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Stability analysis of heat exchangers with delayed
boundary feedback *

Hideki Sano?

& Department of Applied Mathematics, Graduate School of System Informatics, Kobe University, 1-1 Rokkodai, Nada, Kobe
657-8501, Japan

Abstract

In this paper, we analyze the stability of heat exchangers with delayed boundary feedback. Heat exchangers of both counter-
flow type and parallel-flow type are treated, where they are respectively described by a coupled hyperbolic equation with time
lags in the boundary feedback loop. In our previous work [Sano, H., IFAC-PapersOnLine, 49-8, pp. 4347, 2016], a condition for
the system with time lags to be exponentially stable was derived for each heat exchanger, after the time lag was expressed by
a transport equation. However, the case with small time lags was excluded. In this paper, it is shown that, under the presence
of any time lag, the upper bound of the feedback gain to assure the closed-loop stability is solved by computing the Hoo-norm
of a complex function. That is, each closed-loop system with admissible feedback gain is robust with respect to any time lag.

Key words: Hyperbolic equation; boundary feedback; time lag; stability; semigroup.

1 Introduction

In recent years, the control theory of coupled first-order
hyperbolic equations has been widely studied (e.g. [1-
6,8-10,12,14,17,21,23-30] and the references therein).
Many of the works are related to the counter-flow heat
exchanger equation, and some of them the parallel-flow
heat exchanger equation. We first review the works
having relevance to these two kinds to heat exchanger
equations.

1) Counter-flow heat exchanger: The following heterodi-
rectional coupled hyperbolic equation with vy, s, hy,
ha > 0 is called a counter-flow heat exchanger equation:

%(t,x) = —V1%(t,w) + i (02(t, ) = 6:1(, 2)),
%(t,x) = VQ%(t,I> + ha(01(t, @) — 02(2, ), M

91(t70) = —k192(t, 0), 02(t, l) = —kgal(t, l) + ’LL(t)

For general heterodirectional coupled hyperbolic equa-
tions, Auriol and Di Meglio have constructed a control
law that achieves the finite-time stabilization in mini-
mum time using the backstepping method [1]. Coron et
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for Scientific Research (C), No. 15K04999), Japan Society
for the Promotion of Science. Corresponding author H. Sano.

Email address: sano@crystal.kobe-u.ac.jp (Hideki
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al. have proposed a design method to achieve the same
object using Fredholm backstepping transformation [6].
Also, Di Meglio et al. have solved the stabilization prob-
lem by state feedback/output feedback using only one
boundary control [9], where the backstepping method
is applied as well. Hu et al. have solved the same prob-
lem and trajectory tracking problem for more general
systems [12]. Further, Deutscher has treated the finite-
time output regulation problem [8]. Besides, Villegas et
al. have developed a method of stability analysis using
the port Hamiltonian approach [27]. C.Z. Xu and Sallet
have analyzed the stability of a network composed of two
counter-flow heat exchanger equations [29]. Recently, an
explicit sufficient stability condition was given for sys-
tems related to (1) using a frequency domain method [4].

it) Parallel-flow heat exchanger: The following homodi-
rectional coupled hyperbolic equation with vy, s, hq,
ho > 0 is called a parallel-flow heat exchanger equation:

801 891

W(t,x) = *Vla(t,ir) + hi(O2(t, ) — 01(t, x)),
0, 06y 2
St w) =~ T2 () + ha(01(t, @) — O (2, ), P

61(t,0) = —I<;192(t, l), 92(t,0) = —k291(t, l) + u(t)

For general homodirectional coupled hyperbolic equa-
tions, X. Xu and Dubljevic have solved the output regu-
lation problem [30]. Also, the reachability problem and
output tracking problem for the parallel-flow heat ex-
changer equation were studied in [21], [23], respectively.
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In this paper, we consider systems with u(t) = 0 and
ki1 =01in (1) and (2)*. Here, we assume that there is a
time lag 7 > 0 in the boundary feedback loop. The goal
of this work is to analyze the stability of such heat ex-
changers with delay. Thus, the problem setting is simple
since we do not design wu(t) for some kind of purpose.
In our previous work [24], the same problem was stud-
ied, where the time lag was expressed by using a trans-
port equation and the port Hamiltonian approach [27]
was applied to the whole system. Then, the same condi-
tion was obtained for assuring exponential stability for
two kinds of heat exchangers. However, the condition
in Propositions 2.2 and 3.2 of [24] excludes the interval
0<71< hy—lll, that is, the case with small time lags. In
other words, the problem of whether or not the system
with small time lags is stable remains unsolved. Moti-
vated by the work of Auriol et al. [2], we apply, in this
paper, a frequency domain approach to the characteris-
tic equation. For each heat exchanger, it is shown that,
under the presence of any time lag, the upper bound of
the feedback gain to assure the closed-loop stability is
solved by computing the H.,-norm of a complex func-
tion. That is, each closed-loop system with admissible
feedback gain is robust with respect to any time lag.
Numerical examples are also given to demonstrate the
validity of the proposed method.

The contribution of this paper lies in:

e giving the characterization of the spectrum of each
closed-loop operator, and

e giving the upper bound of feedback gain whose closed-
loop system is robust with respect to any time lag.

Thus, this paper has the nature of compensating for the
results [24] derived by the port Hamiltonian approach.

2 Counter-flow heat exchanger

2.1 System description and existing result

We shall consider the following counter-flow heat ex-
changer equation with delayed boundary feedback:

20 00
=7 (t2) =~ (ta) + h(O(t,2) = O (t, ),
20 00

S tx) = o Z () + ha(b(tx) — O(t, ),

(t,z) € (0,00) x (0,1), (3)
91(t,0) =0, eg(t,l) = —k91(t—r,l), t >0,
01(0,1’) = 910(1’), 92(0,1‘) = 020(:6), T e [0, l],
01(s,1) = ¢(s), s€(-7,0),
! For the parallel-flow type, the system with zero bound-
ary condition does not have finite poles. In (2), 62(t,0) =
—k261(t,1), k2 # 0 is needed to produce finite poles, whereas

u(t) is major control and is used for modal control etc. [15].
This paper focuses on the systems without major control.

where [ > 0 is the length of two tubes, 01 (t, z), 62(t, x) €
R are the temperature of two fluids at time ¢ and at
the point « € [0,1], v1,v2 > 0 denote the fluid velocity,
h1,ho > 0 the heat exchange rate, k the feedback gain,
7 > 0 a time lag. In the engineering point of view, it is
considered that the time lag is large to some extent, be-
cause the quick adjustment of heat is generally difficult.

