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Density Functional Theory as a Data Science

Takao Tsuneda*
Graduate School of Science, Technology,
and Innovation, Kobe University, Kobe 657-8501, Japan

Abstract

The development of density functional theory (DFT) functionals and physical corrections are
reviewed focusing on the physical meanings and the semiempirical parameters from the viewpoint
of data science. This review shows that DFT exchange-correlation functionals have been developed
under many strict physical conditions with minimizing the number of the semiempirical parameters,
except for some recent functionals. Major physical corrections for exchange-correlation function-
als are also shown to have clear physical meanings independent of the functionals, though they
inevitably require minimum semiempirical parameters dependent on the functionals combined.
We, therefore, interpret that DFT functionals with physical corrections are the most sophisticated

target functions that are physically legitimated, even from the viewpoint of data science.

*Electronic address: tsuneda@phoenix.kobe-u.ac.jp



I. INTRODUCTION

Density functional theory (DFT) is the central theory in current quantum chemistry (QC)
[1]. Though DFT was developed in the field of materials science [1, 2], it has been applied in
QC calculations since mid 1990s, and it is used in more than 90 % of QC calculations as of
2019. The cause for the high-frequency use comes from the high cost performance of DFT
calculations, i.e., the high accuracy close to chemical accuracy, which is within the error of
several kcal/mol in energy, and the low computational time compared to those of ab initio
wavefunction theories [1]. In the Kohn-Sham equation, which is the basic function of DFT,
the difference from the ab initio Hartree-Fock (HF) equation is only exchange-correlation
potential part [1, 2]. The performance of DFT calculations, therefore, depend on the quality
of DFT exchange-correlation functionals used.

Development of DFT exchange and correlation functionals has close relations to data

science [3]. DFT functionals are usually developed in the following steps:
1. Collecting physical effects contributing to the electronic states of systems,

2. Determining DFT functional by models combining the physical effects with semiem-

pirical parameters, and

3. Sophisticating DFT functionals by increasing the number of physical effects for improv-
ing their applicability and then by minimizing the number of semiempirical parameters
for removing artificial problems such as the local minima in calculated potential energy

surfaces.

These steps are obviously very close to the steps of determining target functions in data

science:
1. Collecting features (independent variables) contributing to predictions,

2. Determining target functions by various data-scientific models using many features

with parameters, and

3. Sophisticating the models by increasing the number of the features for improving the
generalization performance and then by minimizing them and accompanying parame-

ters for avoiding the overfitting.



Therefore, from the viewpoint of data science, DFT functionals are the target functions,
whose features are physical effects, for reproducing e.g., chemical properties, reaction pro-
cesses in chemistry. Considering that DFT now dominates QC calculations, it is not too
much to say that DFT functional development is the most successful data science in chem-
istry.

This analogy between DFT functional development and data science suggests various
methods for sophisticating DFT functionals. In the case of low generalization performance
due to the lack of learning called “underfitting”, new features are added by collecting the
new datasets of these features in data science. However, since it is usually difficult to prepare
enough datasets, there are several methods for virtually increasing the number of data [3]:
e.g., “holdout”, which splits the datasets into the training and test datasets, and its “cross
validation”, which crosses the roles of the training and test datasets. These methods are
applicable to the DFT functional development. As a sophisticated data-scientific method
for improving the generalization performance, there is “ensemble learning”, which combines
a number of models to enhance the prediction [3]: e.g., “bootstrap aggregating (bagging)”
and “boosting”. For improving the generalization performance, the bagging first performs
the bootstrap, in which the dataset of a certain number of rows is repeatedly sampled with
replacement allowing overlaps from the original learning dataset of the same number of
rows to generate new datasets, and then constructs the model of each new dataset called
“weak learner”, and finally aggregates the prediction results. The representative bagging
is “random forest”, which uses decision trees as weak learners. On the other hand, the
boosting firstly constructs a model for the original learning dataset, secondly compares the
predictions and correct answers to figure out incorrectly-predicted samples, thirdly makes
new learning datasets by weighting the incorrectly-predicted samples, and finally returns to
the construction of models repeatedly. The representative boosting is “gradient boosting”,
which uses the gradient of the errors to determine the weight of sample datasets. There
are many DFT functionals combining different types of functionals and corrections [3]: e.g.,
semiempirical functionals. Note that the combination of the different corrections should
not use the weighting for accuracy, because the physical corrections have physical meanings
as a whole, and therefore, the weighting of the corrections provide artificial effects on the
electronic states. On the other hand, DF'T functionals actually contain physically-undefined
parts such as the large density gradient parts of generalized-gradient-approximation (GGA)



functionals, as mentioned in Sec. IV A. The ensemble learning could be an efficient tool for
improving these parts of DFT functionals. Therefore, the data-scientific methods give new
tools for improving the applicability of DFT functionals.

In the case of the “overfitting” of models due to the excessive number of features com-
pared to the number of datasets, dimension reduction is performed to decrease the number of
features for avoiding the increase of the upper limit of generalization errors in data science.
The dimension reduction is classified into two types [3]: one is “feature selection” choosing
the subsets of features and another is “feature extraction” transforming a feature space axis
to another one. The most frequently-used feature selection is “stepwise regression”, which
adds important features from the set of explanatory variables and removes unnecessary fea-
tures stepwise. In the DFT functional development, the stepwise regression corresponds
to the selection of significant physical effects for reproducing calculation systems such as
reaction systems under a threshold. For example, relativistic effects are usually insignifi-
cant to reproduce light atom systems, though they are necessary to reproduce heavy atom
systems. The most famous feature extraction is “principal component analysis”, in which
significant features are figured out using the orthogonal transformation of the set of possibly
correlated variables to the set of linearly uncorrelated variables (principal components). In
DFT functional development, the double counting of the same physical effects should be
removed to enhance the applicability. The long-range correction (LC), for instance, avoids
the double counting of exchange effects by separating exchange interactions into short- and
long-range parts and assigning them into a DF'T functional and the HF exchange integral
(see Sec. V A). Therefore, the data-scientific methods also have a potential for evaluating
the double counting rates of physical effects in DFT functionals and corrections.

As mentioned above, the analogy of DFT functional development and data science is
beneficial to consider the strategy for enhancing DFT functional development or data science.
After considering requirements for the development of machine-learned DFT, we explore
several major DFT functionals and their physical corrections from the viewpoint of data
science and consider their advantages and disadvantages as the features of a target integrated
functional. We anticipate that this review will be the first step to integrate DFT and data

science in near future.



II. REQUIREMENTS FOR DEVELOPING MACHINE-LEARNED DFT

Data science has, so far, been applied to various predictions in theoretical chemistry calcu-
lations [4]: e.g., energies and chemical properties, reaction models, potential energy surfaces,
and interatomic potentials and analyses in molecular dynamics simulations. However, this
section focuses only on the requirements for making the best use of machine learning in the
development of DFT functionals, because DFT functionals account for all these predictions
and, therefore, have a wide range of applications. For making use of machine learning in

the functional developments, it is required to answer the following questions:
1. What should be chosen as the descriptors of DF'T functionals?
2. What points are required for implemented parameters?
3. How significant are the fundamental conditions for the accuracy of predictions?
4. What should be targeted by DFT functionals as prediction models?

Let us consider the answers for these questions.

Since the descriptors of machine learnings should be independent as much as possible
to enhance the generalization performance of predictions. By analogy, DFT functionals are
also required to consist of independent elements to the maximum extent possible. DFT
functionals are usually composed of exchange and correlation functionals and their correc-
tions. Therefore, these functionals and corrections should be independent of each other to
develop DFT functionals of high generalization performance. This indicates that exchange-
correlation functionals should be derived in physically well-defined manners and the physi-
cally meaningful corrections should be incorporated without double counting.

Parameters of machine-learned functions should be minimized in number and have phys-
ical meanings. As mentioned in Sec. I, the parameters are minimized in the final phase of
machine learnings to avoid the overfitting of prediction models It has actually been reported
that the increase in the number of parameters in DFT functionals causes spurious local min-
ima in calculated potential energy surfaces [5]. In machine learnings, principal features of
prediction models are screened by regression coefficients. If the parameters have no physical

meanings, it is difficult to interpret the regression coefficient and to make clear the cause



for the significance of the principal features, which is needed to sophisticate the prediction
models, i.e., DFT functionals.

The significance of the fundamental conditions in the functionals has also been empha-
sized. Medvedev et al. [6, 7] showed that semiempirical functionals worsen the reproducibil-
ity of electron density and indicated that these functionals do not go up the Jacob’s ladder to-
ward universal functional due to the violation of the fundamental conditions. Hollingsworth
et al. [8] investigated the effect of the fundamental conditions on machine-learned func-
tionals and consequently found the improvement of the approximation to a kinetic energy
functional. From the viewpoint of machine learning, it is natural to use the fundamental
conditions as a constraint for the functionals, because it is an effective strategy for enhanc-
ing the accuracy of prediction models to decrease the number of descriptors by imposing
reasonable conditions to the prediction models.

