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Growth and public debt: what are the relevant

tradeoffs?*

Arnaud CHERONT, Kazuo NISHIMURA?, Carine NOURRY?, Thomas
SEEGMULLER?® and Alain VENDITTI®Y

Abstract: The interplay between growth and public debt is addressed considering a
Barro-type [3] endogenous growth model where public spending is financed through tazes
on income and public debt. The government has a target level of public debt relative to
GDP, and the long run debt-to-GDP ratio is used as a policy parameter. We show that
when debt is a large enough proportion of GDP, two distinct BGPs may co-exist, one being
indeterminate. We exhibit two types of important tradeoff associated with self-fulfilling
expectations. First, we show that the lowest BGP is always decreasing with respect to
the debt-to-GDP ratio while the highest one is increasing. Second, we show that the
highest BGP, which provides the highest welfare, is always locally indeterminate while the
lowest is always locally determinate. Therefore, local and global indeterminacy may arise
and self-fulfilling expectations appear as a crucial ingredient to understand the impact of
debt on growth, welfare and macroeconomic fluctuations. Finally, a simple calibration ex-

ercise allows to provide an understanding of the recent experiences of many OECD countries.
Keywords: Endogenous growth, public spending, public debt, sunspot fluctuations.

Journal of Economic Literature Classification Numbers: C62, E32, H23.

*This work has benefited from the financial support of the French National Research
Agency (ANR n° ANR-15-CE33-0001-01), and of the Japan Society for the Promotion of
Science, Grant-in-Aid for Research #23000001 and #15H05729. We thank the Editor P.-S.
Lam and two anonymous referees together with G. Bertola, R. Boucekkine, M. Devereux,
F. Dufourt, M. Dupaigne, A. Eyquem, K. Gente, M. Léon-Ledesma, M. Maffezzoli, X.
Raurich and M. Piffer for useful comments and suggestions. This paper also benefited
from presentations at EDHEC Business School, October 2014, at the “Anglo-French-Italian
Macro Workshop”, AMSE-GREQAM, December 2014, at the Workshop on “Macroeconomic
Challenges in the International Economy”, AMSE-GREQAM, March 2015, at the “15th
SAET Conference”, University of Cambridge, July 2015, at the International Conference
on “Financial and Real Interdependencies: Volatility, Inequalities and Economic Policies”,
Catolica Lisbon School of Business and Economics, May 2015, and at the “ASSET Meeting”,
Granada, November 2015.

tUniversity of Le Mans (GAINS) & EDHEC Business School

fRIEB, Kobe University & KIER, Kyoto University

$ Aix-Marseille Univ., CNRS, EHESS, Centrale Marseille, AMSE, Marseille, France.

YEDHEC Business School



1 Introduction

The last financial crisis has shed the light on the problem of large public debt
in developed countries, in particular in Europe. As a response to the large neg-
ative shock that resulted from the drastic fall of asset prices, most governments
have increased their public spending to support both the aggregate demand
and the production process. As a consequence, in many advanced countries,
debt levels have increased dramatically during the last decade. The control
of the growth rate of public spending has then become a major concern for
economists and policy-makers while public deficits have reached unsustainable
levels. Indeed, a heavily indebted country may appear as fragile, for many rea-
sons, among which solvency, or simply because it is unlikely to raise sufficient
funds to deal with a large negative shock on its economy.

The Maastricht treaty introduced a rule on the maximal amount a country
may contract, limiting the debt to 60% of GDP, but over the last decade this
limit has been exceeded by most advanced countries, not only European ones,

and even before 2008, as shown on the following Figure:
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Figure 1: The debt/GDP ratio of OECD countries

At the same time, most of these countries are characterized over this period



by low average growth rates and quite large fluctuations of GDP.! Given this
fact, two types of questions become central:

1. What is the relationship between debt and growth?

2. What is the relationship between macroeconomic stability and debt?
While the literature has focused recently on the first question, mainly through
empirical analyses, little attention has been paid to the second.

This paper proposes to fill this gap and to study the relationships between
debt, growth and macroeconomic fluctuations in the simple framework of a
Barro-type [3] endogenous growth model. Our aim is precisely to discuss the
effect of public debt on the endogenous growth rate and on the fluctuations of
this growth rate. We focus on government intervention as a source of macroe-
conomic fluctuations when government spending is financed through taxes on
income and public debt. Public spending is useful because it improves, through
the supply of a public good, households’ utility of consumption and production.
In order to focus on the recent public policies, we assume, as in Minea and
Villieu [20],? that the government gradually adjusts the debt-to-GDP ratio in
order to converge towards a target level in the long run in line with constraints
like the Maastricht treaty. This long run target for the debt-to-GDP ratio is
used as a policy parameter by the government.

The size of public debt as a proportion of GDP and its impact on growth
has been widely discussed and debated from an empirical point of view over the
recent years. The well-known paper of Reinhart and Rogoff [27] shows that a
gross public debt exceeding 90% of nominal GDP on a sustained basis may have
a significant negative impact on the growth rate.> While subject to a recent
controversy,* this type of result has led the IMF after the starting of the global
financial crisis to strongly advise European countries to decrease their debt.

The main objective was to boost growth but also to stabilize the economies.

!See Section 6 for illustrative data on these facts.

2See also Futagami et al. [11] for a similar formulation but with a public debt target
defined as a ratio to private capital.

3See also Reinhart et al. [26] and [28].

4Herndon et al. [16] have indeed identified a mistake in the methodology of Reinhart and
Rogoff [27]. They show that when properly calculated, the average real GDP growth rate
for countries carrying a public-debt over GDP ratio of over 90% is significantly larger than
the level evaluated by Reinhart and Rogoff.



However, the recent empirical literature shows that the conclusions are not so
clear-cut. While some contributions find evidences for a negative relationship
between average debt over GDP ratios and long-run growth performance (Woo
and Kumar [31]), others find several thresholds for the debt-to-GDP ratio and
the size of the impact on growth may be small (Baum et al. [4]). Actually, the
relationship between debt and growth appears to be based on complex non-
linear effects and to be heterogeneous across countries.® In particular, Minea
and Parent [18| show that for debt-to-GDP ratios above 115%, the correlation
between growth and debt becomes positive.

The impact of debt on the stability of economies has also been discussed.
For instance, Sutherland et al. [29] argue that the level of government debt
has a significative impact on business cycle characteristics. They identify the
characteristics of “low debt” and “high debt” business cycles aggregating the
countries according to their level of debt. In countries with high debt, the cycle
is more pronounced, with phases of expansions longer and larger and recessions
also more pronounced. Such differences usually rely on the “vulnerability” of
high public debt economies. Government then have less latitude to run the
appropriate fiscal policy in case of negative shocks.

As explained in Panizza and Presbitero [25], beside all these empirical
studies, a precise theoretical analysis of the existence of non-monotonicity or
threshold effects in the relationship between public debt, economic growth and
aggregate fluctuations is not yet available in the literature. Our paper provides
a first step in that direction focusing on the role of global indeterminacy and
self-fulfilling expectations.

While not directly concerned with the impact of debt on growth and
macroeconomic instability, Collard et al. [7]-[8] provide an interesting focus
with respect to our research agenda. They analyse the determinants of public
debt under the assumptions that governments have limited horizons and de-
fault only when their income falls short of debt service requirements. They
derive a government’s maximum sustainable debt ratio, that strongly varies
across countries. The difference between actual and maximum sustainable debt
ratios then creates a “margin of safety” that allows governments to increase

debt if necessary with little corresponding increase in default risk. In light of

°See Eberhart and Presbitero [9] and the survey of Panizza and Presbitero [25].



these results, when we focus on the recent experiences of Spain and Italy who
have faced increasing interest rates generated by speculative attacks against
their sovereign debt, we clearly see that an objective “margin of safety”, based
on countries’ fundamentals, may not be enough to prevent a large increase of
the perceived default risk by investors. This remark suggests a potential for
expectation-driven effects. This is precisely the main focus of our paper.

Our framework allows to contribute to these different debates, i.e. the inter-
play between the debt-to-GDP ratio and both growth and expectation-driven
macroeconomic fluctuations. Our central result is to show that when the fiscal
pressure is strong enough and the debt-to-GDP ratio admits sufficiently large
values, two distinct BGPs may co-exist. Global indeterminacy then arises and
self-fulfilling expectations appear as a crucial ingredient to understand the
impact of debt on growth. We also exhibit two types of important tradeoffs
associated with self-fulfilling expectations. First, we show that the lowest BGP
is always decreasing in the debt-to-GDP ratio, while the highest one is increas-
ing. As suggested by the recent literature on non-linear relationships between
debt and growth, depending on the BGP selected by agents’ expectations, the
relationship between debt and growth is not necessarily negative. This result
contributes to the debate suggested by Panizza and Presbitero [25] and may
in particular match the conclusion of Minea and Parent [18|.

Second, we clearly exhibit a tradeoff between welfare and macroeconomic
fluctuations: with a large enough debt-to-GDP ratio, the highest BGP, which
provides the highest welfare, is locally indeterminate while the lowest is locally
determinate. Our results then show non-trivial effects of debt on growth and
macroeconomic fluctuations. Depending on agents’ expectations, when debt is
increasing, large fluctuations associated to self-fulfilling beliefs may occur and
be associated at the same time with welfare losses if there is a coordination on
the low steady-state. These results clearly show that, above a threshold, the
size of debt has a dramatic impact on the dynamic properties of equilibria.

We also discuss the implications of our conclusions for the main OECD
countries considering numerical illustrations based on realistic calibrations for
the main fundamental parameters. We show that the OECD countries can
be split into three sets: a first one with Denmark and Germany in which

there exists a unique globally determinate long run growth rate, a second



set with France and Spain in which there exist two long run growth rates
respectively locally determinate and indeterminate, with one being associated
to an endogenous recession, and a third set with Greece, Italy, Japan, Portugal,
UK and US in which there exists a unique locally indeterminate long run
growth rate. The last two sets contain countries that may be subject to strong
macroeconomic fluctuations based on pessimistic expectations. Our analysis
then provides a basis for understanding the recent experiences of many OECD
countries relating macroeconomic instability to self-fulfilling expectations.
The rest of the paper is organized as follows. In the next Section, we
discuss the related literature. In Section 3, we present the model and define
the intertemporal equilibrium. In Section 4, we discuss the effect of debt in the
long run analyzing the existence and multiplicity of steady-states, comparative
statics and welfare. Section 5 provides an analysis of the effect of debt in the
short run focusing on sunspot fluctuations and global indeterminacy. Section
6 presents data and numerical illustrations for the main OECD countries.