Replacing the term 6;(t — 7,1) by a transport equation
with velocity p := % (e.g. Krstic and Smyshlyaev [16]),
system (3) is equivalently expressed as

%(t,x) = —Vl%(uw) + hy(02(t, ) — 01(t, z)),

004 00

- (t.2) = Vgiég?(t,x)-+»h2(91(t,x)-—-02(t7x)%
(t,z) € (0,00) x (0,1)

01(t,0) =0, 05(t,1) = —kw(t,1), t>0, )

081(0,32) = 910(32, (0,2) = O30(xz), =z €][0,1],

S (ta) = == (ta), (ta) € (0,50) x (0,0),

w(t,0) = 0,(t,1), t>0,

w(0,z) = wo(x) := qb(l(l —x)), =z¢€(0,0).

By conducting the wvariable transformatlon Jﬂl
O2(t, ), w(t, 2)]" = Tlpi(t, ), pa(t, )
T := diag(v/h1,Vha, 1), system (4) is wrltten as

where

@1(73;37) Ql(tax) @1(tax)
ot pa(t, ) | = Pl/% pa(t, @) | — Go pa(t, @) (5)
u(t, x) u(t, x) u(t, x)

where ¢1(t,0) = 0, @a(t,l) =
Vhipi(t, 1), and
—11 0 0 hi  —Vhihy 0
Pi:i=| 0 v, 0 |,Go:=|—-Vhitha ha 0
0 0 —p 0 0 0

_\/%u(t7l)7 U(t70) =

In [24], the following result is obtained:
Proposition 1 Let k% < % be satisfied. If}fj—lll <7<
Jgfg , then the operator A defined by

0
Az = P{%z - Goz, z = |1, <p2,u]T € D(Ar), (6)

D(AT) = {Z = [50179027’“}71 € [Hl(ovl)]dv
©1(0) =0, pa(l) = —ﬁu(l)y u(0) = Vhiea(1) }

generates an exponentially stable Cy-semigroup e!AT on
[L2(0,1)]3. That is, system (3) is exponentially stable.
Remark 2 When 7 = 0, the following facts are known:
(i) System (3) with k = 0 is exponentially stable [28].
(i) System (3) is exponentially stable if k* < % [27].



2.2 Frequency domain approach

First, let us formulate system (4) in a Hilbert space
X :=[L*(0,1)]® with inner product defined by (f, g)X =

a<f1,91>+b<f2,92>+<f3793> fOI"f [f1,f2»f3}

9= [91792,93]T , Where a := b= V};sz, and

{p, ) := fo o(x)(x)dz for p,1 € L2(() 1). Define the
linear operator A D(A) CX —Xas
d
—vigy—hi 0 fi
Af = hg l/g% — h2 0 f2 )
0 0 —puft || f3
D(A) = {f=[fi, fo, f3]" € [H'(0,))*;

f1(0) =0, fa(l) = =k f3(l), f3(0) = fr()) }. (7)

Then, system (4) can be written as

01 (t’ ) 91 (0’ ) 010
— 1 Oa(t,) | =A| O2(t,-) |+ | 0200,-) | =620 |, (8)
w(t,-) w(t,-) w(0,-) wo

where 619, 020, wo € L?(0,1) is assumed. Now, we prove
that the operator A generates a Cp-semigroup on X . For
more general class of hyperbolic systems, the proof is
given in Bastin and Coron [3]. But, the inner product
(-, -)x mentioned above is different from theirs. It is
also possible to apply Le Gorrec et al. [10] to the proof.

Theorem 3 For any k € R, the operator A defined by
(7) generates a Co-semigroup et on X .

Proof. First, we define the operator T € L(X) as
T = diag(v/h1,Vha,1). Then, the operator T 1AT is
expressed as

—v1L —h Vhihs 0 1
TU'ATf = | Vhiha wi—hy 0 2]
0 0 S ARRE

D(T'AT) = { f = [f1, fa, fs]" € [H'(0,D)]%;
fl(O):Oaf2():_\/Ef3() 3(0) = vVhif1(1) }.

Here, we see that

Re(T'ATS, f)x <wllflix, VfeDTAT),  (9)

where w = 3max{2hy,%ho} (> 0). Also, using a
method similar to [25], it can be shown that there exists
a number A > 0 such that the range of A\ — T~YAT is
equal to X, i.e.,

RO\ —T7'AT) = X. (10)

It follows from (9)—(10) that the operator T~ AT — wl

. . -1
generates a contractive Cy-semigroup etTAT=wl) o

X, by using the Lumer-Phillips’ Theorem [20, Theorem

14. 3] (see also the proof of [7, Corollary 2. 2 3 . That is,
the operator A generates a Cy-semigroup e/ on X for
any ke R. O

In this section, we set «y := ﬁl, b1 = };—; Qg =

_ (Varty/Bi)?

1 .
oo B = Vz, and define AL := p g

Br gt :
£/ 5re T (1 F lm) (double sign in same order).

Lemma 4 LetS = {\ € C; [C(\)+2kaje”"*]sinh z+
2z

2z coshz = 0}, where 2 := L\/AN), A(N) :== C(N)? —
darfr, C(A) == aq + B1 + (a2 + B2)A, and /A(N) is

taken of non-negative real part. Then, the spectrum of A
is given by o(A) = S if k # ki, o(A) = SU{N\;} if
k=ky,ando(A)=SU{A_} ifk=k_.

