ

In conclusion we have obtained

c112 ¼
ffiffiffi
2

p �
1 −

1

6
ϵ

�
ð104Þ

to order ϵ, in agreement with the results in the literature [28].
Finally, it is interesting to note that the final result (104)

is independent of the form of the cutoff kernel RðpÞ. This
signals the physical nature of the OPE coefficients. In the
present case, this is achieved by a cancellation of cutoff

dependent factors present in N 2 and ½φ2

2
�ð2Þ.

2. From the operator product

We consider the operator product ½φ½φ2=2�� and expand it
up to a term linear in the fields:
�
φðp1Þ

�
φ2

2

�
ðp2Þ

�
¼ 1

N 2

C121

�
p1−p2

2

�
φðp1þp2Þþ �� � :

ð105Þ
Let us first consider what is expected for the Wilson

coefficient in momentum space. We recall that C121 ∼ x−Δ2 ,
and Δ2 ≃ 2 − 2

3
ϵ. To linear order in ϵ one has

C121ðPÞ¼
ffiffiffi
2

p 4π2

P2

�
1þ ϵ

�
B−

γ

6
þ1

6
lnP2−

1

2
lnπ−

ln2
3

��
:

ð106Þ
On the other hand, ERG gives

�
φðpÞ

�
1

2
φ2

�
ðqÞ

�
⟶
p→∞ 1

p2

�
1

2
φ2

�ð2Þ
ð−p; qþ pÞφðqþ pÞ

¼ 1

p2
ð1 − g�FasympðqÞÞφðqþ pÞ: ð107Þ

The comparison reproduces

c112 ≃
ffiffiffi
2

p �
1 −

ϵ

6

�
:

B. The OPE coefficient c114
At orderOðg0Þ the theory is Gaussian so that c114 ¼ 0 to

order ϵ0. We then expect

c114 ¼ Cϵþ Oðϵ2Þ: ð108Þ
Hence, we can use the Gaussian values for the scale
dimension

Δ4 ¼ 2ðd − 2Þ ¼ 4 − 2ϵ ð109Þ
and N 4 (97).

Hence, from (15), we expect



φð−p1Þφð−p2Þ

�
1

4!
φ4

�
ðpÞ

�

¼ 1

N 2
1N 4

hϕ1ð−p1Þϕ1ð−p2Þϕ4ðpÞi

⟶
p1→∞ð2πÞdδðp1 þ p2 − pÞ c114

pϵ
1p

2
2

1ffiffiffiffi
4!

p 1

ð4πÞ2−ϵ
2

Γ
�
1 −

ϵ

2

�
2

×
Γðϵ

2
Þ

Γð2 − ϵÞ
¼ ð2πÞdδðp1 þ p2 − pÞ 1

p2
1p

2
2

Cϵ
1ffiffiffiffi

4!
p ð4πÞ2

× p2
1

�
− ln

p2
1

4
þ const

�
: ð110Þ

We compare this with the result from (96),

�
1

4!
φ4

�ð2Þ
ðp1; p2Þ⟶

p1→∞
− g�Gasympðp1Þ

¼ ϵ
ð4πÞ2
3

1

2 · 3!
1

ð4πÞ4 p
2
1ð− lnp2

1 þ constÞ; ð111Þ

where we have used the asymptotic form GasympðpÞ
obtained in (C19). Hence, we obtain

C ¼
ffiffiffiffi
4!

p

6 · 3!
¼ 1ffiffiffiffiffi

54
p : ð112Þ

In conclusion we have obtained

c114 ¼
ϵffiffiffiffiffi
54

p ð113Þ

in agreement with the results in the literature [28].

C. Extension to other systems

Let us mention that the strategy developed in this work is
rather general, and it applies to a wide variety of models.
For instance, unitarity is not an essential ingredient, and we
can as well compute the OPE coefficients of nonunitary
theories. To see this explicitly, in this subsection we
compute the OPE coefficient c111 in the Lee-Yang model
in d ¼ 6 − ϵ dimensions.
The Lee-Yang model has been studied via ERG even

beyond the perturbative regime [50,51]. Here, we limit
ourselves to computing the leading perturbative correction
to c111, which vanishes in the noninteracting theory. Let us
consider the action [52]

S½χ� ¼
Z �

1

2
∂μχ∂μχ þ i

g
3!
χ3
	
: ð114Þ
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In the one-loop approximation, it is possible to compute the
wave function renormalization and the beta function of the
coupling g. We do not reproduce these computations here
and merely report the fixed-point value of the coupling, i.e.,

g� ≃ 8

ffiffiffiffiffi
2π3

3

q ffiffiffi
ϵ

p
. The coefficient is cutoff independent.