Section 7 concludes the paper and a final Appendix contains all the proofs.

2 Related literature

There are few theoretical contributions that study the link between debt,
growth and fluctuations in endogenous growth models. Futagami et al. [11]
consider a government which focuses on a target for its policy based on the level
of debt to the size of the economy, namely the private capital stock. Assum-
ing a log-linear utility specification, they show that multiple BGPs may arise
together with local indeterminacy and expectation-driven fluctuations. Beside
the fact that the private capital stock is quite difficult to measure empirically,
such a target does not appear as highly realistic as in most cases governments
rely on GDP-based rules to characterize their fiscal policy. Famous examples
are given by constraints imposed by the Maastricht treaty for the European
Monetary Union or by the Code of Fiscal Stability in the UK.

Considering the same model as Futagami et al. [11] but with a debt over
GDP target for the government, Minea and Villieu [20] prove that the multi-

plicity and indeterminacy conclusions do not survive.® They show indeed that

®Minea and Villieu [19] prove the possible existence of multiple BGPs and a form of



there exists a unique BGP which is locally determinate. However, as we will
show later on, their results are not robust as they crucially depend on the log
specification of consumers’ preferences. Greiner and Semmler [13, 14| examine
how government’s financing method affects economies. They show that the
link between public deficit and long run growth is not clear cut. However,
they do not particularly focus on the impact of the debt-to-GDP ratio.

Our paper can also be seen as an extension of models with public spending
but without public debt, like Cazzavillan [6]. He shows that a large public good
elasticity in preferences, such that utility has increasing returns, is required to
have indeterminacy and endogenous fluctuations. We assume instead that the
utility function is characterized by a small public good elasticity and, thus,
decreasing returns. This confirms that the main channel through which self-
fulfilling expectations arise in our framework is the level of debt over GDP.

In two recent papers, we have studied the impact of the debt-to-GDP ratio
on macroeconomic stability, but without endogenous growth. In Nishimura et
al. 23], we consider a Ramsey economy with heterogeneous agents in which
public spending does not affect production. We assume that the tax rate is
constant while public spending is endogenously adjusted. We show that debt
can be destabilizing or stabilizing, i.e. generating or ruling out damped or per-
sistent macroeconomic fluctuations (period-two cycles), depending on whether
the elasticity of utility with respect to public spending and the elasticity of
capital labor substitution are low or large. However, indeterminacy can never
occur. In Nishimura et al. [24], we consider a Ramsey economy with homoge-
neous agents. We assume a constant public spending that does not affect the
fundamentals, and thus, through the government’s budget constraint, an en-
dogenous adjustment of the tax rate. We then show that multiple steady-states
generically arise and that a large enough debt can be destabilizing through the

occurrence of self-fulfilling expectations and sunspot-driven fluctuations.

3 The model

We consider a discrete time economy (¢ = 0,1,...,00), with three types of

agents, a constant population of identical infinitely lived households, a large

global (but not local) indeterminacy considering instead a deficit over GDP target.



number of identical competitive firms and a government.

3.1 Households

Each consumer is endowed with one unit of labor and an initial stock of private
physical capital which depreciates at a constant rate 6 € (0,1). We assume
that the total population is normalized to one. The representative agent has
separable preferences over time which depend on consumption ¢; and public
spending G;. To be consistent with endogenous growth, we assume that the

intertemporal utility function is given by

400 Ctl_g
t n 1

with # € (0,1) the discount factor, § € (0, 1] the inverse of the elasticity of
intertemporal substitution in consumption (EIS), and 1 € [0, 6] the elasticity
of utility with respect to public spending. The restriction on € allows to con-
sider some EIS larger than one, in accordance with the most recent estimates
by Gruber [15] (see also Mulligan [21], Vissing-Jorgensen and Attanasio [30])
exhibiting values around 2. The restriction on 7 implies that the degree of
homogeneity of the instantaneous utility function 1 — 6 + n is lower than one,
i.e. we do not allow increasing returns due to public spending.

Following Barro [2], the government is assumed here to provide a
contemporaneous flow of public services to households. The assumption
0 —n € (0,1) implies also that private consumption and public spending are
complement, as shown empirically for instance by Ni [22].” This formulation
may provide a rationale for the fact that, following the financial crisis of 2008,

most governments have increased public spending to boost the private demand.

Remark: As shown in Sections 4 and 5 below, all our main results will
not depend on the consideration of a public spending externality into utility
and still hold if n = 0. Since we assume 6 —n € (0, 1), considering n > 0 al-

lows to keep a realistic value for the EIS in the calibration exercise of Section 6.

"See also Amano and Wirjanto [1], Bouakez and Rebei [5], Evans and Karras [10] and
Karras [17].



The representative household derives income from wage, capital and gov-
ernment bonds that allow to finance public debt. Denote r; the real interest
rate on physical capital, 7, the interest rate on government bonds and w; the
real wage. The representative household pays taxes on labor income, cap-
ital income and on the remuneration of bonds’ holding, at a constant rate

7 € (0,1). He then maximizes (1) facing the budget constraint:
¢+ kt+1 + bt+1 = (1 — T)[Ttk?t + wt] + [1 + (]. - T)ft] bt + (1 - 5)kt (2)

Utility maximization gives:
c 0 1 —
(=) (%) " = BRur =81+ - )7 ®

with the gross interest rate Ry 1 = (1 — 7)r1 + 1 — 6 and the transversality

conditions:

lim B'¢;’Glkis =0 and  lim B¢, *Glbyy =0 (4)

t——+o00 t——+o00
Obviously, we get at the equilibrium the equality R, 1 = [1 + (1 — 7)711] since
physical capital k;.; and government bonds b, are perfectly substitutable

saving assets.

3.2 Firms

A representative firm produces the final good g, using a Cobb-Douglas tech-
nology with constant returns at the private level but which is also affected by
productive public services provided by the government, y; = Ak{(L:Gy) %,
where s € (0,1/2) is the share of capital income in GDP and A > 0 is a
productivity parameter.

Following again Barro [2], we consider here that government also provides
public services as input to private production processes. Standard examples
are provided by the provision of a legal system, of national defense services,
and in general of public infrastructures. This formulation also allows to take
into account the fact that many governments have supported some industrial
sectors after the starting of the financial crisis in 2008. For instance, in
January 2009, the US Federal government created the Automotive Industry
Finance Program that consisted in a $80 billion bailout of the U.S. auto
industry. It started by providing operating cash for General Motors and

Chrysler. These companies promised in return to fast-track development of



energy-efficient vehicles and consolidate operations, and this had a direct

impact on the productivity level.®

Remark: Under the assumption § — n € (0,1), the public services
externality in the production function ensures the existence of endogenous
growth but does not allow per so to generate multiple equilibria. Indeed,
we show in Sections 4 and 5 that uniqueness holds if there is no debt
( = 0). Our main results on multiple equilibria and self-fulfilling business

cycles fundamentally rely on the existence of a large enough debt-to-GDP ratio.

As population is normalized to one, L; = 1, we get a standard Barro-type
[3] formulation such that y, = Ak}G} %, Profit maximization then gives:
1-s 1-s
ry = As (%) and  w, = A(1 — s)ky (%) (5)
Note that we get the traditional eviction effect as the interest rate is an in-

creasing function of government spending.

3.3 Government

Public spending G is financed by total income taxation and debt, through the

following budget constraint:
Gy + (14 7)by = 7(reky + wi + 74 ) + beya (6)

where 7 € (0,1) is the constant proportional tax rate on households’ total
income. Total public expenditure is the sum of public spending G; and the
reimbursement of debt contracted the previous period (1 + 7)b;, and by, is
the new issue of debt.

We observe that in our model, G; corresponds to a flow of public spend-
ing. As we will see later, it is mainly determined by expectations on fu-
ture debt emission. Following Glomm and Ravikumar [12]|, we could al-
ternatively consider that the government aims to finance at time t a pub-
lic investment Gy;. In this case, the budget constraint (6) would write
Gy + (1 4+ 7)by = 7(riky + wy + 74b) + by1. In addition, Gy, which enters
the utility and production functions, would become a predetermined variable

instead of being a forward one. We conjecture that such a formulation would

8Barro [2] shows that defense purchases have a significant expansionary effect on GDP.



preserve the existence of multiple steady-states but should make the occurrence
of local indeterminacy more difficult.’

Sustainability constraints like the one imposed by the Maastricht treaty
for the European Monetary Union or the Code of Fiscal Stability in the UK
mean that governments have to target their debt-to-GDP ratio oy = b;/y; at
a certain level o in the long run. For instance, it corresponds to 0.6 in the
European Union. According to Minea and Villieu [20], we consider a stabilizing
rule which imposes that the debt-to-GDP ratio reduces if it exceeds the target

«, but raises otherwise. We use a formulation in discrete time:

apy —ap = —¢(ay — ), with ¢ € (0,1) (7)
For instance, following the last global financial crisis, the level of debt in most
European countries has well exceeded the bound of 60% of GDP as fixed by
the Maastricht treaty. As a result, over the last years, governments have
concentrated their efforts to control debt through reductions of the share ;.

The limit case without debt is of course obtained when a; = 0.

3.4 Intertemporal equilibrium

Let us consider equations (2), (3), (5), (6) and (7). Using (5) and (6), equation

(2) becomes:
e+ ki1 G =y + (1= 0)k (8)

Let us denote x; = Gy /ky, dy = ¢ /ky, and vy = kyyq/ky the growth factor. We
derive y, = Ak} ~* and equations (3), (6), (7) and (8) can be written as:

A\’ () o—n Aspls
0 Ve = 5[(1_7) 5$t+1+1_5] (9)

Tt
Ty + oy Ary* [(1 — 7)Asz; 4+ 1 — 5} = TAx} 5+ Oét+1A37;iq’Yt (10)
dt—i—”yt—l—xt = A.Ttlisﬁ—l—é (11)
Oyl = (1 — ¢)at + ¢04 (12)

From (11), we derive some expressions for d; and d;;1. Substituting these
expressions into (9) allows to define an intertemporal equilibrium as a sequence

(@4, Ve, 1)y solution of the following system of three difference equations:

90f course, having more precise results requires to conduct the whole dynamic analysis.

