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Hybrid Control of Trajectory Planning for Desired Trajectory and
Collision Avoidance Based on Optimization Problem

for a Wheeled Mobile Robot

Masato Kobayashi∗ Student Member, Naoki Motoi∗ Senior Member

(Manuscript received Jan. 22, 2019, revised Oct. 15, 2019)

This paper proposes a hybrid control of trajectory planning for a desired trajectory and collision avoidance based
on an optimization problem for a wheeled mobile robot. In the proposed method, the priority of trajectory planning
for the desired trajectory and collision avoidance is modified using the priority variable α. The priority variable α is
designed by solving the optimization problem with constraints. As a constraint condition, the range of the priority vari-
able α where the robot does not collide with multiple obstacles is derived. Under this constraint condition, the priority
variable α with the highest priority of trajectory planning for the desired trajectory is selected as the optimal value. As
a result, the velocity commands considering trajectory planning for the desired trajectory and collision avoidance are
calculated in real time. The effectiveness of the proposed method is confirmed via experimental results.

Keywords: motion control, robotics, trajectory tracking, collision avoidance, mobile robot

1. Introduction

Recent years, many researches on mobile robots have been
reported (1)–(3). The control methods of mobile robots are
roughly classified into two types. One is a remote control,
and the other is an autonomous control. In the remote con-
trol, several tasks are performed by using the judgment of
the operator. On the other hand, in the autonomous control,
the movement is performed by using several sensor informa-
tion. The autonomous control has advantages, since the op-
erator is not necessary. Therefore, this paper focuses on the
autonomous control for mobile robots. The autonomous con-
trol consists of the localization, map building, trajectory plan-
ning, and trajectory tracking. Simultaneous localization and
mapping (SLAM) is a useful method that simultaneous gen-
erates the localization and the mapping in real time (4)–(6). By
using SLAM, the robot reaches the destination while avoid-
ing obstacles.

This paper focuses on trajectory planning. Many re-
searches of trajectory planning have been reported. One
of useful local trajectory planning methods is the potential
method (9). By using this method, the trajectory is generated
by using the gradient vector with the goal point as the min-
imum potential. Even if there are obstacles, the robot can
avoid obstacles by using the repulsive potential field. Also,
by making the no-entry area for the static obstacle, the col-
lision avoidance for static obstacles is guaranteed. How-
ever, in the potential method, the robot motion with non-
holonomic constrain is not considered, because the trajec-
tory is determined by the potential field. As a result, this
method cannot generate the shortest path from start to goal
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because this method does not consider the motion with the
nonholonomic. Fox et al. developed the dynamic window
approach (DWA) (10). DWA is one of the local trajectory plan-
ning methods. By using DWA, the robot avoids obstacles
and follows the desired trajectory in the static/dynamic envi-
ronment. However, there are no guarantees where the robot
avoids obstacle and follows the trajectory, because DWA gen-
erates the velocity commands by the sum of the function with
the weight coefficients. As a result, this method may not nav-
igate robots from start to goal with obstacles. Yamazaki and
Inaba developed the collision avoidance using virtual manip-
ulators (11) (12). This method generates virtual manipulators be-
tween the mobile robot and obstacles. The robot can achieve
start/goal navigation with less calculation cost. However,
sometimes the robot can not reach the goal position, because
this method generates the trajectory in the velocity dimen-
sion.

The development of the local trajectory planning, which
performs trajectory planning online for the static and dy-
namic collision avoidance, is very important. In the local
trajectory planning, it is required to develop the method that
takes the robot motion with nonholonomic constrain into con-
sideration and guarantees collision avoidance. Therefore,
this paper proposes the local trajectory planning method that
considers the robot motion with nonholonomic constrain and
guarantees collision avoidance of static obstacles. The pro-
posed method is the hybrid control and the optimization prob-
lem with constrained. This method selects the trajectory that
follows the most desired trajectory with no collision. The ef-
fectiveness of the proposed method was confirmed from the
experimental results.

This paper is organized as follows. Section 2 describes
the modeling of the mobile robot. Section 3 describes one
of trajectory planning methods for the desired trajectory.

c© 2020 The Institute of Electrical Engineers of Japan. 331
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Fig. 1. Mobile Robot and Its Coordinate System

Section 4 describes one of collision avoidance control meth-
ods. Section 5 proposes the hybrid control of trajectory plan-
ning for the desired trajectory and collision avoidance. Sec-
tion 6 shows experimental results to confirm the effectiveness
of the proposed method. Finally, this paper is concluded in
section 7.

