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Transport Process Chemical Engineering

Transport Process Chemical Engineering (TPCE) is a significant contribution to chemical
engineering education. The author Emeritus Professor Kunio Kataoka of Kobe University, Kobe,
Japan is eminently qualified having taught this subject for 35 years to both undergraduate and
graduate students. TPCE should serve as a supplemental text for both undergraduate and
graduate students. While undergraduate students may have been exposed to vector and tensor
analysis in a mathematics course, the study of transport processes is likely their first exposure to
practical situations where these concepts are required. This exposure can be quite daunting.
Graduate students may benefit by reviewing the more practical aspects and as a second source for
the more advanced topics.

The text considers microscopic and macroscopic balances of heat, mass, and momentum
transfer both separately and simultaneously. The chapters typically begin with a generalized
mathematical treatment which is subsequently simplified for special cases. The limits of the
simplifying assumptions are clearly specified. Each chapter contains examples with detailed
solutions, problems including an answer so that the students may know if their approach is correct,
and problems without an answer leaving the students on their own.

It is my experience based on 40 years of teaching that students react to complex materials
in different ways. Some respond quite well to one author’s presentation while others find that
same presentation virtually incomprehensible. The latter group may, however, respond quite well
to the same material presented in a somewhat different manner by another author. On another
topic the response of the same groups may be totally reversed. To emphasize this point, a
respected faculty colleague recently told me that he always tries to have two sources whenever he is
preparing a new lecture.

The text is in English and should, therefore, be useful to chemical engineering students
worldwide. It is particularly significant that Professor Kataoka has chosen to make the text
available to all interested parties free-of-charge on the following web sites

Kobe University (https:/doi.org/10.24546/90008260 )
Kansai Chemical Engineering Company (https://www.kce.co.jp/en/library).

Emeritus Professor Dr. Douglas P. Harrison
Department of Chemical Engineering
Louisiana State University

Baton Rouge, LA

The United States of America



PREFACE

This book has been organized as a textbook of the three-year sequential course for students of
chemical engineering from the junior up to the first-year graduate level.

It is well known that in 1960, Professor R. B. Bird, Professor W. E. Stewart, and Professor E. N.
Lightfoot of the University of Wisconsin united fluid flow, heat transfer, and mass transfer into a
single concept with the publication of “Transport Phenomena.”

I believe that their concept remains unaltered and still alive.

I have 35 years’ teaching experience as a faculty member of the Chemical Engineering Department
of Kobe University, Kobe, Japan. Since 1968, in particular, | have had the privilege of lecturing for
this three-year course from the junior introductory to the first-year graduate advanced course.

Besides | have a fortunate experience of teaching as an invited professor the fundamentals of
chemical engineering by using their book “Transport Phenomena” at Louisiana State University for
the short term from 1978 to 1979. Some thoughtful comment and advice received from Professor
R. B. Bird during that term were invaluable and still remain as a concept of the author’s educational
standard for this book.

This is intended to serve as a textbook for an integrated understanding of fluid mechanics,
thermodynamics, heat transfer, and mass transfer from a viewpoint of process engineers. Radiation
is not included because the author thought that a brief summary of radiation transfer consistent with
the rest of the text was too difficult. | hope that this book will be useful not only as a reference but
also as a textbook to be used either by a class or for self-study.

The objective of the book is to present all the subjects of transport processes rearranged in the
developing sequence from the fundamentals to practical application.

Where this book is used for college instruction in chemical engineering, the whole PART I and
Chapter 20 of PART Il are suitable for undergraduate courses; Chapters 11 through 16 of PART Il
for graduate studies. The remaining part Chapters 17 through 19 are intended, in particular, for
those who expect to do a lot of academic research in those areas.

Chapter 2 of the book presenting basic definitions of physical transport properties is followed by
Chapter 3 simply and qualitatively explaining the fundamentals of fluid flow such as the generation
of turbulent motion. Chapter 4 introduces a control volume approach for macroscopic balances of
momentum, energy and mass, which give us very important fundamental equations practically
applicable to various chemical equipment designs. These three chapters are essential for
undergraduate courses.

Chapter 5 introduces the microscopic shell balance of momentum, energy and mass, where
undergraduate and/or graduate students study how to construct the respective basic differential
equations such as the Navier-Stokes equation of motion. They must first learn a little vector and
tensor analysis for mathematical generalization.