10



1— _
(177)Asmt+f+175 ,yt9 gl

/6',’1:?4—1 1—s 2 1—s 0
[A:L‘t+1 —xt+1+1—6—'yt+1] [A$t —$t+1—5—’yt]

a1 Ay = o — TAxy T+ apAxy T [(1— 1) Aszy T+ 1 — 6] (13)

a1 = (1= ¢)ay + da
and the transversality conditions (4) with kg > 0, by = 0 and ag > 0 given.
Note that there is only one predetermined variable in this dynamical system.
Indeed, the growth factor ~y depends on k;, and from (10), zq depends on x;
and ;. This means that z; and +; are both forward variables.!® In contrast,
a; = by/(Akyx}™*) is predetermined, since we already take into account that
x; 1s a forward variable.

Note that the dynamic path of a4 is driven independently by the third equa-
tion of the system (13). Since 1—¢ € (0, 1), the sequence (o );>¢ monotonically
converges to the steady-state a. The dynamic properties of the economy will
therefore mainly depend on the first two equations of the system that drive the
dynamic path of (x4, v;):>0, taking (ay);>0 as given. When there is no debt, i.e.
a; = a = 0, the third equation becomes irrelevant and the second equation
of the system (13) leads to a constant value for x. The dynamical system be-
comes one-dimensional with a difference equation characterizing the dynamics

of the growth factor ;.

4 Effect of debt in the long run: Steady-states,

comparative statics and welfare

A steady-state equilibrium corresponds to a stationary sequence {zy, v, a;} =
{a*,7*, a*} € R, for all t which satisfies system (13). Using the last equation
of this system, we derive that a* = «, and the stationary value of the growth
factor ~* allows to define a balanced-growth path (BGP) along which all the
variables ¢;, k; and G; grow at the common constant rate g* = y* — 1.

Along a steady-state equilibrium, the first equation of system (13) gives:
1
_ (=B =8) \ 1= 14
() = (G2 (14)

1ONote also that the initial consumption ¢y has to be chosen in accordance with any initial

choice of v and zg since, using (11), ¢ is given by ¢o = ko (Aacé_s —2x0+1—0— 70).

11



As, following Barro [3|, endogenous growth is explained by productive public
spending, this equation establishes a positive link between G/k and the growth
factor . Indeed, a larger level of public spending per unit of capital increases
productivity, which means a larger interest rate, that fosters growth. Substi-
tuting this expression into the second equation of system (13) implies that v*

is a solution of the equation A(y) = Q(v) with
0—n _ _ %s 0—
Aly) =+ <7v 5,43(?(_1T)6)> Ty a%, and Q(y) =7 + ay (15)

Obviously, the expression of z(v) implies that any admissible solution must
satisfy v > [B(1 — 5)]ﬁ = 7Vins. This means that any BGP is characterized
by strictly positive ratios of public spendings over capital and interest rate
r = sAx'~*. Moreover, as along a BGP all the variables ¢, k; and G; grow at
a common constant rate, the transversality conditions (4) evaluated along such
a BGP holds if v < ﬁﬁlfl = Ysup, With Ysup > Ying. Note that the condition
Y < Yeup 18 also equivalent to 4/~7/8 = R > ~ which means that the interest
factor is larger than the growth factor.

In the following, we restrict our attention to tax rates that are not unreal-

istically large:
Assumption 1. 7 <1 —s.

Since we assume that s < 1/2, this assumption is always fulfilled for tax
rates lower or equal than 1/2. This corresponds to the empirical evidence
found in OECD countries (see Table 2 in Section 6).

Any equilibrium v € (Yins, Ysup) has also to satisfy d(y) = Az(y)'™% —

z(y) +1— 6 —~ > 0. This inequality is ensured by the following Lemma:

Lemma 1. Under Assumption 1, there exists A > 0 such that if A > 121\, we
have d(v) > 0 for all v € (Yinf, Ysup)-

Proof. See Appendix 8.1.

Taking into account this lemma, we first study the existence and multiplic-
ity of steady-states, and we analyze the effects of a variation of the debt-to-

GDP ratio on long-run growth and welfare.

12



4.1 Existence and multiplicity of BGP

The existence and the number of stationary solutions v € (Vinf, Vsup) are de-
rived from the equation A(y) = Q(v). As a benchmark case, we start by

considering the configuration without debt at a steady-state:

Proposition 1. Under Assumption 1, let A > A and a = 0. Then, there
exists T € (0,1 — s) such that there is a unique steady-state v* € (Vinf, Vsup) if
and only if T € (0,7).

Proof. See Appendix 8.2.

This case corresponds to the BGP investigated in Barro [3]. To under-
stand the intuition for this result, let us rewrite the budget constraint of the
government (10) evaluated at the steady-state as PS(vy) = DS(vy) with:

PS(y) =7 — L and DS(7) = a(R(7) —7) (16)
where R(y) =~%7"/8 and z(7) is given by (14).

The right-hand side DS(7y) corresponds to the difference between the reim-
bursement of debt and the new debt issue deflated by the GDP. We will call it
debt service, keeping in mind that the net interest factor R — v must be posi-
tive under the transversality condition. The left-hand side P.S(7y) corresponds
to the difference between government revenue derived from income taxation
and public spending, divided by GDP. We call this difference primary surplus.
This is clearly a decreasing function of the ratio of government spending over
capital x, which is positively correlated to the growth factor v. Since govern-
ment spending acts as a productive input, an increase in spending expands the
output of the economy, which in turns improves tax revenue. However, the
income tax rate being constant, the primary surplus expressed as a share of
GDP always decreases in government spending over capital.

When a = 0, there is no debt at a BGP and the primary budget is balanced
(PS(y) = 0). As seen in Proposition 1, the existence and uniqueness of the
equilibrium z = (A7)Y* requires however a low enough tax rate. Indeed, if
T is too large, i.e. close to the labor share 1 — s, the tax revenue is too high
regarding possible public spendings. There is always a strictly positive primary
surplus, which violates a balanced primary budget.

With positive debt at a steady-state, i.e. a > 0, multiplicity of BGPs may

easily arise (two steady-states) as it is illustrated in the following Figure:
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Figure 2: Multiplicity of steady-states.

It can be shown indeed that two steady-states exist when the debt-to-GDP
ratio is sufficiently but not too large and the fiscal pressure is strong enough.

The results are summarized in the following Proposition:

Proposition 2. Under Assumption 1, let A > Aanda > 0. Then, there exist
7€(0,1—s),a>a>0and O € (0,1) such that the following results hold:
1. There are two steady-states 75,75 € (Yinf, Vsup), With vi < 75, if and
only if a € (a, @), 7 € (7,1 —5) and 6§ —n € (0,0).
2. There is a unique steady-state v* € (Ying, Ysup) if one of the following
conditions is satisfied:
(a) a <& and T € (0,7);
(b) o >a and 1 € (7,1 —s).
Proof. See Appendix 8.3.

The following figure summarizes the conclusions of Proposition 2:

|

o e
T
|
=
*
NS
|
\‘*
*

>

—_
|

V)

T

Figure 3: Uniqueness and multiplicity of steady-states.

Proposition 2 and Figure 3 show that when the stationary level of public

debt over GDP is positive, a BGP exists in two main configurations: (i) when
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the debt-to-GDP ratio and the tax rate are both low enough (o < @, 7 < 7);
(74) when they are both large enough (v > a, 7 > 7). Indeed, in case (i),
the debt service to be financed is quite low, and thus a low tax revenue is
sufficient to get a primary surplus able to finance the low debt reimbursement
net of debt emission. In case (ii), we have exactly the opposite case. The debt
service to be financed is quite high and requires a large primary surplus, which
is obtained by a sufficiently high tax rate.

Interestingly, Proposition 2 also establishes that a positive stationary gov-
ernment debt may lead to a multiplicity of steady-states, as it is illustrated
in Figure 3. This multiplicity refers of course to the existence of coordination
failures. Optimistic expectations of a larger growth cause agents to believe, on
the one hand, that debt emission will increase compared to debt reimburse-
ment, implying thus a lower level of debt service, and on the other hand, that
productive public spendings will increase, implying thus a lower primary sur-
plus. As a result, optimistic expectations are compatible with the government
budget constraint and are self-fulfilling. Similarly, pessimistic expectations of
a lower growth cause agents to believe that debt emission will decrease com-
pared to debt reimbursement, implying a higher debt service, and that public
expenditures will decrease implying a lower primary surplus. These expec-
tations are again compatible with the government budget constraint and are
self-fulfilling. This mechanism explains the multiplicity of BGPs.

We also note that a sufficiently low value of § — 7 is a crucial ingredient
to get the multiplicity steady-states. The value of # — n actually represents
at a BGP the inverse of the EIS in consumption, and from the intertemporal
arbitrage of consumers, affects the interest factor as given by R = ~%=7/p.
For 6 — n larger or equal to one, optimistic expectations of a larger growth
factor imply a too large increase of debt reimbursement with respect to debt
emission. As a result, the debt service increases while the primary surplus
significantly decreases due to the expectations of higher public spending. It
follows that the government budget constraint cannot be satisfied and these
expectations cannot be self-fulfilling. This case refers to the configuration
studied in Minea and Villieu [20], who consider a model with a log-linear
utility in consumption (6 = 1) without public spending (n = 0), and where

there is at most one BGP.
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Remark: Minea and Villieu [20] actually consider a continuous time model
with the debt adjustment rule &(t) = —¢[a(t) — ], but the same results as
in discrete time can be obtained. Indeed, using our notations, and assuming a
CES utility function with a non-unitary EIS, the government budget in their

model becomes

P = g (51— )0~ Da(t) + )
Although the right-hand-side becomes constant when # = 1 and uniqueness of
the solution x(t) is ensured, this conclusion is not robust when 6 is sufficiently
lower than 1 as the right-hand-side becomes a decreasing and convex function

and multiple steady-states may then arise for appropriate parameters’ values.

4.2 The effect of debt over GDP on growth and welfare

We examine how the different types of steady-states vary according to varia-
tions of the stationary debt-to-GDP ratio. It also allows us to focus on the

welfare that can be easily computed along the BGP . We have indeed:

kl—(e—n) d 179$ n
W(V): 01_9 1(1;71—(0(127) (17)

We get the following result:

Corollary 1. Under Assumption 1, let A > Aand o > 0. The following
results hold:

1. Ifa € (a,d), 7€ (F,1—s) and 0 —n € (0,0), then dv}/da < 0 and
dvy/do > 0;

2. Ifa<a and T € (0,7), then dy*/da < 0

3. Ifa>a and 1 € (7,1 —s), then dy*/da > 0.
Moreover, there exist § € (0,1) and 6 € (0,1) such that if 3 € (f,1) and
6 € (0,0), then W'(y) > 0.

