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Abstract: Polarizations of primordial gravitational waves can be relevant when considering an inflationary
universe in modified gravity or when matter fields survive during inflation. Such polarizations have been
discussed in the Bunch–Davies vacuum. Instead of taking into account the dynamical generation of
polarizations of gravitational waves, in this paper, we consider polarized initial states constructed
from SU(2) coherent states. We then evaluate the power spectrums of the primordial gravitational
waves in the states.
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1. Introduction

The inflationary universe has succeeded in resolving conceptual puzzles, such as the flatness
problem and explaining observational data of the cosmic microwave background radiation and the large
scale structure of the universe. The most surprising prediction of the inflationary universe is that the
origin of cosmic structure stems from quantum fluctuations. However, any compelling observational
evidence of the quantum nature of the origin has not yet been found. Hence, to find the quantum
nature of the origin of primordial fluctuations will be decisive evidence of the inflationary universe.
One of the ideas of hunting the quantum nature of the origin would be to make use of primordial
gravitational waves generated directly from the quantum fluctuations of spacetime [1,2]. Since the
quantum nature of the origin is also encoded in the initial quantum state, it is important to understand
the initial quantum state of primordial fluctuations.

In the conventional inflationary universe, the de Sitter invariant Bunch–Davies vacuum is chosen
as the initial quantum state for curvature perturbations. Interestingly, the Bunch–Davies vacuum can be
regarded as a squeezed state from observers in the radiation or matter dominated era. Mathematically,
however, the de Sitter invariance does not select the initial state uniquely. In fact, there are an infinite
number of invariant states, α-vacua, which are excited states from the point of the Bunch–Davies vacuum.
Moreover, coherent states [3,4] can be induced in the presence of matter fields during inflation [1,2].

Similarly, for the primordial gravitational waves, we usually choose the Bunch–Davies vacuum,
although we can choose α-vacua or coherent states alternatively as the initial quantum state. In the
case of primordial gravitational waves, however, they have two degrees of freedom of polarizations
unlike the curvature perturbations with one degree of freedom. Since the primordial gravitational
waves have not been detected yet, the initial quantum state could be different from that of curvature
fluctuations. In order to incorporate the degrees of freedom of polarizations in the initial quantum
state, we are able to consider a polarized coherent state as an alternative initial quantum state. We will
see that there exists the degree of degeneracy in the total number of gravitons due to the degrees of
freedom of polarizations, and this can be understood as hidden SU(2) degeneracy. Thus, it would
be viable to consider Schödinger type coherent states constructed from SU(2) coherent states [5,6].
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Since the state incorporates the degrees of polarizations, we call the states polarized initial states in this
paper. We then calculate the power spectrums of primordial gravitational waves in the polarized initial
state for observations. The formalism presented in this paper would provide a new tool to introduce,
for example, parity-violating effects in the primordial universe [7,8].

The organization of this paper is as follows. In Section 2, we review how to quantize gravitational
waves in the conventional inflationary universe. In Section 3, we introduce SU(2) coherent states and
Schrödinger type coherent states. In Section 4, we study the Shrödinger type coherent state and find
that the state describes polarized states of primordial gravitational waves. We then calculate the power
spectrum of primordial gravitational waves for observations. The final section is devoted to the conclusion.

2. Conventional Initial States of Fluctuations in Inflationary Cosmology

In inflationary cosmology, the Bunch–Davies vacuum is usually assumed as the simplest initial
state of quantum fluctuations of the universe. This is because spacetime looks flat at short distances
and quantum fluctuations are expected to start in a minimum energy state.

The metric of tensor perturbations is expressed as

ds2 = a2(η)
[
−dη2 + (δij + hij)dxidxj

]
, (1)

where η is the conformal time, xi are spatial coordinates, δij and hij are the Kronecker delta and the
tensor perturbations, which satisfy hij

,j = hi
i = 0. The indices (i, j) run from 1 to 3. The scale factor

a(η) in inflationary epoch approximated by de Sitter space is given by

a(η) = − 1
Hη

, η < 0 . (2)

Substituting the metric Equation (1) into the Einstein–Hilbert action, we obtain the quadratic action

M2
pl

2

∫
d4x

√
−g R =

M2
pl

8

∫
d4x a2

[
hij ′h′ij − hij,k hij,k

]
, (3)

where M2
pl = 1/(8πG) and a prime denotes the derivative with respect to the conformal time. We can

expand the metric field hij(η, xi) in terms of the Fourier modes

a(η)hij(η, xi) =

√
2

Mpl

1√
V

∑
k

∑
A

hk
A(η) eik·x pA

ij (k) , (4)

where we introduced the polarization tensor pA
ij (k) normalized as p∗A

ij pB
ij = 2δAB. Here, the index A

denotes the linear polarization modes A = ⊕,⊗. Note that we consider finite volume V = LxLyLz

and discretize the k-mode with a width k =
(
2πnx/Lx , 2πny/Ly , 2πnz/Lz

)
where n are integers.