Proof. For counter-flow type, we can obtain the spec-

trum of A by using a method similar to [28,17]. So, we
omit the detail here. O

Based on Lemma 4, we have the following theorem:

Theorem 5 If k satisfies |k| < 2?71, system (3) is expo-
nentially stable for any time lag T > 0, where

e

Proof. Set ®()) := [C(A)+2kare~ "] sinh z + 2% cosh 2
and ®g()) := C(A)sinh z + 2% cosh z. When k = 0, it is
known that the open-loop system is exponentially stable
[28]. This means that [®o(\)| > Oforall A € Cf := {\ €
C; Re()\) > 0}.

(a) In the case of a1 # Sy, for all A € C{ we have
z # nmi (n = 0,+£1,£2,...)2, that is, sinhz # 0. For
any fixed A € C{', we can estimate |®()\)| as follows:

-1

2,2(:oshz)1 (1)

[ sinh z

[e.9]

|B(\)| = |Po(N) + 2kae” ™ sinh z| (12)
> |®o(\)| — |2kare” A sinh z| > [®o(N\)| — 20 |k]| sinh z|

= |sinhz|{’%(>‘)’—

2a1|k‘|} > |sinh z|(y — 201 |k]),

sinh 2z
where v = infgron)>0|C(A) + 22| = ||(C())
2zcoshz) =171 The notation || - [|ls denotes the Heyo-

norm and it is defined by [|Gllec := SuPge(x)>0 [G(N)]
for G which is holomorphic on the open right-half plane
on C and supg,()so |G(A)| < oco. Therefore, we have

|®(A)| > 0 if [k| < 52-. In other words, ®(\) does not
have any root with non-negative real part. In the case

2 Note that, if z = nmi (n = 0,£1,4£2,...), there holds

Re(N\) = Re(i 4a1[31—;§i7[;z/l2—a1—ﬁ1) < 0 under ay # fi.




of a; # (1, since A_ < 0, we see that A does not have
any spectrum with non-negative real part for any time
lag 7 > 0 under the condition |k| < 51~

(b) Next, in the case of a; = f3y, for all A € C{ we have
z #nmi (n = +1,+2,...). Especially, note that A =0 €
C{ corresponds to z = 0. For any fixed ) (# 0) € C{,
we can estimate |®(\)] as follows:

|B(\)| = |®o(N) + 2kae” ™ sinh | (13)
> |®o(N)| — |2kaie” A sinh z| > [®o(N\)| — 201 |k|| sinh 2]

Slnhz|{ (I)O(A)’

sinh z
where ~/

- 2a1|k} > |sinh z| (7 — 201 |k|),

lnch()\)>0 |C(A) + 225212 | Note that 7/ =

7. Therefore, we have [@(A)] > 0if [k] < 52-. Also,

2
when A = 0 € C{, that is, z = 0, it follows from (13)
that |®(A)] = |Po(N)] > 0 Hence, for any A € CJ

obtain |®(A )| > 0if [k| < 52-.In the case where oy =6
and |k| < 52—, note that the spectrum A— = 0 does not
appear, since k_ = —(1+ lal) and 52— = 1+ i = |k_]|.
Accordingly, in the case of a; = 31, A does not have any
spectrum with non-negative real part for any time lag
7 > 0 under the condition |k| <

2a1

(c) Finally, we show that, under the condition [k < 51-,
the spectrum of A does not approach asymptotically to
the imaginary axis. Note that, since the operator A has
compact resolvent, the spectrum o(A) entirely consists
of isolated eigenvalues with finite multiplicities and has
no accumulation point different from oco. Assume that
there exists a spectrum \,, = &, +in, € C — Cg such
that &, — 0 and |9,| — oco. Then, from Lemma 4, the
spectrum \,, satisfies

D(A,) =[C(\n) + Qkale_”‘"] sinh z,, +
=0, (14)

where z,, := %\/m . On the other hand, we have
sup{Re(z); A=jw,w e R} = l(al + B1). (15)
From (15), it is not difficult to see that

|sinh z| > %(e%(o‘ﬁﬁl) —e 2(a1+51)) 2 0, (16)

as A = jw and |w| — oco. Therefore, under the condition
|k| < 52—, it follows from (12) (or (13)) and (16) that

|P(jw)| > 0(y — 2a1]k]) >0 as |w| = oo. (17)

This contradicts (14). Hence, the spectrum of A does
not approach asymptotically to the imaginary axis.

From (a)-(c), we see that, if & satisfies [k[ < 52—, the
spectrum bound of A is strictly negative and further
system (3) is exponentially stable for any time lag 7 > 0,
by using the result by F.L. Huang [13] on the spectrum
determined growth condition®. O

This proof shows that the closed-loop system with the
same feedback gain is exponentially stable for the case

of T =0.

3 Parallel-flow heat exchanger
3.1 System description and existing result

In this section, we shall consider the following parallel-
flow heat exchanger equation with delayed boundary
feedback:

891 801

E(t,x) = —Vla—(t,x) + h1(02(t, ) — 01(t, x)),

00, 0,

E(t,x) = —vyp— 5 (t x) + ho(01(t, x) — 62(t, x)),
(t,x) € (0,00) x (0,1), (18)

Hl(ta O) = 07 02(t70) = _kal(t =T, l)v t> Oa

91(0,1’) = 910(95),
91(S7l) = ¢(S)a

92(0,1‘) = 920(.%‘),
s € (—1,0).

x € [0,1],

By defining p := %, system (18) becomes

06,
E(t,x) = —Vla—x(t,x) + hy(02(t, ) — 61(t, z)),
O 1,2) =~ T2 (0, 0) + halOr(t,2) = (1, 2)),
(t,z) € (0,00) x (0,1),
(91(25, 0) =0, 92(t,0) = —kw(t,l), t >0, (19)
x € [0,1],

01(0,z) = bho(x), 62(0,2) = ba0(2),
‘2;: (t,z) = ug%(t,x), (t,z) € (0,00) x (0,1),
w(t,0) = 01 (,1), t>0,

w(0,2) = qﬁ(i(l —1z)), x€(0,1).