2. Modeling of Mobile Robot

This section shows the modeling of the mobile robot.
Figure 1 shows the coordinate systems of the mobile robot.
The world coordinate system Σw and the robot coordinate sys-
tem Σv are defined. The subscript w© means the value in the
world coordinate system. There is no superscript for the vari-
able in the robot coordinate system. The center point of the
two wheels is set as the origin in the robot coordinate sys-
tem Σv. The X-axis in the robot coordinate system is aligned
with the traveling direction of the mobile robot. The Y-axis
in the robot coordinate is defined as the vertical left direc-
tion of X-axis. As shown in Fig. 1, (wx, wy) means the mobile
robot position in the world coordinate system. The angle wθ
is defined as the angle between the X-axis in the robot coor-
dinate system and the X-axis in the world coordinate system.
The translational velocity v and the angular velocity ω of the
mobile robot are expressed as follows.

v = (vR + vL)/2 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

ω = (vR − vL)/2B · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

where vR and vL mean the right wheel velocity and left wheel
velocity. B means the distance from the center to the wheel.
The velocity in the world coordinate system w ẋ, wẏ and wθ̇
are derived from the translational velocity v and the angular
velocity ω as follows.

w ẋ = v cos wθ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)
wẏ = v sin wθ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)
wθ̇ = ω · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)

The mobile robot position (wx,w y) and angle wθ after t sec-
onds are calculated as follows.

wx =
∫ t

0
υ · cos wθ dt · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

wy =

∫ t

0
υ · sin wθ dt · · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

wθ =

∫ t

0
ω dt · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)

Fig. 2. Kinematic Relation between Desired Trajectory
and Mobile Robot

3. Trajectory Planning for Desired Trajectory

As one of trajectory planning for the desired trajectory, this
section shows trajectory planning proposed by Kanayama et.
al (7) (8). This method uses the time function of the position
and angle as the desired trajectory. In addition, the tracking
performance is guaranteed by Lyapunov function.

Figure 2 shows the kinematic relation between the desired
trajectory and the mobile robot. The subscript ©cmd and
©res mean the command value and the response value. ©tra j

stands for the desired trajectory value. ©err represents for
the difference between the command value and the response
value.

The error value Perr =
[
xerr, yerr, θerr]T is calculated be-

tween the desired trajectory value wPtra j =
[
wxtra j,w ytra j ,

wθtra j
]T

and the response value wPres =
[wxres,w yres,w θres]T .

Perr =
[
xerr yerr θerr

]T

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
cos wθres sin wθres 0
− sin wθres cos wθres 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (wPtra j−wPres)

· · · · · · · · · · · · · · · · · · · · · (9)

The motion constraint as shown in (10) is imposed, because
the mobile robot can not move sideways.

w ẋtra j sin wθtra j − wẏtra j cos wθtra j = 0 · · · · · · · · · · · · (10)

By using (9) and (10), ˙Perr is derived as (11).

Ṗerr =
[
ẋerr ẏerr θ̇err

]T

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
yerrωres − vres + vtra j cos θerr

−xerrωres + vtra j sin θerr

ωtra j − ωres

⎤⎥⎥⎥⎥⎥⎥⎥⎦ · · · · · · · · · · (11)

where the desired trajectory translational velocity vtra j and
angular velocity ωtra j are derived from the differentiation of
wPtra j =

[
wxtra j, wytra j, wθtra j

]T
. Furthermore, the transla-

tional velocity command vcmd
t and the angular velocity ωcmd

t
command for the desired trajectory of the mobile robot are
defined as (12).[

vcmd
t
ωcmd

t

]
=

[
vtra j cos θerr+Kxxerr

ωtra j+vtra j(Kyyerr+Kθ sin θerr)

]
· · · · · · · (12)

where Kx,Ky and Kθ represent for positive constants. When
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the robot realized the (12), the velocity responses are vres =

vcmd
t , ωres = ωcmd

t in the (11). Therefore, Ṗerr is derived from
(11) and (12).

Ṗerr =
[
ẋerr ẏerr θ̇err

]T

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
{ωtra j + vtra j(Kyyerr + Kθ sin θerr)}yerr − Kxxerr

−{ωtra j + vtra j(Kyyerr + Kθ sin θerr)}xerr + vtra j sin θerr

−vtra j(Kyyerr + Kθ sin θerr)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · · · ·(13)

In order to prove the performance of trajectory planning for
the desired trajectory, the Lyapunov function is calculated.
In this proof, it is assumed that the velocity for the desired
trajectory vtra j is more than 0.

vtra j > 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14)

One of the candidates for Lyapunov function Va is expressed
as follows.

Va =
1
2
{(xerr)2 + (yerr)2} + 1

Ky
(1 − cos θerr) · · · · · · (15)

By using (12)–(15), the time derivative of Va is derived as
follows.

