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Abstract: This study examines the problem of parameter estimation in spatial econometric/social 

interaction models with non-random missing outcome data. First, we construct a sample selection 

model considering spatial lag (autoregressive) dependence. Then, we suggest a parameter estimation 

method for this model by slightly modifying the Bayesian Markov chain Monte Carlo algorithm 

proposed in an existing study. A simple illustration indicates that the proposed parameter estimation 

method performs well overall if the spatial autocorrelation is moderate (spatial parameter equals 0.5 

or less), even under a relatively high missing data ratio (around 40%). 
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1. Introduction 
 

Recently, there has been an increase in spatial/social network-related non-random missing 

data. For example, if, from a typical classroom, only excellent students reported their GPA scores in 

a survey on the effect of students’ relationships on their GPA scores, the survey may then suffer from 

sample selection problems. This study addresses the problem of parameter estimation in spatial 

econometric/social interaction models with non-random missing outcome data due to sample 

selection2.  

Because applying the ordinary least squares (OLS) method to a regression model with non-

random missing outcome data may result in biased parameter estimates, the sample selection model 

of Heckman (1976) is sometimes applied. Attempts to consider sample selection under the framework 

of Heckman (1976) in spatial econometric models were first made by McMillen (1995), followed by 

Flores-Lagunes and Schnier (2012). The latter study showed that consistent parameter estimates are 

obtainable through the generalized method of moments (GMM). However, there are apparent issues 

in its construction of an outcome models’ spatial weight matrix using only observed samples: as noted 

in Hoshino (2019), an interaction network (or spatial weight)  structure with only a subsample of the 

complete data obtained by discarding observations with missing items does not coincide with the 

“true” network structure. Consequently, such incomplete interaction networks (or spatial weights)  

may lead to biases in the parameter estimates. By contrast, Doğan and Taspinar (2018) (hereafter DT) 

proposed an estimation method for parameters integrating the spatial error model (SEM) and the 

sample selection model using the Bayesian Markov chain Monte Carlo (MCMC) methods. They 

adopted an imputing approach to create pseudo-complete data to consider the effects thorough an 

omitted network3. However, in DT, a parameter that measures the correlation between the outcome 

and the selection equation is always estimated close to zero and results in an inability to improve 

                                                  
2 For the case of random missing data, a parameter estimation method was presented by Wang and Lee (2013). For 

spatial econometrics in general, see Arbia (2006). Our study focuses on spatial (auto)correlation among individuals, 

not among alternatives (De Grange et al., 2013). See Billé and Arbia for spatial discrete choice models (2019). 

3 Omori (2007) and Wiesenfarth and Kneib (2010) considered a sampler that imputes latent variables for the selection 

equation but uses only the observed responses from the outcome equation. By doing so, we can improve the mixing 

and convergence problem by integrating out missing values from a likelihood function. However, in spatial 

econometric/social interaction models, where connections or networks between samples are important, listwise deletion 

of missing data leads to the deletion of such connections or networks. 



sample selection bias. In this study, a parameter estimation technique is presented in the form of a 

minor modification of the MCMC algorithm in DT in a sample selection model based on a spatial lag 

model (SLM). A simple numerical example follows, confirming the conditions in which this parameter 

estimation technique performs well.  

 

2. Spatial econometric models and sample selection  

 

The regression models frequently used in spatial econometrics are SLM4, in which spatial 

autocorrelation is considered to be the autocorrelation between outcome variables, and SEM, in which 

spatial autocorrelation is considered to be the autocorrelation between error terms. DT formulated a 

model considering sample selection in an SEM as follows:  

 𝑦ଵ
∗ ൌ 𝐱′ଵ𝛃  𝑢ଵ, 𝑢ଵ ൌ 𝜆ଵ ∑ 𝑤


ୀଵ 𝑢ଵ  𝜀ଵ,  (1) 

 𝑦ଶ
∗ ൌ 𝐱′ଶ𝛅  𝑢ଶ, 𝑢ଶ ൌ 𝜆ଶ ∑ 𝑚


ୀଵ 𝑢ଶ  𝜀ଶ,  (2) 

 𝑦ଶ ൌ ൜
𝑦ଶ

∗   𝑖𝑓 𝑦ଵ ൌ 1
missing  𝑖𝑓 𝑦ଵ ൌ 0,

   (3) 

Here, eq. (1) is referred to as a selection equation, and eq. (2) is referred to as an outcome equation. 