In quantum field theory, the metric field in the right hand side, hk
A(η), is promoted to the operator.

The operator hk
A satisfies

hk′′
A +

(
k2 − a′′

a

)
hk

A = 0 . (5)

In the inflationary era, the operator hA
k (η) is then expanded in terms of creation and annihilation

operators

hk
A(η) = bk

A vk(η) + b−k†
A v∗k (η) , (6)
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where
[
bk

A, bp†
B

]
= δABδk,p is satisfied, k is the magnitude of the wave number k, and ∗ denotes

complex conjugation. Equation (5) gives the positive frequency modes vk in the form

vk(η) ≡
1√
2k

(
1− i

kη

)
e−ikη . (7)

The Bunch–Davies vacuum is defined as

bk
A |0〉 = 0 . (8)

In the Bunch–Davies vacuum, the equations of motion for different polarization modes (⊕,⊗)
are decoupled and exactly the same in the absence of sources, and we do not need to discuss both
modes. However, if the symmetry of de Sitter invariance breaks down due to other matter fields, we
might need to distinguish the mode functions vA

k between different polarization modes.

3. Su(2) Coherent States

The polarizations of gravitational waves are expressed in terms of linearly polarized waves with
a plus polarization h⊕ and a cross polarization h⊗. They behave independently when no interaction
between the gravitational waves and matter fields exists, as seen in the previous section. In the presence of
the interaction, however, those two polarizations can be mixed. In this section, we consider Schrödinger
type coherent states constructed from SU(2) coherent states [5,6], which are assumed to arise from a
consequence of the dynamics before inflation. The SU(2) coherent states are not de Sitter invariant.
Thus, we assume some excitations in the beginning of the universe. Since the primordial gravitational
waves have not been detected yet, the initial quantum state could be different from that of curvature
fluctuations. The index k is omitted for simplicity unless there may be any confusion below.

We can define the Fock space for the gravitational waves as

b⊕|n, m〉 =
√

n |n− 1, m〉 , b†
⊕|n, m〉 =

√
n + 1 |n + 1, m〉 , (9)

b⊗|n, m〉 =
√

m |n, m− 1〉 , b†
⊗|n, m〉 =

√
m + 1 |n, m + 1〉 . (10)

Here, |n, m〉 represents n gravitons with a polarization ⊕ and m gravitons with a polarization ⊗.
The total number of gravitons are given by ν = n + m, (ν = 0, 1, 2 · · · ) and we see there are degenerate
states for a given ν. We also define creation and annihilation operators that create and annihilate a plus
and cross polarizations with the ratio α to β such as

A†
α,β = α b†

⊕ + β b†
⊗ , (11)

Aα,β = α∗b⊕ + β∗b⊗ , (12)

where α, β are complex numbers with normalization |α|2 + |β|2 = 1 so that they satisfy

[ Aα,β , A†
α,β ] = 1 . (13)

The eigenstate of graviton number ν that consists of any polarizations is given by

|ν, α, β〉 ≡ 1√
ν!

(
A†

α,β

)ν
|0〉 =

ν

∑
n=0

αnβν−n
√

νCn|n, ν− n〉 (14)

where we used Equations (9)–(11) and defined the ground state with non-degenerate state |0, α, β〉 ≡ |0〉.
The states |ν, α, β〉 are precisely the SU(2) coherent states in the Schwinger boson representation. We see
that there exists a degeneracy of ν + 1 in the total number of gravitons ν. This makes sense from the
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fact that the degeneracy present in the spectrum is an SU(2) degeneracy and the states are averaged
out as the degenerate contributions to a given ν. The states satisfy the relation

〈µ, γ, δ | ν, α, β〉 = (γ∗α + δ∗β)ν δµ,ν . (15)

It implies

〈µ, α, β | ν, α, β〉 = δµ,ν . (16)

due to the normalization |α|2 + |β|2 = 1. The operator Aα,β (A†
α,β) decreases (increases) the total number

of gravitons by one such as

Aα,β| ν, α, β〉 =
√

ν | ν− 1, α, β〉 , A†
α,β | ν, α, β〉 =

√
ν + 1 | ν + 1, α, β〉 , (17)

where we used Equation (14).
Now, we define a Schrödinger type coherent state by an eigen equation

