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Abstract 

This study addresses the selectivity of self-accommodation microstructures in the initial 

stage of martensitic transformation in B19’ TiNi. It is known that specific habit plane variant 

(HPV) pairs, including {111
-

}mtype I twin planes that are called initial stage microstructure (ISM) 

in this study, are preferentially formed in the initial stage of martensitic transformations. To 

elucidate on the selectivity of the ISM, the energy barrier at the formation of the twin plane, which 

is the candidate for the starting point of HPV pair formation, and the geometry of the HPV pair 

are theoretically analyzed in this paper. Using geometrical non-linear theory analysis, the 

compatible twin plane which has exact twin orientation relationship can be formed in the specific 

five groups of HPV pair. Using ab-initio simulations and Eshelby theory analysis results, {11

1
-

}mtype I twin is determined to have a relatively small energy barrier among the twins in TiNi. 

Therefore, this paper shows that the HPV pair having a twin plane with a small energy barrier of 

formation and a structure that can effectively reduce the elastic strain is preferentially formed as 

the ISM.  

 

 

 



1. Introduction 

Shape memory alloys, including TiNi alloys, exhibit thermoelastic martensitic 

transformations that form a characteristic microstructure. It is known that crystallographic features of 

an individual martensite plate are well described by the phenomenological theory of martensite 

crystallography (PTMC)[1-6], which is derived by the invariant plane condition at the habit plane 

between the parent phase and martensite. Four types of equivalent crystallographic correspondence 

between the parent phase and martensite are derived by PTMC, and each martensite plate is called a 

habit plane variant (HPV). In the case of TiNi alloy martensites, the lattice invariant deformation 

required to form the invariant plane is achieved by forming two different lattice correspondence 

variants (CVs) alternately as an internal twin structure. The aggregates of a HPV forms so as to reduce 

elastic strain energy caused by an individual variant; this formation is called a self-accommodation 

microstructure[7]. 

 It is known that martensitic transformation preferentially starts at the grain boundaries of 

the parent phase. Otherwise, martensites form as a pair of HPVs forming twin boundaries of CVs[8-

10]. In the case of TiNi, it has been reported that HPV pairs bounded by ሼ111തሽmtype I twins are 

preferentially formed in the initial stage of martensitic transformation[8] where the subscript "m" 

indicates that the index is based on the martensite crystal. Indices without the subscript represent the 

parent crystal throughout this manuscript. The pair of HPVs formed at the initial stage of the 

martensitic transformation is called the initial stage microstructure (ISM). Figure 1 shows a schematic 

illustration of the ISM of TiNi. Two HPVs were bounded at the junction plane of the ሼ111തሽmtype I 

twin plane, and each HPV includes a <011>mtype II twin in it. Though eight types of possible 

crystallographic twins exist in the martensite phase of TiNi[11], it is not clear why ሼ111തሽmtype I twins 

are preferentially formed at the formation of ISM. 

The geometry and selectivity of the self-accommodation microstructure have been discussed 



in several studies. The preferential morphology of the HPVs cluster has been predicted by the 

arithmetic average of the shape change of HPVs[12-16]. The selectivity of the HPV pair has been 

predicted by the magnitude of the geometrical misfit at the junction plane between HPVs[17-21]. 

These past works explain the morphology of the resultant martensite cluster after transformation; 

however, the kinetics that form the ISM have not yet been clarified. In this study, we investigate the 

following two factors that control the selectivity of the HPV to form the ISM of the TiNi self-

accommodation microstructure.  

The first factor is the energy barrier required to form the twin of the martensite phase. When 

the process forming the second CV with a twin relation at the surface of the first CV is considered, the 

energy consists of the interfacial energy interface between CV and parent phase, the twin boundary 

energy, and the elastic energy. Since the ISM has a small volume at the initial stage, it is necessary to 

discuss the interfacial energy, which is generally considered to have a small effect in the final stage. 