𝑦ଵ
∗  and 𝑦ଶ

∗  are continuous latent variables, 𝐱ଵ and 𝐱ଶ are the point i exogenous 

explanatory variables of 𝑘ଵ ൈ 1 and 𝑘ଶ ൈ 1 (including the respective constant terms), and 𝛃 and 

𝛅 are the corresponding estimation parameters of 𝑘ଵ ൈ 1 and 𝑘ଶ ൈ 1, respectively. Dummy variable 

𝑦ଵ  (observation: 1, missing: 0) and latent variable 𝑦ଵ
∗  concerning the presence or absence of 

observation use indicator function I () and are linked by 𝑦ଵ ൌ Iሺ𝑦ଵ
∗  0ሻ . In addition, 𝑦ଶ  is 

observed only when (𝑦ଵ ൌ 1ሻ based upon eq. (3). wij and mij are spatial weight matrix components 

and can be the same. 𝜆ଵ and 𝜆ଶ are the spatial parameters.  

In the case of an SLM, the selection equation and outcome equation may be formulated as 

follows:  

 𝑦ଵ
∗ ൌ 𝜌ଵ ∑ 𝑤


ୀଵ 𝑦ଵ

∗  𝐱′ଵ𝛃  𝜀ଵ,  (4) 

 𝑦ଶ
∗ ൌ 𝜌ଶ ∑ 𝑚


ୀଵ 𝑦ଶ

∗  𝐱′ଶ𝛅  𝜀ଶ.  (5) 

                                                  
4 Alternatively, spatial autoregressive model. 



Here, 𝜌ଵ and 𝜌ଶ  are the spatial parameters. Negative spatial autocorrelation is present when 

𝜌ଵ ሺor 𝜌ଶሻ ൏ 0 , and positive spatial autocorrelation is present when  𝜌ଵ ሺor 𝜌ଶሻ  0 . The 

assumptions for the error terms are described later. Eq. (4) and eq. (5) are not necessarily used as a 

pair. If price competition between gas stations is considered, the prices at one gas station and a nearby 

station are in a direct competition relationship; therefore, eq. (5) may be more desirable than eq. (2) 

as the outcome equation. However, we can still use eq. (1) or 𝑦ଵ
∗ ൌ 𝐱′ଵ𝛃  𝜀ଵ instead of eq. (4) for 

the selection equation if a spatial-lag type autocorrelation is difficult to assume. 

The error terms 𝜀ଵ and 𝜀ଶ represent bivariate normal distribution and are assumed to be 

governed by ሺ𝜀ଵ, 𝜀ଶሻ′~𝑖. 𝑖. 𝑑. 𝑁ሺ𝟎, 𝚺ሻ (0 is a 2ൈ 1 zero vector). Here, 𝚺 is given by the following 

equation:  

 𝚺 ൌ ൬
1 𝜎ଵଶ

𝜎ଵଶ 𝜎ଶ
ଶ ൰ ൌ ൬

1 𝜚𝜎ଶ

𝜚𝜎ଶ 𝜎ଶ
ଶ ൰,  (6) 

Here, 𝜚 indicates the correlation coefficient of  𝜀ଵ  and 𝜀ଶ . For convenience, 𝚺  is often 

parameterized as follows (Omori, 2007):  

 𝚺 ൌ ൬
1 𝜎ଵଶ

𝜎ଵଶ 𝜎ଶ
ଶ ൰ ൌ ൬

1 𝜎ଵଶ

𝜎ଵଶ 𝜎ଵଶ
ଶ  𝜉ଶ൰.  (6) 

When eq. (6) is used, even if an (constrained) inverse-Wishart distribution is not assumed for 𝚺 in 

the MCMC estimation, 𝜎ଵଶ and 𝜉ଶ can be conveniently sampled on an individual basis5.  

Eq. (4) and eq. (5) can be written in matrix form as follows:  

 𝐲𝟏
∗ ൌ 𝐒ିଵሺ𝜌ଵሻ𝐗𝟏𝛃  𝐒ିଵሺ𝜌ଵሻ𝛆𝟏,  (7) 

 𝐲𝟐
∗ ൌ 𝐑ିଵሺ𝜌ଶሻ𝐗𝟐𝛅  𝐑ିଵሺ𝜌ଶሻ𝛆𝟐,  (8) 

where 𝐲𝟏
∗ and 𝐲𝟐

∗  are vectors of 𝑛 ൈ 1  respectively consisting of latent variables 

𝑦ଵ
∗  and 𝑦ଶ

∗ ,  𝐗ଵ and 𝐗ଶ  are explanatory variable matrices of 𝑛 ൈ 𝑘ଵ  and 𝑛 ൈ 𝑘ଶ , and 

𝛆𝟏 and 𝛆𝟐  are error term vectors of 𝑛 ൈ 1  conferring elements thereof with 𝜀ଵ and 𝜀ଶ . In 

addition, 𝐒ିଵሺ𝜌ଵሻ ൌ ሺ𝐈 െ 𝜌ଵ𝐖ሻିଵ  and 𝐑ିଵሺ𝜌ଶሻ ൌ ሺ𝐈 െ 𝜌ଶ𝐌ሻିଵ , and 𝐖 and 𝐌  are (possibly 

row-standardized) spatial weight matrices of 𝑛 ൈ 𝑛. The latent variable 𝐲𝟐
∗ and observed variables 