Using the same variable tranbformatlon L]Ql ), 02(t, x)
w(t, )| = Tlpi(t, x), pa(t, x) as 1n Subsec—

tion 2.1, where T' := diag(v/h 1,\/ 2,1) system (19) is
written as

wl(ta‘r) _ 9 901(tﬁx) (pl(t7x)
a5t pa(t,z) | = 1/% pa(t,x) | =Go | pa(t,z) |,(20)
ult, ) u(t, ) u(t, x)

3 In Appendix B of this paper, it is explained about how to
use the result by F.L. Huang for the parallel-flow type.



where 1(t,0) = 0, ¢2(t,0) =
Vhipr(t,1), and

—ﬁu(t7 1), u(t,0) =

-1 0 0 ha —vhiha 0
Pli=| 0 —uvy 0 |,Go=|—-hihs hy O
0 0 —pu 0 0 0

In [24], the following result is obtained:

Proposition 6 Let k% < % be satisfied. If%l <7<
V’;ilg , then the operator A defined by

~ - 0 ~
ATZ = P{%Z - GOZ; Z = [(plv(PZau]T € D(AT)7 (21)

D(AT) - {Z = [9017‘»027U]T € [HI(O,Z)P;
©1(0) =0, ¢2(0) = _%U(l)» u(0) = Vhipi (1) }

generates an exponentially stable Cy-semigroup etAT on
[L2(0,0)]3. That is, system (18) is exponentially stable.

3.2 Frequency domain approach

Similarly as in Subsection 2.2, we formulate system (19)
in a Hilbert space X := [L?(0,1)]® with inner product
defined by <f7 g>X = a/<flvgl> + b<f27g2> + <f3ag3> for

f = [fl,f27f3]T € X g = [91792793]T € X where
a = “lzl, b= ;;}2227 and (@, 1)) = focp x)dx for

©,% € L?(0,1). Define the linear operator A : D(A) C

g —h h1 0 h
Af = ha L —hy 0 fa |
0 0 —Hgg fs
D(A) = { f =1, o, fs]" € [H(0,1)];

f1(0) =0, f2(0) = =k f3(l), f3(0) = fi(l) }. (22)

Then, system (19) can be written as

p 01(t,) 01(t,) 61(0,-) 610
2| 02t ) | = AL 0at,) | | 6200,7) | = | Oa0 |+ (23)
w(t,-) w(t,-) w(0,-) wo

where 019, 020, wo € L?(0,1) is assumed.

Theorem 7 For any k € R, the operator A defined by
(22) generates a Cy-semigroup et on X.
Proof. By using a method similar to the proof of The-

orem 3, we can also give the proof of this theorem. So,
we omit the detail here. O

In this section, we set oy = 2 By := L2 gy = L1,
Vi V2 141

1 — . @Cn=D(as—Ba)m 1
B = o Q:={neZ; W > 5(02 + Ba2)},
flaz+ B2), n € Q.

@n—1)(az—B2)m _
For ap, B1, asg, By with as # B2, define Ay := S

and define 7,, :=

24/ 1B
az—fB2

2 161 . Fa
g,p(ﬂ = [~ (1 +B) + (az + B2+ FF) =5,

Lemma8 Let S = {\ € C; Zezluthitleati)Al 4

kaje~™sinhz = 0}, where z := % AN, AN =
C(A)?+4a181, C(N) := o1 = Br+ (o2 — Ba2) A, and \/ A(A

is taken of non-negative real part. In the case of az # ,32,
the spectrum ofA is given by o(A) = SU {)\i} ifT =1y
andk = ¢ p( ZfT?éTn
ork # ¢ =i n) for anyn € Q. In the case of as = Bo, it
s given by U(A) =S.

for somen € Q, ando(A) =

Proof. Since the operator A has compact resolvent (see
Appendix A), we have only to consider the eigenvalues

of the operator A, that is, A\ € C such that Af = \Jf,
f = 1f1, fa, f3]* # 0. This equation is equivalent to

hifi +hifa =Af1,  f1(0) =
f2(0) = —k f3(l), (24)

—v1f] —
—vafy + hafi — hafo = Afa,
—nfy =Mz, f3(0) = fi(l),

which is further equivalent to the following equation:

1+ a1+ B1+ (a2 + B2) Al f1
+[(a182 + aafi)A + 22 X?] f1 = 0,
fi= =31
f1(0) =0, f1(0) + aikfs3(l) =0, f3(0) = fi(l).

(25)

The characteristic equation of the first equation of (25)
is

2 4 [oq + B1 + (g + Bo) 7
(@182 + @2f1)A + 2207 = 0. (26)

The solution of (26) is given by

r— —%[al b B+ (an 4+ Ba)A] £ % AN,

Hereafter, we set

7= —%[041 + B+ (a2 + B2)A] + % A()‘)’

rg i= —g[on 4 f1 + (ag + B2)A] — 3 A(N).

(27)

[

Now, we consider two cases with respect to r; and rs.



e The case of r| # ro:
We set the solution fl, f3 of (25) as fi(z) = cre™® +

c2e™", f3(x) = czen”
dition of (25), we have

. Then, from the boundary con-

Py
ry To oaqke c1
ertl er2l 1 2| =10]- (28)
1 1 0 c3

Setting the determinant of the coefficient matrix 3; of
(28) to be equal to zero and noting that 7 = ﬁ, we obtain

Z g5l +Bit(az+B2)N] + kaje ™ sinh z = 0. (29)

The solution A to this equation belongs to the spectrum
of A, o(A).

e The case of 1 = ry = *%[041 + 51+ (a2 + B2) A

We set the solution f1, f3 of (25) as fi(x) = c1e™® +

coxe™® f3(x) = cze” B Then, from the boundary con-
dition of (25), we have

rt 1 o ke_%l c1 0
entl lent 1 co | =10]- (30)
1 0 0 c3 0

Computing the determinant of the coefficient matrix >
of (30), we obtain
detYy = —(1 + a kle™!=27). (31)

In addjtion tory = 1o, if ag # o, it follows that A = A4
since A(\) = 0, and further that

ril — A\t = %[—(041 +B1) — (oo + B2 + %)/\i]

:é —(a1 + p1) + (a2+ﬂ2+27-)a1 b
2 — B2
:F(Ozg —|—62 + 27')2\/04151
ag — B
:p(’]’) F (OZ21+521+2 ) a—lélg. (32)
e—P(mn)

Especially, when 7 = 7, and k = < for some n € Q,
it follows from (31)—(32) that det¥s = 0, which means
that AL € o(A). On the other hand, when 7 # 7, or

k # e—;;m for any n € Q, we have Ay ¢ o(A).

