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ABSTRACT

Spacecraft and ground-based observations have shown that particles in Saturn’s main

rings have a power-law distribution roughly between centimeter and ten meters, but sub-

centimeter particles appear to be lacking. Recent studies based on Cassini observations

suggest that the minimum particle size is on the order of millimeters, although their

abundance is lower than is expected from the extrapolation of the power-law distribution

for the larger size range. Cohesive force between particles has been proposed to explain

the paucity of sub-centimeter particles, but its strength depends on impact velocity. In

order to better understand recent Cassini observations about small ring particles, we

examine impact velocity (vimp) between ring particles using N-body simulation including

size distribution. We find that most collisions take place at low velocities with vimp .
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0.1 cm s−1; even in dense rings where particles’ velocity dispersion is enhanced by

gravitational wakes, they collide at such low velocities because particles tend to move

coherently in the wakes. This velocity is too low to detach sub-centimeter particles

that are attached to the surface of large ones due to the cohesive force, explaining their

paucity in the main rings. On the other hand, impacts at higher velocities occasionally

occur, either as collision between particles in the high-velocity tail in dilute rings, or

as collisions between adjacent wakes in the case of dense rings. Such infrequent high-

velocity impacts release millimeter-sized particles strongly attached to the surface of

large ones, explaining the observed free millimeter-sized particles with relatively low

abundance. Our results suggest that studies of small particles in Saturn’s rings would

provide constraints on the cohesive force between icy particles, which is important not

only for the origin and evolution of planetary rings but also for other astrophysical

problems including dust evolution and planetesimal formation in protoplanetary disks.

Keywords: Planetary rings — Saturn, rings — Collisional physics

1. INTRODUCTION

Saturn’s rings are more than 90 to 95 per cent water ice (Cuzzi et al. 2010), and size distribution

of particles in the rings is expected to provide us clues to their origin and evolution. The first

detailed information about the size distribution of particles in Saturn’s rings was obtained by the

radio occultation experiment by Voyager 1, where the radio source onboard the spacecraft was used

to measure the radio opacity at two wavelengths, 3.6 cm and 13 cm (Marouf et al. 1983; Zebker et al.

1985). Also, measurements of the differential scattering cross section and integral inversion were used

to derive the distribution of particle radius R for 1m ≤ R ≤ 15 m. The results showed that the size

distribution can be approximated by a power-law n(R) = n0(R/R0)
−q with q ' 3 for centimeter- to

meter-size particles, while there is an upper cutoff in the size distribution at R ' 5 m. The tendency

of increasing q from the inner to outer A ring was also found.
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On the other hand, Showalter and Nicholson (1990) estimated the size of the largest particles by

an analysis of the statistical properties of the Voyager PPS stellar occultation data. In this case,

the excess variance of the photon counts during stellar occultation is used to constrain the size of

large particles. They found that the effective particle radius is about 2 − 10 m in the main rings.

Furthermore, French and Nicholson (2000) derived size distribution from ground-based observations

of the 3 July 1989 occultation of 28 Sgr and the Voyager photopolarimeter subsystem (PPS) optical

depth profile. They used the PPS occultation data (Esposito et al. 1983) to estimate and then

remove the directly transmitted signal from the star, and derived parameters for the assumed power-

law particle size distribution from the scattered light profiles at wavelengths of 0.9, 2.1, and 3.9

µm together with a forward-scattering model. They found that the maximum particle radius to be

Rmax ' 10 m and 20m for the C ring and other ring regions, respectively, while Rmin ' 30 cm for

the inner A ring and the B ring and Rmin ' 1 cm for the C ring and the outer A ring, respectively.

French and Nicholson (2000) also calculated the effective particle radius defined by Showalter and

Nicholson (1990) for the size distribution they obtained from their observation, and found agreement

with Showalter and Nicholson (1990). More recently, Colwell et al. (2018) applied a method similar

to Showalter and Nicholson (1990) to Cassini Ultraviolet Imaging Spectrograph (UVIS) occultation

data, and examined radial variation of the effective particle size in detail.

Voyager observations as well as ground-based observations provided us information about particles

down to sizes of the order of 1 cm, but information about the size distribution of sub-centimeter

particles has been rather limited. While micron-sized particles are found in some locations of the

main rings such as transient spokes or narrow diffuse rings (e.g., Mitchell et al. 2013; Hedman et al.

2010), observations show that their amount in the main rings is rather limited (Dones et al. 1993;

Harbison et al. 2013). In Cassini’s radio science occultation experiment (Marouf et al. 2008; Cuzzi et

al. 2009), the use of three radio bands (1.3 cm, 3.6 cm, and 13 cm) allowed estimate of the minimum

particle radius Rmin ' 4 mm and ' 5 mm for the C and A rings, respectively, although the cutoff
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need not to be an actual sudden drop in the size distribution to explain the observation (Cuzzi et al.

2009).

Recently, some alternative approaches based on Cassini observations have been used to derive

constraints on the size of the smallest particles in Saturn’s rings. Harbison et al. (2013) used solar

occultation data obtained by the Visual and Infrared Mapping Spectrometer (VIMS) onboard Cassini,

and measured light forward scattered by particles in the A and C rings. Assuming a power-law size

distribution with the slope index constrained by the radio occultation data, they estimated the size

of the smallest particles in the C ring to be Rmin ' 4 mm, and for the A ring Rmin ' 0.3 − 0.6

mm depending on the assumed values of q. Becker et al. (2016) used data of diffraction spikes

near the edges of the Encke Gap and the outer edge of the A ring observed by Cassini’s UVIS High

Speed Photometer (HSP) during stellar occultations to derive constraints on particle size distribution.

