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Abstract In order to detect high frequency gravitational
waves, we need a new detection method. In this paper, we
develop a formalism for a gravitational wave detector using
magnons in a cavity. Using Fermi normal coordinates and
taking the non-relativistic limit, we obtain a Hamiltonian
for magnons in gravitational wave backgrounds. Given the
Hamiltonian, we show how to use the magnons for detect-
ing high frequency gravitational waves. Furthermore, as a
demonstration of the magnon gravitational wave detector,
we give upper limits on GHz gravitational waves by utiliz-
ing known results of magnon experiments for an axion dark
matter search.
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1 Introduction

The discovery of gravitational waves by the interferome-
ter detector LIGO in 2015 [1] opened up multi-messenger
astronomy, where electromagnetic waves, gravitational waves,
neutrinos, and cosmic rays are utilized to explore the uni-
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verse. In the future, as the history of electromagnetic wave
astronomy tells us, multi-frequency gravitational wave obser-
vations will be required to boost the multi-messenger astron-
omy.

It is useful to review the current status of gravitational
wave observations [1]. Note that the lowest frequency we can
measure is around 1078 Hz, below which the wavelength
of gravitational waves exceeds the current Hubble horizon.
Measuring the temperature anisotropy and the B-mode polar-
ization of the cosmic microwave background [2,3], we can
probe gravitational waves with frequencies between 10718
and 107'° Hz. Astrometry of extragalactic radio sources is
sensitive to gravitational waves with frequencies between
10716 and 10~° Hz [4,5]. The pulsar timing arrays, like
EPTA [6,7], IPTA [8] and NANOGrav [9], observe grav-
itational waves in the frequency band from 10~ to 10~/
Hz. Doppler tracking of a space craft, which uses a mea-
surement method similar to the pulsar timing arrays, can
search for gravitational waves in the frequency band from
10~7 to 1073 Hz [10]. The space interferometers LISA [11]
and DECIGO [12] can cover the range between 103 and
10 Hz. The interferometer detectors LIGO [13], Virgo [14],
and KAGRA [15] with km size arm lengths can search for
gravitational waves with frequencies from 10 to 1 kHz. In
this frequency band, resonant bar experiments [16] are com-
plementary to the interferometers [17]. Furthermore, inter-
ferometers can be used to measure gravitational waves with
the frequencies between 1 kHz and 100 MHz. Recently, a
limit on gravitational waves at MHz was reported [18] and
a 0.75 m arm length interferometer gave an upper limit on
100 MHz gravitational waves [19]. At 100 MHz, there is a
waveguide experiment using an interaction between gravita-
tional waves and electromagnetic fields [20]. The interaction
of gravitational waves with electromagnetic fields is useful
to explore high frequency gravitational waves and has been
studied extensively [21,22]. Indeed, the interaction is utilized
to constrain very high frequency gravitational waves higher
than 10'# Hz [23]. Although gravitational waves in the GHz
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range are theoretically interesting [24], no detector for GHz
gravitational waves has been constructed.

In order to explore the GHz range, it would be useful to
consider condensed matter systems. In our previous work,
we pointed out that magnons in a cavity can be utilized to
detect GHz gravitational waves [24]. There, we gave obser-
vational constraints on GHz gravitational waves for the first
time. In this paper, we present the method in detail. To treat
the general coordinate invariance appropriately, we need to
use Fermi normal coordinates, or more precisely detector
coordinates. Furthermore, we study non-relativistic fermions
to reveal the interaction between magnons and gravitational
waves. As aresult, we obtain a formalism for non-relativistic
fermions in curved spacetime, including a gravitational wave
background as a special case. Finally, as a demonstration, we
will give upper limits on the spectral density of continuous
gravitational waves (95% CL): 7.5 x 1071 [Hz= /2] at 14
GHz and 8.7 x 10718 [Hz~1/2] at 8.2 GHz, respectively, by
utilizing results of magnon experiments conducted recently
[25,26].

The organization of the paper is as follows. In Sect. 2,
we study the Dirac equation in Fermi normal coordinates. In
Sect. 3, we take the non-relativistic limit to obtain a Hamil-
tonian of the fermions. In Sect. 4, we explain how to use
magnons for detecting high frequency gravitational waves.
Furthermore, we give upper limits on continuous gravita-
tional waves in the GHz range. The final section is devoted
to the conclusion. In Appendices A and B, we review how to
derive Fermi normal coordinates and proper detector coordi-
nates, respectively. In particular in Appendix B, the reason
why one can neglect gravity of the earth and use the Fermi
normal coordinates as the proper detector frames approxi-
mately will be clarified. We also give a simple mathematical
formula for calculations in Appendix C.

2 Dirac field in Fermi normal coordinates

In order to study the effects of gravity on a fermion, we
consider the Dirac equation in curved spacetime described
by a metric g,,. It is given by

iyhel (8, — Ty —ieAu) ¥ =my (1)

where y&, e, m, A, are the gamma matrices, the elementary

charge, the mass of the fermion, and the vector potential of
. I,L .

U (1) gauge theory, respectively. The tetrad e, satisfies

eZefn&ﬁA = guv - 2)

Note that 7, ) is the Minkowski metric of a local inertial

frame and a hat is used for the frame. The spin connection is

@ Springer

defined by
Iy = éfoy (zme”*é n F;Me“é) : 3)

where o, i= ﬁ[y&, )/3] is a generator of the Lorentz group

and I'!}, is the Christoffel symbol.

Since there is the equivalence principle for gravity, the
choice of coordinates is quite important. We should consider
a proper reference frame, which coincides with the coordi-
nates used in an experiment. Actually, the proper reference
frame can be approximated by Fermi normal coordinates (see
Appendix A) because the effects of the earth are negligible
for our purposes, as discussed in Appendix B.