If ay = By, it is not difficult to see that A(\) # 0. Hence,
the spectrum {A1} does not appear. The proof is thus
complete. O

Based on Lemma 8, we have the following theorem:

Theorem 9 If k satisfies |k| < -, system (18) is expo-
nentially stable for any time lag T > 0, where

Py 62[a1+51+(a2+,32))\] -4t
V= H < sinh z > o (33)
Proof. Set U(\):= %e%[m*ﬁﬁ(aﬁﬁ?))‘] +kaje T sinh 2

and \IJO(/\) = %eé[a1+[31+(a2+ﬁ2))\]. When k = 0, it is
known that the open-loop system is exponentially stable
with any decay rate. This means that |¥(A)| > 0 for all
A€ Cf :={)\e C;Re()) >0}

(a’) Under the condition (a; — 81)(ae — B2) # 0, it fol-
lows that, for all A € CJ, z # nwi (n = 0,41,£2,...),
that is, sinh 2 # 0. Then, for any fixed A\ € C§ we can
estimate |®(\)| as follows:

(W(A)| = [Wo(A) + kae” ™ sinh 2| (34)
> |Wo(N)| — [kaje™ ™ sinh 2| > [Wg(N)| — aq |k|| sinh 2]

= | sinh z|{ Yo(N)

sinh z
where 7 *y is defined by 7 :=infge(x)>0 |5 ©

=|(% e2 [aﬁ:;fzﬁ%m )75t Therefore, it follows that

[W(A)| > 0 if [k] < . In other words, ¥()) does not
have any root with non-negative real part. Here, in the
case of (a1 — B1) (a2 — B2) > 0, it follows that Re(Ay) =

- gl < 0. Whereas, in the case where (a1 — 1) (a2 —

B2) < 0 and |k| < ai the spectrum {A+} does not

\ —a1k|} > |sinh 2|(7 — au K],

041+/31+(02+ﬂ2)>\]
sinh z |

ep(

appear, since 7 < ! for any n € . Hence, we see

that, if |k| < ail, A does not have any spectrum with
non-negative real part for any time lag 7 > 0.

(b’) In the case of ay = Ba, we have z = £(a1 + ﬁl) for
all A € C{. Therefore, under the condltlon k| < -, we

can estimate |¥(M)| as

W) = [To(A) + kare™ sinh 2| > | sinh 2| (5 — a1 |k])
=Sinh{ (Oq + 51)}( - 041‘/43|) > 0.

Hence, if |k| < 2=, A does not have any spectrum with
non-negative real part for any time lag 7 > 0.

(¢’) Next, we consider the case of a1 = 1 and ay #
B2. Then, z takes values nwi (n = 0,+1,£2,...) for
some A € C{. Set d := infge(n)>0|Po(A)| > 0. Here,
under the condition |k| < ail, choose € > 0 such that
d — aqelk| > 0. Introduce the following two sets: S! :=
{\ € C;|sinhz| < e}, S% := {\ € C;|sinhz| > ¢},
where Cf = S} U S2. Then, we can estimate |¥(\)| as
follows:

o for all A\ € SL, |[W(N\)| > |¥o(N)| — az]k||sinhz| >
dfa1€|k| >0,



o forall A € S2, |U(\)| > |sinhz|(§ — aqk|) > (7 —
O¢1|k‘|) > 0.

Accordingly, if |k| < ail, there holds |¥(A)| > min{d —
aielkl,e(7 — ai1]k])} > 0 for all A € C{. Note that the

e%(°‘1+31)

spectrum {4 } does not appear, since ail < ST =

e—P(Tn)

o7 for any n € Q. Hence, if [k < ail, A does not
have any spectrum with non-negative real part for any
time lag 7 > 0.

(d’) Finally, we show that, under the condition |k| < ail,

the spectrum of A does not approach asymptotically to
the imaginary axis. Note that the operator A has com-
pact resolvent. From the discussion of (b’)—(c’), in the
case of ag = 5 or in the case of a3 = 1 and as # (s, it
follows easily that the asymptotic behaviour to the imag-
inary axis is negative, since A has compact resolvent. So,
we consider the case of (a1 — 81) (a2 — B2) # 0. Assume
that there exists a spectrum A\, = ¢, + i, € C — Ca'
such that &, — 0 and |n,| — oco. Then, from Lemma 8,
the spectrum )\, satisfies

T(\,):= ZTneé[al"’ﬁl"'(a?"'ﬂQ)’\"] + kage” ™ sinh 2,

=0, (35)

where z, = § A(X\). On the other hand, we have

l
inf{Re(z);)\:jw,weR}:§|a1—ﬂl\>0. (36)
From (36), it is not difficult to see that

~ Liblon=pil _ g=tlaa=paly _. 5
|s1nhz|2§(e2 TPl el = ) (37)

as A = jw and |w| — oco. Therefore, under the condition
k| < -, it follows from (34) and (37) that

U (jw)| > 07 —ailk]) >0 as |w| — oo. (38)

This contradicts (35). Hence, the spectrum of A does
not approach asymptotically to the imaginary axis.