Since the size of the ISM nuclei is unknown, it is difficult to quantitatively discuss the magnitude of 

elastic strain energy. However, it is possible to evaluate the relative magnitude of elastic strain energy 

with different combination of CVs that form twins by calculating the elastic interaction energy with a 

micromechanics method[22,23]. 

The second factor is the geometrical aspects of the ISM. The junction plane in the ISM is 

exactly a ሼ111തሽmtype I twin. In general, the interface between two HPVs has “incompatibility” that 

results from the misorientation due to the exact twin orientation relationship. The incompatibility at 

the interface is observed in the several self-accommodation microstructures[20,24,25]. The 

geometrically non-linear theory of martensite crystallography[11,26] (GNLTM) can evaluate the 

geometry of the incompatibility at the interface. GNLTM analysis has shown that limited HPV pairs 

can form exact twin orientation relationships. As shown in Figure 1, the junction plane between HPVs 

is constructed by the local twin planes of CVs. GNLTM analysis of the incompatibility at the local 



twin planes in TiNiPd[21] shows that there are two types of interfaces between HPVs: the interface 

that can form the interface where all local twin planes are compatible, and the interface where 

incompatibility inevitably exists on the local twin plane. Incompatibility is elastically and plastically 

relaxed and acts as a source of elastic strain. From the viewpoint of minimizing elastic strain energy, 

it is assumed that the interface between HPVs without incompatibility is selectively formed as an ISM. 

For TiNi, the interfaces between HPVs have been crystallographically analyzed and classified in a 

previous study[19]. However, incompatibility at the local twin planes has not been analyzed, and it 

has not yet been revealed what HPV pairs can form compatible interfaces. 

 The aim of this study is to investigate the magnitude relationship of the energy barrier of the 

twin formation and the incompatibility of the ISM to understand the selectivity of the ISM in TiNi. 

 

 

2. Analysis procedure 

2.1 Twining plane of B19’ martensite in TiNi martensitic microstructure 

  In TiNi, the parent phase has B2 and the martensitic phase has B19’. In the following 

analysis, the lattice parameters[27] and elastic constants[28,29] in Table 1 were used. Eshelby 

theory and GNLTM analyses were done in the parent phase lattice coordinate. 

There are 12 kinds of CVs. The notation and lattice correspondence of the CVs are 

summarized in Table 2. All 132 pairs of the CVs are classified into four groups[11]: A, B, C, and 

D as shown in Figure 2. There are two sets of twins for a given pair of CVs. The notation of the 

CV pair and the twinning elements are summarized in Table 3. K1, η1, K2 and η2 are the twinning 

plane, the twinning direction, the second undistorted conjugate plane and the conjugate 

twinning direction, respectively. 

In TiNi, each HPV contains B-ii as an internal twin and consists of two CVs. In this 



study, the CV with a volume fraction that is larger than the other is termed the major CV, and the 

other is termed the minor CV. HPV is characterized by contained CVs and the habit plane 

orientation. In this study, HPV constructed by major CVi and minor CVj is termed (i-j). In TiNi, 

there are 24 kinds of HPVs. 

 

2.2 Elastic interaction energy between CVs 

The elastic interaction energy between CVs is evaluated on the basis of Eshelby 

theory[22,23] for anisotropic inclusion. Because the volume of a CV is extremely small in the 

initial stage of the martensitic transformation, the shape of a CV was approximated by a unit ball 

in this study. The center of a CVi is placed at the origin. To investigate the orientation dependence 

of the elastic interaction energy at the surface of CVi, the center of CVj is placed at a 1.01 distance 

at all points from the origin. The elastic interaction energy between CVi and CVj per unit volume 

is expressed as; 

Ei-j ൌ െpq
i ሺxሻpq

j     Eq. 1 

wherei
pq(x) is the internal stress due to the CVi, j

pq is the eigenstrain that corresponds to the 

transformation strain of CVj, x is the center position of CVj, and the origin of the x is at center of 

CVi. i
pq(x) outside of CVi has been given by Mura and Cheng[30].  