In Appendix A, we have derived an explicit expression of
the metric in Fermi normal coordinates:

200 = —1 — Roiojx'x7 @
2 ok
80i = —§R0jikx xt, ©)
1 kol
8ij = 8ij — §Rikjlx X, (6)

where the Riemann tensor is evaluated at x = 0 and thus it
only depends on time x°. Moreover, the inverse of the metric
is approximately given by

g% = —1 4 RY%yx; (7
. 2 ..

g =+ R (®)
. 1 ...

gv = 8ij + gle]lxkxl , O]

where we neglected higher order terms with respect to
the curvature. From the metric (4)—(9), one can obtain the
Christoffel symbols:

F80 =0, ng = ROinxj , F,(-)j = (ROijk + ROjik) Xk

W | =

. 4 : .
Too = Roiojx’ . T; = Roxjix" ,

;k = % (Riiji + Rjikl)xl . (10)
The tetrad is constructed using Eq. (2):
eg‘ = 88‘ — %SgR";clekxl , (11)
et = 8% — éSg‘R"}dlxkxl : (12)
) =50+ %82R0k01 - éééRjkOkaxl , (13)
eé = 62{ — %SgROk",xkxl + éSéRikﬂxkxl . (14)

Substituting Egs. (10)-(14) into Eq. (3), we can evaluate the
spin connection as

1 a » N 1 :
Lo = 7"y Roiojx” + 3v'v/ Rijorx” (15
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1 4 » 1 » 2 A 3 1 1 4 4
I = ZVOJ/]Ro]'ikxk + gJ/J)/kRjkile . (16) +[V0Vj + ERijlxkxl + EVOVaRjkalxkxl

Here we have rewritten 85 y& as y’l and we will do so
throughout.

On the other hand, the Dirac equation (1) can be rewritten
as

iy 0y = [iv° (o + ieAo)
—iy] (0 =T —ieA;) +m| ¥
=y Hy . (17)

where we defined a Hamiltonian H and the gamma matrices

in curved spacetime y* = eg Yo satisfying the relation

vt vy =—2¢"". (18)

Let us express the Hamiltonian in terms of the gamma matri-
ces of the local inertial frame instead of those of curved space-

time. Because of %% = —¢%_ we obtain

H = (g% [ig® (T + iedo)
+iy"y! (3 =T —ieA;) = vm] . (19)
Using Egs. (13) and (14), we calculate
= () ()
= (egy() + egy&> (eéyf) + e£y5>
=07 %y()y@Rij}xkxl
k.l

1 A A .
+6y°be"kblx X

1 A =2 1 ~ =
—i—zyo)//Roklekxl - gy“y/Rak()lxkxl . (20)

Together with Eq. (7), we have

- . ~
@™y~ =Py - ERozqzx"x’
1~ .
—EVOVaRjkazxkxl
1 A »
—EVOV’ROkozxkxl

1 - -
+5y“yfRakozx"xl : 1)

Similarly, one can obtain
o 1

0 k..l
—57 Rokorx" x

1
+gy“Rak01xkxl ) (22)

Therefore, from Egs.(19), (21) and (22), the Hamiltonian
expressed in the local inertial coordinates becomes

€)1y~ —y

H=iTo+iy"yiT; — eAg

2
(—iaj —eAj)

1 A » 1 ~ =
+= %97 Rokorx*x' — gVaV/Rakozxkxl}

N 1 a 1 -
+ [)/0 + EVOROkOkaxl - EVaRakozxkxl] m.  (23)

Furthermore, substituting Egs. (15) and (16) into the above
Hamiltonian and rearranging terms, we have

i

A% . 1 s =
H = ZVOJ/ZROinx] + ZVZVJROiijk
i a2 % 3
+§V0 "y YRR jkix! — eAg
—i—[yoyi (8;/ —1—0{)
1 kLo j k.1 .
+§R0kﬂx X — 6)/ v’ Rirorx"x (—laj —eAj)

A 1 1 45 2
+y° [1 + EROkOkaxl - EVOVlRiklekxli| m, (24)

where we defined

o1

J_
0] = 3
The result is consistent with the earlier work [27] where the
Hamiltonian (24) was obtained to examine the effects of grav-
ity on an atom.

The Hamiltonian we have obtained is the 4 x 4 matrix
including both the particle and the anti-particle. What we
will consider is the non-relativistic fermion. To take the non-
relativistic limit of the Hamiltonian of the fermion, we have
to separate the particle and the anti-particle while expanding
the Hamiltonian in powers of 1/m. We will explicitly see
how to perform this in the next section.

; 1
51‘] R()k()[xkx[ + gRjki[xkxl . (25)

3 Non-relativistic limit of Dirac equation

In the previous section, we derived the Hamiltonian of a Dirac
field in general curved spacetime with Fermi normal coor-
dinates. Assuming that a fermion has a velocity well below
the speed of light, which is the situation we will consider in
the Sect. 4, we take the non-relativistic limit of the Hamilto-
nian. The procedure in flat spacetime is known as the Foldy—
Wouthuysen transformation [28,29]. We generalize it to the
case of curved spacetime.

We first separate the Hamiltonian (24) into the even part,
the odd part and the terms multiplied by m as

P i
H= Ea’ Roiojx’ — goz’aJoszjkilxl

+o (5{' +9if) m;

@ Springer
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—eA() - fzaiajRo,'ijk

1 kol b k.1
+ EROkﬂx X+ 80( a’ Rigorx"x" |IT;

1 k1 1 i k.1
+(B(1+ §R0k01x x )= 8,301 Rikoix"x" | m
1
=0+4+&+ I:ﬂ (1 + ER()/(()lxkxl>

1 i k..l

—8,301 Rirorx m, (26)

where we have defined 8 = y*, o = y%% and IT; =
—id; — eAj for brevity. The even part, £, means that the
matrix has only block diagonal elements and the odd part,
O, means that the matrix has only block off-diagonal ele-
ments. Any product of two even (odd) matrices is even and
a product of even (odd) and odd (even) matrices becomes
odd. To take the non-relativistic limit of the Hamiltonian,
we have to diagonalize the Hamiltonian (26) and expand the
upper block diagonal part in powers of 1/m. More precisely,
1/m expansion is recognized as an expansion with respect
to two parameters, (mx)~' and v/c. Here, x represents a
typical length scale of the system which can be specified by
Fermi normal coordinates, i.e., x ~ v/x!x;, v is the velocity
of the fermion and ¢ denotes the speed of light. Assuming
1/mx « 1 and v/c « 1, which hold in the situation of
the Sect. 4, we will perform the 1/m expansion. It is known
that this can be done in flat spacetime by repeating unitary
transformations order by order in powers of 1/m [28,29].
Let us generalize the method to the case of curved spacetime
in Fermi normal coordinates.
We consider a unitary transformation,

1// — eiS , (27)

where § is a time-dependent Hermitian 4 x 4 matrix. Observ-
ing that

8 (e"Sw)

ot ot
. 81ﬂ 0 .
_ IS 2 IS
= <l8t)+l(8te )Kﬁ
. . a0 . .
_ I:elSHe—lS +i <atezS) e—tS:| w/ , (28)

we find that the Hamiltonian after the unitary transformation
is given by

. . 9 . ;
H =¢SHe S +i <5e15> e S (29)