Proof. See Appendix 8.4.

The following Figure allows to explain how we can understand the effect of
a on the two steady-states:!

'The same explanation also allows to understand the cases with a unique steady-state.
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Figure 4: Comparative statics.

Following an increase of the stationary debt-to-GDP ratio, debt service
becomes higher than the primary surplus. Two situations may then arise. In
the first one, the primary surplus increases to restore the government budget
constraint. Therefore, public spending decreases, and hence growth too. This
happens at the BGP ~7, with the lowest growth rate. In the second one, the in-
tertemporal budget constraint is satisfied if there is a decrease of debt service,
coming from a larger increase of debt emission compared to debt reimburse-
ment. Since debt over GDP is constant at a BGP, it requires more growth.
This happens at the BGP ~5 with the highest growth rate, because it reinforces
the effect of growth on public emission compared to debt reimbursement.

The comparative statics of Corollary 1 provide quite different conclusions
than the empirical results of Reinhart and Rogoff [27]. The relationship be-
tween debt and growth indeed strongly depends on both the level of the debt-
to-GDP ratio and the level of the tax rate. First, the growth rate is always a
decreasing function of the debt-to-GDP ratio when this share is small enough.
Second, for intermediary values of «r, multiple steady-states arise and the lower
growth factor is negatively affected by a while the higher one is positively af-
fected. Third, above a threshold level @ and when the tax rate is large enough,
the unique long-run growth rate becomes an increasing function of o. These
results suggest a complex relationship between debt and growth in line with the
recent literature surveyed by Panizza and Presbitero [25]. Moreover, they pro-
vide a theoretical justification for the positive correlation exhibited by Minea
and Parent [18] with large enough debt-to-GDP ratios.

Our results then show that the negative impact of debt on growth as ex-
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hibited by Reinhart and Rogoff [27] and some of the recent literature has to
be taken with caution. Above the threshold value o, when multiplicity holds,
they only get part of the story as they miss the second possible equilibrium
growth rate, which is an increasing function of o, and thus the possible strong
impact of agents’ expectations that select the long run equilibrium. They miss
the fact that when the tax rate and the debt-to-GDP ratio are high enough,
the growth factor increases. This can be linked to the concept of “debt tol-
erance” formulated by Reinhart et al. [28] that characterizes countries with
strong fiscal structures, i.e. able to raise a large amount of taxes (see also
Collard et al. [7]-[8]), or strong financial systems, i.e. on which a large amount
of assets is traded.

Corollary 1 also shows that along a long-run balanced growth path, welfare
is an increasing function of the stationary growth factor v. We then exhibit a
first important trade-off associated with self-fulfilling expectations. Depending
on the long-run equilibrium selected by agents’ expectations, increasing the
debt-to-GDP ratio may have a positive or a negative impact on both the

growth rate and welfare.

5 Effect of debt in the short run: Sunspot fluc-

tuations and global indeterminacy

Focusing on the stability properties of the BGPs, we analyse now whether the
debt-to-GDP ratio is destabilizing, through the occurrence of local indetermi-
nacy and sunspot equilibria. As we have seen, two BGPs may coexist. Hence,
in order to simplify the local stability analysis and to focus on a precise steady-
state, we provide a normalization procedure of a BGP. Indeed, in order to get
long run positive growth, we want to focus on the existence of a steady-state
value of v which is larger than 1. To simplify this analysis, we use the constant
A to get the existence of a normalized BGP ~* > 1.

This procedure is useful first to precisely calibrate the model on empirically
relevant average values of the growth rate for the main OECD countries (see
Section 6 below). Second, it is useful to ensure that v* remains invariant with

respect to parameters’ changes, in particular the targeted debt-to-GDP ratio
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«. This invariance will allow us to study how the dynamical properties of
the steady-state are affected when « is modified. As shown in the following
Proposition, this property is obtained by choosing adequately the value of A
that will adjust accordingly to keep v* constant. Third, this procedure allows

to precisely locate the second BGP 4 with respect to the normalized one.

Proposition 3. Under Assumption 1, let 0 —n < (. Then, there exists

Y € [1, Youp) such that any given value v* € (7, Ysup) 15 an admissible invariant
BGP if and only if o € (0, aprer) and A = A* with
{“/*0_”73(1*5)}5

Bs(1—7) n

_ T ™ * 18
O Max 7*(%‘6;”_1 _1) (> CY) and A [T—aw*(”*egnﬂ 71>]175 (> A) ( )

Moreover, there exist there exist &, o and o with o < @ < oy < @ < Apfax

such that when o € (o, &), there is a second admissible BGP ¥ € (Ying, Ysup)
such that:

i) 5 € (v, Vsup) When a € (a, @),

it) ¥ € (1,7*) when o € (@, ),

iii) ¥ € (Ving, 1) when a € (oq, &).

Proof. See Appendix 8.5.

As it is illustrated in Figure 5, Proposition 3 shows, in accordance with Propo-
sition 2, that there exist two admissible steady-states as long as the debt-to-
GDP ratio « is large enough but not too big. Indeed, when « is too low, the
second steady-state 7 is not admissible as it is larger than ,,,. Proposition 3
also allows to locate precisely the second steady-state 4 with respect to v* and
1. The configuration with ¥ < 1 is clearly associated to endogenous recession.

Let us finally focus on the local stability properties of the steady-states.
As explained in Section 3.4, our dynamical system (13) has only one predeter-
mined variable ;. Therefore, local determinacy is obtained if the steady-state
is a saddle-point with only one stable dimension. On the contrary, when the
steady-state is either a saddle-point with two stable dimensions or totally sta-
ble (a sink), there is local indeterminacy with the existence of a continuum of
equilibrium paths. As a result, sunspot fluctuations also occur.

We show now that the stability properties of the NSS crucially depend on
the value of the debt-to-GDP ratio.
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Proposition 4. Under Assumption 1, let A = A* and v* € (7, Vsup). Then,
there exist 0 € (0,1), 8 € (0,1) and © € (0, 8) such that if § € (0,6), 3 € (5,1)
and 0 —n € (0,0), the normalized steady-state v* is:

i) locally determinate when o € (0, @),

i1) locally indeterminate when o € (&, Apraz ),
while the second admissible steady-state ¥ € (Yinf, Ysup) 18-

i) locally indeterminate if o € (a, @),

ii) locally determinate if a € (@, &).
It follows that the unique normalized steady-state v* is globally determinate if

and only if a € [0, ) while global indeterminacy arises if and only if « € (a, &).
Proof. See Appendix 8.6.

The following Figure summarizes Propositions 3 and 4:
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Figure 5: Local/global (in)determinacy of steady-states.

When the debt-GDP ratio is low enough with « € [0, ), the normalized
BGP ~* is unique, locally determinate and thus globally determinate as shown
on Figure 5. This result is in line with Sutherland et al. [29] since low debt
prevents the occurrence of business cycles. On the contrary, when the debt-
to-GDP ratio is large enough (o > «), the local indeterminacy of the BGP
implies that there exist expectation-driven fluctuations. While Corollary 1
showed that a higher level of the debt-to-GDP ratio may foster the long run
growth rate, this result exhibits a negative impact based on the fact that,
over a precise threshold, public debt has a destabilizing role on the economy
and leads to the existence of fluctuations based on self-fulfilling prophecies.
As a result, debt may generate endogenous recessions associated to recurrent

decreases of growth with the possible occurrence of negative growth rates.
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Note also that our results are in line with Sutherland et al. [29] since large
debt fosters macroeconomic instability.

Propositions 4 and Figure 5 also exhibit an important tradeoff when o > «
as the largest BGP is always locally indeterminate, i.e. characterized by
expectation-driven fluctuations, while the lowest BGP is always locally deter-
minate. The larger the debt-to-GDP ratio is, the lower the locally determinate
BGP. It can even be less than one, i.e. characterized by an economic reces-
sion. Because of multiplicity, there is also a global indeterminacy suggesting
that depending on agents’ expectations, the actual equilibrium may converge
towards the lowest or the highest BGP, eventually with large fluctuations. As
we know from Corollary 1 that the indeterminate BGP has the highest welfare,
global indeterminacy can have strong implications in terms of welfare loss if
agents coordinate their expectations on the lowest growth factor.

These results put a strong emphasis on self-fulfilling prophecies and re-
inforce the consistency of our analysis, already highlighted in the previous
section, with the empirical facts exhibited by the recent literature. As shown
by Sutherland et al. [29], increasing the debt-to-GDP ratio affects the business
cycle of countries explained here by the existence of expectation-driven fluctu-
ations. Depending on agents’ beliefs, the impact on growth can be negative in
the short or long run through the possible occurrence of recessions. Moreover,
as suggested by Panizza and Presbitero [25], there exist some non-linear and
threshold effects associated to the existence of multiple equilibria and global
indeterminacy. Finally, the existence of self-fulfilling prophecies can explain
the fact that while some countries have a potential maximal sustainable debt
ratio higher than their actual one, the perceived default risk can increase dra-
matically without any fundamental reason (see Collard et al. [7]-[8]).

Note that Proposition 4 show that contrary to what is claimed by Minea
and Villieu [20], considering a debt over GDP government rule does not allow
to rule out the existence of local and global indeterminacy, and thus the
existence of large macroeconomic fluctuations based on agents’ expectations,

as long as one departs from a log-linear utility function.

The intuition for the existence of local indeterminacy and sunspot equilibria
is very similar to the one explaining the existence of multiple BGPs. Starting

from the high BGP, assume that the households have optimistic expectations
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of a larger GDP growth factor vy;,1/v;. According to the debt adjustment
rule of the government, they believe that the level of future debt emission
by 1 will significantly increase implying a decrease of the debt service. As
a result, a larger share of government revenue is expected to be devoted to
productive public spending implying a larger ratio G/k and thus an increase
of the interest rate r because growth comes from a Barro-type [3] externality.
Then, the current growth factor raises and the initial expectations are self-
fulfilling. The restriction on 8 —n is explained by the fact that the existence of
macroeconomic fluctuations based on initial self-fulfilling expectations requires
that agents are able to substitute consumption over time in order to smooth
their utility level. Such a behavior is obtained when the EIS in consumption
1/6 is large enough.