𝐲𝟐 are linked by the following equation: 

                                                  
5 It may be a strong assumption that 𝜀ଵ and 𝜀ଶ  are governed by two-dimensional normal distribution, and they are 

thought to form a flexible distribution with copulas as in, for example, Wojtys et al. (2016). However, emphasis is 

placed on widespread (or more standard) assumptions, and this study assumes two-dimensional normal distribution. 



 𝐲𝟐 ൌ ൜
𝐲𝟐

∗ ൌ 𝐑ିଵሺ𝜌ଶሻ𝐗𝟐𝛅  𝐑ିଵሺ𝜌ଶሻ𝛆𝟐  𝑖𝑓 𝑦ଵ ൌ 1
missing  𝑖𝑓 𝑦ଵ ൌ 0,

  (9) 

Here, if 𝐲∗ ൌ ሺ𝐲ଵ
∗′, 𝐲ଶ

∗′ሻ′，𝐗 ൌ ൬
𝐗ଵ 𝟎ൈమ

𝟎ൈభ
𝐗ଶ

൰ , 𝛉 ൌ  ሺ𝛃ᇱ, 𝛅ᇱሻᇱ, 𝛆 ൌ ሺ𝛆ଵ′𝐒ିଵ′ሺ𝜌ଵሻ, 𝛆ଶ′𝐑ିଵ′ሺ𝜌ଶሻሻ′ and 

𝚵ሺ𝜌ଵ, 𝜌ଶሻ ൌ ൬
𝐒ିଵሺ𝜌ଵሻ 𝟎ൈ

𝟎ൈ 𝐑ିଵሺ𝜌ଶሻ
൰, the selection equation and outcome equation can be compactly 

written as follows: 

 𝐲∗ ൌ 𝚵ሺ𝜌ଵ, 𝜌ଶሻ𝐗𝛉  𝛆,  (10) 

 𝑬ሺ𝛆𝛆′ሻ ൌ 𝛀 ൌ 𝚵ሺ𝜌ଵ, 𝜌ଶሻሺ𝚺 ⊗ 𝐈ሻ𝚵′ሺ𝜌ଵ, 𝜌ଶሻ,  (11) 

where ⊗  denotes a Kronecker product. In the following, the SLM combined with the sample 

selection model is referred to as a spatial lag-sample selection model (SL-SSM). 

 

3. Parameter estimation of the spatial lag-sample selection model 

 

The following algorithm resembles Algorithm 2 in DT for the SEM, although different 

algorithms may be designed. DT indicate that there are no major differences between the estimates 

from the perspective of bias even if the other algorithm is used.  

First, it is assumed that the prior distribution of each parameter is independent, and the 

following prior distribution is assumed: 𝛉 ∼ Nሺ𝛍, 𝐕ሻ, 𝜉ଶ ∼ IG ቀ
బ

ଶ
,

బ

ଶ
ቁ , 𝜎ଵଶ ∼ Nሺ𝛾, 𝐺ሻ, 𝜌ଵ ∼

Unifሺെ1,1ሻ ， 𝜌ଶ ∼ Unifሺെ1,1ሻ , where IG ቀ
బ

ଶ
,

బ

ଶ
ቁ  and Unifሺെ1,1ሻ denote inverse gamma 

distributions with shape and scale parameters 𝑎/2 and 𝑏/2, and uniform distribution between –1 

and 1, respectively. The posterior distribution may be written as 𝑝ሺ𝛉, 𝜉ଶ, 𝜎ଵଶ, 𝜌ଵ, 𝜌ଶ, 𝐲∗|𝐲ሻ ∝

𝑝ሺ𝛉ሻ𝑝ሺ𝜉ଶሻ𝑝ሺ𝜎ଵଶሻ𝑝ሺ𝜌ଵሻ𝑝ሺ𝜌ଶሻ𝑝ሺ𝐲∗|𝛉, 𝜉ଶ, 𝜎ଵଶ, 𝜌ଵ, 𝜌ଶሻ𝑝ሺ𝐲|𝛉, 𝜉ଶ, 𝜎ଵଶ, 𝜌ଵ, 𝜌ଶ, 𝐲∗ሻ . The full conditional 

posterior distributions (or simply, full conditionals), except for 𝐲ଵ
∗ and 𝐲ଶ

∗, are given in appendix A. 