Chapter 6 provides several applications of those fundamental differential equations. The first two
examples deal with simple momentum equations for Newtonian fluids to be followed by two
non-Newtonian examples which may be appropriate for graduate course. The remaining parts
giving four examples on heat and mass transfer may also be useful for both course students. In
every examples, starting by the very difficult partial differential equations, we will study how to
simplify them into very simple ordinary differential equations.

Chapters 7 through 10 deal with interphase transfer of momentum, heat and mass, where they
will study learn “the film theory” and should learn how practically important it is to define
interphase transfer coefficients. Therefore these chapters are the most importance as the primary
theme for the undergraduate course because most of chemical engineering processes can be
modeled by the control volume approach using the interphase transport concepts. Students will



study how to design various chemical apparatuses from the concept of interphase transfer
coefficients. At the end of Chapter 9, the measuring principle of fluid velocities based on the
convective heat transfer around a circular cylinder is arranged for graduate-level researchers.

In Part Il, Chapters 11 through 13 deal with distillation and humidification processes, both of
which proceed with simultaneous heat and mass transfer accompanied by phase transformation. In
Chapter 11, undergraduate students will study very simple and useful basic ideas of distillation from
a viewpoint of equilibrium stage model. Chapter 12 provides graduate students with the advanced
concept of simultaneous heat and mass transfer, where the heat and mass transfer analysis of packed
column distillation can be challenged by means of a unique control volume approach. In Chapter 13,
undergraduate and/or graduate students will study how to practically design chemical equipment
using air-water system such as air-conditioner, cooling tower, and evaporative cooler and condenser
from a viewpoint of simultaneous heat and mass transfer. Chapter 14 on ionic mass transfer is
arranged especially for graduate students, which will be useful for experimental research on
liquid-phase mass transfer. Chapter 15 deals with condensation and boiling heat transfer. Chapter 16
provides the advanced analysis of diffusion processes accompanied with chemical reactions.
Because of the very difficult analytical analysis, a computer-aided numerical analysis may be
utilized at present. Chapter 17 provides the fundamental aspect of turbulent transport phenomena
for graduate students as well as researchers. This will be able to provide various fundamental
knowledges as the background useful for the advanced academic research on transport processes.
The following Chapters 18 and 19 will give the advanced transport aspects of fluid flow to graduate
students. Finally Chapter 20 provides practical consideration of agitating equipment for
undergraduate course. Because of the very complicated mixing phenomenon, the useful practical
design concept should be studied using a dimensional analysis from a viewpoint of transport
processes.

I would like to emphasize that it is getting more and more important to investigate various
chemical engineering process and equipment from a viewpoint of transport phenomena. | believe
that it must effectively lead to process development, intensification, and technological innovation.

If the various mathematical approaches introduced in this book based on differential equations
are difficult to solve analytically, the computer-aided numerical analysis may be utilized as an
appropriate tool at the present time.

My friend, Emeritus Professor Dr. D. P. Harrison of Louisiana State University who was the
chairman of Department of Chemical Engineering during my stay at LSU read the whole
manuscript from his stand of reaction engineering and gave me many helpful suggestions.

In closing, | would like to express my gratitude to all the faculty members and students of
Department of Chemical Science and Engineering, Kobe University and to The Society of Chemical
Engineers, Japan. In addition, Dr. H. Noda, the President of Kansai Chemical Engineering Co., Ltd.,
gave me a lot of support and advice from a viewpoint of practical engineering. | would like to
appreciate his kind encouragement and valuable comments

I would be very happy if many chemical engineering students will be encouraged by taking an
interest in this book.

KUNIO KATAOKA
*Emeritus Professor
Dept. of Chemical Science & Engineering
Kobe University
*Top Supervisor
Engineering Dept.
Kansai Chemical Engineering Co., Ltd.

Kobe
September 2020
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PART 1

CHAPTER 1
INTRODUCTION

1.1 What Do We Study in TRANSPORT PROCESS
CHEMICAL ENGINEERING?

In order to understand what and how we will study, let us consider a process producing methane
from heavy oil (higher hydrocarbons) as an example of chemical plants.

Figure 1 shows the flow sheet diagram. The heavy oil is usually withdrawn as one of the bottom
products from a distillation plant 1 of crude oil. The process consists of gasification, purification,
and methanation.