V̇a = ẋerr xerr + ẏerryerr + θ̇err sin θerr/Ky
= [{ωtra j+vtra j(Kyy

err+Kθ sin θerr)}yerr−Kxxerr]xerr

+ [−{ωtra j + vtra j(Kyy
err + Kθ sin θerr)}xerr

+ vtra j sin θerr]yerr

+ [−vtra j(Kyy
err + Kθ sin θerr] sin θerr/Ky

= −Kx(xerr)2 − vtra jKθ sin2 θerr/Ky ≤ 0 · · · · · · · (16)

Since the time differentiation of Lyapunov function be-
comes semi-indeterminate, the difference between the de-
sired trajectory and the mobile robot converges to 0 (xerr →
0, θerr → 0, and yerr → 0).

4. Collision Avoidance Control

As one of collision avoidance control methods, this section
shows the reflective motion planning using virtual manipula-
tors proposed by Yamazaki and Inaba (11) (12). Figure 3 shows
the image diagram of collision avoidance. When the num-
ber of multiple objects is n, n + 1 virtual manipulators are
mounted on the mobile robot. One of these manipulators is
“leader manipulator” which plays the role to follow the de-
sired trajectory. Others are “assistant manipulators” which
play the role for collision avoidance.

Figure 3(a) shows the mobile robot follows the desired tra-
jectory by the leader manipulator. In Fig. 3(b), the mobile
robot detects obstacles by using sensors. In Fig. 3(c), the
assistant manipulators are generated, when there are obsta-
cles that the distance between the obstacle and the mobile
robot is smaller than Dmax. Dmax means the distance thresh-
old between the obstacle and the mobile robot. The robot can
avoid obstacles by using assistant manipulators. As shown
in Fig. 3(d), the assistant manipulators are deleted, the dis-
tance between the obstacle and the mobile robot is larger than
Dmax. Therefore, the robot can follow the desired trajectory
and avoid the obstacles.

The trajectory planning for the desired trajectory and colli-
sion avoidance are calculated as follows. The number of the

(a) Only Leader Manipulator (b) Detecting Obstacles

(c) Leader and Assistant Manipulators (d) Deleting Assistant Manipulators

Fig. 3. Image Diagram of Reflective Motion

virtual manipulator is n + 1. Each virtual manipulator has
2 joints. Therefore, [θ01, θ02, θ11, θ12, · · · , θn1θn2]T means the
joint angles of n + 1 virtual manipulators. This state vector

is written as q̇ =
[
vcmd

r f , ω
cmd
r f , θ̇01, θ̇02, θ̇11, θ̇12, · · · , θ̇n1, θ̇n2

]T
.

vcmd
r f and ωcmd

r f mean the translational and the angular velocity

of the mobile robot. x =
[
xh0, yh0, · · · , xhn, yhn

]T means the
position of the end-effector. The relationship between the ve-
locity of the end-effector ẋ and the state vector of the robot q̇
is expressed as (17).

ẋ = J q̇ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (17)

J is the Jacobian matrix. The Jacobian matrix from each joint
to the end-effector is expressed as follows.

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Jb0 Jm0 0 · · · · · · · · · · · ·
Jb1 0 Jm1 · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·
Jbi 0 · · · · · · Jmi · · · · · ·
· · · · · · · · · · · · · · · · · · · · ·
Jbn 0 · · · · · · · · · · · · Jmn

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
· · · · · · · · · · · · · · · · · · · (18)

The Jacobi matrix J is classified into two matrices, that is, Jbi

and Jmi. Jbi is the Jacobian matrix of the mobile robot move-
ment component for the i-th manipulator. Jmi is the Jacobian
matrix of the i-th manipulator. The translational velocity and
the angular velocity of the mobile robot and each joint are
calculated from the pseudo inverse matrix of (18).

q̇ = J#
w ẋ + λ(I − J#

wJ)A · · · · · · · · · · · · · · · · · · · · · · · · (19)

where J# is the SR-inverse of the Jacobian matrix (13). J# =

J(kI + J J t)−1. J#
w means J# is multiplied by the weight co-

efficients matrix W. wv, wl, and wa are components of the
weight coefficients matrix W. wv, wl, and wa are weight co-
efficients to determine the relation between the robot move-
ment and the leader/assistant manipulators. λ is the gain of
the null-space. A is the evaluation function in the null space.
The detail of this collision avoidance method is described in
the references (11) (12).

5. Proposed Method

This section proposes the hybrid control of trajectory
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(a) Conventional Method (b) Proposed Method

Fig. 4. Concept of Obstacle Avoidance

planning for the desired trajectory and collision avoidance
based on the optimization problem. The previous trajectory
planning methods for collision avoidance such as, potential
method (9) and DWA (10), do not consider both the robot motion
with nonholonomic constrain and guarantees collision avoid-
ance of static obstacles. For this issue, this paper proposes
the hybrid control of the tracking planning for the desired
trajectory and collision avoidance based on the optimization
problem.
5.1 Hybrid Control Figure 4 shows the concept of

collision avoidance of the conventional method (11) (12) and the
proposed method. In the conventional method using virtual
manipulator as shown in Fig. 4(a), trajectory planning for the
desired trajectory is performed by the velocity control of the
leader manipulator. The collision avoidance is achieved by
using the virtual manipulator like the reflective motion. The
translational velocity and angular velocity of trajectory plan-
ning for the desired trajectory and collision avoidance are
calculated from (19). However, this method does not con-
sider the position error between the position command and
response, but the only velocity command of the leader ma-
nipulator. Therefore, the position error occurs after collision
avoidance.