For obtaining high generalization performance of functionals, evaluation criteria should
be reviewed for the development of conventional functionals, though the errors of the calcu-
lated chemical properties in various benchmark sets have been uncritically adopted. Except
for the DFT functional developments, the most frequently-used data science in the data
science for chemistry is chemoinformatics [9], in which the reaction prediction models are
constructed by the learning of bond species and chemical property values. Following the
philosophy of chemoinformatics, many reaction prediction models have been developed by
the machine learnings using the calculated properties of DFT to estimate reactivities with-
out DFT calculations [10, 11]. In recent years, several machine-learned functionals have also
been developed [12-15] especially for kinetic energy functionals [8, 16, 17]. Most function-
als including machine-learned ones have been obtained by minimizing the errors for many
molecular chemical properties of various benchmark sets. However, Pernot and Savin [18]
recently questioned this strategy by showing that “summary statics”, e.g., root mean square
errors and mean absolute errors, are inappropriate as the criteria of prediction models. They
also pointed out that atomization energies should not be included in the training datasets
to improve the generalization performance of functionals due to their serious dependence on
molecular sizes. This indicates that the detail review is necessary for choosing the evaluation

criteria and benchmark sets in the datasets of machine learning.



III. CLASSIFICATION OF DFT FUNCTIONALS AND THEIR PHYSICAL COR-
RECTIONS

The basic equation of DFT is the Kohn-Sham equation [2], in which the Fock operator
F' contains an exchange-correlation functional,

Fé; = e, (1)

F=h+2) Jj+ v, (2)

j
where ¢; and ¢; are the i-th orbital and orbital energy, respectively, n is the number of
occupied orbitals, h is the one-electron Hamiltonian operator, jj is the Coulomb operator
for the j-th orbital, and v, is the exchange-correlation potential functional. For this Fock

operator, the total electronic energy is given as

E= Z (hl + QZ Jij) + Fxe, (3)
i J

where F,. is the exchange-correlation energy functional, which defines the exchange-

correlation potential functional,

3By
= 4
Uxe 5p (4)

and the one-electron and Coulomb integrals, h; and J;;, are provided as
1
= [eroio {59+ vl b o) )
1
Ty = [ ridraoe06 )6 r)6 x2), (©)

where ri is the coordinate of i-th electron and rj; = |ry — ry|. In the generalized Kohn-
Sham method [19], the Kohn-Sham equation is also established for the inclusion of orbital-
dependent potentials such as the HF exchange integral,

O%[{d: 1)) + vernd; = €;0;, (7)

where O is the orbital-dependent operator in the Fock operator and wve.g is the effective
potential functional for the remaining orbital-independent part, which is usually the density
functional part of the exchange-correlation potential functionals. Note that the Fock opera-

tor of the (generalized) Kohn-Sham equation is the same as that of the HF equation except
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FIG. 1: Classification of major exchange-correlation functionals. The suffix “X” and “C” indicate

exchange and correlation functionals, respectively.

for the exchange-correlation functional part. Therefore, the accuracy of the (generalized)
Kohn-Sham method depends only on the quality of the exchange-correlation functionals
used.

Exchange-correlation functionals can be classified on the basis of their features. Figure
1 shows a usual classification of major exchange-correlation functionals. As shown in the

figure, the major exchange-correlation functionals are roughly categorized into six types:
e Local density approximation (LDA) functionals of only electron density p: Eypalp],

e Generalized gradient approximation (GGA) functionals correcting LDA functionals

with the density gradient Vp: Eggalp, Vo),

e Meta-GGA functionals correcting GGA functionals with the kinetic energy density 7
and/or the density Laplacian V?p: Encaalp, Vo, T, V20,

e Hybrid functionals mixing the HF exchange integral (ENY) at a constant ratio:

Ewcaalp, Vp, EXY],

e Semiempirical functionals that are developed to reproduce accurate properties with

many semiempirical parameters: Egemiemp|p, Vp, 7, EXF], and



e Progressive functionals transforming in accordance with 7 functional and exchange in-

tegral kernel K, for exchange and correlation functionals, respectively: FEy[7], E.[K,].

There are various other types of functionals: e.g., functionals explicitly containing the set
of orbitals {¢;}. Note, however, that as mentioned in Sec. V, most of them are assigned to
the physical corrections. We, therefore, consider that exchange-correlation functionals are
basically classified by these features.

Exchange-correlation functionals that do not fall into this classification mostly correspond
to the physical corrections for these functionals. The physical corrections are similar to the
complement of new features in data science, though the formers are essentially required

when they have significant effects. Major physical corrections are given as follows:

e Long-range correction complementing long-range electron-electron exchange interac-

tions for exchange functionals,
e Self-interaction corrections removing the self-interaction error of exchange functionals,

e Van der Waals corrections supplementing van der Waals interactions for correlation

functionals, and

e Relativistic corrections complementing relativity theory-based effects on electronic mo-

tions especially in kinetic energies.

Note that the corrections for kinetic energies are often interpreted as the corrections for
correlation functionals due to the definition of electron correlation [20]. The characteristics

of these corrections are summarized as follows:
e Correcting for clearly-defined physical effects that should be essentially incorporated,
e Being independent of the formulations of corrected functionals, and
e Requiring no or only a few semiempirical parameters to be incorporated.

In Secs. IV and V, the classified exchange-correlation functionals and the physical correc-
tions are sampled, respectively, focusing on the physical meaning of semiempirical parame-
ters. Note that this review intends to establish the connection between the DFT functional

development and data science. In the field of DFT, huge number of functionals have been



developed [1]: Major functionals are semiempirical functionals such as Minnesota-series
(Mx) functionals [21, 22], which intend to reproduce accurate properties using as many
semi-empirical parameters as needed, and double-hybrid functionals [23], which combines
GGA functionals with both HF exchange integrals and perturbation correlation energies.
For related methods, optimized effective potential (OEP) method [24, 25|, which intends to
provide the orbital-dependent effective potentials corresponding to various methods such as
perturbation theory, and constrained search method [26, 27|, which determines potentials
directly from the highly accurate electron densities, have been frequently used. However, in
this review, only popular functionals and related methods, most of which are implemented
in the current packages of Gaussian [28] and GAMESS [29], are introduced to focus on the
requisite for functionals and physical corrections in data science, i.e., the minimum and clear

physical meaning of parameters.
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IV. EXCHANGE-CORRELATION FUNCTIONALS

In this section, several major exchange-correlation functionals are explored from the view-
point of data science as the models of exchange and correlation energies focusing on incor-
porated semiempirical parameters. Following the classification shown in Sec. III, six types
of exchange-correlation functionals are discussed for the physical meanings of the functional

formulations and the semiempirical parameters.

A. LDA and GGA exchange functionals

LDA exchange functional essentially has no semiempirical parameter, because it has the
exact form called “Dirac exchange functional”,

g =2 (2) B [ o) )

T

This functional is used as the local density limit of GGA exchange functionals, as mentioned
later. However, this LDA functional often has one semiempirical parameter to alternate
to the HF exchange integral to be mainly used in solid state calculations [30]. In this
parametrized functional called “Xa functional”, a semiempirical parameter « is multiplied
to the exchange potential in order to improve the underestimation of exchange effects. This
semiempirical parameter is, therefore, a practical tool and has no physical meanings.

GGA exchange functionals are generally modeled by the functions of dimensionless pa-

rameter,
Vool
To = 35 (9)
Po
in the K, of the general functional form,
1
GGA _ _ * 4/3 3
BN = — Z/po K,d°r. (10)

That is, GGA functionals are different only for the dependence on x,. Different to models in
data science, GGA exchange functional models are physically regulated by the fundamental
conditions for exchange energy. Figure 2 displays the K,s of four major GGA exchange
functionals: the Becke 1988 (B88) [31], the Perdew-Wang 1991 (PW91) [32, 33|, the Perdew-
Burke-Ernzerhof (PBE) [5], and the revised PBE (revPBE) [34] functionals. As shown in
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FIG. 2: The plot of K, defined in Eq. (10), in terms of z, in Eq. (9) for major GGA exchange

functionals.

the figure, GGA exchange functionals are clearly different for large z,, i.e., in the region of
low electron density and/or high density gradient, because there is no fundamental condition
regulating the exchange energy in this region, as mentioned later.