 

2.3 Interfacial energy 

 The interfacial energy of the twin plane was evaluated by ab-initio simulations. 

Density functional theory simulations were performed with the Vienna Ab-initio Simulation 

Package (VASP)[31-34] using the projector augmented wave method (PAW)[35,36] and the 

generalized gradient approximation proposed by Perdew, Burke, and Ernzerhof (GGA-PBE)[37].  

The interfacial energy is defined as the change in the total energy upon the addition of 



twinning plane. The interfacial energy is expressed by the following equation[38];  

 ൌ ሺFtwin െ FB19'ሻ/2A   Eq. 2   

Ftwin and FB19’ are the total energy of the cell, including the twin plane and bulk cell of the 

martensitic phase. A is the area of the twin plane. The principal axes, size of the cell, k-mesh, total 

number of atoms are summarized in Table 4. The cells were created in the coordinate system of 

(v1, v2, v3 = v1ൈv2 ). D is the distance between twin planes along the plane normal of the twin plane 

v3. The Monkhorst–Pack mesh of k points were used to integrate the Brillouin zone. The plane-

wave cutoff energy and the energy convergence criterion (ECC) during the electronic self-

consistency loop were set to 400 eV and 10−6eV, respectively. The condition of ECC=10-7eV has 

been used in the previous studies[39,40] on ab initio simulations of TiNi. The number of atoms 

in the cells including twin plane are large, and a long computation time is required for analysis. 

We do not focus on the accuracy of the interfacial energy, but rather on elucidating the relationship 

between the size of the interfacial energy. Therefore, the calculations were performed under the 

relatively weak energy convergence criterion. The influence of the free energy convergence 

criterion on the total energy of the TiNi single phase is shown in Table 5. These calculations were 

performed with the k-points grid (11×11×11) and the cutoff energy of 500eV. The calculation with 

ECC=10-6eV, which is used to calculate the cell including twin plane, results in an error of about 

10-4eV in the total energy compared to the calculation with ECC=10-8eV. This error is considered 

to generate an error of about 2 mJ/m2 in the interfacial energy. The difference of the interfacial 

energy between the twin plane is tens of mJ/m2, which is sufficiently accurate to discuss the 

magnitude relationship of the interfacial energy. The atomic positions and the shape of cell 

including twin plane were optimized using the internal VASP procedure. The (111
-

)mtype I twin 

cell after the relaxation and the Ti atom displacement from B19’ bulk crystal in each layer are 

shown in Figure 3 as an example. Due to the relaxation of the twin plane structure, the cell, 



including the twin, has a relaxed area near the twin plane. To suppress the interaction of the twin 

planes, the cells with sufficient twin plane spacing were used for calculation.  

Although the B19' structure has been observed experimentally in TiNi, the orthorhombic 

B33 structure is reported to be the lowest energy structure in the ground state in the previous 

studies[39,40,41]. It is assumed that the adoption of the B19' structure generates stresses in the 

cell and affects the interfacial energy at the twin interface. However, we adopt the B19' structure 

to analyze the interfacial energy of the experimentally observed twin plane in order to elucidate 

the selectivity of the experimentally observed ISM. Therefore, it should be noted that the 

interfacial energy analyzed in this study is different from the interfacial energy of the lowest 

energy structure in the ground state. Visualization of the cells was performed with visualization 

for electronic and structural analysis (VESTA)[42]. 

 

2.4 Incompatibility at the twin planes 

Incompatibility at the twin plane between CVs and the interface between HPVs was 

evaluated by the kinematic compatibility (KC) condition[26]. The KC condition at the interface 

between two homogeneously deformed domains (i and j) is expressed as the following 

equation: 

RDj െ Di ൌ d⨂v    Eq. 3 

Di and Dj are the deformation gradients of i and j, respectively. R is incompatibility, which is 

the rigid rotation of Dj required for the KC condition with Di at the interface.  