We now assume that S is proportional to powers of 1/m and
expand the transformed Hamiltonian (29) in powers of S up
to the order of 1/m. Using Egs. (C4) and (C7) in Eq. (29), we

@ Springer

obtain

H' = H+i[s, H] - 3[S.[5. H]]
l
s[5, [5, BN+
. i .
—S—E[S,S]+~-~. (30)
First, let us eliminate the off-diagonal part of the Hamilto-
nian (26) at the order of m by a unitary transformation. Then
we will drop the higher order terms with respect to the Rie-
mann tensor, which only depends on time, and derivatives of
the Riemann tensor with respect to the time by assuming that
they are small enough.
To cancel the last term in the square bracket of (26), we
take

S = —ﬁﬁ (—éﬁaiRik01xkxlm> ) (31)

We then obtain

i[S, H] ~ éﬂaiRikOkaxlm — %[ai, aj]RikOkaxll'[j
+éaiajR0iijk + éaiajRojikxk ) (32)

Therefore, from Egs. (30) and (32), we have the transformed
Hamiltonian as

H' ~H+i[S. H]
i A L .
~ EalRol-ojx] — ga’a/akRjk,-lxl +af (8;’ +0ij> I;
i K, 2 k.l
—eAp — gRoz'kix + §R0kilx x'IT;
1 koI
+B(1+ §R0k01x X |m
1
=0+4+& +8 <1 + EROkozxkxl> m, (33)

where we have used the relation {ai Jad } = 289, One can
see that only even terms remain at the order of m, as expected.

Next, we focus on the order of m° and eliminate the odd
terms by a unitary transformation. In order to do so, we
choose the Hermitian operator to be

i L k.l
S = —%ﬁ (C’) — za]ROkle x'IT;

-I—EOl R()kojx . (34)
It is straightfoward to obtain

1 1
i[s,H] ~ -0+ ;,3(92 +5-8[0. €]

! Then the Hermiticity of the non-relativistic Hamiltonian is guaranteed

[30].
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Lo kol i k
——Ba' ! Rogorx“x'TI; TTj + — B Rokoi X" T1;
2m m
i P k 1
+Eﬁ[al’ ! | Rokoix"T1; + EﬂROiOi
i .
—aﬂajRokolxkxl (81'@140) ) (35)

Furthermore, up to the order of 1/m, we can deduce

1 / ’ 1 N_l /.
S [8. 1)) = —5[s".i0]

1 2

_%’30

12

1 .
+E,30l’0ljR0k()lxkle,’Hj
i k
=5, PRok0ix" I

l

8m

1
—<s—BRoioi > (36)
8m

[Oli , aj]ROkoikaj

and
LY S kol g
-8~ %ﬂ0+ Eﬁa Rokoix"x"eAj . 37

Therefore, the Hamiltonian after the unitary transformation
is given by

1 .
H"~H +i[S H']- E[S’, [ H']]-¢
i . 1 .
~ ——Ba’ Ryyorx*x'eE; + —B([0,E']+iO
4m501 okoIX" X' e J+2mﬂ([ ]+i0)
1 1 o
+& + —,3(92 — —Bata’ Rok()lxkxll_[inj
2m 4m
i i o
+%ﬂR0k0ixkl_li + %ﬂ[a’, o/ | Rokoi x¥ 1
1
+——BRoioi
8m
1 k.1
+B( 1+ 5R0k01x X |m
1
=0 +&" +8 (1 + EROkOkaxl> m, (38)
where E; = 0;Ag — A j is an electric field. We see that O’
has only terms of order of 1/m, so that odd terms at the order
of m have been eliminated.
Finally, we will eliminate the odd term O and then the
Hamiltonian will consist of only even terms up to the order

of 1/m, which we want to get. To this end, we now choose
the Hermitian operator of a unitary transformation as

§" =L g0 — L BaleE; Royrorx*x") . (39)
2m 4m
Then, up to the order of 1/m, we have

i[SU, H//] ~_O . (40)

Therefore, we have the transformed Hamiltonian as
H/// ~ H// + i[s// H//]
1
~&" +8 (1 + EROkOkaxl> m, 41)
where £” is given by

i 2 1
£" = —eAo — —Roikix* + = Rogix*x'TI; + —pO?
6 3 2m

1.
—4%/3011011 R()ko[xkxll—lil—lj
+LﬂROkOixkni + Lﬁ[ai o/ | Rokoix* 1
2m 8m ’ /
1
+%ﬂ Roio; - (42)

Moreover, the fourth term in the first line of Eq. (42) can be
evaluated as

1 i S
%,302 ~ S—mﬂ[al, a]]eilmeBm (51/' + 291./)

i (1
“am [Oél, Olj] <Zleji + 85'R0i0m> X"

1
—i-%ﬂ (8ij +26;;) ;11

i . 1
+—12mﬂRkiij] IT; + aﬁROiOi

1 ..
+W,3a’a/ozkalRijkl
—ﬁﬂ{ai,ajakal}Rkljmme,- , (43)

where B’ = %eijk(ajAk — 0rAj) is a magnetic field. Using

Egs. (42), (43) and the relation [/, a/] = 2i€;jro* in the
transformed Hamiltonian (41), we finally arrive at the Hamil-
tonian for a non-relativistic fermion up to the order of 1/m
as

1 .
H" = (l + §R0k01xkxl> m—eAyg — %R()ik,-xk

2 kI
+3R0kzzxxnz

1 1 k1
+% dij 1+§R0/<01xx

1 k.l
+§Rjk,'lx x| I1; 105
—iUiBj Sii {1+ lR()ko]xkxl
2m Y 2
—l—lR k lxkxl —lR'k-zxkxl
6 mkm 6 ikj
1 k I
+%€ijk0 (Rijlm +23ij0ioz)x I,
1
+% (3Roioi — Rijij)

@ Springer
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i 1 .
+o (ROin - §Rkikj> X' (44)

The first term is the rest mass and its correction from the
gravity at a point x’. The third term represents gravitational
redshift, namely energy shift due to gravity. The first term
in the last line gives the same effect at the order of 1/m.
We find that the fourth and the fifth terms describe gravita-
tional effects on the motion of a particle. However, we notice
that the former contains the time derivative of the curvature,
which has been assumed to be small. The second term in the
last line is also small. The third line represents interactions
between gravity and a spin in the presence of an external
magnetic field. This is what causes the spin resonance and/or
the excitation of magnons as we will see in the next section.
The fourth line is a spin—orbit coupling mediated by gravity.