OIL REFINERY 7
DISTILLATION PLANT
GASOLINE |  SULFUR
> (LIGHT NAPHTHA) SEPARATOR
CRUDE 1 | KEROSENE
oiL HEAVY_ 0OIL .
2 GASIFICATION sooT
0, 3 REACTOR _/@/—’ & | SEPARATOR
STEAM 4 \8/
14
13 METHANATION 15
CH,
y e REACTOR )@( METHANE RICH GAS
() e
COMPRESSOR )X HYDROGEN RICH GAS
| SATURATOR WATER-GAS SHIFT| _ —~ I'c02 ABSORBER
REACTOR Y
5 9 11
12
STEAM 10

Fig.1.1-1. Example of process flow diagram of a chemical plant

Heavy oil, oxygen, and steam are fed through heat exchangers 2 and 3 to the gasification reactor
4 where the higher hydrocarbons undergo complete reaction to produce CO and H, without solid
catalyst. The outlet gas from the reactor 4 is cooled, passes through a soot separator 6, and enters a
sulfur removing equipment 7. The gas from the separator 7 consists of CO, H,, and small amount
of CO,. The gas is divided and fed into two sections: purification and methanation sections. In
the purification section, the gas is fed through a saturator 8 to a water-gas shift reactor 10. The
reactor consists of a fixed bed of solid catalyst particles through which the gas undergoes the
reaction CO + H,O — CO, + H, in the presence of nickel based catalyst. The reaction is
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reversible and exothermic. The shifted gas is cooled by a contact cooler and heat exchanger 11,
and led to a CO, absorber 12, where CO, is removed from the shifted gas by water or some sort of
alkaline solution. The absorber is a column filled with some sort of device or packed with small
solids of varying shapes to increase the interfacial area between the trickling liquid and the
flowing-up gas. The gas leaving the absorber is hydrogen rich gas. On the other hand, the rest of
the gas produced in the gasification process is mixed with the hydrogen rich gas from the
purification process, and fed to a series of methanation reactors 14. The reactors are a fixed bed of
nickel catalyst particles through which the reaction CO + 3 H, — CH4 + H,O takes place. The
methane rich gas leaving the methanation reactors contains steam. The product of methane rich
gas is obtained after removing steam by condenser 15. A certain fraction of the product gas is fed
back to the methanation reactors 14 by a compressor 16.

As a prerequisite to the design of industrial equipment, an understanding of the fundamental
properties and characteristics of individual operations is required. This plant offers examples of
various momentum, energy, and mass transfer processes which will be studied in this course.

In the design of pipelines, we need to know
1) mechanical energy losses of the flowing fluids (or pressure drops)
2) power of pumps, compressors, and blowers and optimal pipe diameters required to attain the
desired flow rates
The mechanical energy balance (the modified Bernoulli equation) for calculation of the power
requirement and the concept of friction factor, equivalent length, and friction loss factor for
calculation of the pressure drops at the individual sections will be studied in this course.

In the design of heat exchangers, we need to know
1) pressure drops of shell- and tube-side streams
2) heat transfer area (i.e. the size of exchangers) required to attain the desired rate of heat transfer.
The energy balance for calculation of the discharge fluid temperatures and the concept of heat
transfer coefficient will be studied to size the heat exchangers in this course.

In the design of gas absorbers, we need to know
1) operating conditions (liquid-gas flow ratio, temperature, pressure, etc.)
2) height of absorption columns required to attain the desired separation efficiency
3) diameter of absorption columns to attain the desired gas-liquid contact condition

Phase equilibrium should be studied in thermodynamic course. The concept of mass transfer
coefficient will be studied for determination of mass transfer area i.e. the height of an absorption
column in this course.

Although the above example does not have a distillation process, distillation is one of the most
popular unit operations. Many distillation columns are encountered in the oil refinery plants. In the
design of distillation columns, we need to know
1) operating conditions (feed rate, reflux-ratio, temperature, pressure, liquid-gas flow ratio, etc.)

2) column structures (trayed column, packed column) suitable for the feed mixture properties
3) number of trays, height of packing section suitable for the desired separation efficiency
4) column diameter for attaining the desired gas-liquid contact condition

Phase equilibrium is also very important for distillation process engineering since the most

popular design procedure is the equilibrium-stage model.

After learning the fundamentals of engineering calculation based on the equilibrium stage model
for the practical design of distillation equipment, we try to understand the distillation processes
from a viewpoint of heat and mass transfer.



In the design of reactors, we need to know
1) operating conditions (temperature, pressure, feed composition, etc.)
2) size of reactors required to obtain the desired conversion and product yield
3) selection of suitable catalyst

The reaction Kinetics (reaction rate, chemical equilibrium, etc.) should be studied in
another course. The flow patterns and heat- and mass-transfer characteristics should also be
considered because actual rate of reaction depends on mass transfer of reactants as well as
temperature and pressure.