The deformation gradient of (i-j) is expressed as following equations: 

QBj െ Bi ൌ a⨂n    Eq. 4 

U(i‐j) ൌ Q'൫QBj ൅ ሺ1 െ ሻBi൯ ൌ I ൅ b⨂m Eq. 5 

Bi is a deformation gradient of CVi, which is calculated by the lattice parameters. a and n are the 



vectors that describe the shear direction and twin interface normal of the internal twin. Q and Q’ 

are additional rotations for the KC conditions.  is the volume fraction of the minor CVj. U(i, j) 

and I is the deformation gradient of (i-j) and identity matrix. b and m are the vectors that describe 

the shape change direction and habit plane normal. Since CVi and CVj in the (i-j) are rotated by 

the additional rotation, the deformation gradients of CVi and CVj are expressed by the following 

equations:  

Vi ൌ Q'Bi    Eq. 6 

Vj ൌ Q'QBj    Eq. 7 

Vi and Vj are the deformation gradients of major CVi and minor CVj. Incompatibility in the 

junction plane between HPVs and the twin plane between CVs were calculated using Eq. 3 with 

the deformation gradients of HPV and CV. 

 

 

3. Results 

3.1 Elastic interaction energy of the twins between CVs 

 Elastic interaction energies were analyzed for all CV pairs in Table 3. Figure 4 shows 

the orientation dependence of Ei-j for each CV pair. The solid line indicates the line of Ei-j = 0, and 

the index of the twin plane is indicated by a white point. The area where Ei-j is negative indicates 

that the formation of CVj was elastically favored in this area. All twin planes were located in a 

region where Ei-j was negative. The Ei-j at the twin plane normal for each CV pair is summarized 

in Table 6. All twin planes between CVs have a negative value of Ei-j which means they are 

elastically stable. Except for D-ii, the Ei-j of each twin has the same order in the magnitude. The 

twin planes with especially small Ei-j are A-c1, B-i, and C-i. All twin planes between CVs were 

elastically stable, and it is assumed that the ISMs including A-c1, B-i, and C-i had the minimum 



elastic strain energy barrier.  

 

3.2 Interfacial energy of the twin planes 

In this study, the interfacial energies of type I twins (B-i, C-i and D-i) and compound 

twins (A-c1 and A-c2) were analyzed. The twin plane of type II twin is an irrational plane. The 

structure of the type II twin plane has been reported as a ledged-terraced structure[40][41] or 

randomly curved structure[42,43]. In conclusion, the structure of the twin plane is not clear. 

Therefore, it is difficult to apply the first-principle calculations for the analysis of the type II twin. 

Interfacial energy analysis of type II twins was not performed in this study. The treatment of the 

type II twins is described in the discussion. Calculated interfacial energies are summarized in 

Table 7.  

 

3.3 Geometry of a twin 

There are 552 pairs of twins between HPVs. Of all pairs, 216 can form twin planes 

between HPVs that are classified into nine groups as summarized in Figure 5. In Figure 5, I–XI 

indicate group numbers, and blanks indicate that the pair cannot form a twin plane. The geometry 

of incompatibility between HPVs, major-CVs, and minor-CVs of group I–IX are summarized in 

Table 8. In Table 8, nij is a vector that describes twin plane normal.  and  are the rotation angle 

and the rotation axis of the incompatibility. Twin type indicates the twin type of the local twin 

plane. There are two sets of solutions for a given pair of HPVs. The notation of each solution is 

expressed as No. in Table 8.  

The interface between HPVs is constructed by the local twin planes between CVs. There 

are three types of local twin planes: twin planes between major CVs (major twin), twin planes 

between minor CVs (minor twin), and twin planes between major CV and minor CV (major-



minor twin). Since the CVs in HPV are not able to rotate individually, the geometry of 

incompatibility at all local twin planes must be the same to eliminate incompatibility at all local 

twin planes. II-2 corresponds to this type. The elimination of the major-minor twin is 

accomplished by the one-to-one connection between major CVs and the one-to-one connection 

between minor CVs. In this situation, the geometry of incompatibility at the major twin and the 

minor twin must be the same to form the compatible twin plane. I-1, III-1, VI-1, and VII-1 

correspond to this type.  