The full conditionals for 𝐲ଵ
∗ and 𝐲ଶ

∗  are given as a truncated normal distribution (TN) 

(Geweke, 1991). When sample sets N0={i: y1i = 0} and N1={i: y1i = 1} are defined, 𝐲ଶ
∗ is sampled 

from the following: 

𝐲𝟐
∗ ∼N ቀ𝐑ିଵሺ𝜌ଶሻ𝐗ଶ𝛅  𝜎ଵଶ𝐑ିଵሺ𝜌ଶሻ𝐒ሺ𝜌ଵሻሺ𝐲ଵ

∗ െ 𝐒ିଵሺ𝜌ଵሻ𝐗ଵ𝛃ሻ, ሺ𝜎ଶ
ଶ െ 𝜎ଵଶ

ଶ ሻ𝐑ିଵሺ𝜌ଶሻ𝐑ିଵᇱሺ𝜌ଶሻቁ. (12) 



For 𝑖 ∈ 𝑁 and 𝑖 ∈ 𝑁ଵ, we set 𝐲ଶ
∗ ൌ 𝐲ଶ. DT, in the case of an SEM, sample 𝐲ଵ

∗ as follows: 

 𝐲𝟏
∗ ∼ TNሺିஶ,ሻሺ𝐗𝟏𝛃, 𝐒ିଵሺ𝜌ଵሻ𝐒ିଵ′ሺ𝜌ଵሻሻ, 𝑓𝑜𝑟 𝑖 ∈ 𝑁  (13) 

 𝐲𝟏
∗ ∼ TNሺ,ஶሻሺ𝐗𝟏𝛃, 𝐒ିଵሺ𝜌ଵሻ𝐒ିଵ′ሺ𝜌ଵሻሻ, 𝑓𝑜𝑟 𝑖 ∈ 𝑁ଵ  (14) 

Here, TN (a,b) denotes normal distribution truncated on the interval (a,b). In the case of an SLM, it is 

given by: 

𝐲𝟏
∗ ∼ TNሺିஶ,ሻሺ𝐒ିଵሺ𝜌ଵሻ𝐗𝟏𝛃, 𝐒ିଵሺ𝜌ଵሻ𝐒ିଵ′ሺ𝜌ଵሻሻ, 𝑓𝑜𝑟 𝑖 ∈ 𝑁  (15) 

𝐲𝟏
∗ ∼ TNሺ,ஶሻሺ𝐒ିଵሺ𝜌ଵሻ𝐗𝟏𝛃, 𝐒ିଵሺ𝜌ଵሻ𝐒ିଵ′ሺ𝜌ଵሻሻ, 𝑓𝑜𝑟 𝑖 ∈ 𝑁ଵ  (16) 

However, as shown in, for instance, Koop (2007), in the case of 𝑖 ∈ 𝑁ଵ, we need to consider the 

correlation between error terms, so we can sample 𝐲ଵ
∗ as follows: 

𝐲𝟏
∗ ∼ TNሺ,ஶሻሺ𝐒ିଵሺ𝜌ଵሻ𝐗𝟏𝛃 

ఙభమ

ఙమ
మ 𝐒ିଵሺ𝜌ଵሻ𝐑ሺ𝜌ଶሻሺ𝐲𝟐

∗ െ 𝐑ିଵሺ𝜌ଶሻ𝐗𝟐𝜹ሻ, ሺ1 െ
ఙభమ

మ

ఙమ
మ ሻ𝐒ିଵሺ𝜌ଵሻ𝐒ିଵ′ሺ𝜌ଵሻሻ,  

(17) 

We expect that the bias in the estimate for 𝜎ଵଶ can be improved using eq. (17) for 𝑖 ∈ 𝑁ଵ 

instead of eq. (16). 

 

4. Numerical illustration 
 

4.1. Experiment settings 

Normally, the properties of an estimator are evaluated through Monte Carlo experiments, but 

MCMC requires a large computation load even for a one-time trial. Therefore, in this section, the 

validity of the proposed technique is ascertained through a numerical illustration.  

We assume the following spatial-lag type data generating process (DGP). 