From (a’)~(d’), we see that, if k satisfies |k| < -, the
spectrum bound of A, oy := sup{Re(A\); A € o(A)}, is
strictly negative and further system (18) is exponentially
stable for any time lag 7 > 0, by using the result by F.L.
Huang [13] on the spectrum determined growth condi-
tion (see Appendix B for the proof of exponential sta-
bility). O

Similarly to the proof of Theorem 5, the above proof
shows that the closed-loop system with the same feed-
back gain is exponentially stable for the case of 7 = 0.

4 Numerical examples

Let 1 =1, v = 0.68, vy = 0.72, hy = 1.586, hy = 1.635.
From Propositions 1 and 6, the upper bound of |k|,

ie. 1/% is calculated as 0.9867. Then, under a gain

k with |k| < 0.9867, the admissible time lag for both
systems (3) and (18) becomes 2.3324 < 7 < 22708,
On the other hand, it follows from Theorem 5 that
v/(2a1) = |G| 3L/ (2a1) = 1.4157 and system (3) with
|k| < 1.4157 is exponentially stable for any time lag
7 > 0, where G(\) = (C(\) + 2zeohz)=1 Algo, it

! sinhz/ _
follows from Theorem 9 that /a1 = |G| /a1 =
1.9936 and system (18) with |k|] < 1.9936 is ex-
ponentially stable for any time lag 7 > 0, where

!

G(\) = (3220220 —1 By [7, Lemma A.6.17),
the computation of [|Gllec = supg.(r)>0 |G(A)] is re-
placed by [|Gllec = sup,,cg |G(jw)|. In Figure 1, |G(jw)]
and |G(jw)| are plotted on a graph using Matlab soft-
ware. Thus, we see that the upper bounds of the feed-
back gains are not conservative compared with the ones
obtained by Propositions 1 and 6. In addition, feedback
gains less than the upper bounds make the closed-loop
systems exponentially stable for any time lag. This
shows that, by the proposed method, the condition for
the exponential stability could be weakened.

Figures 2 and 3 are the numerical simulation results for
systems of counter-flow type and parallel-flow type, in
which the solution of the open-loop system (k = 0) is
compared with that of the closed-loop system without
delay, where [|0;(t,-)|| denotes the L?-norm of 6;(t,z)
(i = 1,2). Especially, from Figure 3 we see that, for sys-
tems of parallel-flow type, the closed-loop system is sta-
ble but it cannot enhance the stability compared with
the open-loop system. It is a natural result, since heat
exchangers of parallel-flow type are finite-time stabiliz-
able (see also the footnote of Section 1).

Figure 4 shows the numerical simulation results with
time lag 7 = 0.1 and 7 = 7.5, where we set the same
gain k = —1.20 satisfying |k| < 1.4157 and |k| < 1.9936.
Figure 5 shows the simulation results with time lag 7 =
0.1 and 7 = 7.5, where £k = 1.20. Comparing Figure
5 with Figure 4, we see that the system with negative
feedback gain (—k) = —1.20 is more stable than the
one with postitive feedback gain (—k) = 1.20 in the
case 7 = 0.1 of the counter-flow type. From Figure 5,
we further see that the system with time lag 7 = 0.1
is more stable than the one with time lag 7 = 7.5 in
the case (—k) = —1.20 of the counter-flow type. Figure
6 shows the simulation results for the case where the
time lag was fixed as 7 = 0.1 but the gain k varied.
Figure 7 also shows the simulation results for the case
with fixed time lag 7 = 7.5 but with different gains k.
In these simulations (Figures 2-7), we used the same

initial condition 010(z) = e~ 100@=0-35)" (5 () Gy (z) =
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¢—100(2—0.75)* (> 0), ¢(s) = 0.

Remark 10 When the initial data is given as 010(x) =
_ ¢~ 100(x—0.35)* (< 0), bg0(z) = _—100(z—0.75) (< 0)
we can obtain the similar simulation results for bot
cases. However, for the initial condition 61o(x)
¢—100(z—0.35)* (> 0), Oa(z) = _—100(z—0.75)? (< 0), it
is difficult to enhance the stability for systems of counter-
flow type, since the degree of the stability becomes higher
from the first (note that fé 010(x)b20(z)dz becomes neg-
ative in this case). Thus, it depends on the initial data* .
On the other hand, for systems of parallel-flow type, one
cannot enhance the stability by boundary control as men-
tioned above. Instead, we meed to consider distributed
control. In order to enhance the stability for such sys-
tems, we can consider distributed control via switching
as an alternative approach. See e.g. [22] for switching
control of parallel-flow heat exchangers without delay.

>

Remark 11 [t might seem strange to consider parallel-
flow systems with boundary control, but, we note that,
in chemical process control, it is needed to cool chemical
substances slowly, depending on the situation (e.g. [19]).

Remark 12 There is a possibility that the systems
treated in this paper could be used as target systems in
PDE backstepping designs.

5 Conclusion

In this paper, we investigated the stability of two kinds
of heat exchangers with delayed boundary feedback. By
using feedback gains less than the upper bounds of Theo-
rems 5 and 9, the closed-loop systems could be exponen-
tially stable under the presence of any time lag. Further,
as stated at the end of Sections 2 and 3, the closed-loop
systems with the same feedback gains are exponentially
stable for the case without delay. This is a contrasting
result compared with the boundary control of a string
studied by Gugat [11]. In that paper, the string is fixed
at one end and stabilized by delayed boundary feedback
at the other end, where the delay is the round-trip time

4 As for stability, the assertion of Theorem 5 holds for all
initial data in L?-space.
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Top: Counter-flow type. Bottom: Parallel-flow type.

of the wave in the string. It has been shown that the
closed-loop system is exponentially stable for feedback
gains chosen from a bounded interval, however, the cor-
responding boundary feedback without delay is not sta-
bilizing the string.