We read off the OPE coefficient from the three-point
function hϕ1ϕ1ϕ1i. In general one has

hχðx1Þχðx2ÞOðxÞiconn
¼

Z
z1;z2

Gðx1; z1Þ
�

δΓ
δεðxÞδφðz1Þδφðz2Þ

�
Gðz2; x1Þ

−
Z
z1;z2;u1;u2

δ2Γ
δεðxÞδφðz1Þ

Gðz1; z2Þ

×
δ3Γ

δφðz2Þδφðu1Þδφðu2Þ
Gðu1; x1ÞGðu1; x2Þ: ð115Þ

To the first order in g�, we have

hϕ1ϕ1ϕ1i ¼ −ig�N 3
1Gðp1ÞGðp2ÞGðp1 þ p2Þ

≈ −i
ffiffiffi
2

3

r ffiffiffi
ϵ

p ð64π6Þ 1

p4
1p

2
2

; ð116Þ

where N 1 ¼
ffiffiffiffiffiffiffi
4π3

p
is the normalization of the field. A

straightforward comparison with the expectation from
CFT gives

c111 ≃ −i
ffiffiffi
2

3

r ffiffiffi
ϵ

p
; ð117Þ

which agrees with other results in the literature [25,27].
Note that the imaginary factor in c111 is a clear sign of the
nonunitarity of the model. This does not prevent us from
using our framework to compute the OPE coefficients.
Let us note that in the present computation the anoma-

lous dimension of the operators involved was not necessary,
but only the Oðϵ0Þ-scaling dimensions enter the calcula-
tion. This is because the OPE coefficient is trivial at leading
order, i.e., at order Oðϵ0Þ. As a consequence the Oð ffiffiffi

ϵ
p Þ

coefficient is determined by the leading order composite
operator and the EAA at order Oð ffiffiffi

ϵ
p Þ. Generically, how-

ever, in order to compute an OPE coefficient to a certain
order it is necessary to compute the anomalous dimension
of all the operators involved to the same order. Indeed, the
anomalous dimensions enter the determination of the
normalizations N i and in the construction of the relevant
1PI composite operator vertices, as in the examples of
Secs. VA and V B.

D. On nonperturbative approximation schemes

In this work we solved the ERG equations perturbatively.
However, ERG is known to provide a framework for non-
perturbative approximation schemes, which allows one to
provide also precise results. See, e.g., [53,54]. It is natural

then to ask if any of such approximation schemes can
be naturally employed within the strategy outlined in
this work.
The most widely employed approximation schemes are

the derivative expansion and the scheme devised by Blaizot,
Méndez-Galain and Wschebor (BMW) [55]. In the deriva-
tive expansion one retains the full field dependence of the
operators appearing in the EAA up to a certain number of
derivatives: Γk½φ� ¼

R
VðφÞ þ R

KðφÞ∂φ∂φþ � � �. In the
BMW scheme, instead, one does not retain such a general
field dependence but aims to keep full momentum depend-
ence with the use of background fields. We refer to [55] for a
detailed presentation.
The strategy outlined in Sec. II B clearly relies on having

control over the momentum dependence of the composite
operator vertices. It follows that a derivative expansion type
of scheme is not suitable for our purposes. An ideal scheme
may be the BMW since it retains the momentum depend-
ence. Recently, the BMW has been applied to compute the
two-point function of the operator φ2=2 in relation to the
“Higgs amplitude mode” [16]. Such a study shows that it is
indeed possible to keep track of the momentum dependence
of the composite operator vertices in nonperturbative
approximation schemes. It may thus be possible to apply
our strategy even beyond perturbation theory. Note that a
crucial ingredient in the BMW scheme is the use of large
external, i.e., nonloop, momenta. This fits well with the
recipe of looking at large momenta in order to read off the
OPE coefficients.
Finally let us mention a different approach studied in