There are several fundamental conditions for exchange energy that GGA exchange func-
tionals should satisfy. Followings are the fundamental conditions, which have been adopted

to develop major GGA exchange functionals:

1. Exchange energy is negative for non-zero electron density, p # 0,

Ex[p] < 0. (11)

2. In slowly varying electron density regions (Vp << p), the exchange energy is expanded

using z, in Eq. (9) as [35]

3\ "4 . Ba?
; — _9( = /3 _ TP 4
Jm By = =3 (47r) z{;/d FPs [1 * Toagonzyzn T 0| (12)

Note that the coefficient of the x, term in Eq. (12) is controversial, because it is
derived to be doubled, i.e., 522/81(67%)%?, in another study [36], and many GGA

exchange functionals have used nearly double values for practical advantage.
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3. Coordinate-scaling conditions strongly regulate GGA exchange functionals. For
the uniform coordinate-scaling for cubic coordinates (z,y,z2) (p(z,y,2) — pr =
A3p(Ax, Ay, A\z)), the second-order nonuniform coordinate scaling for planar coordi-
nates (z,y) (p(z,y,2) — pis = A?p(Az, Ay, z)) and the first-order nonuniform coordi-
nate scaling for linear coordinates x (p(z,y, 2) — p5 = Ap(Ax,y, 2)), exchange energy

is scaled as

Ey[oAl = AEx[p], (13)
1
/\lim XEX[pf\g] = const. # 0, (14)
. Ty _
/l\lir(l] XEX[pM] = const. # 0, (15)
/\lim E.[p}] = const. # 0, (16)
/I\irr(l) E.[p}] = const. # 0, (17)

respectively.
4. The Lieb-Oxford bound condition [37],
E.[p] > —1.679/d3rp4/3, (18)

has been often used to set the upper limit of exchange energy. Note that the HF
exchange integral violates this condition. This condition is, therefore, applicable only

to GGA exchange functionals.

5. GGA exchange functionals should be self-interaction free. That is, they should not
contain the self-interaction error, which is the Coulomb self-interaction that is not can-
celled out with the exchange self-interaction and remains due to the use of the exchange
functional. To determine whether or not the exchange energy is self-interaction-free,

the self-interaction-free conditions for one-electron systems is often used [34],

Egp] = ¢*Eilp1], (19)

where p; is the electron density of one-electron systems. Note that this equation is
based on the density matrix of self-interacting electrons. The far-from-nucleus asymp-
totic behavior condition for exchange energy (Ey is the integral kernel of E,),

_ 1
lim p 'Ey = —

r—00 o2r’

(20)
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is also derived from the self-interaction density matrix [38]. Furthermore, there is the
self-interaction-free condition for N electrons [39], which is called “energy linearity
theorem for fractional occupations”. Note that the long-range correction makes GGA
exchange functionals approximately meet this condition [40]. This indicates that the
lack of long-range exchange interactions causes the self-interaction errors from multiple

electron systems in GGA exchange functionals.

Compared to models in data science, GGA exchange functionals generally gives very high
generalization performance due to the canonical prerequisite that they should be derived
from physically legitimate models obeying these fundamental conditions. Under the favor of
this prerequisite, the remaining subject is how to construct GGA exchange functionals from
the physically legitimate models. As far as we know, there is no fundamental conditions
regulating GGA exchange functionals for large x,. This indicates that GGA exchange
functionals in this region are adjustable to reproduce accurate results. That is why GGA
exchange functionals are very different for large x, as shown in Fig. 2, as mentioned above.

The B88 exchange functional [31] succeeded to reproduce accurate electronic properties
in the framework of the Kohn-Sham method for the first time [1]. Therefore, many GGA
exchange functionals have so far been developed to modify this functional. For many years,
the B88 exchange functional [31] has been the most popular GGA exchange functional in
QC calculations. This functional was derived for the form in the low density/high density

gradient region to satisfy the far-from-nucleus asymptotic interaction condition in Eq. (20),

2 2
Kf’gB _ K(EDA+ CZU.U — (21)
1+ 6Cz,sinh™" x,
where
3\ /3
e o

and the only semiempirical parameter is ( = 0.0042. The second term in the right-hand side

of Eq. (21), which is the GGA term of this functional, is implemented to satisfy Eq. (20),

1 2022 00 1
o (e ) =2 - 23)
2 1+ 6Cx, sinh™" x, 2r

for the Slater-type 1s orbital, e.g., density p® = 7~ exp(—2r), by using the relation,

sinh™" [const.r’ exp(ar)] == ar, (24)
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where a and b are arbitrary real numbers. The only semiempirical parameter is used to
adjust the magnitude of the GGA term for relatively small x,. Therefore, the B88 exchange
functional is interpreted as a correction for the LDA exchange functional to satisfy the
far-from-nucleus asymptotic interaction condition.

The PWO91 exchange functional [32, 33] modifies the B88 exchange functional to satisfy

as many fundamental physical conditions as possible,
FPWOL _ pLDA 1+ 6(z,sinh™' z,
7 7 |1+ 6Cx,sinh™ ' x, + dwt/(4872)4/3
(a — bexp[—ca}/(48m%)*))a} /(48m%)*/*
1+ 6Ca, sinh ™' x, + dat /(4872)4/3 |
where a = 0.2473, b = 0.1508, ¢ = 100 and d = 0.004 are semiempirical parameters that are

(25)

introduced to satisfy many fundamental physical conditions or to give accurate electronic
properties, and ( is the semiempirical parameter of the B88 functional. Note that this
functional gives very different dependence on large x, from the B88 one. This inevitably
indicates that this functional violates the far-from-nucleus asymptotic interaction condition.

The PBE exchange functional [5] chooses significant fundamental conditions to be applied
with only two semiempirical parameters in order to simplify the PW91 exchange functional,

K
1+ pa/(4872)2/3k

where semiempirical parameters g = 0.21951 and x = 0.804 are the values for satisfying the

KEBE = EPA N 4 —

(26)

fundamental conditions and for providing accurate electronic properties. The K, approaches
a constant for large x, as shown in Fig. 2. This indicates that this functional is insensitive
in the low density/high density gradient region. The revPBE exchange functional [34] is
different from the PBE one only for the semiempirical parameters: p = 0.967 and x = 0.235.

Similarly to the above GGA exchange functionals, many other GGA exchange functionals
have also been developed to satisfy significant fundamental conditions for exchange energy by
fitting several semiempirical parameters. In contrast, a parameter-free exchange functional
(TH) [36] is developed from a new standpoint: it is directly derived from a density matrix

expansion [41] at the momentum, which is calculated by the kinetic energy density 7,,

27 7223
KM — Wp?/?' (1 + i |- (27)

Note that this functional contains the o-spin kinetic energy density 7, with no semiempirical

parameters. However, this kinetic energy density requires a GGA kinetic energy functional,

15



TABLE I:. Fundamental conditions for exchange energy, semiempirical parameters, and the com-
parison of GGA exchange functionals for their validities [1]. For the slowly-varying density limit,

two probable behaviors are suggested.

Condition/Parameters LDA PW91 PBE B88 THtrw

Fundamental conditions

Negative exchange energy Yes Yes Yes Yes  Yes
LDA limit Yes Yes Yes Yes  Yes
Slowly-varying density limit - Yes? Yes? No  Yes?
Uniform coordinate scaling Yes Yes Yes Yes  Yes
Nonuniform coordinate scaling No No No No No
Lieb-Oxford bound Yes Yes Yes No Yes
Self-interaction-free for 1 electron No No No No No

Far-from-nucleus asymptotic behavior No No No Y/N No
Semiempirical parameters
Number of parameters 0 4 2 1 0

Physical meaning of parameters - Yes Yes Yes -

because it usually gives a divergent energy for the exact kinetic energy density due to
divide-by-zero. Nevertheless, this is obviously a promising functional, because applying
the Thomas-Fermi-von Weizsécker (TFW) GGA kinetic energy functional [42-44] to the
kinetic energy density term, this functional accurately reproduces atomic exchange energies
(average 97.8 % of the exact values with mean absolute error of 0.154 hartree) in spite of its
parameterless form [36]. Due to this kinetic energy density term, this functional is classified
into not GGA functionals but “progressive functional”, which is defined to transform in
accordance with the combined term.

Table I summarizes the physical legitimacy of GGA exchange functionals by checking the
fulfillment of the fundamental conditions for exchange energy and the physical meaning of
semiempirical parameters. This table shows that the TH functional has very high physical
legitimacy equivalent to those of PW91 and PBE, though the former is not developed to

satisfy these fundamental conditions different from the latters. This TH functional also

16



has no semiempirical parameter, though it contains the kinetic energy density term, which
should be derived from a kinetic energy functional. Therefore, this functional can provide
the best performance by using a physically legitimate kinetic energy density with minimal

parameters (preferably one parameter).

B. LDA and GGA correlation functionals

Different from the LDA exchange functional, there is no exact LDA correlation functional.
Conventional LDA correlation functionals, therefore, have been developed to satisfy several
fundamental conditions for the correlation energy of uniform electron gas: e.g., the high
density limit [45], low density limit [46], and random phase approximation (RPA) expres-
sion [47]. Note, however, that the middle-range density regions of correlation functionals
are not regulated by these limits and these limits are inconsistent with the RPA expres-
sion [48]. Conventional LDA correlation functionals have complicated formulations to solve
these problems: The Vosko-Wilk-Nusair (VWN) [49] and Perdew-Wang (PW) [33] LDA
correlation functionals are frequently used in QC and solid state calculations, respectively.