Aα,β|Ψ, α, β〉 = Ψ |Ψ, α, β〉 , (18)

where Ψ is an eigenvalue. Since Aα,β is not hermitian, Ψ is in general, a complex number Ψ = |Ψ|eiθ

with a phase θ. If we expand |Ψ, α, β〉 in terms of |ν, α, β〉, we find that the coherent state |Ψ, α, β〉 can
be created from the vacuum by the displacement operator D(Ψ) as follows,

|Ψ, α, β〉 = e−
|Ψ|2

2

∞

∑
ν=0

Ψν

√
ν!
|ν, α, β〉 = e−

|Ψ|2
2 +ΨA†

α,β |0〉

= exp
[
ΨA†

α,β −Ψ∗Aα,β

]
|0〉 ≡ D(Ψ)|0〉 . (19)

where we used a relation exp (A) exp (B) = exp(A + B + 1/2[A, B]) and Equation (13) in the third
equality. Note that the displacement operator has the following relation

D(Ψ) = exp
[
α Ψ b†

⊕ − α∗Ψ∗b⊕ + β Ψ b†
⊗ − β∗Ψ∗b⊗

]
≡ D⊕(αΨ)D⊗(βΨ) . (20)

This tells us that the eigenvalues for b⊕ and b⊗ are multiplied respectively by α and β as

b⊕|Ψ, α, β〉 = αΨ|Ψ, α, β〉 , b⊗|Ψ, α, β〉 = βΨ |Ψ, α, β〉 . (21)

Notice that the statistical distribution of gravitons in the coherent state is found to be the Poisson
distribution

| 〈ν, α, β |Ψ, α, β〉 |2 = e−|Ψ|
2 Ψ2ν

ν!
. (22)

where we used Equation (19). Here, we note that there are four degrees of freedom in the Schrödinger
type coherent state |Ψ, α, β〉. This is because we have three complex parameters α, β, Ψ which are
constrained by |α|2 + |β|2 = 1. The phase of Ψ can be absorbed into α and β. The remaining four
degrees of freedom represent the intensity and three degrees of polarizations, respectively, as we will
see in Equations (23)–(26).

4. Polarized Initial States of Primordial Gravitational Waves

In this section, we discuss observations of primordial gravitational waves in the Schrödinger
type coherent state |Ψ, α, β〉. Below, we will call |Ψ, α, β〉 the polarized initial state since the state
incorporates polarizations as the initial state. To the best of our knowledge, there is no explicit study
relating observations to the polarized initial state.
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In order to discuss the polarization of primordial gravitational waves, let us first define the total
number operator N, which is proportional to the intensity as

N = b†
⊕b⊕ + b†

⊗b⊗ , (23)

and the Stokes operators in the case of gravitational waves [9]

Q = b†
⊕b⊕ − b†

⊗b⊗ , (24)

U = b†
⊕b⊗ + b†

⊗b⊕ , (25)

V = ib†
⊕b⊗ − ib†

⊗b⊕ , (26)

where Q, U represent the linear polarization and V represents the circular polarization. The total
number operator commutes with other operators such as

[N, Q] = [N, U] = [N, V] = 0 . (27)

If we define J3 = Q/2, J1 = V/2, J3 = U/2, we obtain

[Ji, Jj] = iεijk Jk , (28)

where εijk is the Levi-Civita symbol. We see an interesting connection between the algebra of angular
momentum and the algebra of two independent polarizations. Thus, Q, U, V consist of SU(2) generators.
It is useful to notice that these Stokes operators act on the operator A+

α,β as

[N, A†
α,β] = A†

α,β , [Q, A†
α,β] = A†

α,−β , [U, A†
α,β] = A†

β,α , [V, A†
α,β] = A†

iβ,−iα , (29)

Using these relations, we can calculate the expectation value of the intensity

〈Ψ, α, β|N|Ψ, α, β〉 = 〈Ψ, α, β|[N, ΨA†
α,β]|Ψ, α, β〉 = |Ψ|2 (30)

where we used Equations (18), (19) and (29). Similarly, the expectation values of the Stokes operators
are as follows

〈Ψ, α, β|Q|Ψ, α, β〉 = |Ψ|2
(
|α|2 − |β|2

)
, (31)

〈Ψ, α, β|U|Ψ, α, β〉 = |Ψ|2 (α∗β + β∗α) , (32)

〈Ψ, α, β|V|Ψ, α, β〉 = |Ψ|2 (iα∗β− iβ∗α) , . (33)

where we used Equations (11), (18), (21) and (29). The above expectation values describe the meaning
of the coherent state |Ψ, α, β〉. For example, if β = 0, only Q survives. Hence, the state represents a
linearly polarized graviton state. If β = iα, only V survives. Thus, the state represents a circularly
polarized graviton state. In general, the state represents an elliptically polarized state.