It is important to note that this mechanism does not hold if we consider
the lowest BGP. Indeed, optimistic expectations of a larger growth factor only
cause in this case a slightly larger debt emission implying then an increase of
the debt service. A larger of debt emission is used to debt reimbursement,
rather than to improve the level of productive public spending. It follows
that the ratio G/k and thus the interest rate r are basically constant or even
decreasing. The current growth factor is therefore not affected and the initial

expectation is no longer self-fulfilling.

6 A simple calibration on OECD countries

Let us now confront our theoretical conclusions to the experiences of OECD
countries since 1990. We consider in Table 1 the debt to GDP ratios and report
two types of statistics for GDP variations.!? The first one is average growth
rates, and it echoes to model average long run values v*. The second one is the

standard deviation of the cyclical component of GDP (as presented in figure
8).13

12GDP are expressed at constant 2010 US dollar prices.
13To compute cyclical components we take logs of GDP and extract trends by using the

Hodrick-Prescott filter with a conventional parameter value A = 100 at annual frequency.
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Countries |  790—15 Yo0—o07 | Debt-GDP  Debt-GDP | GDP s-d GDP s-d

average average ratio ratio (cycle in %)  (cycle in %)

1990-2015 1990-2007 | 1990-2015  1990-2007 1990-2015 1990-2007
Denmark 1.0159 1.0222 50.5 53.9 1.69 1.60
France 1.015 1.0198 65.2 56.0 1.34 1.42
Germany 1.0147 1.0172 61.7 55.9 1.56 1.37
Greece 1.0086 1.0305 115.6 97.6 4.48 3.57
Italy 1.0066 1.0144 110.5 106.1 1.50 1.37
Japan 1.0098 1.0131 158.8 127.7 1.58 1.38
Portugal 1.0126 1.0216 72.3 55.6 2.24 2.33
Spain 1.0194 1.0306 58.8 51.6 2.60 2.40
UK 1.02 1.0251 50.3 38.2 1.94 1.78
US 1.0244 1.0298 73.4 63.2 1.66 1.58

Table 1: Debt-to-GDP ratios and GDP variations (IMF data)

In addition we distinguish two samples depending on whether we take into
account the last financial crisis or not. We therefore compute statistics for the
whole period 1990 — 2015 or for the pre-crisis period 1990 — 2007. As we will
show, the qualitative results do not depend on the period considered.

There are strong distinct features between growth rates and cyclical compo-
nents. For instance the growth rate of Greece is low but this country exhibits
large fluctuations (standard deviation of GDP). Actually, the highest volatil-
ity of GDP is observed in Greece, but also Spain and Portugal (over the all
period 1990 — 2015). We also derive from these data the two sets of Figures 6
and 7 which depict either growth rates or standard deviations of the cyclical
component of GDP for our OECD panel.
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Figure 6: Debt-to-GDP, growth and volatility of GDP (1990-2015)
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Figure 7: Debt-to-GDP, growth and volatility of GDP (pre-crisis period 1990-
2007)

Although illustrative, Figure 6 emphasizes that over the whole period
1990 — 2015 the GDP growth rate is typically negatively related to the
debt to GDP ratio, while the volatility of the cyclical component of GDP
appears as being slightly positively related to the debt to GDP ratio.
The same results occur for the pre-crisis period 1990 — 2007 as shown by

Figure 7. These preliminary conclusions are in line with our theoretical results.

Let us now run a simple numerical exercise. Using a standard calibration
consistent with quarterly data, we assume that (6, 3) = (0.025,0.98). Following
Gruber [15], Mulligan [21], Vissing-Jorgensen and Attanasio [30] who provide
estimates for the elasticity of intertemporal substitution in consumption larger
than unity and smaller than 2, we assume that 6 = 0.52. Concerning the
elasticity n of utility with respect to public spending, Ni [22]| provides some
estimates that support the interval n € (0.32,0.37). We will consider in the
following 1 = 0.34 so that § —n = 0.18.
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Countries T s « Yinf

(% of GDP  (in 2015) (% of GDP  (over

in 2015) in 2015) 1960-2015)

Denmark 46.6 0.36 39.5 0.951
France 45.3 0.31 96 0.9706
Germany 37.6 0.31 71.2 0.9438
Greece 33.8 0.4 176.9 0.9087
Ttaly 44.4 0.31 132.7 0.9452
Japan 28.6 0.4 229.2 0.9447
Portugal 32.5 0.36 129 0.9565
Spain 32.9 0.39 99.4 0.9603
UK 35.2 0.3 89.2 0.958
US 24.3 0.36 104.1 0.9722

Table 2: Main statistics (Source: IMF and OECD)

The Table 2 provides the fiscal pressure 7, the share of capital income into
GDP s and the share of gross debt into GDP « in 2015.' As ;,; is too
low to be empirically plausible, this Table also provides an empirical lower
bound for the growth factor which is given by the lowest value reached by
each country over the period 1960-2015 during the worse recession. Except for
Portugal that experienced its largest recession in 1975, for all other countries
the lowest growth factor has been reached in 2009. As can be seen, there are
huge variations of the fiscal pressure 7 and the debt-to-GDP ratio a across
countries. Also, while the share of capital income into GDP is most commonly
fixed at 0.3, there are quite large differences across countries with a value often
larger than 0.3. For each illustration we will use the parameters’ values for 7,
5, &, Yins and " of the country we want to focus on.

Considering the numbers of Tables 1 and 2, the following Table 3 provides
for each country all the critical values for the share a of debt over GDP iden-
tified in the theoretical analysis. Note however that the value & has been
computed considering the empirically relevant lower bound ~;,,¢ instead of its

theoretical value. Depending on the value of « for each country, the normal-

14The debt indicator is defined (in the Maastricht Treaty) as consolidated general govern-
ment gross debt at nominal (face) value, outstanding at the end of the year in the following
categories of government liabilities (as defined in ESA 2010): currency and deposits, debt
securities and loans. The general government sector comprises the subsectors: central gov-

ernment, state government, local government and social security funds.
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ized growth factor v* can be the low-growth or the high-growth BGP and thus

can be characterized by local determinacy or indeterminacy.

Countries Period « « Q a1 &
90 — 15
Denmark 39.5 116.6 117.9 120.4 120.2
90 — 07 115.6 116 1194 125.7
90 —15 90.8 92.1 94.3 98.5
France 96
90 — 07 90.1 90.8 93.6 98.1
90 — 15
Germany 71.9 75.4 76.5 78.3 84.6
90 — 07 75.1 776 78 84.7
90 — 15 100. . . .
Groeece 176.9 00.8 102.6 103.6 122.5
90 — 07 98.4 97.8 101.3 112.4
90 — 15 1 2. ) 108.
Ttaly 1327 90 92.6 93.6 08.8
90 — 07 89.1 90.5 92.5 105.2
90 — 15
Japan 9999 85.2 86.6 87.5 114.7
90 — 07 84.9 86 87.2 109.7
90 — 15 1. 2. 4. .
Portugal 129 8.6 829 84.3 95.9
90 — 075 80.7 81 83.4 90.5
90 — 15 . 8 100,
Spain 99.4 93 93.6 95.8 00.3
90 — 07 91.9 91.3 94.6 99.6
90 — 15
UK 89.9 66.8 67.3 69.5 75.6
90 — 07 66.3 66.2 68.9 74.1
90 — 15
US 104.1 60.1 60.2 62.1 65.2
90 — 07 59.7 59.3 61.7 61.3

Table 3: Critical values of «

Table 3 immediately shows that depending on whether a € [0,a), a €
(a1, &) or a > &, the OECD countries can be splited into three groups: group
1 with Denmark and Germany characterized by « € [0, &) in which the normal-
ized growth factor is the unique globally determinate admissible steady-state,
group 2 with France and Spain characterized by o € (aq,&) in which there
exists a second negative long run growth rate, i.e. associated to an endogenous
recession, and group 3 with Greece, Italy, Japan, Portugal, UK and the US
characterized by o > & in which the normalized growth rate is the unique
locally indeterminate admissible steady-state. These results appear to be true
for the two sub-periods.

26



Consider the case of Denmark and Germany (group 1), where « € [0, «), for
which the normalized growth factor is the unique globally determinate steady-
state. In these two countries there is no fluctuations based on self-fulfilling
prophecies which illustrates the large confidence that international investors
have in particular with respect to Germany. The same kind of conclusions
hold for Denmark. It is also worth noting that both countries have a debt
over GDP ratio that is larger than the Maastricht upper bound but are still
characterized by a strong macroeconomic stability. This result illustrates the
concept of debt tolerance discussed by Reinhart et al. [28].

Let now turn to group 2 and first consider the case of France with
a € (ag,a). Over the periods 1990 — 2015 and 1990 — 2007, the normal-
ized steady-states v5,_;5 = 1.015 and 75,_;5; = 1.0198 respectively are both
locally indeterminate. In both cases, global indeterminacy also arises as there
exists a second steady-state Jg99_15 = 0.9888 and 7g9_o7 = 0.9845 corresponding
respectively to a recession of —1.12% and —1.54%, which is locally determinate
These results then suggest that large fluctuations can emerge, provided that
modification of beliefs are strong enough to imply a coordination on the low
steady-state.

Very similar conclusions are obtained for Spain, where v5,_,5 = 1.0194 and
Yo0—15 = 0.9717 while v5,_or = 1.0306 and Ygo—o7 = 0.963, leading to a poten-
tial recession of respectively —2.83% and —3.7%. It is worth noting that while
France and Spain have quite similar debt-to-GDP ratios, the potential reces-
sions for Spain are significantly larger than those for France suggesting more
potential volatility. This fact can be explained by the larger tax pressure in
France which provides additional income to the government to face a negative
shock. Such a property may be taken into account by agents’ expectations.
It is also interesting to remark that for France and Spain, a decrease of their
debt ratio below 90%, i.e. far less restrictive than the Maastricht constraint,
would be enough to ensure o < « and thus to guarantee the uniqueness of the
long-run growth equilibrium without any fluctuations.

Lastly, consider the group-3 case (all the other countries), namely Greece,
Italy, Japan, Portugal, UK and US, where @ > &, for which the normal-
ized growth factor is the unique locally indeterminate steady-state leading

to expectation-driven fluctuations. It is also worth noting that Greece, Italy,

27



Japan and Portugal could completely stabilize their economies decreasing their
debt over GDP ratio to a level much higher than the Maastricht constraint
(between 80% to 100% depending on the country). But this would require a
drastic reduction effort that could impact negatively their economies (between
—32% to —63% depending on the country). Similarly, UK and US could also
eliminate all possibility of expectation-driven macroeconomic instability by ba-

sically respecting a constraint of 60% like the one imposed by the Maastricht

treaty.
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Figure 8: Cyclical components of GDP

Many of these conclusions are recovered into the data. The Figure 8 first
splits in those 3 groups cyclical components of GDP over the period 1990-
2015. Group 3 countries are clearly those associated to the largest volatility
of GDP while group 1 countries are characterized by much less volatility. In
group 2, Spain appears as much volatile than France which is quite close to
Germany in group 1.