In vacuum, the Riemann tensor coincides with the Weyl
tensor. Then it may be useful to rewrite the Riemann tensor of
the Hamiltonian (44) in terms of the electric £;; and magnetic

H;; components of the Weyl tensor C Mf 7, defined by
— _ Ol¢lp) ol
Ry =Cul% = 4( -9 /L8IOI>
26,0008 HOY + 2ep0“05&Hv]a , (45)

where y,,, is the induced three dimensional metric, i.e., Yoo =
voi = 0, y;j = §;;. Substituting the above relation into the
Hamiltonian (44), we obtain

1 i
H" = (1 + EEkzxkxl> m—eAp — gHilfkilxk

2 e kT
+3Hkm611mx x'TIT;

1 1 k1
+% 5” 1+5Ek[.x X

4
+35j| i Eninx x:|l'l IT;

€ inj 1 k.l
—%0131 |:5,'j (1 + EEklx X

%8 k1 —%8- , kI
+3 [mltm Enjrx”x 3 il Enpex”x

1
+Efijk0k (28011 Emyij) + 8m Eir) x' T,

1 /3
5, (ZEii - 5[i|[iEj1|j]>
i 4 l.
+o \ Eii = 38w ) X' (40)

Although Eq. (44) is applicable to a general curved space-
time, let us focus on gravitational waves as gravitational
effects from now on. The Riemann tensor for a perturbed
metric g,y = Ny + hy,y at the linear order is given by

1
—(h® . —h

Raﬂﬂ” = o w B

v Ty ) @7

@ Springer

where 7,,, stands for a flat spacetime metric and 4, repre-
sents a deviation from the flat spacetime. Because the Rie-
mann tensor (47) is invariant under gauge transformations,
we can use any coordinate to evaluate the Riemann tensor
included in Eq.(44). We then take the transverse traceless

gauge, i.e., hoy = h;; = h;j,j = 0. As a result, one can
obtain
1..

Roioj = _Ehij )

1 .. .
Roijr = 3 (hijk — hik.j)

1
Riju = 2 (it jk + hjrit — hjrix — hik,ji) - (48)

Note that they are evaluated at the origin, x’ = 0, so that they
do not depend on spatial coordinates. Substituting (48) into
(44), we finally obtain

1.. . .
H" = (1 — Zh,-jx’x1>m —eAg

W =

+= (hiig — hiai) kT

1
+— [5 (1 ——hk,xk 1)
2m

l I R R A ) 1T
+6 (h]l,kl + hkl,jl hkl,t] hlj,kl)x X thj

e . . 1.. k.1
—EGlB] |:5ij (1 — ghk]x X )

1 koI
T (hitkj + hijit — hiaij — hij) X“x

1 .
+—eijrot (Rim,j1 — — 8jmhir) x'T1

8m
i
—@hijx’l'lj , (49)

hil,jm

where we have used the equation of motion for gravitational
waves, i.e., [h;; = 0.

In the next section, we will see that gravitational waves
excite magnons, which are collective excitation of spins
through the interaction in the third line in Eq. (49).

4 Magnon gravitational wave detectors

In Sect. 3, we revealed gravitational effects on a non-
relativistic Dirac fermion in Fermi normal coordinates. As
you can see in Eq. (49), if one consider a freely falling point
particle and set Fermi normal coordinates, the particle does
not feel perturbative gravity h;; at the origin because of the
equivalence principle. However, gravitational effects are can-
celed, of course, only at one point and thus an object with
finite dimension feels gravitation. In the case of magnons,
we prepare, for example, a ferromagnetic sample in an exter-
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nal magnetic field and then the sample feels gravity since
it has finite size. Thus, magnons can be excited by gravita-
tional waves. To examine the effect of gravitational waves
on magnons, it is appropriate to set a Fermi normal coordi-
nate with the origin placed at the center of the ferromagnetic
sample. Then we can use the discussion of Sect. 3.

We consider a ferromagnetic sample in an external mag-
netic field. Such a system is described by the Heisenberg
model [31]:

Hspm = ZMBB ZS() ZJUS(l) S(/) s (50)
ij

where the Bohr magneton up = e/2m, is defined by the ele-
mentary charge e and the mass of electrons m,. We applied
an external magnetic field along the z-direction, B, with-
out loss of generality because of isotropy. Here, i specifies
each site of spins. The first term is the conventional Pauli
term, which turns the spin direction to be along the exter-
nal magnetic field. The second term represents the exchange
interactions between spins with the strength J;;.

Next, we take into account the effect of gravitational waves
on the system. From Eq.(49), the interaction Hamiltonian
between gravitational waves and a spin in the ferromagnetic
sample is

—wBBaSG) Qub » (51)

where we have defined

Hgw =

.. 0
8ijhiilx=0x"x

2
Qij = —3

1
_g (hllkj +hk] ll_hkllj_hl]kl) x= Ox X! - (52)

Itrepresents the effect of gravitational waves on a spin located
at x! in Fermi normal coordinates. Indeed, at the origin, xi =
0, we see that Q;; = 0. From Egs. (50) and (51), the total
Hamiltonian of the system is

Hiot = Hspin + How

—iuB (28:4 + Qza) B; Z St =Y JijSa - 8¢y -
i.j

(53)

The spin system (53) can be rewritten by using the
Holstein—Primakoff transformation [32]:

ai A
h=2-GCGCi

S&H=y1-C¢lCi ¢, (54)
= _ ¢ i
$q=Cl\J1-¢lci

where bosonic operators C; and CA';f satisfy commutation
relations [C;, CA‘T] = &; and Si = S") + iS’y are the
ladder operators It is easy to check that the SU(2) algebra,
[S’ S/] = ze,]kS @, j, k = x, v, z), is satisfied even after

>
B
|—

the transformation (54). We note that CA‘:r é’i represents the par-
ticle numbers of the boson created by the creation operator
c l} The bosonic operators describe spin waves with disper-
sion relations determined by B; and J;;. Furthermore, pro-
vided that contributions from the surface of the sample are
negligible, one can expand the bosonic operators by plane
waves as

—ik-r;

~ e

Ci =
2

Ck (55)

where r; is the position vector of the i spin. The excitation
of the spin waves created by EZ is called a magnon.