൬
𝐲ଵ

∗

𝐲ଶ
∗൰ ൌ ൬

𝐒ିଵሺ𝜌ଵሻ 𝟎ேൈே

𝟎ேൈே 𝐑ିଵሺ𝜌ଶሻ
൰ ൬

𝐗ଵ 𝟎ேൈమ

𝟎ேൈభ
𝐗ଶ

൰ ቀ𝛃
𝛅

ቁ  ൬
𝐒ିଵሺ𝜌ଵሻ𝛆ଵ

𝐑ିଵሺ𝜌ଶሻ𝛆ଶ
൰. 

The explanatory variables, when 𝐗ଵ ൌ  ൫𝟏, 𝐗ଵ,ଵ, 𝐗ଵ,ଶ൯ and 𝐗ଶ ൌ  ൫𝟏, 𝐗ଶ,ଵ, 𝐗ଶ,ଶ൯,  were set to 

𝐗ଵ,ଵ ∼ i. i. d.Unifሺ0, upperሻ, 𝐗ଵ,ଶ ∼ i. i. d.Nሺ0,3ሻ,  𝐗ଶ,ଵ ∼ i. i. d.Nሺ0,3ሻ , and 𝐗ଶ,ଶ ൌ 𝐗ଵ,ଶ . Here, 

"upper" is modified as appropriate in order to adjust the missing ratio. The missing ratio here is the 

percentage of observed values in which 𝐲ଵ ൌ 0—in other words, where 𝐲ଶ was not observed—and 

"upper" was adjusted so that the ratio was around 40% in the present verification. The regression 

coefficient true values were 𝛃 ൌ ሺ2. 0, െ1. 0, 1. 0ሻ′  and 𝛅 ൌ ሺ1. 0, 0.5, െ0.5ሻ′ . A spatial weight 



matrix independently generated sample x and y coordinates from i. i. d.Unif ሺ0,10ሻ, which was row 

normalized assuming values close to 4 to be of weight 1. Finally, spatial autocorrelation parameters 

were adjusted to when spatial autocorrelation is weak, moderate, and strong, and three respective 

patterns were set for ሺ𝜌ଵ, 𝜌ଶሻ ൌ ሺ0.2, 0.2ሻ;  ሺ0.5, 0.5ሻ;  and ሺ0.8, 0.8ሻ . In the above settings, the 

error term was assumed to be given in the following manner: 

ቀ
𝜀ଵ,
𝜀ଶ,

ቁ ∼ i. i. d.N ൬ቀ0
0

ቁ , ൬
1 𝜎ଵଶ

𝜎ଵଶ 1 ൰൰. 

The correlation parameter 𝜎ଵଶ is adjusted to when sample selection is weak, moderate, and strong, 

and three respective patterns were set for 𝜎ଵଶ = 0.2, 0.5, 0.8. Samples were generated for sample size 

n=300 or n=700, and the nine scenarios under consideration are shown in Table 1.  

 

  



Table 1: Verification scenarios 

 

 

4.2. Results of the experiments 

Whether each parameter can be estimated close to true values is confirmed for each scenario 

given in Table 1. In the Bayesian MCMC estimation, samples were taken from each full conditional 

using 10,000 as the number of iterations (including a burn-in period of 2000)6. Hyperparameters were 

set as 𝛍 ൌ 𝟎, 𝐕 ൌ 10ଷ ൈ 𝐈, 𝑎 ൌ 𝑏 ൌ 1, 𝛾 ൌ 0, and 𝐺 ൌ 10ଷ. The estimation results are shown 

in Tables 2–10. The name of the columns, “Mean,” “Std. dev.,” “B.C.I. 5%,” and “B.C.I. 95%,” denote 

the mean, standard deviation, and Bayesian credible intervals of 5 % and 95%, respectively (see also 

Table 1).  

Note that scenario A is based on our algorithm given in eq. (17) and scenario A’ is based on 

the SLM version of DT’s algorithm given in eq. (16). By comparing the results under scenarios A and 

A’, we can see that it is possible to improve the accuracy in reproducing 12 by using eq. (17). 

Therefore, for the other scenarios B to H, we only use our algorithm (eq. (17)). 

In the case of n = 300, the bias in the spatial autocorrelation parameter 𝜌ଶ is found to not 

be minor. However, when 𝜌ଵ, 𝜌ଶ ൌ 0.2, the biases in the other parameters are not large. We find that 

as spatial autocorrelation increases, the biases in the coefficient and variance parameters increase. 

When n = 700, biases are relatively smaller, as expected, which also applies to the spatial parameters. 