Figure 4(b) shows the concept of the proposed method.
The trajectory planning for the desired trajectory is per-
formed instead of the leader manipulator by using (12). The
collision avoidance is calculated from assistant manipulators
by using (19). In the hybrid control, the translational velocity
and the angular velocity are described as follows.

vcmd
hy = αv

cmd
t + (1 − α)vcmd

r f · · · · · · · · · · · · · · · · · · · · · (20)

ωcmd
hy = αω

cmd
t + (1 − α)ωcmd

r f · · · · · · · · · · · · · · · · · · · (21)

where vcmd
hy andωcmd

hy the translational velocity and the angular
velocity of the hybrid control. α means the priority variable.
The range of α is 0 ≤ α ≤ 1. When the priority variable α
approaches 1, the robot gives priority to trajectory planning
for the desired trajectory. When the priority variable α ap-
proaches 0, the robot gives priority to collision avoidance. By
modifying α, it is possible to modify the priority of trajectory
planning for the desired trajectory and collision avoidance.
5.2 Outline of Proposed Local Trajectory Planning

Method Figure 5 shows the flowchart of the proposed
local trajectory planning method. As shown in Fig. 5, this
flowchart consists of 6 steps.
Step1: The desired trajectory is calculated from the global
trajectory planning (offline). The obstacle information is ob-
tained by using URG.
Step2: Based on the desired trajectory, the velocity com-
mands for the desired trajectory vcmd

t , ωcmd
t are calculated by

Fig. 5. Flowchart of Proposed Local Trajectory Planning
Method

using (12). In addition, the velocity commands for collision
avoidance vcmd

r f , ωcmd
r f are also generated by using (19).

Step3: The priority variable α is calculated by solving the
optimization problem with constraints. Details is described
in the part of the flowchart of Fig. 6.
Step4: The velocity commands vcmd

hy and ωcmd
hy are calculated

from the optimal α and the hybrid control. The velocity com-
mands vcmd

hy and ωcmd
hy are used for the robot motion. Details

is described in 5.1.
Step5: The translational and angular velocity commands
vcmd

hy and ωcmd
hy are realized by YP-spur Coordinator (14). YP-

spur Coordinator means the controller to achieve the velocity
commands. Therefore, the mobile robot moves due to the ve-
locity commands.
Step6: When the robot reaches the goal point, the flowchart
is finished. Otherwise, go to Step1.
5.3 Design Method of Priority Variable α This sec-

tion shows the design method of the priority variable α. In or-
der to decide α, the optimization problem with the constraints
is solved. This optimization is described as follows.

maximize α · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (22)

subject to
n⋂

i=0

Γi · · · · · · · · · · · · · · · · · · · · · · · · · · · (23)

Γ0 =
{
α ∈ R|0 ≤ α ≤ 1

} · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (24)

Γi=
{
α ∈ R|α<αS mall

i , α
Large
i <α

}
, i fαv <αS mall

i , α
Large
i <αv

· · · · · · · · · · · · · · · · · · · · · · · · (25)

Γi =
{
α ∈ R|αS mall

i ≤ α ≤ αLarge
i

}
, i fαS mall

i ≤ αv ≤ αLarge
i

· · · · · · · · · · · · · · · · · · · · · · · · (26)

where n means the number of multiple obstacles. αS mall
i (i =

1, 2, · · · , n) and αLarge
i (i = 1, 2, · · · , n) stands for the prior-

ity values in the boundary conditions. αLarge
i is larger than

αS mall
i . Γ0 as shown in (24) means the constraint condition

as the range of α. Eqs. (25), (26) mean the constraint con-
dition for no collision between the robot and environment.
αv means the priority variable of the boundary value between
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the collision and no collision. Under the constraint condition,
the maximum value of α is used as the solution to the optimal
problem. In other words, αwith the highest priority of trajec-
tory planning for the desired trajectory is derived within the
range of collision avoidance.
5.4 Calculation Method of Priority Variable α The

turning radius of the mobile robot Rcmd is derived from the
translational velocity and the angular velocity command as
(27).

Rcmd =
vcmd

hy

ωcmd
hy

=
αvcmd

t + (1 − α)vcmd
r f

αωcmd
t + (1 − α)ωcmd

r f

· · · · · · · · · · · (27)

α is derived from (27) as (28).

