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Clustering is an important machine learning approach in analyzing big data. In this study, we propose a clustering method using
quantum annealing (QA) based on harmonic average of purity and inverse purity. By using harmonic average of purity and inverse
purity, we introduce the effect of quantum noise for clustering algorithm while considering both quality of clusters and quality
of categories. Using benchmark data, we show the effectiveness of the proposed QA clustering based on the harmonic average of
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1. Introduction

Clustering is an important machine learning approach in analyzing big data [6]. There are many situations where
there is no label information. Clustering makes it possible to find latent structure and patterns from the data without
label information. Since data generated from the same class have similar features, multiple data from the same class
tend to have some pattern and those data is distributed locally in the feature space. The k-means method, which is
simple and is based on the distance in feature space, has been used extensively so far. However, the k-means clustering
has a disadvantage, which comes from large initial value dependency; in complicated cases where the size and the
number of clusters are large, it is difficult to obtain an optimal solution by falling into a local solution.

In order to overcome this problem of k-means, deterministic approaches using initial value optimization and prob-
abilistic approaches have been proposed. k-means++ [2] is a deterministic one which considers initial value optimiza-
tion to better values. On the other hand, a probabilistic approach based on simulated annealing (SA) [3] has been
proposed in order to avoid local optimum solution using thermal noise.

In this study, we propose a clustering method using quantum annealing (QA) based on harmonic average of purity
and inverse purity [1]. Here we use the effect of quantum noise for clustering algorithm [9] while considering quality
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of clusters (purity) and quality of categories (inverse purity). Quantum annealing [7] is a method for minimizing the
objective function by using quantum noise and is known to deal with combinatorial optimization problems such as
traveling salesman problem [10]. Here we consider quantum annealing based on Suzuki-Trotter expansion, which
leads to multiple simulated annealing with an interaction between systems. Using benchmark data, we evaluate the
effectiveness of the proposed QA clustering based on the harmonic average of purity and inverse purity by comparing
existing SA clustering and QA clustering [9, 13] with the proposed QA clustering.

2. SA-k-means

In this section, we describe a concept of SA and then explain k-means based on SA. The SA is a probabilistic
optimization method for estimating the state that minimizes the objective function E. In the SA, we consider state
change based on probability ratio from the current state to the candidate state. When the objective function decreases
{∆E = Enext − Epresent < 0}, the state change is always accepted. When the objective function increases, we accept the
state change with the acceptance probability exp [−∆E/T ] according to the increment ∆E and the temperature T . A
wide area search tends to be performed with high temperature T , and a local search tends to be performed with low
temperature. In the SA, we start optimization with high temperature T and we decrease the temprerature to simulate
thermal annealing. However SA is known to fall into a local minimum [12].

Here we explain the method using simulated annealing for the k-means method. We assign certain data x j to the
cluster ci stochastically, where X = {x1, x2, ..., xn} is a set of data and c = {c1, c2, ..., ck} is a set of cluster center vectors.
In this probabilistic framework, we consider the probability depends on the distance rx j,ci between data x j and cluster
center vector ci and the temperature T . The algorithm of SA k-means is described below.

1. Allocate cluster randomly to all data X = {x1, x2, ...xn}
2. Update all cluster center vectors ci

3. The cluster is assigned to all data X = {x1, x2, ..., xn}. Here using the probability ratio exp[−βrx j,ci ]. rx j,ci is the
Euclidean distance between x j and ci

4. Update β
5. Repeat steps 2.3.4

Here β = 1/T is the inverse temperature, which controls SA. Namely, the temperature T is a gradually decreased
from initial high temperature. Global search is performed at high temperature while local search is performed at low
temperature. Thus, by adapting SA to k-means, we aim to avoid the problem of locally optimal solution due to initial
value dependence.

3. QA-k-means

In this section, we propose clustering method based on quantum annealing using harmonic mean of two different
similarities. First, we explain a basic framework of clustering using QA in subsection 3.1. Then we describe our
proposed formulation of QA k-means based on harmonic mean of purity and inverse purity in subsection 3.2. We
formulate the similarity to be used for quantum annealing.