the literature. Cardy proposed a formula that relates the
second order expansion of the beta function around a fixed
point with the OPE coefficients [56]. Such a formula has
been employed to obtain leading order corrections to the
OPE coefficients in the ϵ expansions [57]. In its original
formulation, however, the proposed relation displays
scheme dependent OPE coefficients. It is possible, how-
ever, to define scheme independent coefficients in the
expansions of the beta functions around a fixed point by
introducing a connection on the theory space [58]. This
may lead to a possible further strategy that tackles the
computation of the OPE coefficients via a geometric
viewpoint of the RG flow. However, it must be emphasized
that, strictly speaking, the argument by Cardy applies only
to the coefficients related to non-integrable singularities.
For this reason, the strategy outlined in this paper gives
access to even fewer singular OPE coefficients.

VI. SUMMARY AND OUTLOOK

In this work we studied OPE within the ERG formalism
and showed by explicit computation that ERG can be
employed to compute the OPE coefficients. Such OPE
coefficients are independent of the RG scheme employed
once one fixes a normalization convention for the operator
content of the theory.
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In Sec. II we introduced the ERG framework for com-
posite operators and outlined our strategy for the computa-
tion of the OPE coefficients. In Sec. III we introduced a
version of the ERG framework suitable for discussions of a
fixed point. In Sec. IV we studied explicitly some examples
of composite operators, for which we computed OPE coeffi-
cients within the ϵ expansion in Sec. V. Interestingly, as
mentioned in Sec. V D, our strategy does not rely on the use
of perturbation theory. Perturbation theory has been used as a
way to provide an actual approximate solution to the ERG
equations of interest. However, by employing nonperturba-
tive approximation schemes it may be possible to go beyond
perturbative results, and we hope our work paves the way in
this direction.
Itmust be said that the strategy employed in thiswork is not

expected to be as efficient as other methods in the literature
to compute the CFT data, in particular with respect to the
bootstrap approach. However, besides its conceptual rel-
evance, the ERG framework allows one to easily extend
the methodology studied in this work to very different
systems, possibly even in the absence of conformal symmetry
or out of equilibrium. For this reason we think it worthwhile
studying OPE further within the ERG formalism.
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APPENDIX A: TWO- AND THREE-POINT
FUNCTIONS IN MOMENTUM SPACE

In this section we derive the most important formulas
used in the main text. We adopt the following notation:

Z
x
≡
Z

ddx;
Z
p
≡
Z

ddp
ð2πÞd :

We denote by g̃ðpÞ the Fourier transform of gðxÞ:

g̃ðpÞ≡
Z
x
e−ipxgðxÞ so that gðxÞ ¼

Z
p
eipxg̃ðpÞ:

1. Two-point functions

The Fourier transform of the two-point function

f2ðxÞ≡ 1

x2α
ðA1Þ

is obtained as

f̃2ðpÞ≡
Z
x
eipx

1

x2α
¼ πd=2

Γðd
2
− αÞ

ΓðαÞ
�
4

p2

�d
2
−α
: ðA2Þ

Using the above results we can calculate the normali-
zation constants N 1, N 2, and N 4 at the Gaussian fixed
point. The standard normalization of φ is given by the
propagator in the momentum space:

hφðpÞφðqÞiG ¼ 1

p2
ð2πÞdδðpþ qÞ: ðA3Þ

This corresponds to α ¼ d−2
2

above. Hence, the propagator
in the coordinate space is given by

hφðrÞφð0ÞiG ¼ 1

N 2
1

1

rd−2
; ðA4Þ

where

1

N 2
1

¼ 1

4π
d
2

Γ
�
d − 2

2

�
: ðA5Þ

Equation (A4) implies



1

2
φ2ðrÞ 1

2
φ2ð0Þ

�
G
¼ 1

2
hφðrÞφð0Þi2G ¼ 1

2N 4
1

1

r2ðd−2Þ
:

ðA6Þ

Hence, we obtain

1

N 2
2

¼ 1

2N 4
1

¼ 1

32πd
Γ
�
d − 2

2

�
2

: ðA7Þ

Similarly,



1

4!
φ4ðrÞ 1

4!
φ4ð0Þ

�
G
¼ 1

4!
hφðrÞφð0Þi4G ¼ 1

4!N 8
1

1

r4ðd−2Þ

ðA8Þ

implies

1

N 2
4

¼ 1

4!N 8
1

¼ 1

4!28π2d
Γ
�
d − 2

2

�
4

: ðA9Þ

2. Three-point functions

Let us denote x2ij ¼ jxi − xjj2, and consider the three-
point function

f3ðx1; x2; x3Þ≡ 1

ðx212Þd=2−ν3ðx223Þd=2−ν1ðx213Þd=2−ν2
ðA10Þ

appearing in the three-point function (11) of a CFT. We
denote by f̃3 the Fourier transform of f3:
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f3ðx1; x2; x3Þ ¼
Z
p1p2p3

e−ip1x1−ip2x2−ip3x3ð2πÞdδðp1 þ p2 þ p3Þf̃3ðp1; p2; p3Þ:

Since f3 depends only on the differences x1 − x3; x1 − x2, we obtain

f̃3ðp1; p2;−p1 − p2Þ ¼
Z
x1;x2

eip1x1þip2x2f3ðx1; x2; 0Þ ¼
Z
x1;x2

eip1x1þip2x2
1

ðx212Þd=2−ν3ðx22Þd=2−ν1ðx21Þd=2−ν2
: ðA11Þ

We can express 1=ðx212Þd=2−ν3 by using (A2). This gives

f̃3ðp1; p2;−p1 − p2Þ ¼ 4ν1þν2þν3π3d=2
Γðν3ÞΓðν1ÞΓðν2Þ

Γðd
2
− ν3ÞΓðd2 − ν1ÞΓðd2 − ν2Þ

Jν1ν2ν3ðp1; p2Þ;

where

Jν1ν2ν3ðp1; p2Þ ¼
Z
q

1

ðq2Þν3ððqþ p1Þ2Þν2ððq − p2Þ2Þν1
:

Hence, we obtain

f3ðx1; x2; x3Þ ¼ 4ν1þν2þν3π3d=2
Γðν1ÞΓðν2ÞΓðν3Þ

Γðd
2
− ν1ÞΓðd2 − ν2ÞΓðd2 − ν3Þ

Z
p1p2p3

ð2πÞdδðp1 þ p2 þ p3Þeiðp1x1þp2x2þp3x3ÞJν1ν2ν3ðp1; p2Þ:

We now consider the limit p1 ≫ p2. We obtain

Jν1ν2ν3ðp1; p2Þ ⟶
p1≫p2 ðp2

1Þ−ν2
Z
q

1

ðq2Þν3ððq − p2Þ2Þν1
¼ 1

pdþΔ2−Δ1−Δ3

1

1

pd−2Δ2

2

1

ð4πÞd=2
Γðν1 þ ν3 − d

2
Þ

Γðν1ÞΓðν3Þ
Γðd

2
− ν1ÞΓðd2 − ν3Þ

Γðd − ν1 − ν3Þ
:

Hence, in the same limit the Fourier transform f̃3 is obtained as

f̃3ðp1; p2;−p1 − p2Þ ⟶
p1≫p2 ð4πÞd4−1

2
ðΔ1þΔ2þΔ3Þ Γð

1
2
ðdþ Δ2 − Δ1 − Δ3ÞÞ

Γð1
2
ðΔ1 þ Δ3 − Δ2ÞÞ

Γðd
2
− Δ2Þ

ΓðΔ2Þ
1

pdþΔ2−Δ1−Δ3

1

1

pd−2Δ2

2

: ðA12Þ

APPENDIX B: THE FIXED-POINT EFFECTIVE AVERAGE ACTION TO THE FIRST ORDER IN ϵ

We wish to construct an ERG trajectory parametrized by g along which the Gaussian fixed point at g ¼ 0 is connected to
the Wilson-Fisher fixed point at g ¼ g�. (Please see [59] for more detailed discussions of the fixed point in ϵ expansions.)
The ERG differential equation in the dimensionless framework is given by

ðϵgþ βðgÞÞ∂gΓðgÞ½φ� ¼
Z
p

�
p · ∂p þ

dþ 2

2
−
ηðgÞ
2

�
φðpÞ δΓðgÞ½φ�

δφðpÞ −
Z
p
ð2 − p · ∂p − ηðgÞÞRðpÞ 1

2
GðgÞp;−p½φ�; ðB1Þ

where GðgÞp;−q½φ� is defined by

Z
q

�
δ2ΓðgÞ½φ�

δφðpÞδφð−qÞ þ RðpÞð2πÞdδðp − qÞ
�
GðgÞq;−r½φ� ¼ ð2πÞdδðp − rÞ: ðB2Þ

We expand ΓðgÞ in powers of φ as

ΓðgÞ½φ� ¼ 1

2

Z
p
φðpÞφð−pÞvð2Þðg;pÞ þ 1

4!

