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Abstract

The input parameters for the hardening law for the elasto-plastic constitutive model of unsaturated soils are generally fitting param-
eters that control the degree of hardening response and cannot easily be determined without the results of experimental tests in which the
changes in suction, water content, and volume are measured or controlled. However, it is next to impossible to complete such precise
experimental tests on all the geomaterials comprising the earth structure to be analysed, such as an embankment. It is important, there-
fore, to establish a method for determining these parameters from more easily attainable data on the material. This paper presents a
practical method for estimating the input parameters related to hardening/softening due to desaturation/saturation in the elasto-
plastic constitutive model proposed by Ohno et al. (2007a) from a compaction curve, which is frequently obtained and widely used
in engineering practice. In the proposed method, the input parameters are estimated by simultaneously solving three theoretical equa-
tions, each of which holds for a different point, indicating the statically compacted state on the dry side of the compaction curve, while
the approximately represented compaction curve is used instead of a hand-drawn one. The paper demonstrates that the proposed method
enables the estimation of the input parameter values within a range small enough so as not to affect the results of the simulation, irre-
spective of the way in which the points on the represented compaction curve are selected. The validity of the estimated parameters is
verified and then discussed through a series of static compaction test simulations.
� 2020 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Since Bishop (1960) proposed an effective stress formula
for unsaturated soils, great advancements have been made
in unsaturated soil mechanics. In particular, various consti-
tutive models for unsaturated soils have been proposed
since the pioneering work of Alonso et al. (1990). The con-
stitutive modelling for unsaturated soils has been reviewed
https://doi.org/10.1016/j.sandf.2020.08.005
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in state-of-the-art reports, as exemplified by Gens (1996),
Wheeler and Karube (1996), Kohgo (2003), Gens et al.
(2008), Sheng and Fredlund (2008), Sheng et al. (2008),
and Cui and Sun (2009). In many elasto-plastic constitutive
models, the hardening law for the unsaturated elasto-
plastic constitutive model associated with desaturation is
expressed as a function of the degree of saturation and/or
suction. Ohno et al. (2007a) proposed an elasto-plastic con-
stitutive model (called the ‘Se-Hardening model’) to
express the expansion and contraction of a yield surface
by stipulating the elastic region in the arbitrary unsaturated
state and introducing the effective degree of saturation as a
Japanese Geotechnical Society.
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variable. The Se-hardening model assumes that the normal
compression lines of the constant degree of saturation are
parallel to each other in the e� lnp0 space, in which e is
the void ratio and p0 is the effective mean stress, and require
two fitting parameters to determine the degree of transla-
tion of the normal compression line along the axis of the
effective mean stress with changes in the degree of satura-
tion, as will be explained in more detail in the following
section. Conversely, several normal compression lines, dif-
fering in their degrees of saturation, need to be identified
through a series of compression tests on the material for
which the parameters are determined. However, this is
not easy because, in principle, the degree of saturation can-
not be kept constant during the tests. According to Ohno
et al. (2007a), the isograms of the degree of saturation were
drawn in the e� lnp0 space based on several normal com-
pression lines for the constant water content, which is noth-
ing more than an attempt to identify the normal
compression curved surface in the e� lnp0 � Sr space.
Although Lloret-Cabot et al. (2017) also fitted the normal
compression planar surface in the v� lnp� � lns� space, in
which v is the specific volume, p� is the mean Bishop’s
stress, and s� is the modified suction, to determine the
material inputs for their Glasgow coupled model formu-
lated by Lloret-Cabot et al. (2014), it seems that the results
of compression tests under at least three different condi-
tions were necessary.

It is indeed straightforward and essential to determine
the input parameters of the constitutive model to be
employed in the analysis with higher reliability through
minute experiments accompanied by the control or mea-
surement of the changes in suction, water content, and vol-
ume. Meanwhile, the fact remains that an alternative
approach to determining them from more easily available
data should be of value for engineering practice, particu-
larly if it is difficult to complete such tests. From this view-
point, a practical method is herein proposed to estimate the
two fitting parameters controlling the hardening law of the
Se-hardening model from three sets of values for the water
content and dry density on the compaction curve that is
widely used in engineering practice.