Comparing the observed data with those obtained by a forward model that reconstructs the geometry

for each occultation and produces a synthetic diffraction signal, they found a tendency of increasing

q with increasing distance from Saturn, which is consistent with previous results. Also, they estimate

Rmin at the inner and outer edges of the Encke Gap and the outer edge of the A ring to be 15 mm,

9.3 mm, and 4.4 mm, respectively. Furthermore, Jerousek et al. (2016) combined UVIS and VIMS

stellar occultation measurements with a geometric model of self-gravity wakes to extract information

about the size of small particles in the rings. They found a significant fraction of sub-centimeter

particles only in the outermost region of the A ring. A trend of increasing abundance of such small

particles from the Encke Gap region to the outer edge of the A ring was also found.

These observational results provide us a view that the size distribution of particles in Saturn’s rings

can be approximated by a power-law from several meters down to sizes of the order of 1cm, with a

significant amount of smaller particles down to ∼ 1 mm. They also show that the contribution of

sub-centimeter particles to the optical depth is relatively little (Harbison et al. 2013), which could be

explained by a shallower power-law in that size regime. Dones et al. (1993) argued that the observed

small contribution of sub-centimeter particles to the optical depth would be explained by cohesive
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forces. Because smaller particles have larger surface-to-volume ratios, such forces are more effective

for smaller ones. Theoretical models for collision of icy small particles including the cohesive force

have been developed (e.g. Chokshi et al. 1993; Brilliantov et al. 1996; Spahn et al. 2004; Brilliantov

et al. 2007) based on the so-called JKR theory (Johnson et al. 1971). These models were also applied

to examine dynamical evolution of ring particles, such as the stability of aggregates in Saturn’s rings

(Albers and Spahn 2006) or the slope and upper cut-off of the particle size distribution (Brilliantov

et al. 2015).

As for the smallest size of particles in Saturn’s rings, using the cohesion model by Chokshi et al.

(1993), Dones et al. (1993) analytically showed that sub-centimeter particles can stick to the surface

of larger ones in unperturbed regions of the rings. More recently, Bodrova et al. (2012) developed

a simple theoretical model for cohesion and release of small particles on the surface of larger ones

in Saturn’s rings, on the basis of the JKR theory for the cohesive forces. Assuming a bimodal

size distribution for ring particles, they calculated rates of cohesion and release of small particles,

and obtained steady-state abundance of free small particles. Their results explained the paucity of

sub-centimeter particles in unperturbed regions of Saturn’s rings. They also showed that increased

velocity dispersion of particles would significantly enhance the fraction of free small particles. Bodrova

et al. (2012) estimated impact velocity between ring particles using analytic consideration of particles’

velocity dispersion, but the impact velocity can be significantly smaller than the velocity dispersion

in dense rings, where particles tend to move coherently forming gravitational wakes (e.g. Salo 1995;

Daisaka and Ida 1999). Although Bodrova et al. (2012) considered a wide range of impact velocities, a

more detailed modeling is desirable to better understand the size distribution of particles in Saturn’s

rings inferred from recent Cassini observations.

In the present work, using N-body simulation, we examine impact velocities of macroscopic particles

in unperturbed regions of Saturn’s rings in detail. We examine cases for different radial locations in

the main rings, and also investigate effects of varying parameters, such as optical depth, restitution

coefficient, and particle size distribution. Then, on the basis of our simulation results, we discuss
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expected minimum size of particles that can avoid sticking onto the surface of larger particles for

an assumed strength of the cohesive force. First, in Section 2, we describe our numerical method,

and present numerical results for impact velocities between particles. Using our numerical results, in

Section 3, we discuss expected size of the smallest free particles in unperturbed regions of Saturn’s

main rings for an assumed strength of the cohesive force. Summary and discussion are given in

Section 4.

2. IMPACT VELOCITY BETWEEN RING PARTICLES

2.1. Numerical Method

We carry out local N-body simulation with the code developed by Daisaka et al. (2001) and used

in our previous works (Ohtsuki et al. 2013; Yasui et al. 2012, 2014). In this simulation, employing

a periodic boundary conditions, gravitational forces from particles in adjacent cells are calculated

(Salo 1995; Daisaka et al. 2001). In the case of dense self-gravitating rings, the size of the rectangular

simulation cell (L) is chosen so that it satisfies L ≥ 4λcr (Salo 1995), where

λcr = 4π2GΣ/Ω2 (1)

is the critical wavelength for gravitational instability for rings with surface density Σ and Keplerian

orbital frequency Ω. When a collision between particles is detected, velocity changes of the colliding

particles are calculated with the hard-sphere model (Richardson 1994; Ohtsuki and Emori 2000;

Daisaka et al. 2001). We assume that particles have smooth spheres, and spins of particles are not

taken into account. As for the normal restitution coefficient εn, we examine the following four cases

(Fig. 1): (i) εn = 0.1; (ii) the velocity-dependent restitution coefficient based on Bridges et al. (1984)

given as

εn(v) = min
{

0.32(vn/vc)
−0.234, 1

}
, (2)
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where vn is the normal component of impact velocity and vc = 1cm s−1 (≡ vB); (iii) the expression

(2) with vc = 0.25vB; and (iv) the expression (2) with vc = 5vB. In most of our self-gravitating

simulations we assume that the material density of the particles is ρ = 0.4 g cm−3 (e.g. Porco et al.