In the design of dust separators, we need to know
1) minimum size of collectable particles
2) collection efficiency
The underlying theory on particle mechanics should be studied with the fluid mechanics.

The main problem in the design of such chemical engineering processes is to determine the size
of equipment: to calculate how much contacting area is necessary for the required rate of heat or
mass transfer.

Most flows in chemical engineering equipment are turbulent. Of particular importance are the
mixing effects of turbulence on heat/mass transfer and chemical reaction. The phenomenological
understanding of turbulent flows in this course will be helpful to the reader in the design of new
equipment and the improvement of equipment efficiency.

Unfortunately, no general approach to the solution of problems on the turbulent transport
phenomena is available. Accurate quantitative predictions cannot be made without relying heavily
on empirical data. Recently many trials have been made for the computer-aided modeling of the
turbulent transport mechanism but those levels are beyond the concept of this course.

The Transport Process Chemical Engineering is one of the most basic and most important
scientific areas constituted for the understanding of individual operations from an engineering
viewpoint.

1.2 Concepts and Definitions

() Two Viewpoints for Transport Science
Lagrangian and Eulerian Viewpoints

There are two different viewpoints for representation of physical fields. In the Lagrangian
approach, the physical variation can be described for a particular element of interest as it moves.
The coordinates describe the time-dependent position of the moving element.  This viewpoint is
mainly used in particle and rigid-body dynamics. On the other hand, in the Eulerian viewpoint,
the physical variation is described on a given stationary line or plane of interest. In Transport
Science, therefore, fluid can be regarded as a continuum medium.

The Eulerian viewpoint is more useful for description of the physical variation in flowing
fluids. This approach gives the value of a fluid variable at a given position at a given time such
as the fluid velocity distribution on the cross section of a flow passage.

(I Units

The International Standard system of units (Systeme International), or the so-called “SI units”
will be used in this course. The basic units are mass in kilogram, (kg), length in meters, (m),
and time in seconds, (s). The unit of force is newton, (N), which is easily defined using the
simplest form of Newton’s law of motion: F = ma. One newton 1 N is the force required to
accelerate a mass of 1 kg at a rate of 1 m/s>.  The unit of energy or work is joule, (J), which can
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be easily understood as the product of displacement and force component in its direction.
Basically, degrees Kelvin, (K), will be used as the unit of absolute temperature, but degrees
Cerlsius, (°C), will be also used for convenience.

Another useful consideration in dealing with units is the concept of the molar units. In
processes including chemical reactions, kilogram moles, (kmol), may be much more convenient
for mass than kilograms.

(I Three Categories of Physical Quantities
The physical quantities encountered in this course fall into one of three categories: (1) scalars
such as time, temperature, density, and energy; (2) vectors such as velocity, acceleration,
momentum, heat-flux and mass-flux; and (3) tensors such as shear stress or momentum-flux and
rate of strain. Vectors have three components whereas tensors have nine components.
In rectangular coordinates, for example, a velocity vector is expressed as
V= (Vy, 1y, Vz) (1.2-1)
And a stress tensor is given by
Txx Txy sz
T = [Tyx Tyy TyZI (1.2-2)
Tzx sz T2z

[Example 1.1-E1] Force Balance from the Lagranrian Viewpoint
As an example of Lagrangian methods, let us consider a problem for the trajectory of
a flying ball of mass m shown below. The position (x, y) of the ball is a function of timet.
The velocity v at time t can be decomposed as
@iy Y j
dt dt
(1.2-3)
where i and j are unit vectors in the x- and y-directions, respectively.
The external forces acting on the ball are gravitational force m g and the resistance
force R = R,i+ R,j exerted by air.

Applying Newton’s second law of motion to the ball:

=

dZ
m oz = R (1.2-4)
d’y
= —Ry-myg (1.2-5)
vy, = d_y Velocity
Y dt vV
--------- >
Ri‘, /1
Resistance P = d_x
X
R - N dt
..‘..*'é Ry M (x,y)
<'.'}9 m§g  Position
&

Fig.1.2-1. Equation of motion of a flying ball

If the resistance force is known as a function of velocity, the above set of equations
can be solved. The solution will be given by



x = x(t) and y = y(t) (1.2-6)
Eliminating the variable ¢, the trajectory is expressible as
flx,y) =0 (1.2-7)

This approach is applicable, for example, to calculation of the trajectories of liquid
droplets in spray dryers and solid particles in sedimenting centrifuges.