However, when 𝜌ଵ and 𝜌ଶ ൌ 0.8, similar to cases of n = 300, relatively large biases are found in the 

regression coefficients. “The results for scenarios G and H suggest that compared to the effect of high 

positive spatial autocorrelation (𝜌ଵ and 𝜌ଶ ൌ 0.8), the effect of the strong sample selection (12=0.8) 

on the parameter bias (Mean – True value) is minor, both for the coefficients and variance 22 

estimates. It is also notable that focusing on the estimate for 12, when spatial autocorrelation is 0.5 

or less, fairly accurate reproduction is attained for both n = 300 and 700 in terms of parameter bias 

(see Tables 2, 4, 6, and 7).” 

These results suggest the potential of this technique’s application when the spatial 

autocorrelation is minor to moderate (spatial parameter equals 0.5 or less), even under a relatively high 

missing data ratio (around 40%). 

 

  

                                                  
6 MCMC convergence was confirmed by Geweke (1992)’s convergence diagnostic. Because our model structure was 

fairly simple, the shape of the posterior distributions of each parameter was obtained as unimodal distributions.  



Table 2: Scenario A (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

Table 3: Scenario A’ (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

Table 4: Scenario B (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.5ሻ 

Table 5: Scenario C (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.8ሻ 

Table 6: Scenario D (n = 700,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

Table 7: Scenario E (n = 700,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.5ሻ 

Table 8: Scenario F (n = 700,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.8ሻ 

Table 9: Scenario G (n = 700, 12 = 0.2, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

Table 10: Scenario H (n = 700, 12 = 0.8, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 
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Appendix A 

The full conditionals, except for 𝐲ଵ
∗ and 𝐲ଶ

∗, are given as follows: 

 𝛉|𝜌ଵ, 𝜌ଶ, 𝚺, 𝐲∗, 𝐲 ∼ Nሺ𝛍𝟏, 𝐕𝟏ሻ,  (A-1) 

 𝜉ଶ|𝛉, 𝜎ଵଶ, 𝜌ଵ, 𝜌ଶ, 𝐲∗, 𝐲 ∼ IG ቀ
భ

ଶ
,

భ

ଶ
ቁ,  (A-2) 

 𝜎ଵଶ|𝛉, 𝜉ଶ, 𝜌ଵ, 𝜌ଶ, 𝐲∗, 𝐲 ∼ Nሺ𝛾ଵ, 𝐺ଵሻ,  (A-3) 

where 𝐕ଵ ൌ ሾ𝐕
ିଵ  ሼ𝚵ሺ𝜌ଵ, 𝜌ଶሻ𝐗ሽᇱ𝛀షభ

𝚵ሺ𝜌ଵ, 𝜌ଶሻ𝐗ሿିଵ, 𝛍ଵ ൌ 𝐕ଵሺ𝐕
ିଵ𝛍  ሼ𝚵ሺ𝜌ଵ, 𝜌ଶሻ𝐗ሽᇱ𝛀ିଵ𝐲∗ሻ, 

𝑎ଵ ൌ 𝑎  𝑛, 𝑏ଵ ൌ 𝑏  𝜎ଵଶ
ଶ 𝐞ଵ′𝐞ଵ െ 2𝜎ଵଶ𝐞ଶ′𝐞ଵ  𝐞ଶ′𝐞ଶ, 

𝐞ଵ ൌ 𝐒ିଵሺ𝜌ଵሻ𝐲𝟏
∗ െ 𝐗𝟏𝛃; 𝐞ଶ ൌ 𝐑ିଵሺ𝜌ଶሻ𝐲𝟐

∗ െ 𝐗𝟐𝛅, 

𝐺ଵ ൌ  ሺ𝐺
ିଵ  𝜉ିଶ𝐞ଵ

ᇱ 𝐞ଵሻିଵ; 𝛾ଵ ൌ 𝐺ଵሺ𝐺
ିଵ𝛾  𝜉ିଶ𝐞ଵ′𝐞ଶሻ.  

For spatial parameters 𝜌ଵ and 𝜌ଶ, we have 

 𝑝ሺ𝜌ଵ|𝛉, 𝜌ଶ, 𝚺, 𝐲∗, 𝐲ሻ ∝ |𝐒ሺ𝜌ଵሻ| ൈ exp ቄെ
ଵ

ଶ
ቀ𝐞𝟏′𝐞𝟏 

ఙభమ
మ

కమ 𝐞𝟏′𝐞𝟏 െ
ଶఙభమ

కమ 𝐞𝟐′𝐞𝟏ቁቅ,  (A-4) 

𝑝ሺ𝝆𝟐|𝛉, 𝜌ଵ, 𝚺, 𝐲∗, 𝐲ሻ ∝ |𝐑ሺ𝜌ଶሻ| ൈ exp ቄെ
ଵ

ଶ
ቀ

ଵ

కమ 𝐞𝟐′𝐞𝟐 െ
ଶఙభమ

కమ 𝐞𝟐′𝐞𝟏ቁቅ.  (A-5) 

The full conditional of 𝜌ଵ and 𝜌ଶ is not a standard distribution and Gibbs sampling cannot be used; 

thus, sampling is conducted using, for instance, the random walk Metropolis algorithm.  