3.1. Loss function

Fig. 1 shows a concept of quantum annealing. Here, we define an expression of state using binary vector in order to
define loss function used in the framework of quantum annealing. Let σi be a one-hot-vector of size K that represents
which cluster the i th data is allocated to. When a cluster center vector set is expressed using a matrix c = [c1, c2, ..., cK],
cσ( j)

i express a cluster center vector to which i-th data belongs. The cluster center vector and data are allocated so that
the distance between cluster center vector cσ( j)

i and the i-th data xi becomes small.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.procs.2018.10.531&domain=pdf
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of clusters (purity) and quality of categories (inverse purity). Quantum annealing [7] is a method for minimizing the
objective function by using quantum noise and is known to deal with combinatorial optimization problems such as
traveling salesman problem [10]. Here we consider quantum annealing based on Suzuki-Trotter expansion, which
leads to multiple simulated annealing with an interaction between systems. Using benchmark data, we evaluate the
effectiveness of the proposed QA clustering based on the harmonic average of purity and inverse purity by comparing
existing SA clustering and QA clustering [9, 13] with the proposed QA clustering.

2. SA-k-means

In this section, we describe a concept of SA and then explain k-means based on SA. The SA is a probabilistic
optimization method for estimating the state that minimizes the objective function E. In the SA, we consider state
change based on probability ratio from the current state to the candidate state. When the objective function decreases
{∆E = Enext − Epresent < 0}, the state change is always accepted. When the objective function increases, we accept the
state change with the acceptance probability exp [−∆E/T ] according to the increment ∆E and the temperature T . A
wide area search tends to be performed with high temperature T , and a local search tends to be performed with low
temperature. In the SA, we start optimization with high temperature T and we decrease the temprerature to simulate
thermal annealing. However SA is known to fall into a local minimum [12].

Here we explain the method using simulated annealing for the k-means method. We assign certain data x j to the
cluster ci stochastically, where X = {x1, x2, ..., xn} is a set of data and c = {c1, c2, ..., ck} is a set of cluster center vectors.
In this probabilistic framework, we consider the probability depends on the distance rx j,ci between data x j and cluster
center vector ci and the temperature T . The algorithm of SA k-means is described below.

1. Allocate cluster randomly to all data X = {x1, x2, ...xn}
2. Update all cluster center vectors ci

3. The cluster is assigned to all data X = {x1, x2, ..., xn}. Here using the probability ratio exp[−βrx j,ci ]. rx j,ci is the
Euclidean distance between x j and ci

4. Update β
5. Repeat steps 2.3.4

Here β = 1/T is the inverse temperature, which controls SA. Namely, the temperature T is a gradually decreased
from initial high temperature. Global search is performed at high temperature while local search is performed at low
temperature. Thus, by adapting SA to k-means, we aim to avoid the problem of locally optimal solution due to initial
value dependence.

3. QA-k-means

In this section, we propose clustering method based on quantum annealing using harmonic mean of two different
similarities. First, we explain a basic framework of clustering using QA in subsection 3.1. Then we describe our
proposed formulation of QA k-means based on harmonic mean of purity and inverse purity in subsection 3.2. We
formulate the similarity to be used for quantum annealing.

3.1. Loss function

Fig. 1 shows a concept of quantum annealing. Here, we define an expression of state using binary vector in order to
define loss function used in the framework of quantum annealing. Let σi be a one-hot-vector of size K that represents
which cluster the i th data is allocated to. When a cluster center vector set is expressed using a matrix c = [c1, c2, ..., cK],
cσ( j)

i express a cluster center vector to which i-th data belongs. The cluster center vector and data are allocated so that
the distance between cluster center vector cσ( j)

i and the i-th data xi becomes small.
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𝜎𝜎 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑚𝑚−1

𝜎𝜎 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑚𝑚

𝜎𝜎 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑚𝑚+1𝑚𝑚 + 1-th system

𝑚𝑚-th system

𝑚𝑚 − 1-th system

Fig. 1. The concept of quantum annealing. By considering multiple systems with interaction, we realize an effective search using quantum effects
that can pass through barriers. In this figure, interactions to m-th system is explicitly shown by arrows in for simplicity. σ(replica(m)) interacts to
adopt state which is similar to σ(replica(m−1)) and σ(replica(m+1)). Detailed explanations are given in subsection 3.2.