(IV) Transport Intensity
There are two solid plates in which heat is transferred at the same rate. The transport area of
one plate is double as much as that of the other plate. For this case, the heat transport intensity

(called “heat-flux”) of the former plate is half as much as that of the latter plate.
a quantity of interest transferred

flux = (are)(time) 1.2:8)
rate = a quantity of in'.cerest transferred (1.2-9)
time

For example, there are two copper electrodes in an electrolytic solution of copper
sulfate, one of the electrodes (anode) has active surface much larger than the other one
(cathode). In an electrolytic reaction occurring at some potential difference (emf)
between the electrodes, the cathode has a deposition of copper ions while the anode
releases copper ions at the same rate. In spite of the same ionic mass transfer rates at
the two electrodes, the ionic mass flux due to the copper deposition on the cathode
becomes much larger than the mass flux releasing copper ions from the anode. In this
case, the resistance to mass transfer near the cathode becomes predominant.

(V)  Fluid Forces
(5-1) Body Force and Surface Force

Body force such as gravitational force is proportional to the system’s mass. Surface force
such as pressure and friction force is proportional to the acting surface area and usually given in
terms of orthogonal components, tangent and normal to the surface. They are called tangential
and normal forces, respectively.
(5-2) Static Pressure

A fluid deforms continuously when it is subjected to shear stresses. In the case of an
element of stationary fluid, stress acts normal to the surface of the fluid element. This normal
stress, in the absence of motion, is called static pressure. In fluid flow, a normal stress generally
consists of static pressure and additional normal stress due to the fluid motion.

For example, one component of normal stress is expressible as
Oxx =D+ Tux (1.2-10)

The pressure and stresses have units of N/m%  Pascal (1 Pa = 1 N/m?) is often used for the
unit of pressure.
(5-3) Hydrostatics

For both compressible and incompressible fluids, static pressure varies with vertical height as

dp _ -
- P9 (1.2-11)
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Fig.1.2-2. Hydrostatics of a water tank

Let us consider a tank filled with water. What is the static pressure at a position h below the
free surface of water? Water can be considered as an incompressible fluid: p = const.

Integrating Eq.(1.2-11) with respect to y gives

h
p—po= [, dp= [ pgdy=pgh (1.2-12)
where p, is a pressure at the free surface and usually atmospheric pressure.

[Problem 1.2-P1]

Manometers are a device for measuring pressure difference between two points. A
fluid of density p is flowing through a circular pipe. The U-tube manometer which
has a manometer fluid with density p,, has two pressure taps at point A and B,
respectively. Determine the pressure difference p, — pg by the manometer reading h.

[Problem 1.2-P2]

The cylindrical water tank (diameter D) shown below has a nozzle at the bottom
corner. Water is discharged due to the gravity in the following rule:

v=c.2gh

where v is (cross-sectional are-averaged) velocity of water issuing the nozzle (nozzle
outlet diameter d) and h the water surface height at time t from the nozzle level. The
coefficient in front of the square-root is an assumed constant (usually 0.95). At the
beginning, the water height is h,.
How long does it take until the water level arrives at the nozzle height hy?

D
l Gravity
direction
Water hy
tank p
‘.hN d v
= >
Nozzle

Fig.1.2-P2. Water discharge from atank



CHAPTER 2

FUNDAMENTAL LAWS OF
MOMENTUM, ENERGY AND MASS TRANFER

All materials are generally composed of molecules. However any theory that would
predict the individual behaviors of these many molecules would be very difficult, far
beyond our abilities at the present level. Most engineering work is usually concerned
with the macroscopic behavior considering a fluid as a continuous distribution of
matter or a continuum. Therefore we can use the continuum approach in this course.
We postulate that velocity, density, pressure, temperature, mass concentration,
momentum-flux, energy-flux, mass-flux etc. behave as continuum functions. An exact
derivation of these laws of molecular transport can be made by non-equilibrium
thermodynamics

2-1 Viscosity (Newton’s Law of Viscosity)

The viscosity can be understood with the aid of very simple flow problem. There is a
fluid --- either a gas or a liquid --- contained between two large parallel plates a small
distance AY apart, which extend indefinitely in the x- and z-directions.

Direction of
Momentum transfer AV AV AV

S

y vx 0, 1)

k

AY

t=20 small t large t t oo
(Steady state)
Fig.2.1-1. Momentum transfer across fluid layer between two parallel plates

Initially, the fluid and two plates are at rest, but at time t = 0 the upper plate is set
in motion in the positive x-direction at a constant velocity AV by a force F.