2008), and the dependence on the material density will be examined in Section 2.4.

In the present work, we examine impact velocity between particles using this local simulation.

After the system reaches a quasi-steady state, we record impact velocity vimp = |v2− v1| (v1 and v2

are the velocity of the colliding particles) for each collision, and examine their average, distribution,

and maximum value. First, we examine cases of equal-sized particles, with and without self-gravity

(Sections 2.2 and 2.3). The case with size distribution is discussed in Section 2.4.

2.2. Velocity Dispersion and Impact Velocity

Particles in Saturn’s rings have velocity dispersion due to collision and gravitational interactions

between them. The radial and vertical components of the velocity dispersion are related to the r.m.s.

eccentricity and inclination as

σr =

√
〈e2〉

2
aΩ, σz =

√
〈i2〉
2
aΩ, (3)

where a is the semi-major axis. N-body simulation shows that σr ∼ 2σz for dilute rings with τ � 1,

where τ is the optical depth (Ohtsuki and Emori 2000).

Bodrova et al. (2012) estimated impact velocity between ring particles from analytic estimates of

their velocity dispersion. In the case of rings with equal-sized particles, the velocity dispersion can

be analytically estimated based on results of N-body simulation, as follows (Salo 1995; Ohtsuki 1999;

Ohtsuki and Emori 2000; Bodrova et al. 2012). When the optical depth is sufficiently low and mutual

gravity between particles can be neglected, the velocity dispersion is determined by mutual collisions,

and is approximately given as
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σcol ∼ 2RΩ ∼ 0.039

(
R

100cm

)( a

1010 cm

)−3/2

cm s−1. (4)

When τ � 1 but particles’ mutual gravity becomes important, the velocity dispersion is enhanced

by their gravitational encounters, and is on the order of their mutual escape velocity, as

σenc ∼ vesc =

√
2Gm

R
, (5)

where m is the mass of the particle. Assuming that particles are spheres with density ρ, we have

σenc ∼
√

8πGρ

3
R = 0.047

(
ρ

0.4g cm−3

)1/2(
R

100cm

)
cm s−1. (6)

On the other hand, gravitational wakes are formed in sufficiently dense rings. In this case, N-

body simulation shows that the velocity dispersion is determined so that QT ∼ 2, where QT ≡

σrΩ/(3.36GΣ) is the Toomre parameter (Salo 1995). From this relation, the velocity dispersion in

this case can be estimated as

σwake ∼ 0.23

(
Σ

100g cm−2

)( a

1010cm

)3/2
cm s−1. (7)

Figure 2 shows the radial component of velocity dispersion and the mean impact velocity obtained

by N-body simulation as a function of the dynamical optical depth τ for rings of equal-sized particles

(R = 100 cm) located at a = 1 × 1010 cm from Saturn. Panels a and b show the case of rings with

non-gravitating particles, while particles’ self-gravity is taken into account in panels c and d. In each

panel of Figure 2, results for four kinds of restitution coefficients (Fig. 1) are shown. In the non-

gravitating case, the velocity dispersions decrease with increasing optical depth due to suppressed

mobility of densely-packed particles (Wisdom and Tremaine 1988). The behavior of the mean impact

velocity is similar to the velocity dispersion in the non-gravitating case, with 〈vimp〉 ' 2σr. In the self-
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gravitating case, σr ∼ σenc for dilute rings and σr ∼ σwake for dense rings with sufficiently dissipative

particles, as reported in previous works (Salo 1995; Ohtsuki and Emori 2000). On the other hand,

we find that the behavior of the mean impact velocity is very similar to the non-gravitating case.

This is because in the self-gravitating case, particles in gravitational wakes tend to move coherently

with relative velocities similar to the non-gravitating case (see also Salo 1995; Daisaka and Ida 1999).

In the self-gravitating case, the importance of mutual gravity between particles relative to collision

is described by the ratio of the mutual Hill radius (RH) for a pair of particles to the sum of their

physical radii:

rh =
RH

R1 +R2

=

(
4πρ

9MS

)1/3

a
(1 + µ)1/3

1 + µ1/3
, (8)

where MS is the mass of Saturn; R1 and R2 are the radii of the particles; and µ = m1/m2 is their

mass ratio. In the present case (a = 1× 1010 and ρ = 0.4 g cm−3), rh = 0.63.

In the non-gravitating case, both velocity dispersion and mean impact velocity take on larger values

when particles are more elastic. In the self-gravitating case, the dependence of the velocity dispersion

on restitution coefficient is similar to the non-gravitating case when τ < 1, while for τ > 1 the velocity

dispersion tends to be smaller for more elastic particles, because the tendency of the formation of

gravitational wakes is suppressed by increased random velocity. On the other hand, the dependence

of the impact velocity on the restitution coefficient is similar to the non-gravitating case.

Impact velocities have some distribution, which will be examined in detail in the next subsection.