 

 

4. Discussion 

As shown in Table 6 B-i, A-c1 and C-i have the minimum elastic interaction energy. 

Therefore, the elastic strain energy term of the energy barrier of the twin plane formation is the 

minimum in B-i, A-c1 and C-i. As shown in Table 7, B-i and C-i have the minimum interfacial 

energy among the type I and compound twins. In this study, the interfacial energies of type II 

twins are not analyzed, and the magnitude relation of the interfacial energies with other kind of 

twins is not clear. However, since type II twin planes have a complex structure, the area of twin 

plane per unit volume is larger than that of the type I or the compound twin plane. It is assumed 

that the complex structure interface has a relatively high interfacial energy per unit area. Therefore, 

the interfacial energy term of the energy barrier of the twin plane formation is the minimum in B-

i and C-i. In summary, B-i and C-i are considered to be twin planes where both the elastic strain 

energy term and the interfacial energy term of the energy barrier are small and have a relatively 

small energy barrier compared to the other twins.  

In the compatible HPV pairs (I-1, II-2, III-1, VI-1, and VII-1), incompatibility is the 

rigid rotation of HPV(k-l) to form the exact twin plane. The rotation of the HPV breaks the invariant 



plane condition at the habit plane and generates the misfit at the habit plane. Since the misfit is 

elastically and plastically relaxed, it is assumed that the rotation angle of the incompatibility is an 

index of the magnitude of the elastic strain when the ISM grows. The rotation angle of II-2, III-1, 

and VII-1 are an order smaller than that of I-1 and VI-1. Therefore, II-2, III-1, and VII-1 can form 

exact twin planes and have small elastic strain energy during growth. II-2, III-1, and VII-1include 

B-ii, A-c1, and C-i. Among these twin planes, C-i is considered to be the twin plane with the 

smallest energy barrier. VII-1, including C-i, is the ISM that is observed in in-situ observations[8]. 

One-to-one connections of major CVs and minor CVs are necessary to form the compatible 

junction plane of VII-1. The observed structure[18] of ISM has the one-to-one connection 

structure that is predicted by GNLTM analysis in this study. Therefore, it has been shown that the 

HPV pair having the twin plane with a small elastic energy barrier and a structure that can 

effectively reduce the incompatibility is preferentially formed as the ISM. 

 

5. Conclusions 

 To understand the selectivity of the IMS, the magnitude relationship between 

the energy barrier of the twin formation and the incompatibility of the ISM have been investigated 

for TiNi B19’ martensite. There are nine distinct types of HPV pairs and three types of HPV paris 

(II-2, III-1, and VII-1) that can eliminate the incompatibility at the junction plane by a relatively 

small rigid rotation. II-2, III-1, and VII-1 include B-ii, A-c1, and C-i type twin planes between 

CVs,. B-i and C-i are considered to be twin planes where both the elastic strain energy term and 

the interfacial energy term of the energy barrier are small and have a relatively small energy 

barrier compared to the other twins. VII-1, including C-i, is suitable for the type of ISM that is 

observed in the actual microstructure. Therefore, the HPV pair having a twin plane that has a 

small energy barrier of formation and the structure that can effectively reduce incompatibility is 



preferentially formed as the ISM. 
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Figures and Tables 

 
Figure 1 Schematic image of ISM in TiNi.  