Accordingly, Table 4 reports the standard deviations of GDP of each coun-
try with respect to that of Germany (as a benchmark of group 1). The standard
deviation of GDP of Greece, Portugal, UK and US in group 3-countries is typ-
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Period
1990-2015 1990-2007
group 1
Denmark 1.08 1.17
Germany 1.00 1.00
group 2
France 0.86 1.04
Spain 1.66 1.76
group 3
Greece 2.87 2.62
Ttaly 0.96 1.00
Japan 1.01 1.01
Portugal 1.43 1.70
UK 1.24 1.30
UsS 1.06 1.15

Table 4: Standard deviation of GDP wrt. that of Germany

ically higher than that of Germany, in line with our model predictions. On
the other hand, Japan and Italy do not seem to match our theoretical results
since related standard deviations of GDP are close to that of Germany. In
particular, the case of Japan might be explained by the fact that most of the
public debt is hold by Japanese institutions and residents, which might reduce
the possibility of expectations volatility.

Regarding group 2-countries, global indeterminacy can explain the high
volatility as observed for Spain (related to the possibility of a long run reces-
sion). But this result does not hold for France. Again, it might the case high
fiscal pressure in France plays an important role by giving rise to some au-
tomatic stabilizing effects, hence reducing expectations volatility. Obviously,
such an issue would require to devote a specific attention to stabilizing mech-

anisms.

7 Conclusion

In this paper, we consider a simple Barro-type [3| endogenous growth model
where public spending is financed through taxes on income and public debt,

and improves households’ utility of consumption and production. The gov-
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ernment is assumed to gradually adjust the debt-to-GDP ratio in order to
converge towards a target level in the long run in line with constraints like the
Maastricht treaty. This long run target for the debt-to-GDP ratio is used as a
policy parameter by the government as in many FEuropean countries over the
last decade.

We have proved that when the debt-to-GDP ratio is large enough, two
distinct BGPs may co-exist, one being indeterminate. We have exhibited two
types of important tradeoffs associated with self-fulfilling expectations. First,
we have shown that the lowest BGP is always a decreasing function of the
debt-to-GDP ratio while the highest one is an increasing function. As a re-
sult, depending on the BGP selected by agents’ expectations, the relationship
between debt and growth is not necessarily negative.

Second, local and global indeterminacy may arise and self-fulfilling ex-
pectations appear as a crucial ingredient to understand the impact of debt
on growth and on macroeconomic fluctuations. There is clearly a tradeoff
between welfare and business cycles: the highest BGP, which provides the
highest welfare, is always locally indeterminate while the lowest is always lo-
cally determinate. Our results then show non-trivial effects of debt on growth,
welfare and macroeconomic fluctuations. Depending on the expectations of
agents, large fluctuations associated to self-fulfilling beliefs may occur and be
associated at the same time with welfare losses if there is a coordination on
the low steady-state.

Our paper then provides a theoretical analysis that improves our under-
standing of the complex non-linear and threshold effects between public debt,
growth and macroeconomic fluctuations. We have also discussed the impli-
cations of our findings for the main OECD countries considering numerical
illustrations based on realistic calibrations for the size of debt, the growth rate
and the main fundamentals. We have shown that the existence of local inde-
terminacy and of multiple equilibria with global indeterminacy can provide a
basis for understanding the recent experiences of many OECD countries relat-
ing the occurrence of endogenous recessions and macroeconomic instability to

self-fulfilling expectations.
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8 Appendix

8.1 Proof of Lemma 1

Substituting (14) in d(v), we get:

d _ APn_B(1-5) 70— "—B(1-6) = 1—-9 (19)
(’Y) - Bs(1—71) - BAs(1-T) tl=0-7

We derive that d(yins) =1—0 — [5(1 — 5)]ﬁ > (0. Moreover,

1 —1 lis
0—n—1_(1—§ 01 _(1—§
d('Ysup) =5 2(1,7-()1 ) [1 - AL (B Z(lfr()l )> - 8(1 - 7‘)] >0 (20)

I-s
if and only if A > A;(7), with

_ 597771771— 1-68)]° 21
A() = i 2
Note that Aj(7) > 0. Since 7 < 1 —s, we get A;(1 —s) > Ay(7) for any

7 < 1— s with

1
S _as) _ & 22
A(1—s) = s[i[(ln—s)(l:—s)}l)]*s Ay (22)

Computing now the first and second derivatives of d(), we get:

0—n—1 0—n _ 1—6 i

1
1-s5)AT=s

" 0—n—2 0—mn_ — l%s
) = 6= n-DFS 1 e (L)) @)

1-s)AT=s

2 2s5—1
g2 (2 s 7*1-B(1-6) | 1=
<9 77) (55(1*7)> (1_5)214% ( Bs(1-7) )

Since § —n < 1, we easily derive that d”(y) < 0 for all v € (Vins, Ysup) if the

term between brackets on the first line of the expression of d”(7) is positive.
As this term is a decreasing function of v we conclude that it is positive for
all ¥ € (Yinf, Vsup) if it is positive when evaluated at v,,,. This is obtained if
A > Ay(7), with o )
Ay(7) = % (24)
Since 7 < 1 — s, we get As(1 —s) > Ay(7) for any 7 < 1 — s with

Ay(1 - 5) = ESIEUOE < G, (2)
and 121\2 > El. Let 121\2 — A. We conclude that if A > 121\, then d”(v) < 0 for
all v € (Yinf, Vsup)- Therefore, the concavity of d(v) over (Vinf, Vsup) together
with d(7ins) > 0 and d(7ysuy) > 0 ensure that when A > A, d(y) > 0 for all

Y € (Yinfs Ysup) and all 7 < 1 —s. O
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8.2 Proof of Proposition 1

When a = 0, we derive from A(y) = Q(v) that Q(v) = 7 is constant and
_ 1 (2r-80-5)\ T
AM) =% (7;144177) )

is increasing from A(7;,r) = 0 to

1 =
Bo-n=1_(1-§
A(Ysup) = % {W(T))}

There exists a unique steady-state v* € (Vinf, Vsup) if and only if the in-

equality A(vysyp) > 7 is satisfied, i.e.

S

1 {w} )T = o(n) (26)

A As

©(7) is increasing for all 7 < 1—s, and reaches its maximum value for 7 = 1—s,
meaning that (1) < (1 — s) = (1 — s)sTs. Since we need to assume A > A
in order to ensure d(vy) > 0, where Ais given by (25), it follows that inequality
cannot hold when 7 = 1 — 5. As it obviously holds when 7 = 0, we conclude
that there exists 7 € (0,1 — s) such that A(vs,,) > 7 for 7 € (0,7), whereas
A(Ysup) < 7 for 7 € (7,1 — s). o

8.3 Proof of Proposition 2

By direct inspection of equation A(y) = €(7), we see that €(y) is linearly
increasing in 7, with (v) = o > 0, and

25—1
! _(n_ 6—n—1 s [PT1-BA-8)] 1= | o 27
A (7) (0 7])7 A(1-s) [5148(1,7)]1735 + B >0 ( )

Using s € (0,1/2), we also easily derive that A(7) is concave, i.e. A”(y) < 0.
Since A(Yins) = a(1 —=0) and Q(ynf) = 7+ [B(1 — 5)]ﬁ, we have A(7v,r) <
(>)Q(Yiny) if and only if o < (>)a, with:

T (28)

o= —T—
1-6—[B(1-6)] =7

Similarly, using

s
1-s

1
T=n=1 _(1— 1
A(’Ysup) = % [6 ;1]3(175'1) . + aBQﬂFI

and Q(ysup) =7 + aﬁe—'lv—l, we get A(Vsup) > QU Vsup) if and only if:

S

1 {37—“—‘”} st — ) = o) (29)

A As
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Using the same argument as in the proof of Proposition 1, we conclude that
when A > A, there exists 7 € (0,1 — s) such that A(7Vsyp) > Q(7sup) for
7 € (0,7), whereas A(Vsup) < Q(Vsup) for 7 € (7,1 — ).

We can then prove case 1 of the Proposition. Let us assume o < a, i.e.
A(Ying) < QVing), and A > A with 7 € (7,1 —9), iec. A(Vsup) < QU Vsup)-
There are two steady-states if and only if there exists ¥ € (Vinf, Vsup) defined
by A'(7) = /(¥) that satisfies A(y) > Q(7). The equality A’(v) = Q' (y) is
equivalent to

25—1
o 6—n—1g e—nfﬁ(l,(g) 1-s . _
90 = 0 -3 (Gnds?) T mis = a 1= 0 -5 = k)
Note that ¢'(y) < 0 and h'(y) > 0. Moreover, we have
818 T ]
B

9(Ying) = +00 > h(Yins) = {1 —(0—-n)

Similarly, we have h(7su,) = a[l — (6 —n)] and

S

1 1—s
s 0—n—1_(1—§
9(s) = (0 — 1) (5 = ’) 1

(lfs)Aﬁ 50—717—1_(1_5)

Since A > g, we get

(O—m)s
su <
g(’V p) 597—71,71,(1,5)

Therefore, we get g(Vsup) < h(7sup) if and only if

i_in)s <afl = (0 —mn)]
BT=I=T —(1-4)

or equivalently

a > ; (9777)5 &
{ﬁ—"*"* —(1—6)} [1—(0—n)]

It follows that there exists © € (0,1) such that & < a if § — n € (0, 0).

Let us then assume that 0 — 5 € (0,0) and a € (a,a). We know that
there exists 7 € (Vinf, Vsup) such that A’(¥) = Q'(7). We need finally to show
that A7) > Q). When a = & we get A'(vVsup) = ' (7sup) and there is no
steady-state. When a = @, we get A(ing) = QVing) and A(Ysup) < Q(Vsup)-
In this case there exists two steady-states but the lower one is equal to 7;,s.
Therefore, since OA(7y)/da— () /0a = ~~1/B—~ > 0, it follows that there
exists a unique « € (&, @) such that there are two steady-states 7; and ~; for
a € (a,a).