Here we focus on their maximum values, because high-velocity impacts would release small particles

strongly attached to the surface of large ones, and the maximum impact velocity is related to the

size of the smallest free particles in the rings (Section 3). Figure 3 shows the plots of the maximum

impact velocity vimp,max obtained in each simulation after the system reached a quasi-steady state

as a function of optical depth, for the self-gravitating case shown in Figures 2c and 2d. Except

for the case of the most elastic particles (i.e., the case of Eq.(2) with vc = 5vB), the behavior is

rather insensitive to restitution coefficient. In the case of low optical depth, impacts at the highest

velocity occur for particles in the high-velocity tail of the velocity distribution. We find that vimp,max
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in this case is several times the mutual escape velocity of the particles. On the other hand, the

maximum impact velocity in dense rings arises when adjacent wakes collide with each other (see

also Figure 5 in §2.3). In this case, the maximum impact velocity can be roughly estimated by the

Kepler shear between two adjacent wakes, i.e., ∼ λcrΩ, where λcr is given by Eq.(1). We find that the

numerical results for sufficiently dissipative particles shown in Fig. 3 can be well approximated by

vimp,max ∼ max{6vesc, 0.4λcrΩ}, which is shown with the dotted line in the figure. Since λcrΩ ∝ Σa3/2,

it is expected that the maximum impact velocity between particles due to impacts between adjacent

wakes is larger for denser ring and at outer parts of the rings.

2.3. Distribution of Impact Velocities

Next, we examine distribution of impact velocities (Fig. 4). We assume that all the particles have

the same radius, R = 100 cm. Cases with particle size distribution will be discussed in Section 2.4.

We examine the following three cases by varying the distance from the planet a and the optical depth

τ : (i) a = 1.28× 1010 cm and τ ' 0.77, (ii) a = 1.05× 1010 cm and τ ' 2, and (iii) a = 0.85× 1010

cm and τ ' 0.1. These three cases roughly correspond to the A, B, and C rings, and the values

of the rh parameter defined by Equation (8) are (a) 0.80, (b) 0.66, and (c) 0.53, respectively. We

showed in Section 2.1 that the velocity dispersion as well as the maximum impact velocity in dense

rings increase with increasing optical depth, or surface density of the ring. From the analysis of weak

linear density waves in the mid-A ring observed in Cassini images, Tiscareno et al. (2007) estimated

the surface density in this region to be Σ ' 43 g cm−2. On the other hand, using a wavelet-based

analyses of Cassini’s VIMS stellar occultation observations, Hedman and Nicholson (2016) estimated

the surface density of the B ring to be between 40 and 140 g cm−2. The above optical depths in our

simulation were chosen to be consistent with these observations (Σ ' 43 g cm−2 for the A ring and

Σ ' 109 g cm−2 for the B ring). As for the case of the B ring, we briefly discuss the dependence on

the surface density in the next subsection.
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In each panel of Figure 4, results for the four kinds of restitution coefficient are shown. These

plots are created from the data recorded for each collision during the last one orbital period of each

simulation. We find that the distributions of impact velocities for the cases of the A and B rings are

similar. Most impacts take place at low velocities with vimp . 0.1− 0.2 cm s−1, because particles in

gravitational wakes move coherently (Salo 1995; Daisaka and Ida 1999). On the other hand, high-

velocity impacts with vimp & 0.3 cm s−1 can also occur occasionally when adjacent wakes collide with

each other, as shown in Figure 5. We also find a weak dependence on the restitution coefficient.

In the case of the most elastic particles (i.e., the case with Eq.(2) with vc = 5vB) in the A and B

rings, the maximum impact velocity is significantly smaller than the other ones. This is because

formation of gravitational wakes is suppressed in such a relatively elastic case. On the other hand,

the distribution of impact velocities in the dilute C ring is very different, as shown in Fig. 4c. In

this case, unless particles are very (probably unrealistically) elastic, impact velocities distribute in

a rather narrow range. Most impacts take place at low velocity with vimp < 0.1 cm s−1, i.e., at

velocities on the order of σcol given by Eq. (4). The highest impact velocity is 0.3− 0.5 cm s−1 (i.e.,

several times the escape velocity), depending on the restitution coefficient.

2.4. Case with Particle Size Distribution

Next, we examine cases with particle size distribution. We assume a power-law size distribution with

n(R)dR ∝ R−3dR for 30 cm ≤ R ≤ 300 cm. Although the size distribution of particles in Saturn’s

rings is likely much wider than this (Section 1), we can see some important characteristics for the

case of size distribution even with the above assumption. Figure 6 shows the velocity dispersions

and the mean impact velocities as a function of particle size for the three cases corresponding to the

A, B, and C rings. These plots are created by grouping particles into ten logarithmic size bins and

taking averages within each bin.

First, in the case of the dilute C ring, the velocity dispersion increases with decreasing particle size,

owing to the tendency of equipartition of kinetic energy among particles with different sizes (Ohtsuki
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1999, 2006; Morishima and Salo 2006). Similar tendency can be seen in the case of relatively elastic

particles for the A and B rings, where the velocity dispersions slightly increase with decreasing

particle size, because small particles are easily stirred by gravitational wakes and/or large particles.

This tendency is reduced in dense rings when collisions are more dissipative, because highly dissipative

collisions lead even small particles to move coherently with other particles in wakes (Fig. 7; see also

Porco et al. (2008)).