As time proceeds, the fluid distant from the upper plate gains velocity (momentum),
and finally the steady-state linear velocity profile is attained. In Transport Science, we
interpret that the x-directed momentum p v, diffuses in the y-direction. If F'is acting
on a definite area A of the upper plate, we can get the following empirical relation

between F and AV:

F AV
e (2.1-1)

The constant of proportionality u is known as the viscosity of the fluid. Even in steady
state the x-momentum p v, is steadily transferred in the y-direction to maintain the



linear velocity distribution:

e_q_ Y (2.1-2)
AV AY
In a differential form, Eq.(2.1-1) is expressible as
d vy
Tyx = —Uu E (21'3)

This is a form of Newton’s law of viscosity for one-dimensional flow. This law states
that local shear stress 7,, at yis proportional to local velocity gradient d v,/dy at y.

The subscript yx indicates that the shear stress is in a plane perpendicular to y and
parallel to x or that that the x-momentum diffuses in the y-direction. Since the
dimensions of the shear stress is the same as those of momentum flux, it can be
considered that local momentum-flux is proportional to local gradient of momentum
per unit volume:

Ty = —v T (2.1-4)

Here v = u/p is called “kinematic viscosity,” which has the same units as diffusivity,
1.e. m?/s in SI units. The kinematic viscosity can be considered as molecular diffusivity
for momentum.

Fluids are classified as Newtonian or non-Newtonian, depending on the relation of
the shear stress with the rate of strain. The fluids which do not obey the Newton’s law
of viscosity are called “non-Newtonian fluid”. All kinds of gases and simple liquids
belong to Newtonian fluid. Polymer solutions and their melts, emulsions, slurries, and
pastes often behave as non-Newtonian fluids. Some models for non-Newtonian fluids
will be described in Section 2.5.

The units of viscosity can be obtained as follows:

-2 -1
Ty (2) T (2) T (B) (2.1-5)
The units of shear stress become the same as that of pressure.
_ Tyx N ML'T2 . M .\ kg )
HE) s D D ) A (0 (2.1°6)
2 2
v(=) ple (2) % (=) ™ (2.1-7)

where M, L, T are characteristic dimensions of mass, length and time, respectively.
1 kg/m s (= Pa s) = 10 poise (= g/lcm sec) = 1,000 centipoise (= cP).

General form of Newton’s law of viscosity is listed given in terms of rectangular, and
cylindrical coordinates in Table 2.1-1.

Table 2.1-1 Newton’s law of viscosity
[Rectangular coordinates(x, y, z)]

0 vy 2 v 2
= —k 250 = w2 5E- 2 00)
v, 2 v v
= —n 250 0] == - [T
_ _ ovy v, _ _ v, 0V,
Tyz = Tzy = ~ 9z 6y] Tox = Taz = 7 [ax 9z
dv, Ov dv
0x dy 0z

[Cylindrical coordinates (7,8, z)]
av, a .
= -2 210 o= w2 (24 ) - L)

_ v, 2 . ] _ _ [ ad (v) 161:,]
Ty = M[Z 5, 63(7 va) Trg = Tor = ﬂ;ar . + -
_ _ Vg 1 v, _ _ v, Uy
tr= g = i [+ 1 5E] ter = t= —w 3R

1 dvg v,

10
V)= 25 v+ o 5+ 5,



[Problem 2.1-P1] There are a pair of concentric cylinders, the outer one of which is rotated at a
speed of 20 RPS (rotation per second) and the inner one is at rest. The annular space is filled with
50% aqueous solution of glycerin which has viscosity of 5 cP or 0.0005 Pa s. Both cylinders are
500 mm long and the annular gap width is 2.5 mm.

Fig.2.1-P1. Velocity distribution in an annular gap between coaxial cylinders

The radii of the cylinders are R; =25 mm and R, = 27.5 mm, respectively. The radial
distribution of circumferential velocity can be expressed as
_ RiR, TR )
Vo = it Ry w, (Rl_ ) (2.1-P1)
What is the torque required to maintain the steady rotation?

[Problem 2.1-P2] There are two concentric cylinders, the outer one of which is rotated
at a rate of 10 RPS. The radii of the cylinders are 0.04 m and 0.05 m, respectively. The
lengths of the cylinders are about 0.75 m. The annulus between the cylinders is filled
with a liquid whose viscosity is unknown. The torque T, =5.53 X 107* N-m is
necessary to keep the inner cylinder at rest. What is the viscosity of the fluid?