This paper is organised as follows. In Section 2, after
giving an overview of the Se-hardening model, a theoretical
equation is formulated for the statically compacted state
based on some assumptions and a method is explained in
which the input parameters are estimated by simultane-
ously solving three equations for three points on the com-
paction curve. Then, in Section 3, the dry side of the
compaction curve is approximately represented and param-
eterized using a ternary phase diagram in order to deal with
it as a continuous function and to allow the arbitrary selec-
tion of three points even from a limited range. In Section 4,
the input parameters are estimated for silty clay using the
proposed method. Finally, in Section 5, the validity of
the estimated parameters is verified through simulations
of static compaction tests.
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2. Estimation method for input parameters related to

hardening law

The hardening law for the elasto-plastic constitutive
model by Ohno et al. (2007a) is formulated as a function
of effective degree of saturation Se defined as

Se ¼ Sr � Sr0

1� Sr0

ð1Þ

in which Sr is the degree of saturation and subscript 0
denotes the value at the driest state where only meniscus
water around the soil particle remains. The effective degree
of saturation is related to suction and water retention, spec-
ifying the unsaturated state of the soil.

The effective stress for the unsaturated state employed in
the model is defined as follows:

r0 ¼ rnet þ Ses1 ð2Þ
where r0 is the effective stress tensor, rnet is the net stress
tensor, s is suction, and 1 is the identity tensor of the order
two. Then, the yield function of the model is expressed as

f r0; epv ; Se

� � ¼ k� j
1þ e0

ln
p0

np0sat0
þ k� j
1þ e0

1

nE

g
M

� �nE � epv ¼ 0

ð3Þ
where k is the compression index, j is the swelling index, M
is the critical state parameter introduced in the Cam-clay
model, p0 is the effective mean stress, p0sat0 is the pre-
consolidation pressure under the fully saturated condition,
e is the void ratio, e0 is the void ratio at the reference, epv is
the plastic component of volumetric strain, g ¼ q=p0 is the
stress ratio, and nE is a parameter applied to adjust the rate
of dilatancy development, as introduced by Ohno et al.
(2007b, 2013). The yield surface can expand/shrink not
only due to the development of plastic volumetric strain,
but also due to changes in the effective degree of saturation.
Thus, the size of the yield surface or pre-consolidation
pressure p0c at the unsaturated state is expressed as

p0c ¼ np0sat; p
0
sat ¼ p0sat0exp

epv
k� jð Þ= 1þ e0ð Þ ð4Þ

and

n ¼ n Seð Þ ¼ exp 1� Seð Þnlna½ � ð5Þ
where variable n determines the degree of the effect of
desaturation on the pre-consolidation pressure, and n and
a are the material parameters used to control the degree
of softening/hardening behaviour with saturation/desatu-
ration. The schematic expression for the hardening associ-
ated with saturation and desaturation is shown in Fig. 1.
The yield surface maintains its shape and passes the origin
of the effective stress space at any state, as shown in Fig. 1
(a), which implies that the shear strength always becomes
zero at zero effective mean stress regardless of the magni-
tude of the effective degree of saturation. Fig. 1(b) shows
a conceptual chart of the transition of the normal compres-



Fig. 1. Hardening behavior in Se-hardening model in (a) p0-q- Se space
and (b) e-lnp0 space (Ohno et al., 2007a).

Fig. 2. Sampling points on compaction curve.
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sion line (NCL) due to changes in the effective degree of
saturation. The constitutive model employed in this study
assumes that compression index k, which is a slope of the
NCL in the e� lnp0 space, remains unchanged irrespective
of the variation in the effective degrees of saturation,
although some different expressions have been proposed
in previous researches. Alonso et al. (1990), Kohgo et al.
(1993), and Zhou et al. (2012), for example, each proposed
a constitutive model in which the compression index was
formulated as a function of suction so that it would
decrease with desaturation. Conversely, in Wheeler and
Sivakumar (1995) and Loret and Khalili (2002), the com-
pression index was formulated such that it would increase
with desaturation. Although the existence of such a variety
of models is a reminder that there may be an adequate
expression for compressibility, depending on the material
1289
or the stress range to be analysed, the present paper does
not address this issue in depth.

The estimation method for these two parameters, n and
a, shall basically be tailored for use with the compaction
curve obtained from the static compaction tests on an
object material for which the stress history is definite.
For this purpose, the following assumptions and simplifica-
tions are made: 1) The undrained condition for pore water
always holds during static compaction, which implies no
change in the water content; 2) No excess pore air pressure
is generated in the specimen owing to the fully drained con-
dition for pore air; 3) During compaction, the stress condi-
tion of the specimen remains isotropic; 4) The compacted
state on the compaction curve is considered to be in a
stress-free state when the specimen has been unloaded
monotonically and elastically from the elasto-plastic state
where the maximum confining stress was applied; 5) The
change in void ratio during unloading is negligible because
it is sufficiently small compared to that observed during
elasto-plastic loading; 6) The soil-water retention charac-
teristic curve is assumed to be given uniquely, and thus,
the hysteresis loop between the drying and wetting pro-
cesses is not considered.