Thus, the loss function (sum of squared error, SSE) can be formulated as follows:

Loss(σ( j)) =
N∑

i=1

(
xi − cσ( j)

i

)2
(1)

where we assign the cluster to all the data and let the combination be σ( j) = ⊗N
i=1σ

j
i . ⊗ means Kronecker delta. σ( j) is

a one-hot-vector whose size is KN , where KN is the total number of possible cluster assignments. We estimate cluster
allocation σ( j) and cluster vector c that minimize this loss function.

3.2. Proposed QA k-means based on harmonic mean

To realize clustering using quantum annealing, we consider that Hamiltonian consists of classical term Hc and
quantum term Hq as follows:

H = Hc + Hq (2)

The first term Hc is a matrix for the loss of the problem and is a diagonal matrix as follows:

Hc = diag
(
Loss

(
σ(1)
)
,Loss

(
σ(2)
)
, · · · ,Loss

(
σ(KN))) (3)
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The second term Hq is a matrix for quantum fluctuation as follows:

Hq = −Γ
N∑

i=1

σx
i (4)

where σx is Pauli’s matrix as follows:

σx
i =
(
⊗i−1

x=1EK

)
⊗ (�K − EK) ⊗

(
⊗N

x=i+1EK

)
(5)

where EK is a k × k identity matrix, �K is a k × k matrix where every element is equal to one. Here, Γ is transverse
magnetic field, corresponding to a parameter for quantum annealing.

Using the Hamiltonian shown in Eq. (2), the probability of appearance of the state σ( j) is as follows [11]:

p(σ( j)) =
σ( j)T exp

[−βH]σ( j)

∑
σ(k) σ(k)T exp

[−βH]σ(k)

∝ σ( j)T
exp
[−βH]σ( j) ≡ p̃(σ( j)) (6)

In stochastic cluster assignment, we use probability ratio of p̃(σ( j)).
Here we consider approximate using Suzuki-Trotter formula

exp [A1 + A2] � lim
M→∞

[
exp

A1

M
exp

A2

M

]M
(7)

This formula enables us to decompose exponential function of sum of matrices into the product of exponential func-
tions of individual matrix. By assuming that M is sufficiently large, we can separate classical and quantum Hamilto-
nians as follows:

p̃(σ( j)) = σ( j)T
exp [−β(Hc + Hq)]σ( j)

� σ( j)T
exp
[
− β

M
Hc

]M
exp
[
− β

M
Hq

]M
σ( j) (8)

After this transformation, we have M classical systems instead of quantum systems. The superposition of quantum
states is replaced by the search in a plurality of classical systems with interactions between classical systems.

By performing analytical calculation, we can obtain following probability for the state of σ( j) [5, 4].

p̃
(
σ(replica(m)) = σ( j)

)
∝ exp

−
β

M
Loss(σ( j)) + f (β, Γ)

N∑
n=1

(
σ

(replica(m−1))
n σ

( j)
n + σ

( j)
n σ

(replica(m+1))
n

) (9)

where f (β, Γ) is a function of β, Γ. As shown in Fig. 1, this can be thought of as multiple simultaneous simulated
annealing with interactions among the systems. This represents the probability that the state of the m-th system is σ( j)
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where total number of systems in M. The state of the m-th system seems likely to be similar to the state in the system
of (m − 1)-th system and (m + 1)-th system.