α =
vcmd

r f − Rcmdωcmd
r f

Rcmd(ωcmd
t − ωcmd

r f ) − (vcmd
t − vcmd

r f )
· · · · · · · · · · (28)

5.5 How to Decide Optimal Priority Variable α
Figure 6 shows the flowchart of the optimization method

for priority variable α. The flowchart consists of 7 steps.
Step 3-1: The robot checks the number of obstacles n. If
there are some obstacles, the variable i is initialized to 1. If
there are no obstacles, go to Step 3-7.
Step 3-2: The velocity area that the robot avoids obstacles
is calculated. As shown in Fig. 7, there are two trajectories
where the left and right wheels of the robot are in contact
with the obstacle i. Rright

i /Rle f t
i means the turning radius of

the trajectory where the right/left wheel is contact with the
obstacle (xOB

i , y
OB
i ) as shown in Fig. 7. Figure 7(a) shows the

right wheel is contact with the obstacle. RRTR
i is the dis-

tance between the right wheel (0, BR) and the i-th turning
center (0,Rright

i ). RRTO
i is the distance between the i-th obsta-

cle (xOB
i , y

OB
i ) and the i-th turning center (0,Rright

i ). RRTR
i and

RRTO
i are as (29) and (30).

RRTR
i =

∣∣∣∣Rright
i − BR

∣∣∣∣ · · · · · · · · · · · · · · · · · · · · · · · · · · · (29)

RRTO
i =

√
(xOB

i )2 + (yOB
i − Rright

i )2 · · · · · · · · · · · · · · (30)

If the robot moves as the circular orbit, when RRTR
i = RRTO

i ,
the right wheel is contact with the obstacle. At this time, this
trajectory is treated as the limitation of collision avoidance.
The turning radius Rright

i is derived as shown in (31).

Rright
i =

B2
R − (xOB

i )2 − (yOB
i )2

2(BR − yOB
i )

· · · · · · · · · · · · · · · · · · · (31)

Figure 7(b) shows the left wheel is contact with the obstacle.
RLTR

i is the distance between the left wheel (0, BL) and the
i-th turning center (0,Rle f t

i ). RLTO
i is the distance between the

i-th obstacle (xOB
i , y

OB
i ) and the i-th turning center (0,Rle f t

i ).
RLTR

i and RLTO
i are as (32) and(33).

RLTR
i =

∣∣∣∣Rle f t
i − BL

∣∣∣∣ · · · · · · · · · · · · · · · · · · · · · · · · · · · · (32)

RLTO
i =

√
(xOB

i )2 + (yOB
i − Rle f t

i )2 · · · · · · · · · · · · · · (33)

If the robot moves as the circular orbit, when RLTR
i = RLTO

i ,
the left wheel is contact with the obstacle. At this time, the
trajectory is treated as the limitation of collision avoidance.

Fig. 6. Flowchart of Optimization Method for α

(a) Right Wheel (b) Left Wheel

Fig. 7. Image Diagram of Collision Boundary Turning
Radius

The turning radius Rle f t
i is derived as shown in (34).

Rle f t
i =

B2
L − (xOB

i )2 − (yOB
i )2

2(BL − yOB
i )

· · · · · · · · · · · · · · · · · · · (34)

Step 3-3: Each priority variable can be obtained by substitut-
ing Rright

i and Rle f t
i into (28). The priority variables αright

i and

α
le f t
i can be derived as (35) and (36).

α
right
i =

vcmd
r f − Rright

i ωcmd
r f

Rright
i (ωcmd

t − ωcmd
r f ) − (vcmd

t − vcmd
r f )

· · · · · (35)

α
le f t
i =

vcmd
r f − Rle f t

i ω
cmd
r f

Rle f t
i (ωcmd

t − ωcmd
r f ) − (vcmd

t − vcmd
r f )
· · · · · · · (36)

Step3-4: When the situation is αright
i > α

le f t
i , αLarge

i =

α
right
i and αS mall

i = α
le f t
i . When the situation is αle f t

i > α
right
i ,

α
Large
i = α

le f t
i and αS mall

i = α
right
i .

Step3-5: The range of priority variables where robot does not
collide with the i-th obstacle is derived. As shown in Figs. 8
and 9, there are two types of the relation between the turning
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(a) No Collision (α < αS mall
i ) (b) No Collision (α = αS mall

i ) (c) Collision (αS mall
i < α < α

Large
i ) (d) No Collision (α = αLarge

i ) (e) No Collision (αLarge
i < α)

Fig. 8. No Collision Area (αv < αS mall
i or αLarge

i < αv)

(a) (α < αS mall
i ) (b) (α = αS mall

i ) (c) (αS mall
i < α < α

Large
i ) (d) (α = αLarge

i ) (e) (αLarge
i < α)

Fig. 9. No Collision Area (αS mall
i ≤ αv ≤ αLarge

i )

radius and priority variable α due to αv. αv is calculated as
follows.