{111
-

}mtype I twin and <011>mtype II twin correspond to C-i and B-ii in Table3 

 

 
Figure 2 Classification of twin between CVs 

 
 
 

1 1’ 2 2’ 3 3’ 4 4’ 5 5’ 6 6’

1 A B B D C C D

1’ A B B C D D C

2 B B A C D C D

2’ B B A D C D C

3 C D A B B D C

3’ D C A B B C D

4 C D B B A C D

4’ D C B B A D C

5 D C C D A B B

5’ C D D C A B B

6 C D C D B B A

6’ D C D C B B A
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Figure 3 Relaxation of the cell including (111

-

)mtype I twin plane in ab-initio simulation 

 
Figure 4 Orientation dependence of the elastic interaction energy Ei-j 
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Figure 5 Classification of HPV pair 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

HPV (i-j) 

1-2 1-2' 1'-2 1 '-2' 2-1 2-1' 2'-1 2'-1' 3-4 3-4' 3'-4 3'-4' 4-3 4-3' 4'-3 4'-3' 5-6 5-6' 5'-6 5'-6' 6-5 6-5' 6'-5 k5'-5' 
1-2 1""- V IV III II I V1 VlI IX [VlII 
1-2' V ""- III IV I II IVIII IX Vll V1 

1'-2 IV III ""- V II I IX VlII V1 \Ill 
1'-2' III IV V ""- I II Vll V1 !VIII IX 
2-1 II I 1""- V IV III Vll V1 IX [VlII 
2-1' I II V I"-.. III IV IX iVIII Vll V1 
2'-1 II I IV III ""- V VlII IX V1 Vll 
2'-1' I II III IV V ""- V1 Vll VlII IX 
3-4 IX [VlII ""- V IV III II I V1 VII 
3-4' Vll V1 V "-.. III IV I II VlII IX 
3'-4 V1 Vll IV III "-.. V II I IX !VIII 
3'-4' VlII IX III IV V I"-.. I II VII V1 

4-3 IX [VlII II I "'- V IV III Vll V1 

4-3' VlI V1 I II V I"-.. III IV IX VIII 
4'-3 V1 Vll II I IV III ""- V VlII IX 
4'-3' VIII IX I II III IV V "-.. V1 Vll 
5-6 V1 Vll IX \tlll ""- V IV III II I 
5-6' VlII IX Vll V1 V I"-.. III IV I II 
5'-6 IX VlII V1 Vll IV III ""- V II I 
5'-6' Vll V1 VlII IX III IV V "-.. I II 
6-5 Vll V1 IX !VIII II I ""- V IV III 

6-5' IX [VlII Vll V1 I II V 1""- III IV 
6'-5 !VIII IX V1 VlI II I IV III ""- V 
6'-5' V1 \Ill [VlII IX I II III IV V "-.. 



Table 1 Lattice parameters and elastic constants of TiNi 

 

Table 2 Lattice correspondence of CV 

 
Table 3 Notation and twinning elements of twins between CVs 

 
 
 
 
 

CVi - CVj Group No. K1 1 K2 2 s

1 - 1' A
A-c1
A-c2

(1,0,0)m

(0,0,1)m

[0,0,1]m

[1,0,0]m

(0,0,1)m

(1,0,0)m

[1,0,0]m

[0,0,1]m
0.24

1 - 2 B
B-i
B-ii

(0,1,1)m

(0.72,1,1)m

[1.57,1,1]m

[0,1,1]m

(0.72,1,1)m

(0,1,1)m

[0,1,1]m

[1.57,1,1]m
0.28

1 - 4 C
C-i
C-ii

(1,1,1)m

(0.25,0.51,1)m

[1.18,1,2.18]m

[2,1,1]m

(0.25,0.51,1)m

(1,1,1)m

[2,1,1]m

[1.18,1,2.18]m
0.31

1 - 3' D
D-i
D-ii

(1,1,1)m

(0.67,0.34,1)m

[2.95,1,1.95]m

[2,1,1]m

(0.67,0.34,1)m

(1,1,1)m

[2,1,1]m

[2.95,1,1.95]m
0.14

B2 (Parent phase) B 19 ' (Maitensitic phase) 