We now rewrite the spin system (53) by magnons with the
Holstein—Primakoff transformation (54) and then we only
focus on the homogeneous mode of magnons, i.e., k = 0
mode. Then the second term in the total Hamiltonian (53) is
irrelevant because it does not contribute to the homogeneous
mode. Furthermore, because Q.. does not contribute to the
resonance of the spins, namely excitation of magnons, we
will drop it. Thus we have

l
Hiot = upB; Z |:2é;fél + C 42_ d Ox
14

A

Ci—Cf s
+Tsz . (56)

Now let us consider a planar gravitational wave propa-
gating in the z—x plane, namely, the wave number vector of
the gravitational wave k has a direction k= (sin 8, 0, cos ).
Moreover, we postulate that the wavelength of the gravita-
tional wave is much longer than the dimension of the sam-
ple and it is necessary for the validity of the Fermi normal
coordinates. This situation is actually satisfied in the case of
usual cavity experiments for magnons. We can expand the
gravitational wave h;; in terms of linear polarization tensors

(o) (0)_5

satisfying Y o’ as

hije. 1) = D@ el +h x el . (57)
More explicitly, we took the representation

(+)
h (e*i(wht*k'x)_i_ei(wllt*k'x)) , (58)

JAS)
K, 1) = —

h(“(x, 1) =

(efi(w;,tfk'era) _i_ei(whtfk'era))

(59)

where ), is an angular frequency of the gravitational
wave and o represents a difference of the phases of polar-
izations. Note that the polarization tensors can be explicitly
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constructed as

1 cos 62 0 —cos@sinf
£H =L 0 -1 0 L (60)
V2 —cosfsind 0 sin 62
0 cosd 0
00— cos 0 —sin6 |. (61)

1
€l] =
V2l

InEqgs. (60) and (61), we defined the + mode as a deformation
in the y-direction.

Then substituting Egs. (57)—(61) into the total Hamilto-
nian (56), moving on to the Fourier space and using the rotat-
ing wave approximation, one can deduce

—sinf 0

Hig 2 2 BETe + gopy (e 4 ce), (62)
where ¢ = ¢y—¢ and

272 (1)
\/6—(7)1 (X) uwpB; sinG\/N[coszé‘(h(Jr))2

8eff =
12
+(h)% + 2 cos f sinah(+)h(x)] , (63)

is an effective coupling constant between the gravitational
waves and the magnons. The parameters / and A = 27 /wy,
are the radius of the (spherical) ferromagnetic sample and
the wavelength of the gravitational wave. We note that the
sum over the spin sites i was evaluated as

Zo-Tre T b ]

47 1P
15137
where L is a lattice constant, which is related to the number
of spins as N = (47”13) JL3.

From Eq. (63), we see that the effective coupling constant
has gotten a huge factor /N. Moreover, in order to obtain
a coordinate-independent expression of gery, it is useful to
use the Stokes parameters:

272 (1\?
8eff = V2 (—) ,uBstinQ«/ﬁ

sin¢ (rcos¢)>drdzdg = (64)

60 \x
1 20 . 29 1/2
x [ + C2°s I— sm2 0 + cosf V] . (65)

where the Stokes parameters are defined by

I = (h™)2 + 02
Q= (') — (),
U=2cosa hHr>)
V =2sina hHp0I

(66)

They satisfy 12 = U? 4+ Q2 + V2. We see that the effective
coupling constant depends on the polarizations. Note that the

@ Springer

stokes parameters Q and U transform as

0"\ [ cosdy sindy ) (O
(U/> - (— sin 4y cos4w> <U> (67)

where 1 is the rotation angle around k.

The second term in Eq.(62) shows that planar gravita-
tional waves induce the resonant spin precessions and/or the
excitation of magnons if the angular frequency of the gravita-
tional waves is near the Lamor frequency, 2. p B;. It is worth
noting that the situation is similar to the resonant bar experi-
ments [16] where planar gravitational waves excite phonons
in a bar detector.

Let us show the ability of magnon gravitational detec-
tors by giving constraints on high frequency gravitational
waves. Recently, measurements of resonance fluorescence
of magnons induced by the axion dark matter was con-
ducted and upper bounds on an axion—electron coupling con-
stant have been obtained [25,26]. Such an axion—magnon
resonance [33] has a similar mechanism to our graviton—
magnon resonance. Therefore, we can utilize these experi-
mental results to give the upper bounds on the amplitude of
GHz gravitational waves [24].

The interaction hamiltonian which describe the axion—
magnon resonance is given by

Ha = geff <6T€_im"t + éeim“t) s (68)

where gefr is an effective coupling constant between an
axion and a magnon. Notice that the axion oscillates with
a frequency determined by the axion mass m,. One can
see that this form is the same as the interaction term in
Eq. (62). Through the hamiltonian (68), gefr is related to an
axion—electron coupling constant in [25,26]. Then the axion—
electron coupling constant can be converted to gefr by using
parameters, such as the energy density of the axion dark
matter, which are explicitly given in [25,26]. Therefore con-
straints on g.rr (95% CL) can be read from the constraints
on the axion—electron coupling constant given in [25,26],
respectively, as follows:

(69)

. 3.5x 10712 eV,
<
8l =131 % 10-1 eV .

It is easy to convert the above constraints to those on the
amplitude of gravitational waves appearing in the effective
coupling constant (65). Indeed, we can read off the exter-
nal magnetic field B, and the number of electrons N as
(B.,N) = (0.5T, 5.6 x 10'°) from [25] and (B,, N) =
(03T, 9.2 x 1019) from [26], respectively. The external
magnetic field B, determines the frequency of gravitational
waves we can detect. Therefore, using Eqs. (65), (69) and
the above parameters, one can put upper limits on gravita-
tional waves at frequencies determined by B;. Since [25] and
[26] focused on the direction of Cygnus and set the external
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Fig. 1 Several experimental sensitivities and constraints on high fre-
quency gravitational waves are depicted. The blue color represents an
upper limit on stochastic gravitational waves by waveguide experiment
using an interaction between electromagnetic fields and gravitational
waves [20]. The green one is the upper limit on stochastic gravitational
waves, obtained by the 0.75 m interferometer [19]. Our new constraints
on continuous gravitational waves are plotted with a red color, which
also represent the sensitivity of the magnon gravitational wave detector
for stochastic gravitational waves

magnetic fields to be perpendicular to it, we probe continu-
ous gravitational waves coming from Cygnus with 6 = 7
(more precisely, sinf = 0.9 in [26]). We also assume no
linear and circular polarizations, i.e., Q' = U’ =V = 0.
Consequently, experimental data [25] and [26] enable us to
constrain the characteristic amplitude of gravitational waves
defined by h. = h™® = h(9 as

1.3 x 10713 at 14 GHz,

h,w
¢ 1.1 x 1072 at8.2 GHz,

(70)

at 95% CL, respectively. In terms of the spectral density
defined by S, = hf /2 f and the energy density parame-
ter defined by Qgw = 272 f2h2/3HZ (H is the Hubble
parameter), the upper limits at 95% CL are

7.5 x 10719 [Hz=1/2] at 14 GHz,

VSh~ (71)

8.7 x 10718 [Hz"'/2] at 8.2 GHz,
and

2.1 x 10*° at 14 GHz,

Qow ~
%W " 155 x 10% at8.2 GHz .