In the case of the dilute C ring, the mean impact velocity can be approximated by σcol, while the

maximum value is roughly several times the escape velocity of the largest particles. These values

are similar to the case of equal-sized particles shown in Fig. 4. On the other hand, we find that the

dependence of mean impact velocities on particle size and restitution coefficient is rather weak in the

case of the A and B rings, except for the case of the most elastic particles. Again, this is because most

particles move coherently in gravitational wakes with low relative velocity. We examined maximum

values of impact velocity in these cases with size distribution and found that they show rather weak

size-dependence. Larger particles tend to have small velocity dispersions, but they also experience

rather high-velocity impacts with small ones. Typical values of the mean impact velocity in these

dense rings are vimp < 0.1 cm s−1, and we found vimp,max ' 1 − 2 cm s−1, although high-velocity

impacts with vimp & 0.5 cm s−1 are rather rare (see also Figures 4a, 4b, and 5).

Since the surface density of the dense B ring obtained by observations has some uncertainty (Hed-

man and Nicholson 2016; Robbins et al. 2010), we also examined the dependence of the mean impact

velocity on the surface density, and found that it is similar to the case of equal-sized particles (Figure

2d); the mean impact velocity decreases with increasing surface density owing to the suppressed

mobility of particles, while it is rather insensitive to the surface density when the ring is sufficiently

dense to form gravitational wakes. We also examined the dependence on the material density of

particles, ρ, in the case of dense self-gravitating rings. When ρ is higher, enhanced effects of mutual

gravity between particles lead to the increase in velocity dispersions, especially for small particles

(Figure 8). Similar behavior was found when the distance from the planet is increased with a fixed
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particle density (Morishima and Salo 2006). On the other hand, we found that impact velocities are

hardly changed for the range of particle densities examined (ρ = 0.4 − 0.9 g cm−3), because in all

these three cases gravitational wakes are more or less formed and particles tend to move coherently.

3. IMPLICATIONS FOR MINIMUM PARTICLE SIZE

As we mentioned in Section 1, the cohesive force between particles has been proposed as a mecha-

nism to explain the paucity of sub-centimeter particles in Saturn’s rings (Dones et al. 1993; Bodrova

et al. 2012). On the basis of the JKR theory for the cohesive force (Johnson et al. 1971; Chokshi et

al. 1993), Bodrova et al. (2012) developed a simple model for sticking and release of small particles

on the surface of large particles in Saturn’s rings. While the effects of the cohesive force becomes

more important for small particles, impact velocity has to be sufficiently low in order for them to

stick by the cohesive force to the surface of large ones. This gives a minimum size of small particles

that can avoid sticking for a given impact velocity as (Appendix A)

Rstc = C1

(
γ5(1− ν2)2

v6impρ
3E2

)1/5

, (9)

where C1 ' 2.97; γ is the adhesion energy per unit area (Israelachvili 2011; Bodrova et al. 2012);

and ρ, ν, and E are the density, Poisson’s ratio, and Young’s modulus of particles, respectively.

On the other hand, from the condition that the attached small particles leave the surface of large

ones at collision between large ones, another criterion for the minimum size of free small particles

can be derived. Employing a simple model, Bodrova et al. (2012) calculated the maximum inertial

force acting at collision between large particles on attached small particles, and derived the minimum

impact velocity between large particles that lead to the release of small particles from their surface.

On the basis of their model, we can derive the minimum size of particles that can detach from the

surface of large particles with radius RL when the large particles collide with each other at velocity

vimp as (Appendix A)
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Rdet = C2

(
γ5(1− ν2)2R5

L

v6impρ
3E2

)1/10

, (10)

where C2 ' 1.89. In the above, we have assumed that the small particles is much smaller than the

large ones.

As for the adhesion energy per unit area for pure ice surfaces, Chokshi et al. (1993) estimated

γ = 0.74 J m−2, while more recently laboratory experiments were carried out to evaluate this quantity.

Here we use γ = 0.38 J m−2, which is twice the surface energy experimentally obtained for micron-

sized ice particles (Gundlach et al. 2011; Bodrova et al. 2012), although the strength of the cohesive

force for actual ring particles is largely unknown. Also, following Bodrova et al. (2012), we assume

ν = 0.25, E = 7× 109 Pa, and ρ = 0.9 g cm−3 in Equations (9) and (10).

In Figure 9, we plot Rstc as a function of vimp. If particles are smaller than Rstc, such small particles

hitting a large one with impact velocity vimp can stick to the surface of the latter, while they rebound

without sticking if the size is larger than this critical value. We also show the plots of Rdet for the

three cases of the size of the large particles (RL = 1cm, 10cm, and 100cm). If the size of the small

particles is smaller than Rdet, they remain on the surface of the large ones at collision between the

large ones, while at least some of small particles are detached from the surface owing to insufficient

cohesive force if their size is larger than this critical value.

In this figure, we also show the range of impact velocities of ring particles in Saturn’s A, B, and C

rings estimated from the results of our present study. As we mentioned in Section 2, most collisions

take place at low velocities (. 0.1 cm s−1), while infrequent high-velocity impacts also occur. In the

dense A and B rings, impacts with vimp ' 0.3 − 0.5 cm s−1 occasionally occur, with the maximum

impact velocity being ∼ 1− 2 cm s−1 (Figures 4a, 4b, and 5). In the case of the C ring, on the other

hand, the maximum impact velocity is ∼ 0.5 cm s−1 when collisions are sufficiently dissipative (Fig.