αv = − vr f

vt − vr f
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (37)

Figures 8–9 shows the image diagram of the no collision area.
As shown in Fig. 8, this situation is αv < αS mall

i or αLarge
i < αv.

In this case, Rcmd moves from 0 to +∞ when α is increased.
Therefore, the range of the priority variable where the robot
does not collide with the obstacle i is shown as (25). As
shown in Fig. 9, this situation is αS mall

i ≤ αv ≤ αLarge
i . In

this case, Rcmd moves from +∞ to −∞ when α is increased.
Therefore, the range of the priority variable where the robot
does not collide with the obstacle i is shown as (26).
Step3-6: If the variable i is larger than or equal to the number
of obstacles n, go to Step3-7. Otherwise, go to Step 3-2.
Step3-7: The optimal value of the priority variable α is de-
rived by the optimization problem with constraints. This op-
timization problem is expressed as (22)–(26). Eq. (23) is the
logical product of (24)–(26). Finding the optimal value of α
is equivalent to derive the optimal value of Rcmd in (27). By
using the optimal value of the priority variable α, the trajec-
tory is to be closest to the desired trajectory under the con-
straint of no collision.
5.6 Image of Proposed Method Figure 10 shows the

image diagram of the optimization problem. This situation
has two obstacles. Firstly, the robot extracts the range of the
priority variable where the robot does not collide with ob-
stacles as shown in Figs. 10(c) and (d). When the situation
is i = 1 as shown in Fig. 10(a), the range where the robot
does not collide with the obstacle is calculated like Fig. 9.
When the situation is i = 2 as shown in Fig. 10(b), the range
where the robot does not collide with the obstacle is calcu-
lated like Fig. 8. By using (23)–(26), the range where the
robot does not collide with obstacles is extracted as shown
in Figs. 10(c) and (d). Secondly, the priority value α which
gives the highest priority to the trajectory following within
that range is selected as shown in Figs. 10(c) and (d). By us-
ing (22), the optimal priority variable α is αLarge

1 . Finding the

(a) No Collision Area for Obstacle 1 (b) No Collision Area for Obstacle 2

(c) No Collision Area for All Obstacles (d) Logical Product of No Collision Area

Fig. 10. Image Diagram of Optimization Problem

optimal value of α is equivalent to derive the optimal value
of Rcmd as shown in Figs. 10(c), (d) and Eq. (27). By using
the optimal value of α, the trajectory is to be closest to the
desired trajectory under the constraint of no collision.

6. Experiment

This section shows the experimental results to confirm the
validity of the proposed method.
6.1 Experimental Setup Table 1 shows the con-

trol parameters of this experiments. These parameters were
determined by trial and error in experiments. This re-
search used the evaluation function in the null space A(=
[0, 0, A01, A02, A11, A12, · · · , Ai j, · · · , An1, An2]T ). Ai j was de-
scribed as follows.
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Table 1. Control Parameters
Kx Position X Gain 10
Ky Position Y Gain 25
Kth Angle θ Gain 20
wv Weight Coefficient for Vehicle 1
wl Weight Coefficient for Leader Manipulator 1
wa Weight Coefficient for Assistant Manipulator 0.6
Dmax Distance of Assistant Manipulator Generation 0.4 [m]
l1 Link Length of Assistant Manipulator 0.3 [m]
l2 Link Length of Assistant Manipulator 0.3 [m]
θ

re f
01 Reference Value of Joint Angles of Leader Manipulator π/4 [rad]
θ

re f
02 Reference Value of Joint Angles of Leader Manipulator −π/2 [rad]

Fig. 11. Mobile Robot

Ai j = θ
re f
i j − θres

i j · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (38)

where θre f
i j and θres

i j mean the reference and response values
of the joint angles of the virtual manipulators. Each virtual
manipulator has 2 joints ( j = 1, 2). The coefficient i means
the number of the obstacles. When i = 0, these joint angles
mean the joint angles of the leader manipulator. When i ≥ 1,
these joint angles mean the joint angles of the assistant ma-
nipulator. In this paper, θre f

i j was designed as follows (i ≥ 1).