The VWN LDA correlation functional [49] is constructed to get the RPA expression
converge to the high and low density limits. Using a Pade interpolation model, this functional
is developed by fitting many semiempirical parameters to the correlation energy of the

quantum Monte Carlo for the uniform electron gas,
EZ/WN = / dgr {EB/WN (1'01, ai, bl, Cl)

e "N(242, a2, bo, C) (W) (1—¢Y

-2
+ [GXWN(ZL“O& as, bz, c3) — EXWN(ZEOh ay, by, Cl)} %54} ) (28)

where e) "N is expressed as

ey "N(zg,a,b,c) = a {ln( s ) + 2 tan_1<4c—_bZ)
2 s+ by/rs + ¢ Ve — 12 24/Ts +b
b [1< (Vs = 20 >
23+ brg + ¢ s+ by/Ts+ ¢
+2(b+ 21¢) tan—l(mﬂ }
Ve —b? 2,/Ts + b ’

(29)
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Al ={@+ O3+ (1= 0"} /2, ¢ = (pa — p3) / (pa + ps), and 75 is Wigner-Seitz radius
defined by ry = (3/47p)'/3. In this functional, twelve semiempirical parameters, xo;, a;, b;,
¢; for i=1 - 3, are used to be fitted to the correlation energy of the uniform electron gas.
Note that many hybrid functionals such as B3LYP [50] contains this VWN functional.
The PW LDA correlation functional [33] simplifies this VWN LDA correlation functional
to decrease the semiempirical parameters and to satisfy more fundamental physical condi-

tions,

1
2a (Burd? + Bary + Byr”” + Bur?)

EPW-LDAT, — —Qa/dgrp(l —arg)In |1+ . (30)

Even though, this functional includes six semiempirical parameters: a = 0.031097, o =
0.21370, By = 7.5957, By = 3.5876, B3 = 1.6382, and [y = 0.49294 for adjusting to the
uniform electron gas correlation energy. This functional is used in many GGA correlation
functionals such as the PBE functional.

Conventional GGA correlation functionals are roughly classified into two types: the den-
sity gradient approximation (DGA)-type and the Colle-Salvetti (CS)-type functionals. Sim-
ilarly to the GGA exchange functionals, DGA-type correlation functionals are derived from
models satisfying some fundamental conditions for correlation energy by fitting semiem-
pirical parameters to reproduce accurate correlation energies of molecules. The CS-type
correlation functional [51] is derived from a correlation wavefunction, in which an uncor-
related wavefunction is multiplied by a correlation function satisfying the correlation cusp
condition for short-range electron-electron interactions.

Followings are several major fundamental conditions for correlation energy:

1. Correlation energy is always negative for non-zero electron density, p # 0,
Ed) < 0. (31)

Though correlation energy is zero in one-electron systems, it is not necessarily zero for

unoccupied orbitals, even in the hydrogen atom [52].

2. In slowly varying electron density regions, the correlation energy is expanded using a

dimensionless parameter z = |Vp|/p*/® as [35]

x—0

lim E, = /d3r {eilp] + ealplz® + O(a*) } (32)
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3. For rapidly varying (low-density-high-gradient) electron density regions, where the
density gradient is much larger than the electron density, the correlation energy be-
haves as [53, H4]

lim p'E. = 0, (33)

T— 00

where E, is the integral kernel of the correlation energy. Under the favor of this con-
dition, correlation functionals are regulated for the low-density-high-gradient region
in contrast to exchange functionals. This limit appears prominently in small electron
density regions, where dispersion forces usually determine the character of the inter-
atomic bonds. Note that this condition gives a density dependence of the exchange

energy due to the use of the LDA exchange functional in the derivation.

4. In coordinate-scaling conditions, the order of correlation energy is also regulated for
the scaling of the electron density, which corresponds to the scaling of coordinates: for

the uniform coordinate-scaling,

Ee[pa] < AE[p] (A <1), (34)
EclpAl > AE[p] (A >1), (35)
lim Efpy] = const. #0, (36)
lim %Ec[m] — const. # 0. (37)

For the nonuniform coordinate-scaling, the following conditions are also established:

in the second-order scaling,

I Epf%] = 0, (39)
,l\ii% %Ec[pff(] = const. # 0, (39)
and in the first-order scaling,
Ah_)rglo AE.[p3] = const. # 0, (40)
lim < Ef] = 0 (41)

5. Since one-electron systems contain no electron correlation self-interaction in two-

electron interactions, the self-interaction-free conditions for one-electron systems is
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given as
Eé”’g[qm] = 0, (42)

where p; is the electron density of one-electron systems. Interestingly, Eq. (42) is

derived from the density matrix of self-interacting electrons.

The most frequently-used DGA-type correlation functionals are the PW91 and PBE
correlation functionals. The advantage of these functionals is satisfying many fundamental
conditions. Instead, the disadvantage is the complicated forms and physically-meaningless
semiempirical parameters.

The PWO91 correlation functional [33] expands the PW LDA correlation functional with
the GGA term, which is determined using many semiempirical parameters to satisfy the

fundamental conditions for correlation energy,

EPWOI, o 4] = EPWLDA[ | / PrpH|p, 5,1 (43)
32 200 24 At
H t] = —In|{l+—
st = S L H e e
Co + Csrg + Cyr? 9 9
Co |C ~— —C., |t —100s%), (44
+ 0|: 1+1+C5TS+OGTS2+C7T§ ! eXp( S) ( )
where ETW™LDPA i the integral kernel of the PW LDA correlation functional, the coefficient,
20y —2a EPWLDA ) !
Az—exp( : )—1] , 45
g [ p (45)
and the dimensionless parameters,
\Y% \Y%
s = Vol andt:| p|, (46)
2kgp 2ksp

in which kr = (372p)'/? and k, = (4kg/7)"/2. This GGA term contains 11 semiempirical
parameters, «, 3, C,,, C., and C; for =1 - 7, which are adjusted to give accurate electronic
properties.

The PBE correlation functional [5] solves a few problems in the PW91 correlation func-
tional, e.g., the large number of parameters inducing artificial local minima in potential
energy surfaces and the implicit inclusion of exchange effects [1], by focusing on three sig-

nificant fundamental conditions to be satisfied,

EFB[p, 1] = EPW-PA[) 4 / dropH{p, ¢ 1] (47)
_ 3 ﬁ 12 1 + At/Z
H[pagvt] - ’YQS In |:1+;t (1—|—At/2—|—A2tl4):| ) (48>
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FIG. 3: Form of the correlation function for the Colle-Salvetti-type correlation functionals. Wypcorr

is a wavefunction containing no electron correlation effect.

where
6 =5 [a+0" -0, (50)

¢ = (pa—ps)/ (pa+ pg). As a result, the number of semiempirical parameters in the GGA
term is dramatically reduced from 11 to 2, v = (1 — In2)/7? = 0.031091 and 3 = 0.066725,
that are fitted to provide accurate electronic properties.

Representative CS-type correlation functionals are the original CS [51], Lee-Yang-Parr
(LYP) [55] and the one-parameter progressive (OP) [56] functionals. In these functionals,
correlation holes are determined to satisfy the correlation cusp condition. The general form
of the correlation function is drawn in Fig. 3. In this correlation function, the size of
correlation hole is determined by 3,3, which usually depends on the electron density.

The original CS correlation functional is an electron correlation correction for the HF
method,

p [1 + bp 83 [VngHF <r _ i E)L:O exp(—c/p)| ,

277 T2
(51)

ECS 2P — _/d3 a
c [p7vr QHF] rl—l—dﬁ

where 8 = gp'/3. This functional contains five semiempirical parameters, a = 0.04918,
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b = 0.06598, ¢ = 0.58, d = 0.8, and ¢ = 2.29. The second derivative term of the diagonal
term of the second-order density matrix, which is very costly in practical calculations, is
also included in this functional. Therefore, this functional is not a GGA functional.

The LYP correlation functional transforms the costly second derivative term of the CS
functional to a density gradient term to dramatically reduce the computational time, reduced

the computational time. This functional is in the following form:

LYP 2.0 . _ 3 a
Ec [p7 VpJV p] - /d r]_ +dp—1/3
1 1
{P+b,02/3 {CFPS/?’—?fw-i‘g (tw + §V2P)} eXP(_Cpl/g)} ,(52)
where

1] CP|2 2
tw=~—-| """ vy
W= g ( p (53)

and 8 = qp'/® and Cy = 3(372)%/3/10, which are adjusted to give accurate electronic prop-
erties. This functional also contains five semiempirical parameters, a = 0.04918, b = 0.7628,
c=0.58, d = 0.8, and ¢ = 2.29. Though density Laplacian V?p is included in Eq. (52),
this is usually approximated as a density gradient term by partial integral transformation.
That is why this functional is assigned to a GGA functional. The most serious problem of
this functional is that the sign of the density Laplacian term is set to be opposite to that of
the CS functional probably for practical reason [56]. This problem partly causes that this
functional hardly satisfies the fundamental conditions for correlation energy.

The OP correlation functional [56] is derived assuming that the exchange hole coming
from the combined exchange functional is proportional to the exclusion volume of the cor-

relation hole, and is derived for opposite-spin electron pairs with only one semiempirical

parameter,
1.5214 3,5 + 0.5764
EOP = — / d*rpq - 54
¢ FPaPe BT 1 128452, + 0318352, (54)
where
-1
ﬁaﬂ = (ap <p;1/3K071 +p51/3K§1> ) (55)

and K, is the exchange functional term defined in Eq. (10). Note that the values in Eq.
(54), i.e., 1.5214, 0.5763, 1.1284 and 0.3183, are not semiempirical fitted parameters but
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TABLE II: Fundamental conditions for correlation energy, semiempiirical parameters, and the

comparison of GGA correlation functionals for their validities [1].