4c).
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From these results, we can infer the size of the smallest free particles, i.e., those detached from

the surface of large ones. In all the three main rings, impacts between particles at low velocity with

vimp . 0.1 cm s−1 frequently take place. For example, when vimp = 0.05 cm s−1, we have Rstc ' 1cm,

i.e., particles smaller than 1 cm are expected to stick to the surface of large particles. On the other

hand, Figure 9 shows that Rdet ' 1cm for RL = 1cm, i.e., such low-velocity impacts are sufficient

to release particles with R & 1 cm from large ones, while smaller particles remain attached to the

surface of large ones. This is consistent with the observed paucity of sub-centimeter particles in the

main rings, as discussed in previous works (Dones et al. 1993; Bodrova et al. 2012).

On the other hand, although less frequent, collisions with sufficiently high velocities to detach

smaller particles also take place. For such high-velocities, we find that Rstc ' 1mm, i.e., only

millimeter-sized or smaller particles can stick to the large ones. Figure 9 shows that Rdet ' 1− 5mm

for RL = 1cm in such a case. This means that among sub-centimeter particles that stick to the

large ones at low-velocity impacts, those with R ' 1− 5mm will be released at high-velocity impacts

between large particles with RL ' 1cm. Most of those released sub-centimeter particles are expected

to stick on the surface of large particles at subsequent low-velocity impacts, but some would avoid

sticking due to infrequent high-velocity impacts. As a result, free millimeter-sized particles are

expected to be present in these rings. Because such high-velocity impacts are not as frequent as

low-velocity impacts, the abundance of free sub-centimeter particles is expected to be significantly

lower than larger ones. These seem to be consistent with the results of recent studies on the smallest

size of ring particles based on Cassini observations (Harbison et al. 2013; Becker et al. 2016; Jerousek

et al. 2016).

4. CONCLUSIONS AND DISCUSSION

Recent studies based on Cassini observations have provided detailed information about size dis-

tribution of particles in Saturn’s rings. These studies suggest that it can be approximated by a

power-law from several meters down to sizes of the order of 1cm, with a significant amount of smaller
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particles down to ∼ 1 mm. They also show that the contribution of sub-centimeter particles to the

optical depth is relatively little due to the shallower power-law in that size regime (Section 1).

In order to better understand these observations, we examined impact velocities between particles

using N-body simulation. Below is the summary of our simulation and analytic consideration on

particle impact velocity.

• Mean impact velocity between particles in Saturn’s main rings is rather low (vimp . 0.1 cm s−1).

This is true even in dense rings such as the A and B rings where particles’ velocity dispersions

are enhanced by gravitational wakes, because particles tend to move coherently in wakes. As a

result, the mean impact velocity between particles in dense rings is significantly smaller than

their analytically-estimated velocity dispersion (Eq.(6)).

• Maximum impact velocity vimp,max in dilute rings is several times the mutual escape velocity,

while it is on the order of the Kepler shear velocity between adjacent wakes in dense rings.

The latter high-velocity impacts in dense rings arise when two adjacent wakes collide with each

other, and the impact velocity in such cases is expected to be larger for denser rings and at

outer parts of the rings.

• In the case of particles with size distribution, we found that the dependence of impact velocities

on particle size is rather weak, unless particles are very elastic. This is mainly because particles

experience collisions with various sizes of particles. In the case of dense rings, the fact that

most particles move coherently in wakes also reduces the size-dependence of impact velocity.

• The above results imply that most impacts in Saturn’s main rings take place at low veloci-

ties (. 0.1 cm s−1). Also, impact velocities distribute over a wide range, and the velocities

of infrequent high-velocity impacts are significantly larger than the analytically-estimated ve-

locities dispersions (Eqs.(4), (5), and (6)). In the case of the A and B rings, impacts with

vimp ' 0.3 − 0.5 cm s−1 occasionally occur, with vimp,max ' 1 − 2 cm s−1, while in the C ring

vimp,max . 0.5 cm s−1 as long as collisions are sufficiently dissipative (Figure 9).
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On the basis of the results of these simulations, we examined minimum size of free ring particles

that can avoid sticking onto the surface of larger ones. We found that the typical impact velocity

of particles in the main rings is too low to detach sub-centimeter particles that are attached to the

surface of large ones due to the cohesive force, explaining their paucity in the main rings (Dones

et al. 1993; Bodrova et al. 2012). On the other hand, infrequent high-velocity impacts can release

millimeter-sized particles strongly attached to the surface of large ones, explaining the observed free

millimeter-sized particles with relatively low abundance. These results seem to be consistent with

recent studies on the estimate of the size of the smallest particles in Saturn’s rings base on Cassini

observations (e.g., Harbison et al. 2013; Becker et al. 2016, see Section 1). In the present work,

we examined impact velocities between particles in unperturbed rings. Satellite perturbations are

expected to increase velocity dispersion as well as impact velocity, and the abundance of smaller

particles is expected to increase such perturbed regions (Bodrova et al. 2012; Jerousek et al. 2016).