θ
re f
i1 = π/2 ∗ sgn(yOB

i ) · · · · · · · · · · · · · · · · · · · · · · · · · · (39)

θ
re f
i2 = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (40)

where sgn() was the sign function, i.e.

sgn(yOB
i ) =

⎧⎪⎪⎨⎪⎪⎩
1 (yOB

i ≥ 0)

−1 (yOB
i < 0)

· · · · · · · · · · · · · · · · · · · · (41)

Figure 11 shows the mobile robot. The laser range finder
was attached to the mobile robot. In order to measure en-
vironmental information, the laser range finder manufac-
tured by HOKUYO AUTOMATIC CO., LTD. was used (15).
Figure 12 shows the model of the obstacle. The obstacle was
treated as the point information. This point information was
extracted from the closest point between the robot and the ob-
stacle as shown in Fig. 12. Also, the sensor area was divided
into two areas. One was the right area that was from −90 to
0 degrees in the robot coordinate system. The other was the
left area that was from 0 to 90 degrees in the robot coordinate
system. Therefore, these experiments do not consider the
size of the obstacle, but the position of the closest obstacle.
This point information was updated every measurement of
URG. Figure 13 shows the experimental environment. This
experiment was classified into two experiments. In Case 1,
the robot moved along the straight line as shown in Fig. 13.
Figure 13(b) shows the experimental environment in Case 2.
In Case 1 and Case 2, there were obstacles along the desired

Fig. 12. Image Diagram of Obstacle Model

(a) Case 1 (b) Case 2

Fig. 13. Experimental Environment

trajectory.
In order to clarify the difference between the conventional

methods and the proposed method, the desired trajectory in
Case 1 was simple. In Case 1, the experiments were divided
into four cases. Case 1A - Case 1C were treated as the con-
ventional methods. In the Case 1D, the proposed method was
used.
• Case 1A: Reflective Motion Planning
The reflecting motion planning consists of trajectory plan-
ning for the desired trajectory by the guidance of the leader
manipulator and collision avoidance by assistant manipula-
tors. The velocity command in (19) was used to the robot.
• Case 1B: Combination Control
The combination control consists of trajectory planning for
the desired trajectory and collision avoidance by assistant
manipulators. vcmd

c and ωcmd
c mean the translational veloc-

ity and the angular velocities considering the combination
method. The translational velocity vcmd

c and the angular ve-
locity ωcmd

c are expressed as (42)–(43). The combination ve-
locities were a simple sum of trajectory planning for the de-
sired trajectory and collision avoidance.

vcmd
c = vcmd

t + vcmd
r f · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (42)

ωcmd
c = ωcmd

t + ωcmd
r f · · · · · · · · · · · · · · · · · · · · · · · · · · · · (43)

• Case 1C: Hybrid Control (α was the Constant Value)
The hybrid control consists of trajectory planning for the de-
sired trajectory and collision avoidance. The velocity com-
mand (20)–(21) were used to the robot. The priority value α
was the constant values (α=0, 0.25, 0.5, 0.75).
• Case 1D: Hybrid Control (α was the Optimal Value)
The hybrid control consists of trajectory planning for the de-
sired trajectory and collision avoidance. The velocity com-
mand (20)–(26) were used to the robot. The priority value α
was the optimal value.

In Case 2, the straight line and the circular orbit was given
to the mobile robot as the desired trajectory. This experiment
as shown in Fig. 13(b) had several obstacles because of the
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(a) Trajectory Result (Case1A) (b) Trajectory Result (Case1B)

(c) Trajectory Result (Case1C, α = 0.75) (d) Trajectory Result (Case1C, α = 0.5)

(e) Trajectory Result (Case1C, α = 0.25) (f) Trajectory Result (Case1C, α = 0)

Fig. 14. Experimental Results of Conventional Method

confirmation of the validity of the proposed method in the
complex situation.
6.2 Experimental Results In the experiments, en-

vironmental information was measured by the laser range
finder. Figures 14(a)–(f) show the trajectory results of Case
1A-Case 1C as the conventional methods. Figures 15, 16(a)–
(d) show the trajectory results of Case 1D and Case 2, the pri-
ority variable α results, the translational velocity command,
and the angular velocity command, respectively as the pro-
posed method. In Fig. 14, and Figs. 15, 16(a), the orange line
shows the desired trajectory.

In Case 1A, the reflective motion planning was generated
by virtual manipulators. In Fig. 14(a), there was the posi-
tion error after the obstacle avoidance because of the velocity
control.

In Case 1B, the combination control was used as the con-
ventional method. Figure 14(b) shows the trajectory results
in Case 1B. For collision avoidance, the position error oc-
curred. Due to this position error, the velocity commands for
trajectory planning for the desired trajectory was increased.
As a result, the mobile robot collided with the obstacle. On
the other words, the priority of trajectory planning for the de-
sired trajectory was larger than collision avoidance because
of the simple summation between trajectory planning for the
desired trajectory and collision avoidance.