Condition/Parameters LDA PW91 PBE LYP OPgsgg

Fundamental conditions

Negative correlation energy Yes No Yes No Yes
LDA limit No No No No Yes
Slowly-varying density limit - Yes Yes No Yes
Rapidly-varying density limit No Yes Yes No Yes
Uniform coordinate scaling No No Yes No Yes
Nonuniform coordinate scaling No Yes No No No
Self-interaction-free for 1 electron No No No Yes Yes

Semiempirical parameters
Number of parameters 12o0r6 11 2 4 1

Physical meaning of parameters No No No No Yes

physically-driven constants. The semiempirical parameter is only g,3, which is determined
for each exchange functional combined: e.g., gop = 2.367 if this functional is combined
with the B88 and PBE exchange functionals. Therefore, this parameter is related to the
proportionality constant between the sizes of exchange and correlation holes. Since the OP
functional is a progressive functional transforming in accordance with a combined exchange
functional, it is an LDA correlation functional for the K, of the LDA exchange functional
and is a GGA correlation functional for the K, of a GGA exchange functional. The OP
functional gives correlation energies similar to those of the LYP correlation functional, de-
spite of the only one semiempirical parameter included. This functional also satisfies the
most fundamental conditions for correlation energy in all correlation functionals, though no
fundamental conditions are taken into account in the derivation.

Table I displays the fundamental conditions for correlation energy, semiempirical param-
eters, and the physical legitimacy of GGA correlation functionals [1]. The table indicates
that OP correlation is the most physically-legitimate functional satisfying the most funda-

mental conditions, despite it is not derived neglecting these conditions and contains only
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one semiempirical parameter, which has physical meaning.

C. Meta-GGA functionals

The meta-GGA functional upgrades GGA functional by adding the term(s) of kinetic
energy density 7. This upgrade is justified by the fact that the kinetic energy density 7 and
the density Laplacian V?p are included in the density matrix expansion around the Fermi

momentum [41],
kes = (67°p5)"", (56)

while the exchange energy is represented by the density matrix. Actually, the kinetic energy

density is approximated using the density gradient and density Laplacian,

T = Z Toe = Z Z |V¢w (57>

1|Vp, 1
= Z CF;O?,/3 + ﬁ% + gvng + O(V4) . (58)

o
g

Major meta-GGA exchange-correlation functionals include the van Voorhis-Scuseria 1998
(VS98) [57], the Perdew-Kurt-Zupan-Blaha (PKZB) [58], the Tao-Perdew-Staroverov-
Scuseria (TPSS) [59], and the strongly constrained and appropriately normed (SCAN)
(60, 61] functionals.

The VS98 meta-GGA exchange-correlation functional [57] is derived from the analytical

expansion of the density matrix [41], similarly to the TH exchange functional in Eq. (27),

EVSQS Z/d3rp4/3hV898 xo‘azo)a (59)

EYS% — /d3 EX%h o (4 /a2 + 12, 20 + 23), (60)

and
EYS9% — /d3rECL£,AhV598 (o, 20), (61)
where
PSS () a N ba? +cz,  dat+ex?z, + fzﬁj (62)
Vo(To20) V3 (20, %) Vo (Lo %)
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and v, (24, 2,) = 1+ (22 +2,). E’CLQ‘QQ is the integral kernel of the oy05-pair LDA correlation

functional. Both z, and z, are dimensionless parameters: z, is given in (9) and z, is defined
using the kinetic energy density as
Ty — TAE Ty

5/3 5/3
,00/ /)U/

~ Cr. (63)

Rg —

This functional contains twenty one semiempirical parameters: seven semiempirical param-
eters (a through f and «) for each exchange, parallel-spin or opposite-spin pair correlation
functional. Due to a considerable number of semiempirical parameters and its formulation
of dimensionless x, and z,, this functional is also taken as the first “semiempirical function-
als”, mentioned in Sec. IV E. These semiempirical parameters are fitted to give accurate
electronic properties of molecules and therefore have no physical meanings.

The PKZB meta-GGA exchange-correlation functional [58] extends the PBE-GGA func-
tional to the inclusion of the kinetic energy density to satisfy the fundamental conditions

containing the density Laplacian,

EPKZB _ /3 ELPAT, 101 __ K A
) L R e iR (64)

where
T = gp + %62 - %dp + |D+ % (5)1 P’ (65)
1= 2(3:)33,05/ P 2% - 1%7 )
and
b 4(6|7TV2)p2<;lZ§/ i o

This functional contains two semiempirical parameters, D = 0.113 and x = 0.804, which
are fitted to give accurate exchange energies. The PKZB correlation functional removes the

self-interaction error for one electron from the PBE-GGA correlation functional,

e (23]

VN
o X (Z) EfB%g,o,wg,m}, (63)

o

EPKZB /dsr {EfBE(pa,pg, Va, Vpg)
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where 7V is the von Weizsicker kinetic energy density, which is defined by the von Weizséicker

kinetic energy,

Ty = / drrV =% / drr) = Z / d’r ’Vp ’ (69)

This extension adds one semiempirical parameter C' = 0.53 for reproducmg accurate corre-
lation energies.
The TPSS meta-GGA exchange-correlation functional [59] intends to remove the semiem-

pirical parameters in the PKZB functional to construct a nonempirical meta-GGA func-

tional,
W 3
ETPSS = /d3rE£evPKZB 14+d (T_> ] 7 (70)
-
and
2
EreVPKZB _ EPBE V V 1 C ﬂ
c c [paapﬁa Pas pﬂ] + (Cv&) -
W 2 Po =
—ncen (T) Sl ™)
where

0.53 + 0.87¢2 + 0.50¢* + 2.26(5
C((,¢) = — — T
{14+[A+0)*3+ (1 =)~ /2}
E"™ = max{E.""[p,,0, Vs, 0, EY " [pa, s, V pa, Vsl } (73)

(72)

¢ =|V¢|/2(37%p) 3, ¢ = (pa — ps)/p, and d = 2.8. However, this functional contains six
semiempirical parameters with four constants in C((,§) for removing the self-interaction
error, though these parameters are interpreted as “fundamental constants”. These semiem-
pirical parameters are used to satisfy the fundamental conditions for correlation energy and
to provide accurate electronic properties of molecules.

The SCAN meta-GGA exchange-correlation functional [60] improves the accuracy of the
TPSS functional by imposing the exact constraints on meta-GGA and adding some norms
for rare-gas atoms and nonbonded interactions. There is a hybrid version of this functional
[61]. However, this functional has a very complicated formulation and contains many fitted
semiempirical parameters (6 and 11 parameters for exchange and correlation functionals,
respectively, though these are interpreted as fundamental constants) for satisfying all fun-
damental conditions of meta-GGA. For the use in machine learning, the formulation should

be simplified and the number of the parameters should be dramatically reduced.
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D. Hybrid functionals

Based on the concept of the adiabatic connection, which makes the Kohn-Sham energies
of the independent electron model link to those of the fully-interacting electron one, hybrid
functionals mix the HF exchange integral with GGA exchange functionals at a constant

ratio,
1
B, = / ANE} = EJ + X (B — EJ9Y), (74)
0

where A is termed the coupling strength parameter. The adiabatic connection used in hybrid
functionals is not between non-interacting and interacting systems in the usual connection
but between non-correlated and correlated systems. Note that hybrid functionals are not the
generic term of functionals combining the HF exchange integral with exchange functionals.
Instead, hybrid functionals are defined to obey the ansatz that the exact exchange energy
is situated between the GGA exchange energy functional and the HF exchange integral.
Representative hybrid functionals are B3LYP [50], PBEO [62], and Heyd-Scuseria-Ernzerhof
(HSE) [63] functionals.

The B3LYP hybrid functional [50] is the most frequently used DFT functional in QC

calculations,
EB3LYP _ E)I:CDA tay (E)EIF _ E}I;DA) + ayAEBS g, (EiJYP _ Eé/WN—LDA) (75)

This functional introduces three semiempirical parameters, which are fitted to give accurate
chemical properties and therefore have no physical meanings, for adiabatically connecting
the HF exchange integral with the B88 exchange functional and the LYP-GGA correla-
tion functional with the LDA correlation functional: a; = 0.2, as = 0.72, and a3 = 0.81.
This functional often provides surprisingly accurate chemical properties for small molecules,
though it often has serious problems for large systems [64—68].

The PBEO hybrid functional [62] is a perturbation correction for the PBE-GGA exchange-
correlation functional using the energy difference between the exchange functional and the

HF exchange integral,

LD — E£PP 4 1 (XY - E™). (o)

N

This functional contains no additional semiempirical parameter, though it includes them in

the PBE exchange-correlation functional.
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The HSE hybrid functional [63] corrects for the short-range part of the PBE exchange-

correlation functional by mixing the HF exchange integral at a constant rate,
BHSE — GBSV 4 (1 ) EPP 4 EIOE, )

where ESRHF is the short-range part of the HF exchange integral, which is separated by
the standard error function. This functional is also called as a “range-separated functional”
due to the division of the standard error function in a manner similar to the long-range
correction (Sec. V A), though the effect of this correction is opposite to that of the long-
range correction. Similarly to that of the PBEO functional, this functional also contains no
additional semiempirical parameter with a = 1/4 as the perturbation coefficient, though it

includes the semiempirical parameters in the PBE functional.