Z
p1;…;p4

Y4
i¼1

φðpiÞð2πÞdδ
�X4

i¼1

pi

�
vð4Þðg;p1;…; p4Þ þ � � � : ðB3Þ

The anomalous dimension 1
2
ηðgÞ of φ in (B1) is determined by the condition
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∂
∂p2

vð2Þðg;pÞ
����
p2¼0

¼ 1: ðB4Þ

The beta function βðgÞ is determined by the boundary
condition

vð4Þðg; 0; 0; 0; 0Þ ¼ g: ðB5Þ

The Gaussian fixed point is given by

Γð0Þ½φ� ¼ 1

2

Z
p
φðpÞφð−pÞp2: ðB6Þ

In the main text we only need the first order approxi-
mation to ΓðgÞ:

vð2Þðg;pÞ ≃ p2 þ gvð2Þ1 ðpÞ; ðB7aÞ

vð4Þðg;p1; p2; p3; p4Þ ≃ gð1þ gvð4Þ2 ðp1; p2; p3; p4ÞÞ;
ðB7bÞ

vð2n≥6Þðg;p1;…; p2nÞ ≃ OðgnÞ: ðB7cÞ

We expand

βðgÞ ¼ β2g2 þ � � � ; ðB8aÞ

ηðgÞ ¼ η1gþ � � � : ðB8bÞ

vð2Þ1 ðpÞ satisfies

ð−2þ ϵÞvð2Þ1 ðpÞ ¼ 1

2

Z
q
fðqÞ − 1

2
η1p2; ðB9Þ

where

fðqÞ≡ ð2 − q · ∂qÞRðqÞ
ðq2 þ RðqÞÞ2 : ðB10Þ

Equation (B4) gives η1 ¼ 0, and we obtain

vð2Þ1 ¼ −
1

2 − ϵ

1

2

Z
q
fðqÞ; ðB11Þ

which is a mass term independent of p. vð4Þ2 satisfies

�X4
i¼1

pi · ∂pi
þ ϵ

�
vð4Þ2 ðp1; p2; p3; p4Þ

¼ −β2 −
Z
q
fðqÞðhðqþ p1 þ p2Þ þ hðqþ p1 þ p3Þ

þ hðqþ p1 þ p4ÞÞ; ðB12Þ

where

hðqÞ≡ 1

q2 þ RðqÞ : ðB13Þ

Equation (B5) gives

β2 ¼ −3
Z
q
fðqÞhðqÞ: ðB14Þ

We then obtain

vð4Þ2 ðp1;p2;p3;p4Þ
¼−fFðp1þp2ÞþFðp1þp3ÞþFðp1þp4Þg; ðB15Þ

where FðpÞ is defined by

FðpÞ≡ 1

2

Z
q
hðqÞðhðqþ pÞ − hðqÞÞ: ðB16Þ

The fixed-point value g� is obtained from

0 ¼ ϵg� þ βðg�Þ ≃ ϵg� þ β2g2� ðB17Þ

as

g� ≃ −
ϵ

β2
¼ ϵ

3
R
q fðqÞhðqÞ

≃
ð4πÞ2
3

ϵ: ðB18Þ

The value of β2 at ϵ ¼ 0 is calculated in (C9).