Now, as shown in Fig. 2, three points,a ¼ 1; 2; 3, are
chosen on the compaction curve obtained from the static
compaction tests in which the same maximum confining
stress pmax was applied as in the past. Herein, the combina-
tion of water content w and dry density qd at point a is rep-
resented by wa and qd;a. Then, we have

ea ¼ qw

qd;a

Gs � 1 ð6Þ

Sr;a ¼ waGs

ea
ð7Þ

and

Se;a ¼ Sr;a � Sr0

1� Sr0

ð8Þ



Fig. 3. Idealization of state change in unloading process.
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where qw is the density of the pore water and Gs is the
specific gravity of the soil particles. Symbols ea, Sr;a, and
Se;a indicate the void ratio, degree of saturation, effective
degree of saturation at point a, respectively.

As for Assumption 6), the soil-water characteristic curve
employed in this paper shows a one-to-one relationship
between suction and the degree of saturation, after Sugii
and Uno (1995), in the following form:

Sr � Sra

Srf � Sra

¼ 1

1þ exp Aþ Blnsð Þ ð9Þ

where Srf is the degree of saturation at s ¼ 0, Sra is the
degree of residual saturation at s ! 1, and A and B are
constant parameters. In this paper, it is assumed that
Srf ¼ 1:0 and Sra ¼ Sr0; and thus, the left-hand side of
Eq. (9) becomes equal to effective degree of saturation Se.
Then, the suction at point a, denoted by sa, is uniquely
determined against Se;a from the inverse relationship given
in Eq. (9) as

sa ¼ exp
1

B
�Aþ ln

1� Se;a

Se;a

� �� 	
a ¼ 1; 2; 3ð Þ ð10Þ

From Assumption 3), the stress state of a specimen can
be represented by the isotropic stresses as

r0 ¼ p01 ¼ pnet þ Sesð Þ1 ð11Þ
where pnet is the mean net stress which always corresponds
to the mean total stress, i.e., pnet ¼ p based on Assumption
2). Since the state at point a on the compaction curve is
stress-free (p ¼ 0), the effective mean stress at point a,
denoted by p0a, can be expressed by Eq. (11) as

p0a ¼ Se;asa a ¼ 1; 2; 3ð Þ ð12Þ
Next, the past state is considered for each point a to

which maximum confining stress pmax was applied. It is
noted that the variables at that state shall be represented
with an overline to distinguish them from those being

unloaded, i.e., e ¼ e
�
a for the void ratio. Assumptions 1)

and 5) allow any changes in the water content or the void

ratio during unloading (w
�
a ¼ wa and e

�
a ¼ ea) to be ignored,

which implies that there is no change in the degree of sat-
uration between the two states. As the effective degree of
saturation and suction are uniquely determined against
the degree of saturation, based on Assumption 6), the fol-
lowing relationships are obtained:

S
�
r;a ¼ Sr;a; S

�
e;a ¼ Se;a and s

�
a ¼ sa a ¼ 1; 2; 3ð Þ; ð13Þ

Thus, by substituting Eq. (13) into Eq. (11), the effective
mean stress at that past state can be expressed as

p0
�
a ¼ p

�þS
�
e;as

�
a ¼ pmax þ Se;asa a ¼ 1; 2; 3ð Þ ð14Þ

because the total mean stress is equal to the applied maxi-

mum confining stress (p
� ¼ pmax) with Assumption 3).

Fig. 3 plots both states before and after unloading on
the e� lnp0 plane, corresponding to point a on the com-
paction curve. In this figure, two normal compression lines
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are also drawn: one is the NCL for Se ¼ Se;a against each
point a, while the other is the common NCL for Se ¼ 1
against all points a. Since the state before unloading is
elasto-plastic on the NCL for Se ¼ Se;a, based on Assump-
tion 4), the following relationship is obtained:

p0ref;a ¼ p0
�
aexp

e
�
a � eref
k

; e
�
a ¼ ea a ¼ 1; 2; 3ð Þ ð15Þ

where p0ref;a is the effective mean stress corresponding to the

reference void ratio eref on the NCL when Se ¼ Se;a. On the
other hand, since function n in Eq. (4) indicates the magni-
fication of the elastic region in the elasto-plastic unsatu-
rated state, the value of n for Se ¼ Se;a yields

na ¼
p0ref ;a
p0ref ;sat

a ¼ 1; 2; 3ð Þ ð16Þ

where na is the value of n for Se ¼ Se;a and p0ref ;sat is the effec-
tive mean stress corresponding to reference void ratio eref
on the NCL when Se ¼ 1. On the other hand, by the defi-
nition of function n in Eq. (5), na can be expressed in terms
of effective degree of saturation Se;a as

na ¼ exp 1� Se;að Þnlna½ � a ¼ 1; 2; 3ð Þ ð17Þ
By substituting Eqs. (8) and (16) into Eq. (17), the fol-

lowing equations are obtained for each point a:

1� Sr;a

1� Sr0

� �n

lna ¼ ln
p0ref ;a
p0ref;sat

a ¼ 1; 2; 3ð Þ ð18Þ

The reason why three equations for a ¼ 1; 2; 3 are
required to estimate the two parameters, n and a, is that
there is another unknown, p0ref ;sat, which determines the

location of the NCL for a saturated state, as shown in
Fig. 3.