Let us finally prove case 2 of the Proposition. (a) Assume first that o < @,

ie. A(Ying) < Q(Ving)- The existence of a unique steady-state v* € (Yins, Ysup)
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is ensured if A(ygup) > Q(Vsup) 1. if A > Aand 7 € (0,7). (b) Assume now
that o > @, i.e. A(Ving) > Q(Vins). The existence of a unique steady-state
Y € (Ving, Ysup) 1 ensured if A(vgup) < Q(Ysup) 1€ if A > Aand 7 € (7,1—35).

L]

8.4 Proof of Corollary 1

To determine the comparative statics of each type of steady-state with respect

to a, we differentiate equation A(v) = Q(v) to get:

dy" _ 9A(0")/00=09(") [0a (30)

do Y (y*)—=A (v*)

Since OA(7y)/da— 0N (y) /O = 4~/ 3 —~ > 0, the sign of dy*/da is given by

the sign of ¥'(7*) — A’(v*), i.e. the difference between the slopes of Q(v) and

A(y) evaluated at each BGP. Using Proposition 2, we derive that dv;/da < 0

and dvs /da > 0 in case 1, dy*/da < 0 in case 2 and dy*/da > 0 in case 3.
Consider now the expression of W () as given by (17). We get:

KO () =00y [(1=0)d (1) +nd() Z8}] [1-87' == ]+ [1-(0-m)Br= ()

_ ()
W’(V) - 1-6 . [17571—(0—77)]2
with
/ — 2 1 Fnpa-s)\ s |
d(,}/) - (0 77)58(1*7') |:1 (1—5)Aﬁ ( Bs(1—T) ) :| 1
’ . 1 q/9777_5(1_5) 1%3 B 7@77;71
'(y) = (1—5),4% < Bs(1—7) ) (6 77)753(1_7) >0
so that

kg~ "M d(y) =0 w(y)n (1=0)d' (1) [1-B7 O~ |+ [1-(0-n)]By O~ d()
10 [1-By1--m]

W (vy) >

We have shown in the proof of Lemma 1 that when A > A, d'(7) is a monotone
decreasing function with d'(vi,r) > d'(7) > d'(7sup). It follows that

kli(efn)d('y)_em(’y)" (1_9)d/(’ysu1))[1_571_(6_")]+[1_(9_77)]5’Y_(6_")d(7)
W'(y) > =© -6 [1,571—(947)]2

with
1 s
0— 0-n—1_(1—§ _
d/(’}/sup) = s((lfz)) []_ — 1 (ﬁ 3(177_()1 )) ] — ]_ = \I/(B, 5) - ]_

T
(1—s)AT—s

and W(3,0) > 0. Let us denote

f() = (1=0)d (yawp) [1 = By D] +[1 = (0 = 0)]By O d(v)
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Using v € (Vinfs Vsup), assume first that d’(7ys,,) > 0. We derive
F6) > (1= 0) [@ ) (1= 875" + A1y V()]
> (1-— 9)617(5777) >0
for any v € (Vins, Ysup)- Assume now that d'(7ysy,) < 0. We derive

1) > (1= 6) [ () (1= 820 ") + By ()]

1—(6—n)
n

> (1- 9){‘1'(5,5) (1 — Bra(1—4) o

+ B%d(v)}

When =1 and 0 =0, we get f(vy) > (1 —60)d(y) > 0. Therefore, there exist
B € (0,1) and § € (0,1) such that if 3 € (5,1) and & € (0,0), then f(v) > 0
for any v € (Vins, Ysup)- The result follows. (]

1—(6—m)

)_1+5ﬁ(1—5)

8.5 Proof of Proposition 3

A stationary solution v* € (1, 7s,,) satisfies equation A(y) = Q(y) if

h(’y*,oz) = (%)E Al_—ls _ [7- — an* <7*9;7*1 B 1)] —0 (31)
This equation can hold only if a@ < aprq., With:

2 (32)

QN = =T~
= )

Note that if v* = 7;,¢ then aps, = @. Moreover, as v* > 1, straightforward
computations show that if § —n < 3, aprq, is an increasing function of ~*. It
follows that for any v* € (1, Vsup), Crraz > Q.

Let us then assume that 0 —n < f and o < apq,. There is a unique
A = A* solving equation (31), where A* is given by (18). We immediately see
that lim, ., , A* =0, whereas

| (3)

85(1—7')5’7'17S = Ysup

. .
lim,_,,,,, A* =

Since for any 7 < 1 — s we have ATYSUP > ;1\, we conclude that there exists
Y € (Vinf, Vsup) such that when v* € (¥, Vsyp), A* > A. Let us then denote
7 = max{1,%} and let us choose 7* € (v, Ysup) for which A* > A. Since A > A,
it follows from Lemma 1 that d(y*) > 0.
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We need now to establish a first technical Lemma. Consider indeed equa-
tion A(y) = Q(y) with A = A* that can be simplified as follows

" x0—n—1 0—n_p3(1—6 ﬁ
h(’%a) = |:T_O[7 <’\/ 5n - 1)] (,3*9777_%((1_5)))

S EEICa R

We obviously get h(v*, ) = 0. The followingLemma characterizes the slope

(34)

of the function h(vy,«) when v = ~*. In the following we denote h}(vy,a) =
Oh(y, ) /0y and hy(y, o) = Oh(y, o) /Dcr.

Lemma 8.1. Assume that 0 —n < 8, A= A* and v* € (7, Vsup). Then there
exists & € (0, aprar) Such that

=

. >
My,a) 20 & aZ

a (35)

Proof. Straightforward computations using the fact that h(vy,a) = 0 along
a steady-state yields

7(0—n)s 6—n—1
hll(%o‘) = (1_2) 791’—5(1—5)

e e e e
70=n—pB(1-9)
Consider the term between braces multiplying «

(1) = [1= (0= m)E5=] [ = B = 8)] + 707 (F= - 1) e
We get p(y) > 0 if

1
(6 — n)”@*ﬁ"*1 <l & v> (9‘—’7) e

B
Under 0 —n < B we get [(6 —n)/0] @ < 1. Since v* > 1, it follows that
Ry (v, a) % 0 if and only if « § a with
T(@—")S,Y*G—n—l
a = T = T (36)
[1,(9,77)7 9677 1][7*e—n,5(1,5)]+,\/*9—n<'y 9677 171> (Glins)s

Straightforward computations show that a < arq.-

0]

We derive from equation (34) that when o = 0, the unique admissible
steady-state is v*. On the contrary, as soon as & > 0, we get lim._, o h(7y, @) =
—o00. Since, when a € (0, &) we have b (v*, ) > 0, there necessarily exists a
second solution 4 > ~* of A(y,a) = 0. When a = & we get ¥ = v*. When
a > @, straightforward computations yield
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Mg 0) = = |7 = a (1= 8= [80 = 8)]77 ) |
and thus h(vi,r, @) < 0 if and only if
a < e & € (@, o) (37)
Therefore, when o € (a,d), the second solution exists and satisfies 7 €
(Ving, 7). Note that (37) provides the same expression as the bound given
by (28).

We need now to check whether this second solution is admissible, i.e. if
d(¥) > 0. From Lemma 1, we know that, as long as ¥ € (ins, Ysup), d(7) >
0. We then have to provide conditions on « to ensure that ¥ € (Vins, Ysup)-
Let us consider equation (34). We have shown that A} (y*,a) # 0 and thus
Ry (7, @) # 0 as long as a # @. More precisely, we have

M(A,a)20 & aZa (38)

Applying the Implicit Function Theorem, we conclude that ¥ = §(«) with
(o) = —hh(§,)/h (7, ) and (&) = ~*. Straightforward computations
using the fact that h(vy,a) = 0 along a steady-state yields

Wy(v,0) = I {1 C==) ”]
When o < & we have h(v*,«) > 0 and thus h} (5, «) < 0 with v* < 7. It
follows that hh(5,a) < 0 and thus 7'(«) < 0. When o € (&, aprqa.) we have
Ry (v*, @) < 0 and thus A} (7, @) > 0 with v* > 4. Tt follows that hL(5,a) > 0
and thus 7'(«) < 0. Therefore, for any o € (0,&) U (@, apraz), ¥(@) is a
monotone decreasing function.

From this property, assuming # € (8,1), § € (0,9) and 0 —n € (0, s),
we finally conclude that there exist o € (0,a) and oy € (@, &) such that the
second steady-state exists and is admissible, i.e. such that 7 € (Vins, Youp), if
a € (a, &), and it satisfies:

=Y € (7 Ysup) I @ € (@, @),

-ye (1,9 ifa e (a,ar),

-5 € (Ving, 1) if a € (ay, @).

Using equation (34), the bounds a € (0,a) and a; € (@, &) are respectively
solutions of h(vsup, @) = 0 and h(1, @) = 0, and are equal to

37



0— =
B | e SEETIR 1-s0-5) )\ TF
0 T (m) !

o= 5 ] =

6—n 5’ *0—n—1 1 1is
O—m— [ e— (Y _ —B(1-9) _1-pB
7*<7 967; 171> (39 7 1_,(3(1—6)) 0l ( 3 1>(w*6_"*3(1*5)> B

Y= —p(1-6)

Note finally that A} (7*, ) and R} (7, a) have opposite sign and that this sign

changes as o crosses a. O

8.6 Proof of Proposition 4

To study the local stability properties of the normalized steady-state v*, we
need to linearize the dynamical system (13) around the steady-state (z*,v*, @)

with 2* as given by (14).