E. Semiempirical functionals

Semiempirical functionals focus on reproducing accurate chemical properties incorporat-
ing a considerable number of semiempirical parameters and above-mentioned dimension-
less parameters, i.e., z, and z,, Representative semiempirical functionals are B97 [69] and
Hamprecht-Cohen-Tozer-Handy (HCTH) [70] functionals, and their derivatives: the B97-
series and the Mx-series semiempirical functionals.

The B97 semiempirical functional [69] is also assigned to a hybrid meta-GGA functional,

E)](BCQ'Y — EB97 EB97+CXEHF, (78)
EB — Z /d3rELDA Dol Gxo (T2), (79)
xi + 22
EPT = Z / ’rEL polgeos () + / d3rEcLa%A[pa,pg]gcag< o ) (80)
where
Oxo = Z Cxo'i |:’)/xax§ (1 =+ an$§)71:| ) (81>
Geoo = Z Ccaai |:7C0'0'l‘(27 (1 + Vcaaﬁi)il} ) (82)
1 -’
gcaﬁ = Z Ccaﬂz P)/ca,@ :U + mﬁ) (1 + 57(:0@(1’3 + [L’%)) ] ) (83>
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where vy, = 0.004, Yoo = 0.2, and 7.qp = 0.006. Besides these three parameters, this
functional contains ten semiempirical parameters: cx, Cxei, Ceooi, aNd Cxapi for @ = 0,1, 2.
These semiempirical parameters have no physical meanings.

The HCTH semiempirical functional [70] transforms this B97 functional to a GGA func-
tional by removing ¢y and increasing the numbers of ¢ypi, Ceopi, and cxapi to @ = 0 to 4. This
functional contains fifteen semiempirical parameters in total.

The B97-series semiempirical functionals modifies these functionals: e.g., B97-1 functional
changes the values of the semiempirical parameter, B97-D functional [71] is a dispersion
correction for the B97 functional, and wB97 functional [72] uses the long-range correction
(Sec. V A) for the B97 functional.

The Mx-series semiempirical functionals [21, 22] are hybrid meta-GGA functionals, which
is the combination of the PBE exchange and the B97 correlation functionals with the cor-

rection for the kinetic energy density terms,

E}l:/l()ﬁ — X E)I(‘IF 1— 1 ‘E)I:/IOG—DFT7 (84)
100 100
E}l:/IOG—DFT — EreVM05 + ErevVSQS (85)

B = 3 [eB ) ), (56)

where
m LDA i
T -
xo\Wg) = Cxo' <7 ) 87
Fetir) = 3 Con (B ) (57)
and
Ei\/IOG — E(r:(eT\;B97—SIC EZ?(;VSQS SIC+E§Z\/ﬁB97+E£ZvﬁVS98’ (88)
E(I:\er(()yﬁ — /dgrD (Egg\éBS)'? SIC + E(I;g\;VSQS SIC)’ (89)

where the self-interaction correction term

.T2

Dy =1——"9 90
4(ZU+CF) ( )

and 7FPA = C’Fp?,/ . In these equations, “rev” indicates the revision of the semiempirical
parameters. Representative Mx-series functionals are M06 functional combining the MO05
functional, which is the correction of the PBE exchange functional for the kinetic energy den-

sity, and the above B97 correlation functional with the VS98 exchange-correlation functional
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and the HF exchange integral. This functional contains thirty six semiempirical parameters
in total: X, Yeoos Yeass Cxoi (1=0 - 11), Cepoi (=0 - 4), cxapi (i=0 - 4), d; (i=0 - 2), depoi
(=0 -4), and dcap; (i=0 - 4). The M06-2x functional removes the VS98 exchange functional
part from the M06 exchange functional and consequently uses thirty five semiempirical pa-
rameters, in which d; (i=0 - 2) are decreased. Other Mx-series functionals are the M06-L
functional, which excludes the HF exchange integral (38 parameters) and the M06-HF' func-
tional (38 parameters), which uses the HF exchange integral in the exchange part. The
Bose-Martin kinetic (BMK) functional [73] is also a semiempirical functional. The semiem-
pirical parameters of these functionals have no physical meanings. That may be the reason
why these semiempirical functionals are reported to worsen the calculated electron density

from those of other conventional functionals [6, 7.
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V. PHYSICAL CORRECTIONS FOR DFT FUNCTIONALS

Physical corrections are defined to be the physical effects that are neglected in exchange-
correlation functionals and are different from terms that are introduced to give accurate
electronic properties. Though all physical corrections should essentially be incorporated in
any exchange-correlation functional, they are selected in accordance with calculated sys-
tems to save computational time. However, since the size of physical corrections depends on
exchange-correlation functionals used, they often require parameters adjusted to these func-
tionals. In this section, major physical corrections are introduced focusing on the physical

meanings of the corrections and semiempirical parameters.

A. Long-range correction

Long-range correction [74, 75| complements long-range electron-electron exchange inter-
actions into exchange functionals. In conventional exchange functionals, exchange interac-
tions are usually represented by the models of several features: electron density p, density
gradient Vp, density Laplacian V2p, kinetic energy density 7, and the constant mixing of
the HF exchange integral EXF. Since all these features but EM are one-electron properties,
these exchange functionals inevitably neglect the long-range exchange interactions. Note
that the HF exchange integral covers all the long-range exchange interactions. Therefore,
the long-range exchange interactions are incorporated by combining the short-range part of
exchange functionals with the long-range part of the HF exchange integral. In the long-
range correction, the two-electron operator, 1/rq5 is first divided by, e.g., the standard error

function [74],

11— erf(prys) N erf(,urlg)7 (91)

12 12 r12

where g is a semiempirical parameter for determining the division ratio. However, con-
ventional exchange functionals are not easily divided into the short- and long-range parts,
because they are mostly not derived from the divisible density matrix form. To solve this
problem, exchange functionals are assumed to correspond to the momentum k, [74]. In this

assumption, the momentum is represented by K, in Eq. (10) as [74]

97r 1/2
v (5) e )
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For the K, of LDA exchange functional [76] in Eq. (8), KLPA = 3(3/4x)"/® [75], the
momentum k, becomes the Fermi momentum, kg, in Eq. (56). Based on this assumption,

the short-range part of exchange functionals in Eq. (10) is derived as

1 8 1
LO(sr) _ _ 3., .4/3 1— = T — o
EL > Za / drpl Ko{ 3t {\/Eer ( 2a0> + 2a, (by cg)} } (93)

where a,, b,, and c, are given as

Ky
4, = = _HRe (94)

2]{0 6\/%[0(17/3’

1
ba— = exp (—@> — ]., (95)

1
Co = 2aby + (96)

57
while the long-range part of the HF exchange integral is derived by multiplying the standard
error function for the two-electron operator as

B0 = LSS [t 65,0 T g )60 r2). 07

12

This correction contains one semiempirical parameter p, which naturally depends on the
exchange functional corrected: e.g., u = 0.33 for the B88 and PBE exchange functionals
[77]. This parameter determines the division rate of the short- and long-range parts in
Eq. (91). Besides the original functionals such as LC-BOP and LC-BLYP [74], representa-
tive functionals using the long-range correction are CAM-B3LYP [78], LC-wPBE [79], and
wBI7X [72], tuned range-separated hybrid [80] and short- and long-range corrected (SLC)

[81] functionals.

B. Self-interaction correction

Self-interaction correction (SIC) removes the self-interaction error of exchange function-
als, which erroneously remains after the cancellation of the Coulomb and exchange self-
interactions due to the use of exchange functionals [82-84], from the Kohn-Sham energy,

n

E=E" =" (Ji+ Exlp)). (98)

i
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Though this equation has been used especially in many solid state calculations, it is known to
have a serious problem: exchange functionals are usually not invariant for the unitary trans-
formation differently from the HF exchange integral. To solve this problem, conventional
SIC calculations have localized the Kohn-Sham orbitals before the SIC operation [85]. How-
ever, the SIC energy consequently depends on the orbital localization methods. This SIC
is also reported to worsen Kohn-Sham orbital energies [86] and to cause the overestimated
band gaps of semiconductors [87].

Pseudospectral regional (PR) SIC [52, 88] solves these problems by replacing exchange
functionals with the HF exchange integral via the pseudospectral (PS) technique [89] only

in self-interaction regions on the basis of regional SIC [90],
B = 1= frs(t)] YT + frs(t) By (99)

where fgrg is a step function for clipping the self-interaction regions by way of kinetic energy
density [52]. The pseudospectral HF exchange integral is the transformation of the HF
exchange integral for enabling regional numerical quadrature calculations such as
1 . () x(r
EEI _ _Z_l Z /dSI'P;wP/\nXV(r>X)\(I'> /dgr/X ( )X#( ) (100>

v —r|
BVAK

where r and r’ are the position vectors of electrons, P,, is the uv-component of a density
matrix, and x, is the A-th atomic orbital. This PRSIC solves not only the problems of
the usual SIC but also core orbital energies and core excitation energies that are seriously
underestimated in usual DFT calculations [52]. This correction contains two semiempirical
parameters in frg, in which the threshold for determining the regions depends on the atomic
nuclear charges.