By subtracting Eq. (18) when a ¼ 2 from one when
a ¼ 1, we have

1� Sr;1ð Þn � 1� Sr;2ð Þn
1� Sr0ð Þn lna ¼ ln

p0ref;1
p0ref;2

ð19Þ



Fig. 4. Three phases and volume ratio of unsaturated soil.

Fig. 5. Definition of ternary phase diagram.
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Similarly, by subtracting Eq. (18) when a ¼ 3 from one
when a ¼ 2, we have

1� Sr;2ð Þn � 1� Sr;3ð Þn
1� Sr0ð Þn lna ¼ ln

p0ref;2
p0ref;3

ð20Þ

Finally, when a–1, the following relation can be derived
from Eqs. (19) and (20):

1� Sr;1ð Þn � 1� Sr;2ð Þn
1� Sr;2ð Þn � 1� Sr;3ð Þn ¼

ln
p0
ref ;1

p0
ref ;2

ln
p0
ref ;2

p0
ref ;3

ð21Þ

Thus, between the two parameters to be determined,
parameter n can be determined first by solving Eq. (21)
together with Eqs. (14) and (15) using, for example, the
Newton-Raphson method. Then, the other parameter, a,
can be determined by substituting the obtained parameter
n into either Eq. (19) or (20) as

a ¼ exp
1� Sr0ð Þn

1� Sr;1ð Þn � 1� Sr;2ð Þn ln
p0ref ;1
p0ref ;2

" #
ð22Þ

It is understood, therefore, that the two parameters
required in the hardening law can be determined from
the three points sampled on the compaction curve, which
is premised on obtaining compression index k in advance,
estimating the value of suction sa at the three points, and
clarifying maximum confining stress pmax in the process
of a static compaction.

3. Approximate representation and parameterization of

compaction curve

The following sections are devoted to verifying the effec-
tiveness of the above-described method. The way of select-
ing a set of three points on the compaction curve has been
arbitrary up to now; however, it may affect the calculated
values of the parameters. Thus, to evaluate this influence,
the compaction curve shall firstly be approximately repre-
sented and parameterized with a ternary phase diagram
to deal with it as a continuous function even for a bounded
scope.

Since the soil consists of three phases, namely, the soil
particles, pore water, and pore air, as schematically shown
in Fig. 4, the summation of the volume ratios satisfies the
following:

V s

V
þ V w

V
þ V a

V
¼ 1 ð23Þ

where V is the volume of soil, V s is the volume of soil par-
ticles, V w is the volume of pore water, and V a is the volume
of pore air. Each volume ratio for the soil particles, pore
water, and pore air can be rearranged as

V s

V
¼ M s

V
V s

M s

¼ qd

qs

ð24Þ

V w

V
¼ Mw

M s

M s

V
V w

Mw

¼ w
qd

qw

� h ð25Þ
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V a

V
� va ð26Þ

where qs is the density of the soil particles, qw is the density
of the pore water, qd is the dry density of the soil, h is the
moisture content by volume, and va is the pore air porosity.
Therefore, Eq. (23) can be naturally replaced as follows:

qd

qs

þ hþ va ¼ 1 ð27Þ

It should be noted that the degree of saturation can be
expressed as Sr ¼ h= hþ vað Þ.

According to Kobayashi (2016), the ternary phase dia-
gram shown in Fig. 5 is of use for comprehensively repre-
senting the state of the unsaturated soil by plotting the
volume ratios in Eq. (27). By setting Cartesian coordinate
system X � Y , in which the origin coincides with the point
of va ¼ 1:0 in the ternary diagram, as in Fig. 5, the combi-
nation of the three volume ratios qd=qs; h; vað Þ can be
reduced to the coordinates X ; Yð Þ as