In Case 1C, the hybrid control with the constant value α
was used as the conventional method. Figures 14(c)–(f) show
the trajectory results in Case 1C. As shown in Figs. 14(c)
and (d), the robot collided with the obstacle because α was
the large value. The priority of the trajectory planning for
the desired trajectory was higher than the priority of colli-
sion avoidance. From Figs. 14(e) and (f), the robot avoided

(a) Trajectory Result (Case 1D) (b) Priority variable α (Case 1D)

(c) Translational Velocity (Case 1D) (d) Angular Velocity (Case 1D)

Fig. 15. Experimental Results of Proposed Method

(a) Trajectory Result (b) Priority variable α

(c) Translational Velocity Command (d) Angular Velocity Command

Fig. 16. Experimental Results (Case2)

the obstacle because α was the low value. The priority of
collision avoidance was higher than the priority of trajec-
tory planning for the desired trajectory. From Figs. 14(e) and
(f), it was possible to achieve trajectory planning for the de-
sired trajectory and collision avoidance. However, the short-
est pass was not created, since the priority value α was not
the optimal value.

In Case 1D, the hybrid control with the optimal value αwas
used as the proposed method. When the robot was avoid-
ing obstacles, the mobile robot was deviated from the de-
sired trajectory as shown in Fig. 15(a). The shaded parts in
Figs. 15(b)–(d) were the range where collision avoidance was
performed. Except for the shaded parts in Figs. 15(c), (d), the
translational and angular velocities were about 0.1 [m/s] and
0.0 [rad/s]. On the other hand, in the shaded parts, these ve-
locities were about 1.0 [m/s] and −0.5 [rad/s]. The absolute
values of translational and angular velocities were large com-
pared with the values before and after collision avoidance.
This fact occurs because of trajectory planning for the desired
trajectory. As shown in (12), the velocity generation consists
of the position error xerr, yerr, and θerr. When the robot avoids
obstacles, the position error becomes large. Therefore, the
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absolute value of velocities were larger than before and after
collision avoidance. Also, as shown in the shaded parts in
Figs. 15(c), (d), jump values of velocities were seen some-
times because the obstacle was treated as the point informa-
tion. This point information was extracted from the closest
point between the robot and the obstacle. This point infor-
mation was updated every measurement of URG. Due to col-
lision avoidance, the closest point of the obstacle was suc-
cessively changed. Therefore, environment information was
jumped as shown in Figs. 15(c), (d). Although the robot does
not collide with the obstacle, it was the problem that the robot
motion was not smooth. From shaded parts in Figs. 15(b)–(d)
mean modification of the priority between trajectory planning
for the desired trajectory and collision avoidance. From these
results, the robot achieved trajectory planning for the desired
trajectory and collision avoidance by using the hybrid control
and the optimization problem of the priority variable α.

In Case2, there were several obstacles. The mobile robot
achieved trajectory planning for the desired trajectory after
collision avoidance. The shaded parts in Figs. 16(b)–(d) show
the range where collision avoidance was performed. The de-
sired trajectory in Case 2 was the straight line and the circu-
lar orbit. When the robot was avoiding obstacles, the mobile
robot was deviated from the desired trajectory. As shown
in the shaded parts in Figs. 16(c), (d), the absolute values
of translational and angular velocities were large compared
with the values before and after collision avoidance. From
the shaded parts in Fig. 16(b), the priority variable α was
modified in real time by solving the optimization problem
with the constraints. This means the modifying the priority
of trajectory planning for the desired trajectory and collision
avoidance. The robot achieved trajectory planning for the
desired trajectory and collision avoidance by using the hy-
brid control and the optimization problem of priority variable
α. In these experiments, the environmental information was
measured by URG. The cycle time of this measurement was
about 100 [ms]. The control cycle of the proposed method
was about 43 [ms] on average. In experiments, the mobile
robot achieved the start/goal navigation in real time. From
this fact, the control cycle was experimentally sufficient to
solve in real time.

From these experimental results, the validity the effective-
ness of the proposed method was confirmed via experimental
results.

7. Conclusion

This paper proposed the hybrid control of trajectory plan-
ning for the desired trajectory and collision avoidance based
on the optimization problem for the wheeled mobile robot. In
this hybrid control, the priority of trajectory planning for the
desired trajectory and collision avoidance was modified using
the priority variable α. The priority variable α was designed
by the optimization method with the constraints. As the con-
straint condition, the range of the priority variable α where
the robot does not collide with the multiple obstacles was de-
rived. Under this constraint condition, the priority variable
α with the highest priority of trajectory planning for the de-
sired trajectory was decided as the optimal value. As a result,
the velocity commands considering trajectory planning for
the desired trajectory and collision avoidance was calculated

in real time. The effectiveness of the proposed method was
confirmed via experimental results.

As shown in Figs. 15 and 16(c), (d), jump values of ve-
locities are seen sometimes because the obstacle is treated as
the point information. Moreover, the robot motion was not
smooth. In other words, this method may generate the large
velocity value during collision avoidance. Therefore, these
future works are listed.
• Changing of the obstacle model
The obstacle model considering the size should be utilized.
• The design method of parameters
The design method of parameters should be utilized.
• The velocity suppression filter
The velocity suppression filter considering the robot’s speci-
fication should be developed.
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