Self-interaction error is also included in many correlation functionals, as shown in the
calculations of one-electron systems such as hydrogen atom. Since the LDA correlation
functionals contain the self-interaction error in the parallel-spin pair (aa and (3) terms,
many conventional GGA correlation functionals using these LDA functionals also include
this error without removal. The most efficient way to solve this problem is to use only

opposite-spin pair (a3) terms as done in the OP correlation functional [56].
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C. Van der Waals dispersion correction

Van der Waals (vdW) correction complements van der Waals electron correlations, which
are essentially neglected in most correlation functionals. VAW interactions include dipole-
dipole, dipole-induced dipole, and dispersion interactions [91]. Note that these vdW inter-
actions are included in the Coulomb-exchange interactions, which are already included in
usual Kohn-Sham equations, except for the dispersion interactions.

The dispersion interaction is an electron correlation, which universally acts between bod-
ies. As a classical expression, the London potential function between two heterogeneous
bodies, which is developed on the basis of perturbation theory, is used [92],

3 apAQB [A[B

VLondon r)=—2= 7
x) 2 Rag® In + I

disp

(101)

where Rap is the distance between systems A and B, ax is the linear response for an electric
field producing an induced dipole moment of nonpolar system X, and Ix is the ionization
potential of partial system X. Since this dispersion interaction is a long-range electron-
electron correlation, it is not usually incorporated in correlation functionals. The dispersion
interaction, therefore, should be explicitly supplemented in correlation functionals.

Various dispersion corrections have so far been suggested: classical dispersion correc-
tions [92], semiempirical dispersion-corrected functionals, combinations with perturbation
theories, linear-response theories, and van der Waals (dispersion) functionals. The simplest
dispersion correction is based on the London potential function,

London C?B
Edisp = E RABG fdamp(RAB)a (102)
A>B

where A and B are usually the labels of atoms, C4*B is a semiempirical parameter dependent
on the atomic species A and B, and fqamp is a damping function for cutting off unnecessary
short-range interactions. Since this correction well reproduces dispersion interactions be-
tween distant systems, it is widely used in classical molecular dynamics (MD) simulations.
However, this correction is not applicable to intramolecular dispersion interactions, because
it is difficult to determine a system-independent damping factor for small Rap.

The semiempirical dispersion-corrected functionals modify correlation functionals. Rep-

resentative semiempirical dispersion-corrected functionals are DFT-D functionals [71]. The
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DFT-D functionals have three levels: DFT-D1, DFT-D2, and DFT-D3 [93],

EDFT-D2 _ pKS | E((ﬁs)p (103)

EPTIDS = B 4 B+ B, (104)
@) CAB

Edisp = _Z Z Snﬁfgamp(RAB% (105>
A>B n=683,10,-- AB

C3BC(3 cos b, cos B, cos O, + 1) _
gy = =D _— : = Famp(Ranc), (106)
e AZ;C (RagRecRea)’ damnp

where A, B and C are atomic labels, #,, #,, and 0. are the internal angles of the ABC

triangles, and Rapc are geometrically averaged radii. The damping functions are given by

—an) !
Firup(Ras) = {146 (Ran/(sen BY™) ™™} (107)
_ _ 167 -1
P8 (Ranc) = {1+6 (Rapc/(4R/3) "} (108)
For dispersion coefficients, C2B and C{BC, time-dependent Kohn-Sham (TDKS) equation
[94] and recursion relations are used to determine the values for each atomic pair and trio

[95, 96]. All of the remaining parameters, R3E, R)EC

, coefficients s,, (n = 8,10,---) and sg,
are semiempirical parameters adjusted to weakly-interacting systems [93].

Perturbation theories such as the MP2 method [97] requires no damping factors to be
applied to either intermolecular or intramolecular dispersion interactions,

(ijlab) — (ijlba)|?

Nocc Mvir

E = — 1
MP2 ZZ €a+€b_€i_€j ) (09>
1<j a<b
where ¢; is the i-th orbital energy and
(ijlab) = / a6 (116 (12)— 6 (1) n(x2). (110)
12

Representative perturbation-based dispersion-corrected DFT are DFT symmetry-adapted
perturbation theory (DFT-SAPT) [98] and double-hybrid functionals [99]. Although DFT-
SAPT is a promising dispersion calculation method for clearly separated systems, it cannot
reproduce intramolecular dispersion interactions and needs much computational time. The
double-hybrid functionals such as B2PLYP functional [23] mix perturbation energies in

correlation functionals at a constant ratio with two semiempirical parameters a, and a.,

Eye = (1 = ay) Ex + ay Bup + (1 — ac) B + acEnpo. (111)
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Although this method gives middle-range electron correlations, it does not cover the whole
long-range dispersion interactions.

Linear-response theories give dispersion interactions in the framework of the Kohn-
Sham method. Representative linear-response theories in DFT is adiabatic connection /
fluctuation-dissipation theorem (AC/FDT) method [100]. The AC/FDT method calculates
electron correlation as the energy response quantity for the spontaneous fluctuations of

electronic motions coming from the perturbation of the interelectronic interactions,

/ dA//d3rd3’ 7] { /Ooilu{xA (r, ' iu) — xo (v, r',iu)} |, (112)

where y) and x( are density response functions for interacting and independent electrons,

respectively, which are calculated by solving the Dyson equation,

Grw) = xonre) + [ [Endrg e,
x{—+fxc<rm, >}><A<r2,r 2, (113)
|1“1 - r2|

where f2 is the exchange-correlation integral kernel for interacting systems. The correla-
tion energy in Eq. (112) is calculated by solving the TDKS equation [94]. The long-range
part of this correlation energy is used as the dispersion correction called “RPAx” dispersion
correction [101]. The AC/FDT correlation energy also includes somewhat nondynamical cor-
relation effects. This AC/FDT method is physically the most superior dispersion correction
but requires much more computational time than the Kohn-Sham calculations.

VAW (dispersion) functionals reduce the computational time of the AC/FDT method
while maintaining accuracy. Representative vdW functionals are Andersson-Langreth-
Lundqvist (ALL96) [102], Dobson-Dinte (DD96) [103], Dion-Rydberg-Schroder-Langreth-
Lundqvist (DRSLL) [104], Vydrov-van Voorhis 2009 (VV09) [105], and local response dis-
persion (LRD) [106] functionals. The ALL functional uses LDA for the electron density
response function of the AC/FDT method [102],

Bl = o [ e e VIR un
™ % \/pr1 + /p(r1) 7”12

This is occasionally the same functional as the DD96 functional, which was developed in

the same year [103]. The computational time of this functional is usually less than that of
exchange-correlation functionals despite of the numerical two-electron integrals included, be-

cause the integral calculations usually neglect spatial regions of small momentum variations
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and core regions. However, this functional needs damping functions fqamp for short-range
electron-electron distances, similar to Eq. (102) and is, therefore, applicable to the in-
teractions of well-separated electron distributions. The DRSLL functional is a dispersion

functional available for the short-range electron-electron distances [104],

EB;RPSLL [,O] = /dgrl/dgrgp I'1 I'I,I'Q),O(I'Q) (115)
o(rq,r2) ﬁ daa® /dbb2 a,b)T (v1(a), 1 (b),va(a), v2(b)), (116)
where
1 1 1 1 1
Twnnd) = 3|y [wree s eree) O
Wi(a,b) = =] [(3—a®)bcosbsina + (3 — b*)acosasinb

+(a® +b* — 3) sinasinb — 3abcosacosb| (118)

vi(y) = y?/2 (1 — exp(—4ny?/9d?)) and d; = 7r12qo(r;). The qo is given using the Fermi

momentum, kp = (372p)/3, as

Go(r) = kp(r)

14 0.09434 (%)1 . (119)

This functional requires no damping function, because it naturally approaches zero for short
electron-electron distances. Therefore, this functional can reproduce intramolecular dis-
persion interactions. VAW-DF method [104] combines these vdW functionals with GGA
exchange-correlation functionals. For other vdW functionals that can calculate intramolec-
ular dispersion interactions, the VV09 functional [105] uses the dielectric model smoothing
the real-space cutoff, the LRD functional [106] combines the DD96 local response approxi-
mation functional [103] with the real-space cutoff [105].

VAW corrections inevitably depend on correlation functionals used. Actually, these vdW
corrections contain semiempirical parameters in, e.g., the damping functions. For sophisti-
cating the vdW corrections, it is, therefore, required to reduce the number of the semiem-
pirical parameters in the damping functions.