(72)

We depict the limits on the spectral density with several other
gravitational wave experiments in Fig. 1.

5 Conclusion

In order to detect high frequency gravitational waves, we
developed anew detection method. Using Fermi normal coor-
dinates and taking the non-relativistic limit, we obtained the
Hamiltonian for non-relativistic fermions in Fermi normal
coordinates for general curved spacetime. This Hamiltonian
is applicable for any curved spacetime background as long
as one can treat a curvature perturbatively. Therefore, our
formalism is useful to consider gravitational effects on non-
relativistic fermions, which is usual in condensed matter sys-
tems.

In Sect. 4, we focused on the interaction between a spin of
afermion and gravitational waves, expressed by the third line
in Eq. (49). It turned out that gravitational waves can excite
magnons. Moreover, we explicitly demonstrated how to use
magnons for detecting high frequency gravitational waves
and gave upper limits on the spectral density of continu-
ous gravitational waves (95 % CL): 7.5 x 10~19 [Hz~1/?]
at 14 GHz and 8.7 x 10~18 [Hz~1/2] at 8.2 GHz, respec-
tively, by utilizing results of magnon experiments. Interest-
ingly, there are several theoretical models predicting high
frequency gravitational waves which are within the scope of
our method [1].

The graviton—magnon resonance is also useful for prob-
ing stochastic gravitational waves with almost the same sen-
sitivity illustrated in Fig. 1. Although the current sensitivity
is still not sufficient for putting a meaningful constraint on
stochastic gravitational waves, it is important to pursue the
high frequency stochastic gravitational wave search for future
gravitational wave physics. Moreover, we can probe a burst
of gravitational waves of any wave form if the duration time
is smaller than the relaxation time of a system. The situa-
tion is the same as for resonant bar detectors [34,35]. For
instance, in the measurements [25,26], the relaxation time is
about 0.1 ps which is determined by the line width of the
ferromagnetic sample and the cavity. If the duration of the
burst of gravitational waves is smaller than 0.1 s, we can
detect it. Furthermore, improving the line width of the sample
and the cavity not only leads to detecting a burst of gravita-
tional waves but also to increasing the sensitivity. As another
way to improve the sensitivity of the magnon gravitational
wave detector, quantum nondemolition measurement may be
promising [36-38].
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Appendix A: Fermi normal coordinates

One can construct local inertial coordinates along a geodesic
of a particle, the so-called Fermi normal coordinates [39].
An observer on the earth is freely falling when gravity of
the earth, which will be taken into account in Appendix B,
is negligible. Thus, the Fermi normal coordinates describe
the frame used in an experiment. In this appendix, we briefly
review how to construct the Fermi normal coordinates [39].
We consider a timelike geodesic y; parametrized by a
proper time t and specify a point on the geodesic by P (7).
We also consider a spacelike geodesic y; orthogonal to y;
at P(t), which is parametrized by a proper distance s.> We
set the crossing point as s = 0. The situation is illustrated in
Fig.2.
Then the Fermi normal coordinates which are locally inertial
frames along y; are defined as follows:

(AD)

The bases of the Fermi normal coordinates, 3)%, are paral-
lelly transported along the geodesic y; and the o' are the
components of the tangent vector %, namely,
a ; 0

Also, the bases, % , are taken to be orthonormal by utilizing
the degree of rescaling . Thus, the metric in Fermi normal
coordinates is given by 7, on the geodesic yel

Let us show that the Fermi normal coordinates (A1) are
indeed local inertial frames, namely, the Christoffel symbols
are zero along the geodesic y;. First, because the bases of the

2 One can use an affine parameter instead of s, which does not change
the following discussion.

3 Note that orthonormality holds at any point on the geodesic y; if
it is satisfied at one point on y;, because the parallel transport keeps
orthonormality.
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Fig. 2 A timelike geodesic y; is parametrized by a proper time t and
a spacelike geodesic y; is parametrized by a proper distance s, which
is orthogonal to y; at the crossing point

Fermi normal coordinates are parallelly transformed along
¥z, we have

a \"* [/ 9\*
0= (5, (&)
daxV - ot
= (80')., 8

=TI’ =1,x' =0

=T, . (A3)

where we used the fact that the vector components of the
bases in Fermi normal coordinates are (%V)M = 8. On
the other hand, on the spacelike geodesic y;, the geodesic
equation

d?xm p dx* dxB
4T ————
ds? P ds ds
is satisfied. Using (A1) in Eq. (A4), we obtain

=0 (A4)

%o 0 . ) .
I =7r,x' =ds)ad'a’/ =0. (A5)
In particular on y;, namely at s = 0, we conclude that

0 .
Fl“j(x =r,x'=0)=Fij|yT=O. (A6)

Therefore, from Egs. (A3) and (A6), we see that the Christof-
fel symbols vanish along the timelike geodesic y;.

Now one can calculate the metric components in the vicin-
ity of the geodesic y; in Fermi normal coordinates. In a sit-
uation that a curvature scale is much larger than that of a
system we treat, we can expand the metric in terms of the
coordinates x*. The first order term vanishes by definition.
For our purpose, it is enough to calculate the metric up to the
second order.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Eur. Phys. J. C (2020) 80:545

Page 11 of 15 545

Note that the Christoffel symbols vanish along the
geodesic y;

[0l =0 (A7)

Then, from the definition of the Riemann tensor, we find

Thoalye = R voly, - (A8)

To go further, we use the geodesic deviation equation:

dZE/A d%-ot M
- B
w2 T st
+ (R'uayﬁ + Fozy B + F,BS

auﬁé‘y =0,

)
~T)5T)
(A9)

where A can be either T or s. We notice that a point on y; is
specified by the parameters (7, s, «'). Then, as to the space-
like geodesic yy, one can consider two deviation vectors; one

is (3r)s o and the other is (aa, ) . The vector ( )

resents a deviation between two spacellke geodesics which

sl rep-

stem from different points on y; and (T) represents a
7,8

deviation between two spacelike geodesics which stem from

the same point P(7) on y. Substituting £# = (& )ﬁtw =4}
into Eq. (A9) yields
(Fff) il R“ijolyf) alak =0, (A10)

which is automatically satisfied because of Eq. (A8). On the

other hand, substituting £* = (%) = 56!" into Eq. (A9),
7,8

we obtain

21“5007 + sR“jik|yfajozk + slﬂfj-’klyra-"ak + (’)(sz) =0.
(A11)