Also, it has been reported about systems which are not
robust to small delay in the feedback loop (e.g. [18,2] and
the references therein). In this paper, we did not treat the
case where both ends were governed by boundary feed-
back. Such a system may not be robust with respect to
small delay, as shown for a class of boundary control hy-
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perbolic systems in [2]. As a further problem, the author
plans to conduct the stability analysis of the heat ex-
changers with delayed boundary feedback at both ends.
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Appendix A. The resolvent operator of A

For a sufficiently large A > 0, the operator (Al — fl)_l :
X — X is expressed as

(M = A) g = (TaSx + Un)g, g€ X, (39)
where
l
S\g = /e_(l_y)]\rl’\M_lg(y)dy7 g€ X, (40)
0
(T)\h)(l’) — e(lfz)MflA{(I _ e*lelAK)fl _ I}h,
he C?, (41)

x

(Ung)(x) := / e EIMTAN Ty, g € X, (42)

0
ANthi —hi O 00 0
Ai=1| —hy A+hoO]|, K:=|00-k]|,
0 0 A 10 0

M = diag(V17 V2, ,U,)

Here, it is easily verified that Sy : X — C? is a bounded
operator and Ty : C® — X, Uy : X — X are compact
operators. Therefore, we see that the resolvent operator
(M — A)~!' : X — X with the X is compact (e.g. [7,
Lemma A.3.22 and Theorem A.3.24]).

Therefore, the spectrum o(A) entirely consists of iso-
lated eigenvalues with finite multiplicities and has no
accumulation point different from oo.

Appendix B. The proof of exponential stability

Theorem B ([13, Theorem 1 and Theorem 4]) Let e*A
be a Cy-semigroup with the infinitesimal generator A in
log Jle® |l £(3)

a Hilbert space H and set wo(A) 1= limy_, oo n ,
o0(A) := sup{ Re(\); A € o(A) }, where o(A) denotes
the spectrum of A. Then, the spectrum determined
growth condition oo(A) = wo(A) is satisfied if and only
if sup{ [[(A\] — A)"Yzz); Re(A) > o} < oo holds
for each o > o0o(A). Furthermore, the computational
formula relating to wo(A) is the following:

wo(A) =inf{o; o> g¢(A) and
sup{ (AT — A) s Re() 2 7} < oo

Proof of exponential stability. In Theorem 7, it is
shown that the operator A generates a Cop-semigroup et
on X. Therefore, the Co-semigroup !4 has the operator
norm bound |[|e"||z(x) < Me“!, t > 0 for some M > 0
and w € R. Then, it follows from [20, Theorem 1.5.3 and



Remark 1.5.4] that, for each € > 0, ||(A] — A)_lHE(X) <
Re(A)— < A holds for all A € C satisfying Re(\) > w+
€. Now, let the set Ebedefinedby E := {\ € C; gp+e <
Re(A) < w+e, [Im(A)| < h}, where og = sup{Re()\);
X € 0(A)} (< 0). Then, since E C p(A) holds for any h >
0, it is easily seen that supyep |[|[(A — A)*IHL(X) < o0.
Set Ep, :={ A€ C;00+¢e<Re(N) <w+e, [Im(A)| >
h }. In order to apply Theorem B, it must be shown that
there exists an h > 0 such that

sup [|(AL = A) 7| x) < oo (43)
AEE)
For each A\ € Ej, and each g = [g1,92,93]7 € X, (M —

A)~1g is expressed as (39). The state-transition matrix
of —M ™A is calculated as follows:

Rll((E) R12(£L') 0

-1
e M A R21($) R22($) 0 , (44)
0 0 e A/m
= CQ)_(grav _ grizy 4 102t —
Ry (z) : 2\/m( enr) 4 £ ,6 , Ria() :
T __ ,Tox . B (me _ ram
( (e ~6 )a RZl(I) : m(e e ),
Ryp(w) = SR (eme — em2v) 4 €4 where 7

24/ A(N)

and ro are the same ones as in the proof of Lemma

8. Note that r; # 7y since A € FEj. Furthermore,
(I — e ™M 'AK)=1 _ T as calculated as
(I —lM 1A[() I
L 7T>‘R12(l) —/{JRlz(l)
oy ke ™ Raa(1) 0 —kRao(l) ; (45)
e A 0 —keiTAng(l)
O(N) = det(I — e M AR,

Now, we have the following estimates for the real part
and the imaginary part of \/A()\):
If A > 0 is sufficiently large, there hold
o [(a2 — B2)Re(A) + a1 — B1| < Rey/A(N)
< V{(az = B2)Re(N) + a1 — f1}? +dai B,

o /(az = 32)2(Im(N))2 — dar B < [Imy/A(N)]

< Jaz = B2[[Im(A)],

for any A € Ej. Therefore, in the case of ay # (32, there
exists a positive constant m such that, for any A € Fj,

sup ||ezM71A|| <m, sup ||e_9””[71A|| <m, (46)
0<z<l 0<z<l
(T — e*lM_lAK)* —I|| <m, h:sufficiently large.

10

Here, we have used O(\) =1+ ée_%[aﬁ‘ﬂl"’(az“‘ﬁ?)’\]al
ke~7*sinh 2. Hence, since ||S,\||£(X’CS), ||T/\||E(03,X)7
and [|Ux||lz(x) are uniformly bounded with respect to
A € Ej, (h: sufficiently large), it follows from (39) that

1A = A)~gllx < const. ||g]x. (47)

The inequality (47) holds for all g € X and for all A € Ej,.
That is, we have

sup [[(M — A)7!| z(x) < const. (48)
AEER

This shows that (43) holds. On the other hand, in the
case of ag = fa, it is not difficult to see that (48) holds,

since z = £(a; + B1) for all A. Thus, we finally obtain
sup{ (A — A) Y| zx): Re(A) > o0 + €} < 0. Ac-
cordingly, it follows from Lemma B that, for any € > 0,
there exists a constant M, > 0 such that ||’ zx) <
Mel@ot9t + >0, where o (< 0) is the spectral bound
of the operator A.

References

(1] Auriol, J. and Di Meglio, F. (2016). Minimum time
control of heterodirectional linear coupled hyperbolic PDEs.
Automatica, 71, 300-307.