[Problem 2.1-P3] The velocity distribution in laminar flow through a circular annulus is
expressed as
% — 3[1 - (L)Z +BInL (2.1-P2)
v A R, R,
where V = average velocity (constant)

B= (r+«*-—1)/Inr *

r*= R;/R,
Calculate the shear stresses on the inside surface of the outer tube and the outside surface of the
inner tube.

2.2 Thermal Conductivity (Fourier’s Law of Heat Conduction)

Similarly to the definition of viscosity, we can define thermal conductivity. There are two very
large parallel plates a small distance AY apart, which contain a slab of either solid or fluid between
them. Initially the slab has a uniform temperature T,. At time t = 0, the upper surface has a step
change in temperature from T, to a higher constant temperature T;. As time proceeds, thermal
energy diffuses in the y-direction and ultimately a linear temperature profile is attained in steady
state. The slab material is stationary. The slab is so thin that we can neglect the effect of natural
convection due to density change. We can also neglect the effect of radiative transport.



Direction of

Energy transfer AT AT AT T)— Ty
qy X
N .7 .
y
T(y, t) - TO
t=0 smallt large t t— oo
(Steady state)

Fig.2.2-1. Energy transfer in a slab put between two large parallel plates

We get the following relation between the rate of heat flow Q through the slab and the

temperature difference AT = T, — Ty:
Q AT

= —K (2.2-1)
A AY
The constant of proportionality x is known as the thermal conductivity of the material. In a
differential form, the above equation can be written as

- _ . ar -
Q= —K (2.2-2)

This is Fourier’s law of heat conduction for one-dimensional heat flow. This law states that local
heat-flux g, is proportional to local gradient of temperature dT/dy. The subscript y indicates the
direction of heat flow.

For the case of constant density and heat capacity, the above equation can be rewritten as

d (pCpT)
gy = —a d—yp (2.2-3)

This states that local heat-flux (or local enthalpy-flux) is proportional to local gradient of enthalpy
per unit volume. Here a = x/oC, is called “thermal diffusivity”, which has the same units as
those of mass diffusivity.

The units of thermal conductivity and diffusivity can be obtained as follows:

gy (=) T (=) ) /m?s (=) W /m? (2. 2-4)
y MUGE ) mirE _

k(D) Tarm &) ok - T () ms K@ w/mK (2.2:5)

(=) K/'DCP (=) (M/ILW3)L(1T/1L2LT/-L2T/tM t) =) L? =) m?*/s (2.2-6)

where t is the characteristic dimension of temperature. General forms of Fourier’s law of heat
conduction are listed in Table 2.2-1.

Table 2.2-1 Fourier’s law of heat conduction
[Rectangular coordinates (x,y,z)]
0

B 3 oT B oT
= ~Koe BT Kay' @= ~K%;

[Cylindrical coordinates (r,8,z)]
10T oT

r = —K 50 o= —K 55 4z= —K o=

[Problem 2.2-P1] There are a pair of very large steel plates which are parallel placed 2 mm
apart and contain mercury between them. The upper plate is kept at 303 K and the lower plate at
285 K. Mercury has a thermal conductivity of 8.4 W/m K. What is the steady-state heat-flux ?
Assume that mercury is stationary.

[Problem 2.2-P2] A window has a glass plate (area A = 1 m? thickness § =3 mm, thermal
conductivity k = 0.814vW/m K). The inside surface is kept at 15 C and the outside surface at 5 C.
What is the heat loss through the glass plate ?



[Problem 2.2-P3] Consider a hollow cylinder, then outside surface of which is kept at T, and
the inside surface of which at T; (T; > T,). The steady temperature distribution is given by

Ti—To
T=T,+ mln(T/Ro) R; <r< R, (2.2-P1)
The hollow cylinder has thermal conductivity x. Calculate the heat-flux on the outside surface.

2.3 Diffusivity (Fick’s Law of Diffusion)

Diffusion is similar to, but more complicated than the molecular transport of momentum and
thermal energy because we have to deal with mixtures in which the velocities of the individual
species are different. The mass center may move as the diffusion process proceeds. The mixture
velocity must be evaluated by averaging the velocities of all of the species present.

Let us first consider two definitions of concentration for n-component mixture: the mass
concentration of species i (the mass of species i per unit volume of mixture) p;; the molecular
concentration of species i (the number of moles of species i per unit volume of mixture) C; =
pi/ M.

Here M; is the molecular weight of species i.

The mass and molar densities of the mixture are respectively given by
p=2i=ipi and  c= YL ( (2.3-1)
Therefore the mass and mole fractions are given by
w;=p/p and x;= G/c
Now consider the averaging of the velocities of species. The absolute velocity of species i is
denoted by v; with respect to stationary coordinate axes.