Fig. 7. Compaction curves reported by Kawai et al. (2002) on ternary
phase diagram.
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X ¼ qd

qs

þ 1

2
h and Y ¼

ffiffiffi
3

p

2
h ð28Þ

Where the points at qd=qs ¼ 1:0, h ¼ 1:0, and va ¼ 1:0 cor-

respond to coordinates 1:0; 0:0ð Þ, 1=2;
ffiffiffi
3

p
=2

� �
, and

0:0; 0:0ð Þ in system X � Y , respectively.
The compaction curves, which are ordinally drawn on

the w� qd plane, can be mapped on the ternary diagram.
The results of compaction tests on the core material in a fill
dam, reported by Mikuni (1962) and Tatsuoka (2015), and
on silty clay, reported by Kawai et al. (2002), are plotted on
ternary diagrams in Figs. 6 and 7, respectively. Both are the
results of ‘dynamic’ compaction tests conducted under dif-
ferent energies of compaction, i.e., the number of blows per
layer in a mould. It is noted that the diagrams are partially
displayed to focus on the region where the experimental
data exist. The compaction curves drawn on the ternary
diagrams appear to have substantially the same shape,
independent of the energy of compaction, but to shift along
the constant line at Sr ¼ Sr;opt, drawn by a broken line,
toward the lower right hand corner, i.e., qd=qs ¼ 1:0, with
an increase in the number of blows. Sr;opt is the optimum
degree of saturation whose values can be approximately
estimated as 84% for the core material in Tatsuoka
(2015) and 76% for the silty clay in Kawai et al. (2002).
Of particular note is that the major parts of the dry sides
of the compaction curves are generally straight and almost
parallel to each other in the ternary diagram. Thus, in this
study, each compaction curve is expressed with its common
slope bd in Cartesian coordinate system X � Y , as

qd

qs

¼
ffiffiffi
3

p

2

1

bd

� 1

2

 !
h� w� q

�
d

qw

� �
þ q�

d

qs

ð29Þ

where w� and q�
d are the water content and the dry density,

respectively, that correspond to the point of intersection
Fig. 6. Compaction curves reported by Mikuni (1962) and Tatsuoka
(2015) on ternary phase diagram.
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between the line with a slope of bd ¼ 0:795 and the line
indicating the optimum degree of saturation, being slightly
different from optimum water content wopt and maximum
dry density qdmax. Eq. (29) can be rewritten as the relation
between the dry density and the water content by substitut-
ing Eq. (25) into Eq. (29) as follows:

qd ¼
1� kdGsw�

1� kdGsw
q�
d; kd ¼

ffiffiffi
3

p

2

1

bd

� 1

2
ð30Þ

The dry sides of each compaction curves, based on Eq.
(30), are drawn by broken lines on the well-recognized
w� qd plane in Figs. 8 and 9, each of which employs the
Fig. 8. Comparison between represented compaction curve (broken line)
and hand-drawn compaction curve (solid line) based on data reported by
Mikuni and Tatsuoka (2015).



Table 1
Parameters to fit dry side of compaction curves reported by Mikuni (1962)
and Tatsuoka (2015).

Test condition w�(%) q�d(g/cm
3) Symbol in Figs. 6 and 8

3 layers � 100 blows 10.86 1.974 }
3 layers � 60 blows 11.60 1.940 5
3 layers � 40 blows 12.17 1.915 4
3 layers � 25 blows 13.10 1.875 �
3 layers � 15 blows 14.08 1.835 h

Note: Gs ¼ 2:65; Sropt ¼ 84%; bd ¼ 0:795; kd ¼ 0:589.

Table 2
Parameters to fit dry side of compaction curves reported by Kawai et al.
(2002).

Test condition w� (%) q�d (g/cm3) Symbol in Figs. 7 and 9

3 layers � 40 blows 17.10 1.683 N
3 layers � 25 blows 19.20 1.609 d

3 layers � 10 blows 20.00 1.582 j

Note: Gs ¼ 2:71; Sropt ¼ 76%; bd ¼ 0:841; kd ¼ 0:530.
Fig. 9. Comparison between represented compaction curve (broken line)
and hand-drawn compaction curve (solid line) based on data reported by
Kawai et al. (2002).
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values for w� and q�
d summarised on Tables 1 and 2, respec-

tively, for the core material in Tatsuoka (2015) and the silty
clay in Kawai et al. (2002). Also drawn in these figures are
the hand-drawn compaction curves with a solid line for
each group of plots having the same number of blows.
The curves based on Eq. (30) appear to represent the dry
sides of the compaction curves at least within a range of
50% 6 Sr 6 Sr;opt with an unique parameter bd (or kd) inde-
pendent of the energy of compaction, once the values for
w� and q�

d have been determined for each one.
Fig. 10. Comparison between results of static and dynamic compaction
tests by Kawai et al. (2002).
4. Estimation of parameters in hardening law from