The first term in Eq. (A11) can be expanded in powers of s
as

; 9 )
2r“a1 =20 |y 0! + 25 ( =T o
ye os U
at y;

=2sT#

” peadak (A12)

From Egs. (A11) and (A12), we find the relation

1
< elye T 3R ]zk|)/f>a ok =0. (A13)

It implies that the symmetric part of the indices j and k in
the parenthesis should be zero, i.e.,

1
Fijlye + Tig jlve = =3 (R jikly, + Ruijly) - (A14)
After a little algebra, this can be solved as
1
lJ kly, _5 (Ruijk|yf + Rﬂjik|yr) . (AlS)

From the definition of the Christoffel symbol, we have

Suv,a = guargx + gvotrlloi)L . (A16)
Differentiating it with respect to x“ leads to
guv,kolyf = nuarg)h’gb, + nvarﬁ)\,ﬂyf . (A17)

Using Egs. (A7), (A8) and (Al5) in Eq.(Al17), one can
deduce g;.y,01 = 0 and the following:
800,ij = —2Roi0jly,
2
80ijk = ~3 (Rojikly., + Rokijly.)
1
8ijkl = 3 (Rikjily, + Ritjkly,) - (A18)

Thus, up to the quadratic order of the coordinates, the metric
components in Fermi normal coordinates are given by

200 = —1 — Roiojly,x'x7 (A19)
2 ik
80i = _gR()jik|yrx x*, (A20)
1 kI
8ij = 8ij — §Rikj1|y,x x . (A21)

We note that the Riemann tensor is evaluated on the time-
like geodesic ., hence it only depends on x°. It should be
mentioned that the Riemann tensor in Eqgs. (A19)-(A21) is
calculated in Fermi normal coordinates. However, the Rie-
mann tensor for the linear perturbations around the flat space-
time background is invariant under gauge transformations.
In this case, the Riemann tensor constructed in Fermi nor-
mal coordinates is the same as that in the transverse trace-
less gauge. Therefore, one can use (47) in Egs. (A19)—-(A21)
when we consider gravitational waves on the flat spacetime
background.

Appendix B: Proper detector frame

In Appendix A, we constructed local inertial coordinates
along a geodesic for a freely falling observer, namely Fermi
normal coordinates. However, an observer bound on the earth
is not freely falling. This is because the observer accelerates
against the center of the earth with ¢ = 9.8 m/s? and has the
rotational motion since the earth is rotating. In this appendix,
we take into account these effects of the earth [40,41]. We
will see that these effects are negligible in the discussion in
the text.

The procedure is almost the same as the case of the Fermi
normal coordinates. We first consider a timelike curve y;
parametrized by t and construct a spacelike geodesic y;
parametrized by a proper distance s, which is orthogonal to
the geodesic y; ats = 0. The situation is illustrated in Fig. 2.
The difference from the Fermi normal coordinates appears in
the transportation of the orthonormal bases e, which cover
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small region around a point on the curve y;. The bases e,
are parallelly transported along y., i.e. %e n = 0,1in the con-
struction of the Fermi normal coordinates,* while the e, in
the present case are transported as follows [40]:

D
—e
dr *

(BI)

o
—eqf2", ,

where Q" is an infinitesimal Lorentz transformation defined
by

QW = (a”u” - a”u“) + uaa)géaﬁ“”

= (F)Qlw +(®R) QrY. (B2)

Here, we defined the four velocity

utt = %
dr

the four acceleration
dut

T dr

and w,, represents an angular velocity of rotation of spa-
tial bases e;. Note that the orthonormality of the bases
holds under the evolution (B1) as a consequence of the anti-
symmetricity of Q*".

One can see that (g)R2"*¥ represents just a three dimen-
sional rotation in a four dimensional covariant form. In fact,
in the rest frame, i.e. u* = (1, 0, 0, 0), we obtain

, (B3)

; (B4)

— €y (R)QZ = —eauyw,gey’g‘;
0ij

o
(@ x ej)uzk ;

where we identified the label of the bases e, as the component
of them due to orthonormality to obtain the last equality and
1 = k represents the fact that p takes a spatial index. For the
observer on the earth, w is the angular velocity of the earth.
The transformation (g Q"" is called Fermi—Walker trans-
port. Consider an accelerating observer with magnitude of
the gravity of the earth, a’a, = g2, along x!'-coordinate
in an inertial frame.’ Then, because an acceleration vector
defined by (B4) is orthogonal to the four velocity, we have

= wje€ e

(BS)

atu, = —a®%’ +ad'u' =0. (B6)

4 Here, the coordinate bases are not restricted to those given by
Eq.(Al).

> In the rest frame for the observer, the Newton equation (gi—ﬁ;z —g=0
holds. Here, we used the fact that the O-component of a** is zero because
a" is orthogonal to u* and u"* = 5(‘)‘ in the rest frame. Therefore, the
relation of the relativistically invariant quantity, a*a, = g, is satisfied
as in Newtonian gravity.
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Using the above and the explicit relation

ata, = —a’a® +a'a' = g%, (B7)
we can obtain the following equations:
0 u® 1
a’ =4 =gu ,
L CH e ®8)
a = it — gu- .
A solution of Eq.(B8) is given by
t =g~ sinh(g7) ,
B
{xl =g 'cosh(g7) , (BS)

which is a hyperbolic world curve, indeed, x2 - = g’z.
The hyperbolic curve is invariant under a Lorentz boost from
the inertial coordinate (¢, x!) to another one. Since t depen-
dence appears in Eq.(B9), one can construct the rest frame
for the accelerating observer at instant T by doing a Lorentz
boost transformation depending on . Such a Lorentz boost,
which is a four dimensional rotation of a plane spanned by
u* and a*, would be expressed by ) Q"". Indeed, for an

observer accelerating along the x !-direction, we have
1
®” =g, (B10)

and the other components of ) Q2" vanish. Thus, the four
vector x* = (t, 0, 0, 0), after the infinitesimal Lorentz trans-
formation conducted by & Q2*", is given by

d (xO/ — x0> = x" (F)Qﬂo/dt

=0. (B11)
Hence, we get
dx?
- =0. (B12)
dr

This is consistent with the first equation in (B9) when g7 <«
1. Similarly, we obtain

d (xl/ — xl> = xH (F)Q/Ll/dr

= tgdr, (B13)
which leads to
dx?’
— =grT. (B14)
dr

This is consistent with the second equation in (B9) when
g7 K 1. Therefore, we find that () Q"" correctly represents
an infinitesimal Lorentz transformation which connects a rest
frame to an accelerating frame relative to the rest frame. Now,
we can understand the meaning of the Fermi—Walker trans-
port in Eq.(B1). At one point on y;, one can construct a rest
frame for an accelerating observer, but after a certain dura-
tion the frame is not a rest frame for the observer anymore.
In order to keep a frame as a rest frame at any time 7, the
bases of the frame should be developed by the Fermi—Walker
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transport. Thus, we obtain a coordinate system moving with
an accelerating observer.