In the present work, we derived the critical particle sizes for sticking and collisional release based

on the simple model described in Bodrova et al. (2012). These critical sizes depend on the assumed

strength of the cohesive force (Eqs.(9) and (10)). We used the value of the cohesive force based on the

laboratory experiments for micron-sized particles (Gundlach et al. 2011). Our estimates of the size

of the smallest ring particles based on the above assumptions seem roughly consistent with Cassini

observations, as mentioned above, although the actual cohesive strength in the ring environment is

poorly constrained. Cohesive strength between small icy particles is an important quantity not only

in the origin and evolution of planetary rings but also in other astrophysical problems including dust

evolution and formation of planetesimals in protoplanetary disks (Testi et al. 2014). Our present

work suggests that constraints on this important quantity could be obtained by further observational

and/or theoretical studies of Saturn’s rings.
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APPENDIX

A. ANALYTIC ESTIMATE OF THE CRITICAL SIZE OF RING PARTICLES FOR STICKING

AND COLLISIONAL RELEASE

Here, we analytically derive minimum size of ring particles that can avoid sticking onto the surface

of large particles, on the basis of previous works (Johnson et al. 1971; Chokshi et al. 1993; Spahn et

al. 2004; Bodrova et al. 2012).

First, we derive the condition for the sticking of small particles on the surface of large ones. Let

the mass and radius of the small particles be mS and RS, and those of the large ones be mL and RL.

The force acting between the small and large particles during the collision can be given based on the

so-called JKR theory (Johnson et al. 1971) as

F =
a3

DR
−
√

6πγ

D
a3/2, (A1)

where a is the contact radius of the colliding particles; D = (3/2)(1 − ν2)/E with ν and E being

Poisson’s ratio and Young’s modulus, respectively; R = RSRL/(RS +RL) is the reduced radius of the

two particles; and γ is the adhesion energy per unit area (Israelachvili 2011; Bodrova et al. 2012),

which is twice the surface energy.

Let the total displacement due to their deformation of the surfaces of the two particles during

collision be ξ (= RS + RL − |r12|, where r12 is the vector connecting the centers of the colliding

particles). Then, ξ can be expressed as a function of a as (Bodrova et al. 2012)



Size of the Smallest Ring Particles 19

ξ =
a2

R
−
√

8

3
πγDa. (A2)

The contact radius and the displacement in the equilibrium (F = 0) can be written as

a0 = (6πγDR2)1/3

ξ0 =
1

3
(6πγDR1/2)2/3.

(A3)

When the two particles collide, ξ increases until it takes on its maximum value, where the direction of

their relative velocity changes. Then, after passing the equilibrium point (ξ = ξ0), the force F takes

on its minimum value, and the two particles become separated soon after that if the cohesive force

is not sufficiently strong to keep them attached with each other. If we assume that their separation

takes place when F takes on its minimum value (Bodrova et al. 2012), the contact radius immediately

before separation can be derived from dF/da = 0 as

asep =

(
3

2
πγDR2

)1/3

, (A4)

and the force acting between the two particles at this moment is

Fsep =
3

2
πγR. (A5)

The work required to release a bound particle from its equilibrium position can then be calculated

as (Bodrova et al. 2012)

Wel =

∫ asep

a0

F
dξ

da
da

= q0
(
π5γ5D2

)1/3
R4/3,

(A6)
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where q0 ' 1.457. Therefore, if the relative kinetic energy between the two particles at the end stage

of collision is larger than Wel, the two particles can become separated. This leads to the size of the

smallest particles that can avoid sticking onto the surface of the large ones for a given impact velocity

vimp. If we assume Rs � RL, we can derive the critical size of the small particles for sticking from

the condition Wel = mSv
2
imp/2 as

Rstc = C1

(
γ5(1− ν2)2

v6impρ
3E2

)1/5

, (A7)

where C1 = 3π2/5q
3/5
0 /2 ' 2.97. That is, when a small particle collide with a large one at impact

velocity vimp, they stick together when RS < Rstc, while they rebound when RS > Rstc.

On the other hand, those small particles attached onto the large ones can detach from their surface

at collision between large ones. Bodrova et al. (2012) estimated the inertial force acting on the

attached small particles at collision between the large ones, and considered that the small ones

detach from the large ones if the inertial force overcomes the cohesive force.

According to their model, the inertial force on the small one becomes the largest when the contact

displacement ξ takes on its maximum value (ξmax). The elastic force acting between the two colliding

large particles can be expressed in terms of ξ as (Bodrova et al. 2012)

Fel =

√
R

D
ξ3/2. (A8)

Thus, the stored elastic energy at ξ = ξmax is

Wel =

∫ ξmax

0

Feldξ =
2
√
R

5D
ξ5/2max. (A9)

If we neglect energy dissipation for simplicity, ξmax can be obtained from Wel = mv2imp/2 as
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ξmax =

(
5Dm

4
√
R

)2/5

v
4/5
imp. (A10)

In the above, m is the reduced mass for the two colliding large particles. If we assume that they

have the same mass mL, we have m = mL/2. The maximum inertial force acting on small particles

attached on the surface of one of the colliding large particles is (Bodrova et al. 2012)

Fin,max =
Fel(ξmax)

2m
mS. (A11)

If the component of this inertial force in the direction perpendicular to the surface of the large particle

one exceeds Fsep given by Eq.(A5), the attached small particles can be released (Bodrova et al. 2012).