APPENDIX C: ASYMPTOTIC BEHAVIORS OF
F(p) AND G(p)

1. F(p)

FðpÞ is defined by

ðp · ∂p þ ϵÞFðpÞ ¼
Z
q
fðqÞðhðqþ pÞ − hðqÞÞ: ðC1Þ

Since fðqÞ vanishes rapidly for q beyond the cutoff scale
(order 1), the above gives, for p ≫ 1,

ðp · ∂p þ ϵÞFðpÞ ¼ 1

3
β2 þ O

�
1

p2

�
; ðC2Þ

where β2 is given by (B14).
This implies the asymptotic behavior

FðpÞ⟶p≫1
FasympðpÞ≡ 1

ϵ

1

3
β2ðϵÞ þ CFðϵÞp−ϵ; ðC3Þ

where we have indicated the ϵ dependence of β2. Since
FðpÞ is finite as ϵ → 0þ, we must find
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CFðϵÞ⟶ϵ→0þ
−
1

ϵ

1

3
β2ðϵ ¼ 0Þ þ Oðϵ0Þ: ðC4Þ

To computeCFðϵÞ exactly, we recall the high momentum
propagator has the same short-distance singularity in
coordinate space as the Gaussian two-point function:

h̃ðrÞ≡
Z
p
eiprhðpÞ⟶r→0

Z
p

eipr

p2

¼ hφðrÞφð0ÞiG ¼ 1

4π
d
2

Γ
�
d − 2

2

�
1

rd−2
: ðC5Þ

Since

FðpÞ ¼ 1

2

Z
q
hðqÞðhðqþ pÞ − hðqÞÞ; ðC6Þ

we obtain

F̃ðrÞ≡
Z
p
FðpÞeipr ¼ 1

2
h̃ðrÞ2⟶r→0 1

2
hφðrÞφð0Þi2G: ðC7Þ

Thus, the p-dependent part of the asymptotic behavior of
FðpÞ is the same as the Fourier transform of the squared
Gaussian propagator. Hence, using (A2), we obtain

CFðϵÞ ¼
1

2

1

ð4πÞd2
Γðd−2

2
Þ2Γð2 − d

2
Þ

Γðd − 2Þ ⟶
ϵ→0 1

ϵ

1

ð4πÞ2 : ðC8Þ

This implies

1

3
β2ð0Þ ¼ −

1

ð4πÞ2 : ðC9Þ

In the main text we need the expansion of the asymptotic
behavior to order ϵ:

FasympðpÞ¼
1

2ð4πÞ2
�
− ln

p2

4
þ lnπ− γþ2þ2

3
ð4πÞ2β02ð0Þ

ðC10Þ

þϵ

�
1

4

�
ln
p2

4π

�
2

þ
�
γ

2
−1−

1

2
lnπ

�
ln
p2

4
þconst

	�
:

ðC11Þ

β02ðϵ ¼ 0Þ depends on the choice of the cutoff func-
tion RðpÞ.

2. GðpÞ
Similarly, we can obtain the asymptotic behavior of

GðpÞ, which is defined by

ðp · ∂p − 2þ 2ϵÞGðpÞ ¼
Z
q
fðqÞFðqþ pÞ

þ vð2Þ1

2

3
β2 þ η2p2

⟶
p→∞

η2p2 þ Oðp0Þ; ðC12Þ

where

vð2Þ1 ¼ −
1

2 − ϵ

1

2

Z
q
fðqÞ; ðC13aÞ

η2 ¼ −
d

dp2

Z
q
fðqÞFðqþ pÞ

����
p¼0

: ðC13bÞ

The equation gives the asymptotic behavior

GðpÞ⟶p≫1
GasympðpÞ≡ 1

2ϵ
η2ðϵÞp2 þ CGðϵÞp2−2ϵ: ðC14Þ

Since GðpÞ is finite as ϵ → 0þ, this implies

CGðϵÞ⟶ϵ→0þ
−
η2ðϵ ¼ 0Þ

2ϵ
: ðC15Þ

We can calculate CGðϵÞ exactly from

G̃ðrÞ≡
Z
p
GðpÞeipr ¼ 1

3!
h̃ðrÞ3 ⟶r→0 1

3!
hφðrÞφð0Þi3G:

ðC16Þ

Using (A2), we obtain

CGðϵÞ ¼
1

3!

1

ð4πÞd
Γðd−2

3
Þ3Γð3 − dÞ

Γð3
2
ðd − 2ÞÞ ⟶

ϵ→0
−
1

ϵ

1

12ð4πÞ4 :

ðC17Þ

Hence,

η2ð0Þ ¼
1

6

1

ð4πÞ4 : ðC18Þ

In the main text we need GasympðpÞ to order ϵ0:

GasympðpÞ ¼ p2

�
1

2 · 3!
1

ð4πÞ4 lnp
2 þ const

�
: ðC19Þ
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