In Eq. (9), β and Γ are annealing parameters to control in QA. As shown in factor
∑N

n σ
(replica(m−1))
n σ

( j)
n , we calculate

the number of matched clusters assigned by comparing m and (m − 1)-th systems. Here we denote similarity between
systems by s(σ(a), σ(b)). This is generalized and further expressed by the following expression using the function
β(t), finteraction(t) representing the schedule of annealing.

p̃(σ(replica(m)) = σ( j)) ∝ exp
[
−β(t)rxi,ck + finteraction(t)

{
s
(
σ(replica(m−1)), σ(k)

)
+ s
(
σ(k), σ(replica(m+1))

)}]
(10)

Here we consider three kinds of evaluation indices for clustering [1]. The first evaluation index, purity, is defined
as follows:

Purity =
∑

i

|Ci|
N

max j Precision(Ci, Lj) (11)

where Ci is the cluster assignment of the system and, Lj is correct cluster assignment. Precision is expressed using Ci

and Lj as follows:

Precision(Ci, Lj) =
|Ci ∩ Lj|
|Ci|

(12)

Naturally, purity is the degree to which clusters are moistened with the same Lj and represents the uniqueness in the
cluster. However, this index does not reward the assignment of correct labels to the same cluster. In the extreme case,
assigning one cluster per one data maximizes purity.

To overcome this problem in purity, we introduce a second evaluation index, inverse purity, an index of similarity
with properties different from purity.

Inverse Purity =
∑

i

|Li|
N

max j Precision(Ci, Lj) (13)

Namely, inverse purity is the degree to which the same Lj is concentrated in one cluster and represents the convergence
to a certain cluster. In this study, we propose a clustering using the harmonic averaged indicator of these two evaluation
indices, F-measure, as third evaluation index,

F =
(
α

1
Purity

+ (1 − α)
1

Inverse Purity

)−1

(14)

where α is a constant and is set to be 0 < α < 1. In this study, we employ one of three indices as the Similarity s in
Eq. (10) in order to realize clustering using QA.
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4. Evaluating the Proposed Method

In this section, we show the effectiveness of clustering using QA using the proposed method f-measure and compare
it with other annealing methods.

4.1. Setting

We use a clustering benchmark dataset called A3 in the experiment [8]. The data has 50 clusters and high frustration
as shown in Fig. 2. The control parameters used in Eq. (10) are set as follows. The inverse temperature β is controlled
the convergence guarantee schedule β(t) = β0 log t. The transverse magnetic field Γ is controlled the schedule of
Γ(t) = Γ0

M
β
T
t [12]. where T is the total number of iterations.

4.2. Result

In this subsection, we perform clustering using proposed and existing methods. Fig. 3 shows the results of clustering
using such as k-means++, SA, purity-based QA, and f-measure-based QA. For each clustering method, the SSE loss
function is plotted. As shown in Fig. 3, the k-means and k-means++ methods which are deterministic algorithms,
show fast convergence, but it falls into a local solution. In the QA method, the SSE becomes lower than the k-
means++ and the SA method around 270 iterations. In particular, f-measure-based QA shows lower SSE than purity
QA near convergence. Furthermore, f-measure-based QA can be executed with almost the same time as purity-based
QA, since f-measure-based QA only increases the calculation of inverse purity in Eq. (10).

5. Conclusion

In this study, we proposed a clustering method using quantum annealing (QA) based on harmonic average of
purity and inverse purity. Here we used the effect of quantum noise for clustering algorithm. Using benchmark data,
we shown the effectiveness of the proposed QA clustering based on the harmonic average of purity and inverse purity.

Introduction of quantum annealing based on harmonic mean similarity may have advantages in other clustering
methods such as Gaussian mixture model. We leave this as a future work.
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In this study, we proposed a clustering method using quantum annealing (QA) based on harmonic average of
purity and inverse purity. Here we used the effect of quantum noise for clustering algorithm. Using benchmark data,
we shown the effectiveness of the proposed QA clustering based on the harmonic average of purity and inverse purity.
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[8] Kärkkäinen, I., Fränti, P., 2002. Dynamic local search algorithm for the clustering problem. University of Joensuu.
[9] Kurihara, K., Tanaka, S., Miyashita, S., 2009. Quantum annealing for clustering, in: Proceedings of the Twenty-Fifth Conference on Uncertainty

in Artificial Intelligence, AUAI Press. pp. 321–328.
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