൬
𝜌ଵ

௪

𝜌ଶ
௪൰ ൌ ൬

𝜌ଵ
௧ିଵ

𝜌ଶ
௧ିଵ൰  ቆ

𝜂ఘభ,
0

0 𝜂ఘమ,

ቇ ൈ ൬
𝜏ఘభ,

𝜏ఘమ,
൰ ; ൬

𝜏ఘభ,

𝜏ఘమ,
൰ ∼ Nሺ𝟎ଶൈଵ, 𝐈ଶሻ. 

Tuning parameter 𝜂 is adjusted during the burn-in period so that the adoption rate is from 

40% to 60% (LeSage and Pace, 2009). The adoption rate is given as follows: 

 𝛼ሺ𝜌ଵ
௧ିଵ, 𝜌ଵ

௪ሻ ൌ min ቆ
൫𝜌ଵ

௪ห𝐫𝐞𝐬𝐭, 𝐲∗, 𝐲൯

ቀ𝜌ଵ
௧ିଵቚ𝐫𝐞𝐬𝐭, 𝐲∗, 𝐲ቁ

, 1ቇ,  (A-6) 

 𝛼ሺ𝜌ଶ
௧ିଵ𝜌ଶ

௪ሻ ൌ min ቆ
൫𝜌ଶ

௪ห𝐫𝐞𝐬𝐭, 𝐲∗, 𝐲൯

ቀ𝜌ଶ
௧ିଵቚ𝐫𝐞𝐬𝐭, 𝐲∗, 𝐲ቁ

, 1ቇ,  (A-7) 

where 𝐫𝐞𝐬𝐭 denotes a vector of parameters other than 𝜌ଵ or 𝜌ଶ. Candidates 𝜌ଵ
௪ and 𝜌ଶ

௪ are 

adopted with probability 𝛼ሺ𝜌ଵ
௧ିଵ, 𝜌ଵ

௪ሻ and 𝛼ሺ𝜌ଶ
௧ିଵ𝜌ଶ

௪ሻ.  



Tables 
 

Table 1: Verification scenarios 

Scenario A A' B C D E F G H 

n 300 300 300 300 700 700 700 700 700 

𝜌ଵ, 𝜌ଶ 0.2 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.2 

12 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.2 0.8 

Upper 3.0 3.0 3.2 3.5 3.0 3.2 3.5 3.0 3.0 

Missing rate 0.377 0.377 0.363 0.343 0.419 0.413 0.431 0.416 0.410 

Results Table 2 Table 3 Table 4 Table 5 Table 6 Table 7 Table8 Table 9 Table10 

 

  



Table 2: Scenario A (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.626 0.214 1.277 1.979 

2 –1.0 –0.800 0.117 –0.993 –0.608 

3 1.0 0.799 0.092 0.649 0.956 

1 1.0 1.253 0.153 1.010 1.511 

2 0.5 0.559 0.041 0.493 0.626 

3 –0.5 –0.483 0.062 –0.586 –0.382 

12 0.5 0.424 0.190 0.092 0.710 

22 1.0 0.985 0.116 0.811 1.190 

1 0.2 0.194 0.089 0.044 0.334 

2 0.2 0.012 0.081 –0.124 0.145 

 

Table 3: Scenario A’ (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.600 0.215 1.252 1.959 

2 –1.0 –0.788 0.118 –0.985 –0.595 

3 1.0 0.772 0.088 0.628 0.921 

1 1.0 1.416 0.138 1.195 1.648 

2 0.5 0.566 0.042 0.495 0.636 

3 –0.5 –0.547 0.053 –0.634 –0.460 

12 0.5 0.061 0.091 –0.087 0.214 

22 1.0 0.943 0.100 0.790 1.119 

1 0.2 0.198 0.088 0.052 0.344 

2 0.2 0.016 0.073 –0.110 0.136 

 

  



Table 4: Scenario B (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.5ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.544 0.216 1.201 1.913 