Note, finally, that repulsions balanced with dispersion attractions are equivalently signif-
icant in dispersion calculations. That is, it is actually known that the repulsions from the
long-range correction for exchange functionals in Sec. (V A) are well balanced with disper-

sion attractions to give the most accurate dispersion binding energies [107]. This is called

“LC+vdW” method [107].
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D. Relativistic corrections

Relativistic corrections supplement the relativity theory-based effect on electronic mo-
tions [108, 109]. In particular, the relativistic corrections in the field of QC are based on
the special relativity theory [108], in which the principle of relativity establishing the in-
variance of physical laws for the Lorentz transformation and the principle of the constancy
of the speed of light for coordinate systems moving at a constant speed in Minkovski’s
four-dimensional space-time coordinates are established.

The Schrodinger equation is relativistically invariant for the Lorentz transformation. The
Dirac equation is developed to make the kinetic energy part of the Schrédinger equation

invariant for the Lorentz transformation [110],

. o
HPVU = [ca-ﬁ—i—ﬁch—l—V]\P:iE, (120)
where
I 0 10
5= 1= , (121)
0 —1I 01
0 o,
oy, = (w=uw,y,2), (122)
o, 0
01 0 —2 1 0
o, = , Oy = O, = : (123)
10 i 0 0 —1

The electron mass m and the speed of light ¢, which are both unity in atomic units, are
explicitly written in this section. The o is called the Pauli spin matrix [111]. This equation
is invariant for the Lorentz transformation, because the momentum p = —iV is the first
derivative in terms of space.

The Dirac equation leads to two significant findings [110]: One finding is that the wave-

function becomes four-component,

\IJL

L
v
\I/S

«

S
b

(124)
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Another finding is that there must be continuum states below —2mc? in energy and these
continuum states are interpreted to be occupied by an infinite number of positrons. Since
the 8 term in Eq. (120) provides the inconveniently large rest energy, 5.11 x 10° eV, the 3

is replaced with

0 0
g = . (125)
0 —2I

This (' causes this finding, though this is disproven by quantum electrodynamics except
for the presence of positrons. This finding leads to the interpretation that in Eq. (124),
large-component wavefunction ¥ indicates the wavefunction of electronic motions, while
small-component wavefunction WS implies an electronic wavefunction affected by positronic
motions.

The time-independent Dirac equation is given as
[ca-p+Bmc+ V]V =EY (126)
Since this equation is written as

c(o-p)¥S + VIl = pylt (127)
clo - p)U" + (=2mc* + V)5 = VS, (128)

the small-component wavefunction is represented by the large-component one,

E-V\ 'o- P
U8 = (E+2mc® — V) le(a-p)Ut = (1 ot 129
(B +2me* — V) e(or - ) o) TR (120)
Based on Eq. (129), the time-independent Dirac equation is obtained as
1 E-V\'
—(a-p) |1 P vt = Pyt 1
[2m(0 p) ( +t 5 ) (c-p)+V (130)

Assuming that the speed of light would be infinity, this equation gives the nonrelativistic
Schrodinger equation,
92

[p— + v] UL = Bt (131)

2m

Relativistic corrections are also significant in the nuclear-electron and electron-electron

potentials, i.e., nuclear-electron potential 1/r and electron-electron potential 1/r12, because
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these potentials are variant for the Lorentz transformation due to the dependence on space.
That is, the retardation is present for long-range interactions compared to short-range in-
teractions. Though this retardation is not easy to be incorporated, a simpler formulation is
derived using the Taylor expansion of the electron-electron interaction potential in terms of

the fine structure constant 1/c,

1 1
Valrss) = - = L oy - 4 (12X Ti2) (@01 X Tiz) (132)
12 T12 D)
1 1 . .
= — - — [oa T O+ (o I’12)2(041 1'12)} ’ (133)
T12 27’12 7’12

where «; is the o matrix in Eq. (122) for the i-th particle. For the nuclear-electron po-
tential, the relativistic correction is usually neglected, because it is on the order of 1/c3.
The relativistic correction for the electron-electron interaction potential is called the Breit
interaction [112], in which —ay - @ /72 is separately called the Gaunt interaction [113].
This Breit interaction has the order of 1/c?, because it contains no (1/c)-order term. Even
for this Breit interaction, the high-order perturbation terms are considerably complicated.
Although these terms also require long computational times, they have a minimal effect
on chemical reactions and properties. Therefore, these terms are usually neglected in QC
calculations, even for heavy atoms.

Though the relativistic correction for the kinetic energy in the Dirac equation is appli-
cable to the Kohn-Sham equation as done in the Dirac-Kohn-Sham method [114, 115], the
Dirac-Kohn-Sham calculations require a huge computational time that is approximately 25
times longer than that of the Kohn-Sham calculations due to the use of the small-component
wavefunction, producing the coupling of the large-component and small-component wave-
functions. Two-component relativistic approximations are suggested to solve this problem.
In the two-component approximations, & is expanded for slow electronic motions compared

to the speed of light,

. E-V\ " E-V
K=[(1 ~1— e 134
( * 2mc? ) 2mc? * (134)
up to the order of 1/¢? to the Dirac equation, such as
) ~4 a1
p p Zs -1 Zmo(r) | 1 L
—+V - Ut = EV 135
2m * 8m3c2  2m2ctrd - 2m2c? ’ (135)

where 1 is the orbital angular momentum operator and ¢ is the delta function. This equation

is called the Breit-Pauli equation [112]. Compared to Eq. (131), the additional terms
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are the mass velocity correction, which is the effect of velocity on mass, the spin-orbit
interaction, which is the magnetic interaction between electronic spin and the orbital, and
the Darwin correction, which comes from the high-frequency vibrational electronic motion
around the equilibrium geometry, in sequence. The mass velocity and Darwin corrections
are collectively called the scalar relativistic correction. However, the expansion of this K is
often inappropriate due to the divergence of the potential (V' — oo) near nuclei. To avoid
this divergence, K is frequently replaced with K’ defined by
—1
V) = (2mcé® — V)'K'. (136)

(E+2me*—V) ™t = 2me* - V)™ (1 t oy
By this approximation, the divergence of the expansion due to F/(2mc*—V) < 1 is avoided.
The K’ is also approximated as unity in the zeroth-order regular approximation (ZORA),
The Foldy-Wouthuysen transformation [116] is another major two-component approxi-
mation. This approximation makes the large-component and small-component submatrices

of the Dirac Hamiltonian matrix Hp linear independent by a unitary transformation,

. . HY 0
H™YW = UHPUT = . (137)
0 HS

For free electrons (V = 0), this transformation is written as

Uy = Ap(1+ﬁRp), (138)
where
E, +mc\ 2

A, = (”—) , (139)

P 2F,
E, = (p° +m2*)"?, (140)

co-p
= —— = 141
P E, + mc? (141)

This transformation leads to the Hamiltonian operator for using a potential as

H"Y = U,H U = & + & + Oy, (142)
where
& = BE, —mc?, (143)
& = AV +RVR,)A, (144)
O, = BA, R, V] A, (145)
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This formulation includes the lowest-order off-diagonal term of the Hamiltonian matrix, Oy,
which leads to the production of singular points. However, these singular points can be
eliminated by further appropriate unitary transformations. In this strategy, the Douglas-

Kroll transformation solves the singular point problem [117],
HYY = UHPUT = - .- U Us U, U BV UTUS U - =) 6 (146)
=0

This summation is usually terminated at particular numbers of unitary transformations: 2
in DK2, 3 in DK3 and so forth. This method is also called the Douglas-Kroll-Hess transfor-
mation [118].

Since these relativistic corrections are fundamentally carried out only for the kinetic
energy, which is not approximated in the (generalized) Kohn-Sham method, these relativistic
corrections need no semiempirical parameters to be implemented. However, if the kinetic
energy will be approximated, the relativistic effects inevitably need semiempirical parameters
and give huge dependence on the approximated form and the parameters due to the enormous

size of the kinetic energy.

VI. CONCLUSIONS

In this review, the development of DFT functionals and their physical corrections is ex-
plored focusing on their physical meanings and the semiempirical parameters included from
the viewpoint of data science. DFT exchange-correlation functionals have been developed
under many strict physical conditions with minimizing the number of the semiempirical
parameters, except for some recent functionals like semiempirical functionals. Physical cor-
rections for exchange-correlation functionals have clear physical meanings independent of
the DFT functionals, though they inevitably require minimum semiempirical parameters
dependent on the functionals combined. Considering their remarkable accuracy in electronic
property calculations, DFT functionals with physical corrections are, therefore, interpreted
to be the most sophisticated target functions that are physically legitimated, even from
the viewpoint of data science. However, a minimum of semiempirical parameters are in-
cluded dependent on the combination of the functionals and the corrections. Conventional
data-scientific methods will propose the optimum semiempirical parameters through many

channels.
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Figure Captions

Fig. 1.
Classification of major exchange-correlation functionals. The suffix “X” and “C” indicate

exchange and correlation functionals, respectively.

Fig. 2.
The plot of K,, defined in Eq. (10), in terms of z, in Eq. (9) for major GGA exchange

functionals.

Fig. 3.
Form of the correlation function for the Colle-Salvetti-type correlation functionals. W ,corr

is a wavefunction containing no electron correlation effect.
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