Lattice pai·aineter p = 0.3015 a= 0.2889, b = 0,4120, c = 0.4622 
(run) /J= 96.8° 

Elastic constants C11 = C22 = C33 = 162.0 C11 = 249,C22 = 245, C33 = 212 
(GPa) C12 = C13 = C23 = 129.0 c12 = 129,c13 = 107, c15 =15 

C44 = C55 = C66 = 34 .0 C23 = 125,C25 = -3, C35 =-1 
C44 = 87, C46 = -4, C55 = 66, C66 = 86 

CV [lOO]m [OlO]m [OOl]m 
1 [100] [011] [Oll] 

1' [100] [OH] [Oll] 

2 [100] [011] [OH] 
2' [100] [011] [OH] 

3 [010] [101] [101] 

3' [010] [!Of] [101] 

4 [010] [101] [!Of] 
4' [010] [101] [!Of] 

5 [001] [110] [110] 

5' [001] [HO] [llO] 

6 [001] [110] [110] 

6' [001] [110] [110] 



Table 4 Calculation condition and cells of the interfacial energy analysis 

 

Table 5 Influence of the ECC on the total energy of the TiNi single 

 
 
Table 6 Elastic interaction energy Ei-j of twin 

 

 
 
 
 
 
 
 
 

Principal axes in twin plane D(nm) k-mesh 
A-cl VI= [0lO]m, v2= [00l]m 2.87 6x6xl 
A-c2 VI= [lO0]m, V2 = [0lO]m 2.76 9x6xl 

B-i VI= [lO0]m, V2 = [0lI]m 2.45 8x4xl 
B-ii NIA 
C-i VI= [01 l]m, V2 = [ll0]m 2.20 4x5xl 
C-ii NIA 
D-i VI= [1 lO]m, V2 = [l0l]m 2.21 5x4xl 
D-ii NIA 

ECC AE 
10-s 3.69 X 10-3 

10-6 7.80 X 10-5 

10-1 2.53 X 10-6 

10-8 0 
L1E : Difference from total energy calculated 

using the conditions ofEcc=I0-8 

Twinning plane E;.j(MJ/1113) 

A-c l (1. 0. 0) -623 

A-c2 co. r. 1) -485 

B-i (0. 0. 1) -646 

B-ii (0.58. 0.81. 0) -561 

C-i (1. 1. 0) -622 

C-ii (0.30. 030. 0.91) -579 

D-i (1. 1. 0) -572 

D-ii (0.67. 0.67. 033) -52 

Number of atoms 
80 
48 

64 

80 

88 



Table 7 Interfacial energy of twin plane 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 8 Incompatibility in HPV pair 

Twinning plane  (mJ/m2)

A-c1 (1, 0, 0) 202

A-c2 (0, 1, 1) 356

B-i (0, 0, 1) 136

B-ii (0.58, 0.81, 0) N/A 

C-i (1, 1, 0) 152 

C-ii (0.30, 0.30, 0.91) N/A

D-i (1, 1, 0) 188

D-ii (0.67, 0.67, 0.33) N/A



 

Junction plane between HPVs Major twin Minor twin 
CV; CV1 !Group No 

0 (deg) r 0 (deg) r Twin 
0 (deg) r Twin 

ll[i ll[i type ll[i type 

(1 -2) I 
I-1 (0,1,0) -1 1.33 [0.41 ,0,0.91] (0,1,0) -11.33 [0.41 ,0,0.91] B-i (0,1,0) -1 1.33 [0.41 ,0,0.91] B-i 
I-2 (-0.82,0.,0.57) 2.06 [0.75,0,-0.67] (-0.59,0,0.81) -8.78 [-0.99,0,0.17] B-ii (0.59,0,0.81) 17.67 [1.00,0,0.05] B-ii 