It is straightforward to check an identity

〈Ψ, α, β|N|Ψ, α, β〉2 = 〈Ψ, α, β|Q|Ψ, α, β〉2 + 〈Ψ, α, β|U|Ψ, α, β〉2 + 〈Ψ, α, β|V|Ψ, α, β〉2 . (34)

Now let us discuss observations of primordial gravitational waves in the polarized initial state
|Ψ, α, β〉. In this paper, we assume that the initial coherent state is generated by a consequence of
some dynamics before inflation, and we will not study the concrete mechanism for it. Once the concrete
mechanism is specified, we would be able to specify the parameters α, β and Ψ. The dynamical generation
of polarization of primordial gravitational waves has been discussed in the literature [10–15]. The point
of generating polarizations is to break the de Sitter invariance of the background spacetime.
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If we use Equation (6), the power spectrum of primordial gravitational waves for the plus mode
is evaluated as

〈Ψ, α, β|hk
⊕hk
⊕|Ψ, α, β〉 = 〈Ψ, α, β|

{
|vk(η)|2 + 2bk†

⊕ bk
⊕|vk(η)|2 + vk(η)

2bk
⊕b−k
⊕ + v∗k (η)

2bk†
⊕ b−k†
⊕

}
|Ψ, α, β〉

= |vk(η)|2 + 2|Ψ|2|α|2|vk(η)|2 + Ψ2α∗2vk(η)
2 + Ψ∗2α2v∗k (η)

2 , (35)

where we used the relations in Equation (21). Similarly, we obtain the power spectrum for the cross mode

〈Ψ, α, β|hk
⊗hk
⊗|Ψ, α, β〉 = 〈Ψ, α, β|

{
|vk(η)|2 + 2bk†

⊗ bk
⊗|vk(η)|2 + vk(η)

2bk
⊗b−k
⊗ + v∗k (η)

2bk†
⊗ b−k†
⊗

}
|Ψ, α, β〉

= |vk(η)|2 + 2|Ψ|2|β|2|vk(η)|2 + Ψ2β∗2vk(η)
2 + Ψ∗2β2v∗k (η)

2 (36)

and the power spectrum between the plus and cross modes

〈Ψ, α, β|hk
⊕hk
⊗|Ψ, α, β〉 = 〈Ψ, α, β|

{(
bk†
⊗ bk
⊕ + bk†

⊕ bk
⊗

)
|vk(η)|2 + vk(η)

2bk
⊗b−k
⊕ + v∗k (η)

2bk†
⊕ b−k†
⊗

}
|Ψ, α, β〉

= |Ψ|2|vk(η)|2 (α∗β + β∗α) + Ψ2vk(η)
2αβ + Ψ∗2v∗k (η)

2α∗β∗ . (37)

In principle, we can observe these power spectrums by using detectors of future gravitational
wave interferometers. In particular, it would be a gravitational wave detector for high frequencies
to detect the gravitons [16]. In our analysis, we assumed that the mode function vk is polarization
independent, but the polarization dependence of vA

k will be necessary to make the final predictions.
It would be interesting to use our results as inputs in the computations of [8], which studied the effects
of possible circular polarization or linear polarization on the primordial gravitational waves power
spectrum and on the power spectrum of cosmic microwave background.

5. Conclusions

In a conventional inflationary scenario, we choose the Bunch–Davies vacuum as the initial state
and discuss the polarizations of primordial gravitational waves in modified gravity or by using matter
fields that survive during inflation. In this paper, however, we considered the Schrödinger type coherent
state constructed from SU(2) coherent states as the initial state [5,6]. Since the state incorporates the
degrees of polarizations, we used it as the polarized initial state of primordial gravitational waves without
considering modified gravity or matter fields during inflation. We then calculated the power spectrum
of the primordial gravitational waves for observations. The formalism presented in this paper would
provide a new tool to introduce symmetry breakdown effects in the primordial universe [7,8].

In this paper, we simply assumed the polarized state as the initial state and did not specify any
mechanism to generate the polarized initial state. However, once the concrete mechanism is specified,
we would be able to specify the parameters α, β and Ψ in the polarized initial state |Ψ, α, β〉. In the
history of the universe, the initial polarized state becomes a squeezed coherent state in the radiation
dominated era. Then the graviton statistics tells us that primordial gravitational waves have a chance to
keep their nonclassicallity [1,2]. Furthermore, it is known that Hanbury-Brown–Twiss interferometry
makes it possible to distinguish the nonclassicality [17,18]. Related to this topic, the pioneering
attempts were made to understand the quantum coherence [19,20]. In the context of cosmic microwave
radiations, the application of the Hunbury-Brown–Twiss interferometry was considered in [21]. Since
the squeezed state is an entangled state, the entanglement between the modes of polarizations could
be generated. Then we would be able to characterize the polarized initial state by calculating various
entanglement measures as in [22–27]. We leave these issues for future works.
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