Lemma 8.2. Under Assumption 1, let 0 —n < , A = A*, a € (0, @paz)

and v* € (7, %) The characteristic polynomial is given by P()\) =
A= (1—=9¢)] (N2 —=TX+ D) =0, where:

_ O (@) Bale) | Briak'ta)
b= <1+ oy ) 1= T o = P (@) (39)
-1 O | BB B
r= 1+ T e Ty = L)
with
(@) = (T ) i—rray (B - )] +1-0-5" 20

*0—mn _ 5 «
Bi(a) = 01— # (7 /3:(151) )) [1_5_T+‘W (7 B _1>]

By(a) = s+ ay* <1 - 3’7*6;_1) +a(l- S)W =~ 0
Bg fnd (1 — S)% > O

Proof. Linearizing the dynamic system (13) around the normalized steady-

state, we obtain:

dzw(/;) Azi-kl +[Bl< )+B ] A:Bt+1 — |:9 ?7+ d*(;):| A’Yt +Bl< )A:vt
047*(1— ) mt+1 +a7*Aat+1 _ _QV*%+BQ( )Amt+ *9 nAo?t
Sl = (1-g)he
with
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% *0—m _ -5 N w0 —m—
d*(a) = (7“/ Bz(f(:) )) [1—T+ory <7 Bn

*0—mn__ -5 %
Bi(a) = n—d*?a) (“’ Bz(lé(:) )> [1—8—7'—0—04’)/ (

*0—n—1

By(a) = s7‘+a7*(1—37 3 )+a(1—s)

By = (1—g)X28020

,Y*G—n

Note that Bs(a) can also be written as

1

,Y*

—1>]+1—5—’y*20

7 ) (40)

T —B(1-9)

B

By(a) = sm+a [y = (1= s)(1-8) + (1 - 2)X5"] >0
We then derive the following linear system
Avig1 Ayt
py* ,-y*
Aripr | — J | Az
A§t+l JCat
with
, *O—m—1
|4 od@) | [Bie)tBd @) Bie)d(@) _ B@(Bi)Bod@) PO @[50
Oy* Ov*(1—s) 0= Oay*2(1—s) Ov*(1—s)
1 Ba(a) {W*G;nﬂ *(1*¢>)}
T 1-s ay*(1—s) 1-s
0 0 1—¢
The result follows after straightforward simplifications. (]

We then get one obvious characteristic root equal to 1 — ¢ associated to the

pre-determined variable a; which is less than 1. The two other characteristic

roots associated to the two forward variables v, and x; are thus solutions of

the polynomial P(\) = A> = TA+ D = 0.

We need now to establish a second technical Lemma providing a property

of the discriminant of the characteristic polynomial P(\) = 0 that applies for

any « € [0, &prar)-

Lemma 8.3. Assume that A = A* and v* € (7,%up). Then there erist
O € (0,8), 0, € (0,1) and By € (0,1) such that when 6 —n € (0,0), § € (0,4,)
and B € (By,1), both roots of the characteristic polynomial P(\) = 0 are real

and positive for any « € [0, apraz)-

Proof. Let us first compute the discriminant of the characteristic polyno-

mial P(\) = 0. Straightforward computations give
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2
(0— 77 d*(a 4+ [Bu(a)+Bs]d"(a) Bz (@)
[ T sy T ow*(178)]
_ (0— 77) (@) ) _B2(e) Bi(2)d* (@)
4 [(1 + ) ay*(1—s) + Ov*(1—s) ]

Assume first that By(«) > 0. We then get By (a)d*(a)a + 0By(a) > 0 and
A [1 O (e) y BB | _Bafe) r

0v*(1—s) ay*(1—s)
(0—n)d" () Bz (@) Bi(2)d* (@)
4 (1 ) (R + RS

2
(06— n)d (a) [Bs—Bi(a)]d*(«)  Ba(a) Bsd*(a) | Bi(a)d* (ae)a+0B2(«)
> |:1 + + 0v*(1—s) oz'y*(l—s):| +40'y*(1—s) [ Oay*(1—s) ]
> 0

Assume now that B;(a) < 0. We then get

2
D) | BB @ | B (0-md* (@) _Ba(a)
A> [1 AR (e aw*(I*S)} —4 (1 + ) o (1-5)

S [1 1 D)y BBl () Balo) ]2 1 4-Be(e) [Bi(@)+Bsld"(a)

O0y*(1—s) ay*(1—s) ay*(1—s) O0v*(1—s)
with
*0—n _ _ *0—m _ _
2] Y »B(l 6)4’1*5*’\/* +d*(a) (178)W f(l 6)7(9777)
BI—) 0
Bi(a) + By = [ } d*(a)[ SR } (41)

Let us consider the term between brackets that is multiplied by 6. Obviously

this term is positive if and only if
e [1 — =1 — 7')} —pB(1l=0)T>0
Since v < Ysup We get
11—y 181-7)>1—-7>0
Moreover, since v > 7,y we get
971 [ 7981~ 7)] — B(L— )7 > B(1—B)(1 —7) [1 — 7 16] > 0
It follows therefore that

*0—m _ _ «
iy == >0 (42)

for any ~ € (Yin, Veup)-
Consider now equation (41) when 6 —n = 0. We get

0 1-p(1=9) S~ | d* () (1—8)[1— s
By(a) + By = B0 vd]*+(a)< )1-5)1-(1-3)]

with obviously
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LAY 4 15— >0
Recalling that 7y > 74y, it follows that B (o) +Bs > 0 for any o € [0, aprar) as
Y* € (7, Vsup)- Therefore, for any given v* € (7, Ysup), there exists © € (0, 5],
such that when 6 —n € (0,0), By(a) + By > 0 and thus A > 0 for any
a € [0, praz)-

Let us focus now on the sign of D(«) and T'(«) as given by (39). Since
By(a) + By > 0 and By(a) > 0 for any a € [0, aprqaz), we immediately get
T(«) > 0 for any « € [0, apra). To derive the sign of D(«), we need to study
the sign of By («a)d*(a)a + 0By(a). Obvious computations give

Bl(oz)d*(oz)oz —0—932((1) _ —042(9 _ 77)’7* (,y*@;n—l _ 1) A*0=1_3(1-4)

Bs(1—T)

+ 04{77 [”Y* <v*9ﬁ’;’*l _ 1) _ %]

n & ’}/* (1 B 87*9;71) B 7*947;5(175)(1 _ 8)2
- |:’y* (1 B 87%;7;71) B A/»fe—ngf(lfé)[l _ 8(1 _ S)]] ] }
+ OsT = ¢(«)

The polynomial ¢(«) is concave with ¢(0) = 0s7 > 0 and lim,_, ¢(a) = —o0,

so that if ¢(apres) > 0, then ¢(a) > 0 for any « € [0, apras). When o = apgaq,
we derive from Lemma 8.2:

Flowe) = (2552 +1-0-7 20
_ 6(1—s) *01-p(1-4)
Bi(amaz) = 11— *(Qraz) (7 Bs(1—) ) (43)

*O—n__ _
By(ane) = (1 — 8)anran [7* + %M]
so that
*0—m__ _
(b(aMam) = &Ma:v{n [W +1—6— ,y*:|

—s * *0—111 _g(1—7
b [rrs(a = r) = TS gy - s - 7))

> OéMax{T/ [V*ngaég—l)fé) + 1-— 5 — ’)/*i|

—s *60—m —s(l—71
b s ) - P - s )]
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Note first from (42) that

Second note that when § = 0, the inequality characterizing ¢(aq,) becomes
—s *0-n[1—s(1—7
o(apraz) > aMam{n [ﬁs(ln T)ﬂ +1—79 } + gELT; [1 _ "[lﬁ ¢! )}] }

with o %
12 n[lgs(l—fr)] S0 & < (1_8(51_T)> -
Note then that

1
(%)m > Yy & 1—s(1—7) < fT0w

which is satisfied when § = 1. Therefore, there exists §; € (0,1) and 5, € (0, 1)

such that if 6 € (0,6;), 8 € (B1,1) and 6§ —n € (0,0), then ¢(ansee) > 0

and thus Bj(a)d*(a)a + 0By(a) > 0 for any a € [0, apqeq). Under these

conditions, and since d*(«), Ba(«) > 0, it follows that D(«) is also positive for

any a € [0, apraz)- o

We may now study the local stability properties of v* € (7, Yeup) With a €
(0, apraz ). Consider the characteristic polynomial 15()\) = 0. Straightforward

computations from Lemma 8.2 give

P(1) = 55y (0 =) (1— s = 222) + By
Considering (40), we get

O (1-s-2) 1B = @-ft-s - (1-55)

_s 0 n—B(1-§ *0—1_B(1-5
et >]+<1_3)w rs1-t)

(44)

which is clearly a monotone increasing function of a. So if there exists a
positive value of « for which this expression is equal to zero, that value must

be unique. Solving equation (44) equal to zero gives after simplifications

(0—n)st
o = (1—s)y
1 *0—n—1 1 y*07-80-5) | | y*0=1—p(1-0)
(0= [ 1= 515 (17557 ) =5 5 T

L’I)S*Gnl
1—s =,

== *0—m—1 *0—m—1 =«
[17(9,77)%] [,Y*G n_ 6(1 5)]+,Y*9 n(w 6[3’7 )(01 ns)s
with @ as given by Lemma 8.1 (see (36)). Therefore, since d*(a) > 0, we
conclude that P (1) % 0 if and only if v é a. We also get limy 1o, P(A) = +00.
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Consider finally the expression of T" as given by (39) in Lemma 8.2. Using the

expressions given in (40), we compute

T'(a) = ) [v*e-n[1—5—5(9—n)}—ﬁ(1—6>(1—s)]_ 7

0y (1-s) y*0=n a2y (1—s)

with

W (0N — (OTT=BA=0) x (Ot
d*(a) = ( Bs(1—7) )'7 < 3 1) >0
Since § —n < 1, we get 1 —s—s(6 —n) > 1—2s. Moreover, s € (0,1/2) implies
1—s—5(0—mn)>0. As v* < ysyp, we derive
VOl = s —s(0 —m)] = BL-0)(1—>s)

< Bt {1—s—s(e—n)—5w+m<1—5)<1—s)]
We then conclude that when § = 1 and § = 0 the right-hand-side of this
equation is negative. Therefore there exist fy € (0,1) and d, € (0,1) such
that if 8 € (fs,1) and 0 € (0,02), then T"(«) < 0. It follows that the minimal
value of T'(«) is obtained when o = apzq,. From equation (32) in the proof of

Proposition 3 and using (43) we then derive:

_ (0—=n)d*(arrax) [B1(a)+Bs]d* (anrax) Ba(aaz)
T(QM%‘) -2 = Oy + 0+ (1—s) onaey*(1=s) 1
(O0—n)d* (araz) [Bi(@paw)+Bsld" (anrae) | 70 "—B(1-6)
o 2% + Ov*(1—s) T B

We have shown in the proof of Lemma 8.3 that if § —n € (0,0), then B;(a) +
Bs > 0. Therefore, T(a) > 2 for any a € [0, apae). Let 6 = min{;,d}
and 8 = max{f, 52}. When 6 € (0,4), 8 € (8,1) and § —n € (0,0), we
conclude finally that for any o € [0, @), the normalized steady-state v* is
locally determinate as both characteristic roots are larger than one, and for
any a € (&, apraz), 7 is locally indeterminate as one root is less than one.
The local stability properties of the second steady-state 74 are obviously

derived considering Lemma 8.1. ]
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