compaction curve

Using the approximately represented compaction curve,
the parameters required in the hardening law shall be esti-
mated in this section. Among the ‘dynamic’ compaction
curves represented in the preceding section, the curve for
a silty clay is addressed here. This is because the estimation
method is based on ‘static’ compaction and requires the
value of the maximum confining stress to achieve the com-
paction curve. In fact, Kawai et al. (2002) conducted not
only ‘dynamic’, but also ‘static’ compaction tests on the
material; the results allow the estimation of an equivalent
maximum confining stress to achieve a ‘dynamic’ com-
paction curve. Fig. 10 shows the results of both the
dynamic and the static compaction tests on silty clay, in
which the solid lines indicate the ‘dynamic’ compaction
curves, appearing in the preceding section, and the contour
lines represent the isograms of the maximum confining
stress in a ‘static’ compaction to achieve the dry density
against the prescribed water content. It is found from this
figure that the ‘dynamic’ compaction curve and the iso-
gram of the ‘static’ maximum confining stress are almost
parallel to each other on the dry side. On the other hand,
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even on the wet side of the optimum degree of saturation,
obtained from the ‘static’ compaction, the isogram has an
upward distribution toward the zero-air void line, which
suggests different mechanisms between the dynamic and
static compactions on the wet side. This is the reason
why only the dry side of dynamic compaction curve is for-
mulated as Eq. (30) and is used as a source of the sampling
points.

The combination of parameters n and a shall be esti-
mated through Eqs. (21) and (22) against each set of three
points on the dry side of the approximated compaction
curve with the lowest compaction energy in Fig. 10. The
three points are randomly chosen from a total of 100 points
at equal intervals within a range of 50% 6 Sr 6 Sr;opt where
the curve based on Eq. (30) reasonably represents the com-
pacted states, as shown in Figs. 8 and 9. Thus, the values
for the degree of saturation at three points for a
(a ¼ 1; 2; 3) are renamed as Sr;min, Sr;mid, and Sr;max in what
follows. Table 3 summarises the material properties and



Fig. 11. Estimated values for parameter n.

Fig. 12. Estimated values for parameter a.

S. Tachibana et al. Soils and Foundations 60 (2020) 1287–1298
loading conditions required for estimating parameters n
and a. Among these values, compression index k was deter-
mined from plasticity index IP ¼ 13:2 for silty clay by the
empirical equation by Iizuka and Ohta (1987). The param-
eters for the soil-water characteristic curve, SWCC, were
estimated using a knowledge-based database (SoilVision
System Ltd., 2006). The maximum confining stress of
350 kPa was approximately estimated from the counter
in Fig. 10.

The estimated values for parameters n and a are plotted
against the degree of saturation at the middle point in
Figs. 11 and 12, respectively. Although not all the values
are plotted, it is obvious that the distribution of both val-
ues is not so wide, namely, within a range of
50% 6 Sr 6 Sr;opt, i.e., 1:257 6 n 6 1:773 and
4:096 6 lna 6 4:607. Fig. 13 shows the combination of esti-
mated values for parameters n and a. Although an attempt
was made to estimate these values, including the points on
the wet side of the ‘dynamic’ compaction curve, the values
became unrealistic or indefinite when including even one of
them. According to the analytical investigation by
Kanazawa et al. (2012), the compaction curve calculated
as a solution to initial-boundary value problems is consid-
erably influenced by the air permeability and the loading
rate. By considering the distribution of isograms of the
maximum confining stress in the static compaction
together, the decrease in dry density with the increase in
water content at a relatively higher degree of saturation,
common in dynamic compaction, seems difficult to obtain
in static compaction under a fully drained condition for
pore air.

5. Validation of estimated parameters through simulations of

static compaction

There is a variation, although small, between the esti-
mated values for parameters n and a, as shown in
Fig. 13. Therefore, this section examines the influence of
this variation on the simulation results of static com-
paction. It also validates the static compaction response,
including the compaction curve, obtained as the results of
the simulation with the estimated parameters, by consider-
ing the initial state of compaction from the theoretical
viewpoint.
Table 3
Material properties for silty clay and loading condition required to
estimate parameters n and a.