(l '-2') II 
II-1 (0,0,1) 6.87 [0.24,0.97,0] (0,0,1) 14.45 [0.61 ,0.80,0] B-i (0,0,1) -18.80 [0.94,0.34,0] B-i 
II-2 (-0.59,0.81 ,0) -5.16 [0.87,-0.50,0] (0.59,-0.81 ,0) -5.16 [0.87,-0.50,0] B-ii (-0.59,0.81 ,0) -5.16 [0.87,-0.50,0] B-ii 

(2-1) III 
III-1 (1 ,0,0) -2.85 [0,-0.88,0.4 7] (1 ,0,0) -2.85 [0,-0.88,0.47] A-cl (1 ,0,0) -2.85 [0,-0.88,0.47] A-cl - -
III-2 (0,-0.89,-0.45) -12.59 [0,-0.54,0.84] (0,1,1) -16.36 [0,-0.75 ,0.66] A-c2 (0,1,-1) -12.78 [0,0.63 ,0.78] A-c2 

(2-1 ') IV 
IV-1 (0,1,1) -12.48 [0.15,-0.70,0.70] (0,1,1) -16.46 [0.12,0.70,-0.70] A-c2 

Identity 11.38 [0.97,-0.16,0.16] None 
IV-2 (1.00,0.05,-0.05) -2.97 [0.40,-0.65,0.65] (1 ,0,0) -3.44 [0.60,0.56,-0.56] A-cl 

(2'-1 ') (2'-1) V 
V-1 (0,-1 ,1) -2.84 [0.44,0.63,0.63] 

Identity 2.24 [0.94,0.25,0.25] None 
(0,-1,1) -16.88 [0.67,0.53 ,0.53] A-c 

V-2 (0.98,0.14,0.14) -1.97 [-0.90,0.31 ,0.31] (1 ,0,0) 11.10 [-1.00,0.07,0.07] A-c 

(3-4 ') VI 
VI-1 (1 ,1,0) -10.56 [0.33,-0.33,0.89] (1,1,0) -10.56 [0.33,-0.33,0.89] D-i (1,1,0) -10.56 [0.33,-0.33,0.89] D-i 
VI-2 (-0.70,0.70,0.17) -4.05 [0.64,-0.64,0.42] (-0.67,0.67,0.33) -2.74 [0.55,-0.55,0.62] D-ii (0.67,-0.67,0.33) -7.96 [0.69,-0.69,0.22] D-ii 

( 4'-3) VII 
VII-1 (1 ,-1 ,0) -2.20 [0.46,0.46,0.76] (1 ,-1 ,0) -2.20 [0.46,0.46,0.76] C-i (1,-1 ,0) -2.20 [0.46,0.46,0.76] C-i 
VII-2 (0.49,0.49,0.72) -11.10 [0.35,0.35,-0.87] (0.30,0.30,0.91) -17.26 [0.58,0.58,-0.58] C-ii (0.30,0.30,-0.91) -19.59 [0.64,0.64,0.44] C-ii 

(5'-6) VIII 
VIII- I (1 ,0,1) -8.93 [0.16,0.97,-0.16] (1 ,0,1) -12.60 [0.38,0.85 ,-0.38] D-i (1 ,0,1) 11.88 [-0.69,0.24,0.69] C-i 
VIII-2 (0.69,0.23,-0.69) -4.01 [0.71,0.05,-0.71] (-0.67,0.33,0.67) -5 .16 [0.58,0.57,-0.58] D-ii (0.30,0.91 ,-0.30) -7.32 [-0.33 ,0.89,0.33] C-ii 

(6'-5) IX 
IX-1 (1 ,0,-1) 0.23 [0.38,0.85,0.38] (1 ,0,-1) 5.88 [0.63 ,0.46,0.63] C-i (1 ,0,-1) -13 .95 [0.64,0.44,0.64] D-i 
IX-2 (0.42,0.80,0.42) -13 .57 [0.54,-0.65,0.54] (0.30,0.91 ,0.30) -15 .18 [0.48,-0.74,0.48] C-ii (0.67,-0.33 ,0.67) -10.70 [0.70,-0.17,0.70] D-ii 