[2] Auriol, J., Aarsnes, U.J.F., Martin, P., and Di Meglio, F.
(2018). Delay-robust control design for two heterodirectional
linear coupled hyperbolic PDEs. I[IEEE Trans. Automatic
Control, 63(10), 3551-3557.

[3] Bastin, G. and Coron, J.-M. (2016). Stability and Boundary
Stabilization of 1-D Hyperbolic Systems. Birkh&user.

[4] Bou Saba, D., Bribiesca Argomedo, F., Auriol, J., Di Loreto,
M., and Di Meglio, F. (2020). Stability analysis for a class of
linear 2 X 2 hyperbolic PDEs using a backstepping transform.
IEEE Trans. Automatic Control, 65(7), 2941-2956.

[5] Coron, J.-M., Vazquez, R., Krstic, M., and Bastin, G. (2013).
Local exponential H? stabilization of a 2 x 2 quasilinear
hyperbolic system using backstepping. SIAM J. Control
Optim., 51, 2005-2035.

[6] Coron, J.-M., Hu, L., and Olive, G. (2017). Finite-time
boundary stabilization of general linear hyperbolic balance

laws via Fredholm backstepping transformation. Automatica,
84, 95-100.

[7] Curtain, R.F. and Zwart, H.J. (1995). An Introduction
to Infinite-Dimensional Linear Systems Theory. Texts in
Applied Mathematics, Vol. 21. Springer-Verlag, New York.

[8] Deutscher, J. (2017). Finite-time output regulation for linear
2 X 2 hyperbolic systems using backstepping. Automatica,
75, 54-62.

[9] Di Meglio, F., Vazquez, R., and Krstic, M. (2013).

Stabilization of a system of n + 1 coupled first-order

hyperbolic linear PDEs with a single boundary input. IEEE

Trans. Automatic Control, 58(12), 3097-3111.

Le Gorrec, Y., Zwart, H., and Maschke, B. (2005). Dirac

structures and boundary control systems associated with

skew-symmetric differential operators. SIAM J. Control

Optim., 44, 1864-1892.

[11] Gugat, M. (2010). Boundary feedback stabilization by time
delay for one-dimensional wave equations. IMA J. Math.
Control € Information, 27, 189-203.

(10]



[12] Hu, L., Di Meglio, F., Vazquez, R., and Krstic, M. (2016).
Control of homodirectional and general heterodirectional
linear coupled hyperbolic PDEs. IEEE Trans. Automatic
Control, 61(11), 3301-3314.

[13] Huang, F.L. (1985). Characteristic conditions for exponential
stability of linear dynamical systems in Hilbert spaces. Ann.
Differential Equations, 1(1), 43-56.

[14] Jacob, B. and Zwart, H.J. (2012). Linear Port-Hamiltonian
Systems on Infinite-dimensional Spaces. Birkhauser.

[15] Kanoh, H. (1991). Control of heat exchangers by placement
of closed-loop poles. Proc. the IFAC Symposium on Design
Methods of Control Systems, pp. 662—667.

[16] Krstic, M. and Smyshlyaev, A. (2008). Backstepping
boundary control for first-order hyperbolic PDEs and
application to systems with actuator and sensor delays.
Systems Control Lett., 57, 750-758.

[17] Kunimatsu, N. and Sano, H. (1998). Stability analysis of
heat-exchanger equations with boundary feedbacks. IMA J.
Math. Control € Information, 15, 317-330.

[18] Logemann, H., Rebarber, R., and Weiss, G. (1996).
Conditions for robustness and nonrobustness of the stability
of feedback systems with respect to small delays in the
feedback loop. SIAM J. Control Optim., 34, 572—600.

[19] Mullin, J.W. and Nyvlt, J. (1971). Programmed cooling of
batch crystallizers. Chemical Engineering Science, 26, 369-
377.

[20] Pazy, A. (1983). Semigroups of Linear Operators and
Applications to Partial Differential Equations. Applied
Mathematical Sciences, Vol. 44. Springer-Verlag, New York.

[21] Sano, H. (2007). On reachability of parallel-flow heat
exchanger equations with boundary inputs. Proc. the Japan
Academy, 83A(1), 1-4.

[22] Sano, H. (2010). Switching control of parallel-flow heat
exchange processes. Selected Topics in System Science &
Simulation in Engineering, WSEAS Press, pp. 2563—258.

[23] Sano, H. (2011). Output tracking control of a parallel-flow
heat exchange process. Systems Control Lett., 60, 917-921.

[24] Sano, H. (2016). Exponential stability of heat exchangers
with delayed boundary feedback. IFAC-PapersOnLine, 49-8,
pp. 43-47.

[25] Sano, H. (2018). Stability analysis of the telegrapher’s
equations with dynamic boundary condition.  Systems
Control Lett., 111, 34-39.

[26] Villegas, J.A., Zwart, H., Le Gorrec, Y., Maschke, B., and
van der Schaft, A.J. (2005). Stability and stabilization of
a class of boundary control systems. Proc. the 44th IEEE
Conference on Decision and Control, and the FEuropean
Control Conference 2005, pp. 3850-3855.

illegas, J.A., Zwart, H., Le Gorrec, Y., an aschke, B.

27] Vill JA., Z H., Le G Y d Maschke, B
(2009). Exponential stability of a class of boundary control
systems. IEEE Trans. Automatic Control, 54(1), 142-147.

[28] Xu, C.Z., Gauthier, J.P., and Kupka, I. (1993). Exponential
stability of the heat exchanger equation. Proc. the Second
European Control Conference, Vol. 1, pp. 303-307.

[29] Xu, C.Z. and Sallet G. (2002). Exponential stability
and transfer functions of processes governed by symmetric
hyperbolic systems. ESAIM: Control, Optimisation and
Calculus of Variations, 7, 421-442.

[30] Xu, X. and Dubljevic, S. (2017). Output and error feedback
regulator designs for linear infinite-dimensional systems.
Automatica, 83, 170-178.

11