Notation Symbol Value

Specific gravity of soil particles Gs 2.71
Compression index k 0.1074*
Residual degree of saturation Sr0 0.15
Parameters for SWCC A �18.0

B 4.6
Maximum confining stress pmax 350 kPa

* k ¼ 0:015þ 0:007IP; Plasticity index: IP ¼ 13:2. Fig. 13. Relation between estimated parameters n and a.
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Fig. 14. Results of simulation of static compaction under isotropic
condition.
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The simulation shall basically be carried out in confor-
mity to the assumptions to idealise the static compaction
described in Section 1. Each combination of parameters n
and a for cases A to D, shown in Fig. 13, is employed in
the simulation, while the other parameters are commonly
used. Table 4 summarises the additional parameters not
given on Table. 3. Herein, the swelling index is assumed
to be significantly small (j ¼ 0:001). The initial void ratio
before loading was also set to be 1.0 in all the calculations,
since the values for the void ratio were about 1.0 at most in
the early stage of the static compaction according to Kawai
et al. (2002); however, the validity of this value will be dis-
cussed later.

Fig. 14 shows the results of the simulation of static com-
paction under the isotropic condition. Herein, the simula-
tion of static compaction is conducted for a wider range
of water contents (10% 6 w 6 30%), although the three
points required for estimating parameters n and a were
chosen from the range of 50% 6 Sr 6 Sr;opt on the dry side
of the represented compaction curve. The calculated values
for dry density against a set of water contents are almost
independent of the combination from A to D at least
within the range of 50% 6 Sr 6 Sr;opt. This suggests that
the proposed method can estimate appropriate values for
parameters n and a without affecting the results of the sim-
ulation independent of the method for sampling the three
points. The line joining the points calculated in each case
is almost parallel to the represented compaction curve,
which supports the considerable accuracy of the proposed
method. On the other hand, it is found that the results of
the simulation have a slightly lower value for dry density
even on the dry side compared with the target represented
compaction curve. In fact, it is no wonder that this kind of
discrepancy exists because the proposed method relies
merely on the state change with a relatively small rebound
from the elasto-plastic state, where the maximum confining
stress is applied, to the elastically unloaded state; it does
not ensure the prediction of a larger volume change due
to the loading from the initial stress-free state. Although
the only way to achieve a more highly accurate reproduc-
tion of the compaction curve is to modify the constitutive
model, including reconsidering the hardening law, so as
to cover a wider range in void ratios, it is beyond the scope
of this paper.

Meanwhile, it is worth deliberating initial void ratio ei
from a theoretical viewpoint based on a few assumptions
concerning the initial state before loading, although it
Table 4
Additional material parameters required for simulation of static
compaction.

Notation Symbol Value

Swelling index j 0.001
Critical state parameter M 1.34
Poisson’s ratio m0 0.33
EC model parameter nE 1.3
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was assumed to be 1.0 on the whole in the above-
mentioned calculation. Fig. 15 indicates the possible initial
state and the isotropic loading path with a constant water
content in addition to both states before and after unload-
ing, as shown in Fig. 3, while subscript a is omitted and so
forth. Herein, the initial stress state is assumed to be nor-
mally consolidated as well as isotropic. Then, the equation
for initial effective mean stress p0i can be formulated based
on Eq. (4), as follows:

p0i ¼ p0sat0 � ni; ni ¼ n Se;ið Þ ð31Þ
where term ni can be expressed as a function of initial effec-
tive degree of saturation Se;i by Eq. (5) with parameters n
and a, while p0sat0 denotes the effective mean stress corre-
sponding to the initial void ratio on the NCL for
Se ¼ 1:0, as shown in Fig. 15. Hence, we have

p0sat0 ¼ p0sat0 eið Þ ¼ p0ref ;satexp
eref � ei

k

� �
ð32Þ
Fig. 15. Possible initial state and isotropic loading path with constant
water content.
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On the other hand, assuming that the initial state is con-
sidered stress-free (zero total stress), initial effective mean
stress p0i can be written in another form based on Eq. (11) as

p0i ¼ Se;isi; si ¼ s Se;ið Þ ð33Þ
where initial suction si is a function of initial effective
degree of saturation Se;i in the inverse form of Eq. (9).

Based on Eqs. (31) and (33), the following condition is
obtained for finding a combination of the initial void ratio
and the effective degree of saturation:

Se;is Se;ið Þ � p0sat0 eið Þ � n Se;ið Þ ¼ 0 ð34Þ
In fact, a non-linear equation, Eq. (34), can be solved to

obtain initial void ratio ei by imposing constraint
Sr;i ¼ wGs=ei and relation Se;i ¼ Sr;i � Sr0ð Þ= 1� Sr0ð Þ, since
the problem in which the water content is given and con-
stant is now being addressed.