Thus, the minimum size of small particles (Rdet) that can detach from the surface of the large ones

can be derived from Fin,max = Fsep. Assuming RS � RL, we obtain

Rdet = C2

(
γ5(1− ν2)2R5

L

v6impρ
3E2

)1/10

, (A12)

where C2 ' 1.89. That is, those small particles attached to the surface of the large particles can be

released at collision between large particles if RS > Rdet.
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Figure 1. Four kinds of restitution coefficient laws used in the present study. (i) Constant normal

restitution coefficient, εn = 0.1 (blue); (ii) the velocity-dependent restitution coefficient based on Bridges

et al. (1984) given by Eq.(2) with vc = 1cm s−1(≡ vB) (red); (iii) the expression (2) with vc = 0.25vB

(magenta); and (iv) the expression (2) with vc = 5vB (green).
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Figure 2. Radial component of velocity dispersion (panels a and c) and mean impact velocity (panels b

and d) as a function of ring’s optical depth. Marks represent mean values after the system reached a quasi-

steady state, with error bars showing dispersions. Panels a and b show the non-gravitating case, while c and

d show the self-gravitating case. The colors represent different restitution coefficient laws shown in Figure

1. The dotted line in panel c represents the semi-analytic expression σr = max{σenc, 0.6σwake}. Numbers

of particles used in simulation vary from 3,000 to ∼ 57,000 depending on the optical depth (R = 100cm,

ρ = 0.4 g cm−3, a = 1× 1010 cm).
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Figure 3. Maximum impact velocity as a function of the optical depth for the self-gravitating case shown

in Figures 2c and 2d. The colors represent different restitution coefficient laws shown in Figure 1. The

dotted line represents the semi-analytic expression vimp,max = max{6vesc, 0.4λcrΩ} (see text).
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Figure 4. Distribution of impact velocities for the three cases of rings with equal-sized particles. The

radial location and surface density for the cases shown in panels a, b, and c correspond to the A, B, and C

rings, respectively. The colors represent different restitution coefficient laws shown in Figure 1. The values

of the semi-major axis, optical depth, and rh in these cases are: (a) a = 1.28 × 1010 cm, τ = 0.77, and

rh = 0.80; (b) a = 1.05× 1010 cm, τ = 2, and rh = 0.66; and (c) a = 0.85× 1010 cm, τ = 0.1, and rh = 0.53,

respectively Numbers of particles used in simulation are 16,000 (a), 75,000 (b), and 5,000 (c), respectively

(ρ = 0.4 g cm−3).
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Figure 5. A series of snapshots of particle distribution showing collision between adjacent gravitational

wakes causing high-velocity impacts between particles. A part of the simulation cell for the case of the A

ring is shown, where εn = εn(v) with vc = vB (corresponding to the red curve in Figure 4a). Panels a to f

show the time evolution of the same small region with the time interval of 0.01 TK (TK is the orbital period).

Collision between adjacent gravitational wakes takes place in panels d to f. Those particles that experienced

high-velocity impacts (vimp > 0.3 cm s−1) during the last 0.002TK are shown in green.
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Figure 6. Radial velocity dispersion (panels a, c, and e) and mean impact velocity (panels b, d, and f)

as a function of particle size in the case of particle size distribution. Panels a and b show the case of the A

ring; panels c and d show the case of the B ring; and panels e and f show the case of the C ring. We assumed

a power-law size distribution with n(R)dR ∝ R−3dR for 30 cm ≤ R ≤ 300 cm. In this case, rh takes on the

following range of values depending on the mass ratio of the colliding pairs: 0.80 ≤ rh ≤ 1.16 for the case

of the A ring; 0.66 ≤ rh ≤ 0.95 for the B ring; and 0.53 ≤ rh ≤ 0.77 for the C ring, respectively. The colors

represent different restitution coefficient laws shown in Figure 1. Numbers of particles used in simulation

are 32,000 (a and b), 149,500 (c and d), and 11,000 (e and f), respectively (ρ = 0.4 g cm−3).
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Figure 7. Snapshots for the case of the A ring with particle size distribution. The left panel shows

the case of highly inelastic particles with the velocity-dependent restitution coefficient given by Eq.(2) with

vc = 0.25vB, and the right panel shows the case of more elastic particles with vc = 5vB.
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Figure 8. Dependence of the velocity dispersion and mean impact velocity on particles’ material density

in the case of size distribution. Cases with ρ = 0.9 (solid lines with circles), 0.6 (dotted lines with squares),

and 0.4 g cm−3 (dashed lines with triangles) are shown. a = 1.28 × 1010cm, 50 cm ≤ R ≤ 500 cm, and

εn = 0.5.
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Figure 9. Critical particle radius for sticking (Rstc given by Eq.(9); solid line) and that for collisional

detachment (Rdet given by Eq.(10)) as a function of impact velocity. The dotted line, dot-dashed line, and

dashed line represent Rdet for the case of RL = 1cm, 10 cm, and 100 cm, respectively. We assumed γ = 0.38

J m−2. The approximate ranges of impact velocities obtained from the present study are also shown by the

vertical dotted lines. In the case of the A and B rings, 0.05 . vimp . 2 cm s−1. In the case of the C ring,

0.05 . vimp . 0.5 cm s−1 when collisions are sufficiently dissipative, while the maximum value can be larger

if collisions are more elastic as in the case (iv) shown in Figure 1.