2 –1.0 –0.745 0.119 –0.948 –0.556 

3 1.0 0.765 0.093 0.619 0.926 

1 1.0 1.548 0.164 1.284 1.824 

2 0.5 0.594 0.046 0.517 0.669 

3 –0.5 –0.470 0.067 –0.579 –0.358 

12 0.5 0.437 0.210 0.091 0.773 

22 1.0 1.123 0.135 0.928 1.369 

1 0.5 0.432 0.083 0.284 0.556 

2 0.5 0.223 0.068 0.111 0.331 

 

Table 5: Scenario C (n = 300,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.8ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.502 0.240 1.120 1.900 

2 –1.0 –0.713 0.125 –0.922 –0.511 

3 1.0 0.652 0.096 0.499 0.819 

1 1.0 2.239 0.275 1.804 2.701 

2 0.5 0.676 0.066 0.569 0.787 

3 –0.5 –0.524 0.084 –0.659 –0.386 

12 0.5 0.254 0.221 –0.112 0.613 

22 1.0 2.180 0.299 1.729 2.707 

1 0.8 0.730 0.037 0.666 0.787 

2 0.8 0.569 0.049 0.486 0.649 

 

 

  



Table 6: Scenario D (n = 700,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 2.050 0.179 1.766 2.354 

2 –1.0 –1.049 0.096 –1.208 –0.897 

3 1.0 1.126 0.080 0.995 1.259 

1 1.0 1.061 0.092 0.912 1.216 

2 0.5 0.498 0.028 0.453 0.543 

3 –0.5 –0.469 0.044 –0.541 –0.398 

12 0.5 0.540 0.122 0.327 0.726 

22 1.0 1.001 0.077 0.882 1.133 

1 0.2 0.195 0.052 0.107 0.280 

2 0.2 0.145 0.045 0.070 0.219 

 

 

Table 7: Scenario E (n = 700,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.5ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.885 0.173 1.610 2.183 

2 –1.0 –0.967 0.094 –1.124 –0.820 

3 1.0 1.033 0.081 0.903 1.173 

1 1.0 1.241 0.094 1.091 1.402 

2 0.5 0.522 0.031 0.470 0.573 

3 –0.5 –0.498 0.045 –0.572 –0.424 

12 0.5 0.441 0.131 0.214 0.647 

22 1.0 1.173 0.092 1.031 1.330 

1 0.5 0.515 0.033 0.460 0.569 

2 0.5 0.391 0.041 0.317 0.453 

 

 

  



Table 8: Scenario F (n = 700,12 = 0.5, 𝜌ଵ, 𝜌ଶ ൌ 0.8ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.543 0.164 1.278 1.816 

2 –1.0 –0.781 0.086 –0.924 –0.641 

3 1.0 0.846 0.073 0.726 0.967 

1 1.0 1.597 0.142 1.363 1.828 

2 0.5 0.517 0.046 0.443 0.592 

3 –0.5 –0.558 0.070 –0.672 –0.442 

12 0.5 0.158 0.151 –0.097 0.398 

22 1.0 2.212 0.249 1.840 2.656 

1 0.8 0.746 0.019 0.714 0.776 

2 0.8 0.694 0.024 0.655 0.734 

 

Table9: Scenario G (n = 700, 12 = 0.2, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 2.136 0.189 1.840 2.456 

2 –1.0 –1.090 0.101 –1.260 –0.930 

3 1.0 1.156 0.083 1.027 1.296 

1 1.0 1.081 0.097 0.922 1.239 

2 0.5 0.516 0.028 0.469 0.563 

3 –0.5 –0.474 0.045 –0.548 –0.400 

12 0.2 0.347 0.144 0.111 0.586 

22 1.0 0.996 0.074 0.881 1.123 

1 0.2 0.202 0.047 0.124 0.281 

2 0.2 0.133 0.048 0.055 0.214 

 

  



Table 10: Scenario H (n = 700, 12 = 0.8, 𝜌ଵ, 𝜌ଶ ൌ 0.2ሻ 

 True value Mean Std.dev. 
B.C.I. 

5% 

B.C.I. 

95% 

β1 2.0 1.987 0.177 1.712 2.288 

2 –1.0 –0.994 0.093 –1.156 –0.849 

3 1.0 1.073 0.081 0.944 1.212 

1 1.0 1.069 0.085 0.929 1.209 

2 0.5 0.495 0.027 0.451 0.540 

3 –0.5 –0.482 0.038 –0.545 –0.420 

12 0.8 0.756 0.084 0.610 0.885 

22 1.0 1.015 0.078 0.892 1.149 

1 0.2 0.193 0.046 0.116 0.267 

2 0.2 0.148 0.050 0.066 0.231 
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