The compaction paths with a maximum confining stress
of 350 kPa under the constant water content condition, as
variations in void ratio with respect to changes in (a) net
mean stress, (b) effective mean stress, and (c) degree of sat-
uration, recalculated after the modification of the initial
state by solving Eq. (34), are shown by dividing them into
the initially dryer states seen in Fig. 16 and the initially wet-
ter ones seen in Fig. 17. Herein, a set of parameters, from
the combinations shown in Fig. 13, was used for the calcu-
lation (i.e., n ¼ 1:495 and lna ¼ 4:457). In the e� Sr space,
the line joining the initial points in the elasto-plastic or nor-
mally consolidated state, which can be regarded as an iso-
gram of the net mean stress of 0 kPa, forms a downward
convex curve which has a minimal value at much higher
degrees of saturation, but declines downward to the right
with an increase in the degree of saturation in almost all
ranges. Upon loading, each point moves with a decrease
in void ratio, maintaining its water content. However, the
paths beginning from the wetter and denser states reach
Fig. 16. Recalculated compaction paths for initially
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the saturated state while loading; thus, the generation of
effective mean stress and the decrease in void ratio are ter-
minated, as shown in Fig. 17. On the other hand, for the
initially dryer and looser states, shown in Fig. 16, the com-
pression is achieved such that the path extends across the
normally consolidated lines of the degree of saturation in
the e� lnp0 space until the net mean stress reaches the max-
imum value of 350 kPa. The line joining the loaded or com-
pacted states has a V-shape in the e� Sr space, whose
gradient in a region of the unsaturated state becomes more
gentle than that of an isogram of the net mean stress of
0 kPa. While there are some approaches in which the tran-
sition of an isogram of the net mean stress upon loading is
first formulated to establish the constitutive model for
unsaturated soil in previous literatures (e.g., Al-Badran
and Schanz, 2009; Yaghoubi et al., 2019), it is of interest
that a similar transition can be expressed as the results of
the calculation within the approach of this study, so long
as the initial states are properly determined in conjunction
with the parameters to be input.

The initial and compacted states, obtained as results of
the simulation, can be plotted in the w� qd space, as
shown in Fig. 18. Herein, the compacted states with the
confining stress not only of 350 kPa, but also of 150 and
700 kPa, are provided in order to compare them with the
stress isograms, already appearing in Fig. 10, based on
the experimental results of the static compaction tests con-
ducted by Kawai et al. (2002). It is found from this figure
that the compacted states obtained from the simulations
show a good agreement with those from the experimental
tests, especially in cases where the maximum confining
stress is relatively lower. In cases of higher confining stress
levels, lower water contents lead to lower increases esti-
mated in the calculation for the dry density due to com-
paction. The reasons behind this underestimation might
be that the input parameters were estimated based on the
dryer states after modification of initial state.



Fig. 17. Recalculated compaction paths for initially wetter states after modification of initial state.

Fig. 18. Initial state and recalculated compaction states with maximum
confining stresses of 175, 350, and 350 kPa.
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idealized compaction curve of the confining stress of
350 kPa or that there is an inherent limit of the current con-
stitutive model applied in this study in terms of predicting
the responses of volume changes due to loading with higher
confining stress levels under both wetter and dryer condi-
tions. It would be necessary to reformulate the transition
of the normally consolidated line depending upon the
degree of saturation, including variations in the compres-
sion index, in order to achieve accuracy in predicting the
covering of a wider state. Once such a modification is
made, the method proposed in this study would be useful
for estimating the parameters which are involved in the
constitutive model if only a conditional expression, such
as Eq. (18), can be formulated for the statically compacted
and unsaturated states.
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6. Concluding remarks

This paper has presented a method for identifying the
parameters for the hardening law of the elasto-plastic con-
stitutive model for unsaturated soils from the compaction
curve. The Se-hardening model proposed by Ohno et al.
(2007a, 2007b), with two parameters for the hardening
law, was employed. The proposed method can be charac-
terized by the following properties:

(1) In the proposed method, two input parameters in the
hardening law of the Se-hardening model were esti-
mated by simultaneously solving three theoretical
equations, each of which holds for a different point,
indicating the statically compacted state on the dry
side of the compaction curve.

(2) The dry side of the compaction curve was approxi-
mately represented and parameterized using a ternary
phase diagram in order to deal with it as a continuous
function and to choose three compacted states
arbitrarily.

(3) The values of the input parameters estimated with the
proposed method hardly depended on the method of
sampling the three points on the compaction curve.
Although there was a small variation between them,
it was found that the parameter variation had only
a small influence on the calculated results of the com-
pacted state through a series of simulations of static
compaction. This suggests that the parameters can
be narrowed even when there are no results from
the minute experimental tests accompanied by the
control or measurement of the suction.

(4) Once the input parameters are determined, the initial
state under a stress-free condition can be theoretically
identified for each water content. According to the
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simulation of static compaction where such initial
states were imposed, the compacted states obtained
from the simulations showed a good agreement with
those from the experimental tests.
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