From now on, we use coordinate bases specified by
Eq.(Al):

(B15)

and get an explicit expression for the metric in the proper
detector coordinate which is moving with an accelerating
observer due to the earth. The procedure is similar to the
case of the Fermi normal coordinates in Appendix A.

From Eq.(B1), we obtain the relation
no = 2% - (B16)

Using u* = (1,0,0,0) and a* = (0, a’) in the definition
(B2), we have

Q) =a, Q;=-""o. (B17)

Thus, together with Egs. (B16) and (B17), we obtain

oo =0, Tily =Tooly =@’ Tigly, = —ane®".
(B18)

We see that the proper reference frame is not a local iner-
tial frame anymore. Furthermore, considering a spacelike
geodesic equation along v,

d?xH dx® dx#

axr p & , (B19)
ds? “f ds ds

we can deduce

F;’Lj(xo =T, xi = ais) Oli()lj =0. (BZO)

Especially, at s = 0, we obtain

F;‘jm =0. (B21)

From Egs. (B18), (B21) and the relation between the metric
and the Christoffel symbol

Suv,x = guargx + gvarloik s (B22)
the first order derivative of the metric reads

gu,0 =0,

goo,i = —2a' ,

goij = —wpek

gijxk=0, (B23)

along the timelike curve y;.

Next, we evaluate the second order derivatives of the met-
ric. Differentiating Eqs. (B18) and (B21) with respect to ,
we get

0 _H
Too.0ly: =Tijoly: =0,

0 i i
Iﬂz‘0,0|)/r = F0(),0|yI =a ,
0ijk

Tho.0lye = —Gne (B24)

where a dot represents a derivative with respect to 7. On the
geodesic y;, from the definition of the Riemann tensor, we
find

Plos = Ry + T 0 = Do Do + Do I - (B25)
Substituting Egs. (B24) into Eq. (B25), we can deduce
F80,5|y, — (.li +ajwk60ijk ,
= R?jo'yr _alaJ s
0ijk

0
Lio,jly:
+dal + oo — 8ok,

0ikl ) (B26)

i i .

To0,jlye = Rojoly. — @ke
i _ pi j

Uioklye = Rjpoly. +a’ we

In order to obtain an expression for Fl’j «ly:» one can utilize
a geodesic deviation equation for y,; and the procedure is
completely the same as that in the construction of the Fermi
normal coordinates. Thus, the result is given by Eq. (A15):
Tfiklye = —% (Rz“jkh/r + R;'Lik|yf) - (B27)

Finally, we express the second order derivative of the met-
ric by the Christoffel symbols and their first derivatives, and
then relations between the second derivatives of the met-
ric and the Riemann tensor are obtained. Differentiating
Eq. (B22) with respect to x, we obtain the relation

— o o
guv,ktflyr - nﬂarv)»,U'Vr + r’varuk,o‘lyr

‘|'g/wz,<r|yr F?fﬂyf + gva,xr|yr FZ)J)/, . (B28)

Using Egs. (B26) and (B27) in Eq. (B28), we can deduce the
following equations:

8uv,00 = 0,
g00,0i = —2a" ,
800,ij = —ZR?]-O —2d'al =200’ + 28ija)ka)k ,

20i.0j = ek

2
80ijk = ~3 (Rojikly. + Rokijly.)
gijok =0,

1
8ijkl =3 (Rikjily, + Rijkly,) - (B29)

Therefore, in a proper reference coordinate system, up to the
quadratic order of the coordinates, the metric is given by

. L N2 N
goo = —1 —2a;x" — (a’x’) - (a)’x’)

+o' o' x/x — Roiojly,x x7 (B30)
R 2 .
goi = —awye’rx — §Rojik|yfx’xk ; (B31)
1
gij = 8ij — gRikj1|yrxkxl ) (B32)

‘We see that the effects of the Earth enter even at the linear
order of @' and w'. However, we can neglect these effects.
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For example, assuming the scale of the experimental appa-
ratus to be x’ ~ 1 m and using the values a’ ~ 9.8 m/s?,
o' ~2.0x 107" rad/s, we can estimate a'x’ ~ 1.1 x 10716
and w'x’ ~ 6.7 x 107!, These corrections are negligi-
ble in experiments because they are small and their effects
are static. Indeed, the effects of the earth are negligible in
magnon experiments because we utilize the phenomenon
of resonance between gravitational waves and magnons to
detect gravitational waves. Therefore, we use the Fermi nor-
mal coordinates approximately for an observer on the earth.

Appendix C: Expansion formula for ¢'SHe 'S and
( Kl eiS) e—iS

at
Let us introduce a parameter A by
f,S) =e*SHe S (C1)

We set A = 1 after the calculations. Expanding it with respect
to A, we obtain

S 3" f(x, )
(. S) = <_) . .
! ,;) n! A" o
We find that
M — l)»S [S H] —irS
oA ,
2£0.8) s, }
SIS = s[5, H]Je
% =SS [S, ... [S.H]]---]]le™* . (©3)
Therefore, one can deduce
SHe S = £(1,5)
ZZ%[S [S,....[S.H]I---]] - ©h
n=0 "

Equation (C4) is called the Campbell-Baker—Hausdorff for-
mula.

Next, let us consider the expansion of (% e's ) ¢S in pow-
ers of S. Again we introduce a parameter A and expand g with
respect to A as

0 .
g()\” S) — <Eelks> e—l)uS

:i <3ng(k S)) (C5)
—s A=0
We see that
ag(x, ) — M §eminS |
ar
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2
ol 5’8()):2 S) _ eiASiZ[S, S]e—iks ’
IFG, ) | iAS nt1 : 1S
s = i"US[S L[S S]] e

(C6)

Note that the right-hand side of the last equation has n pieces
of S. Hence, we finally arrive at

0 iS —iS
= =21, S
<8te )e 8. 5)

(C7)
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