The mass-average velocity

v = X1 PiVi [/ Xi=1 Pi (2.3-2)
This implies the velocity of mass center which corresponds to v for pure fluid.

The molar-average velocity v* is defined as

vi= X Ciﬂ/Zln:l Ci (2.3-3)
This is the velocity of the mixture averaged with respect to the number of molecules.

Then two different diffusion velocities can be defined relative to these average velocities, that is,
relative to the local motion of the fluid stream: v; — v and v; — v".

The diffusion flux of a given species is a vector quantity denoting the amount of the species that
passes through a unit cross section normal to the average velocities.
For simplicity, we restrict our discussion to a binary system of species A and B.

The mass flux relative to the mass average velocity is defined as

ja = pa(Wa— v) (2.3-4)
Similarly the molar flux relative to the molar-average velocity is
Ja= Cy (v_A— v_*) (2.3-5)

Figure 2.3-1 shows time-dependent composition profiles spreading due to molecular diffusion from
a line source.

From a viewpoint of thermodynamics, the driving force of the molecular diffusion is the
chemical potential. For a homogeneous ideal solution at constant temperature and pressure, the
chemical potential is defined by
.= u’+RTInC, (2.3-6)
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Fig.2.3-1. Composition profiles expressed with light and shade, spreading with molecular
diffusion from a line source

The molar diffusion in y-direction occurs owing to the gradient of chemical potential:
* dy‘C
Vay = Vy = TUa (2.3-7)

where uy is the “mobility” of component A, or the resulting velocity of the molecule A under the

influence of a unit driving force. From the above equation
dée _ RT dCs

= (2.3-8)
ay Cq dy
Then the y-component of molar flux is given by
. dc dc
Jay = Ca(vay — v*'y) = —usRT d—yA = —Dyp d—yA (2.3-9)

This is Fick’s law in a binary mixture for one-dimensional diffusion relative to the molar-average
velocity. Here the constant of proportionality D,g is called the “diffusivity” of component A
diffusing through component B.
(In addition to concentration gradients, there are many other physical conditions which will produce
a chemical potential gradient: temperature gradients, pressure gradients, etc. Our discussion will
be restricted to the ordinary diffusion resulting from the concentration gradients.)

Under isothermal, isobaric conditions, the molar density c¢ is constant.

Then
dxA
Jay = — ¢Dap 7 (2.3-10)
* da
Ca(vay — v*y) = — ¢ Dyp diy"‘ (2.3-11)
For the binary system,
v*y, = (Cavay + Cpvpy)/c (2.3-12)
Therefore
Cav™y = x4(Ca Vay + Cp Vpy) (2.3-13)
Substituting this relation
. dac dc
CaVay = Cav*y — — Dyp d—yA = x4(Cavay + Cs Vpy) — Dag d—yA (2.3-14)

The terms C4 vy, and Cg vg, imply the y-component molar fluxes of component A and B
relative to stationary coordinates. They are denoted by N4, and Np,,.
Finally we obtain

dxA

Nay = x4(Cavay + C5vpy) — € Dyp o (2.3-15)



This equation states that local molar flux at a plane fixed in the stationary coordinates consists of
the bulk motion of the binary mixture (first term) and the molecular diffusion (second term) being
proportional to local gradient of concentration or mass of component A per unit volume.

In an analogous fashion, the Fick’s law can be expressed in terms of mass flux:

. d d

Jay = — Dap dLyA = — pDyp dlyA (2.3-16)
d

Nyy = wA(nAy + nBy) — pDyp dLyA (2.3-17)

The subscript y indicates the direction of diffusion.
General forms of Fick’s law relative to the average velocity v* are listed in Table 2.3-1 .

Table 2.3-1 Fick’s law of molecular diffusion based on average velocity

[Rectangular coordinates (x,y,z)]
, ac, | ac, . aCy,
Jx = —Dap ox’ Jy = —Dup _ay' Jz = — Dug 9z

[Cylindrical coordinates (r,8,2)]
. aCA . 1 aCAB . aCAB
Jr==Dap 5= Jo= ~Dap 257 J2= ~Dap 7~

It is noted that the Fick’s law has the same functional form as the Fourier’s law.
The units of mass flux, concentration, and diffusivity are

M kmol of A
Jay Nay (5) 5 (=) =52 (2.3-18)
_\M ,_\ kmolofA _ kmolof A _ kgof A
Ca (_) L3 (_) m3 Xa (_) kmol of mixture Pa (_) kg of mixture
. _\ kgof A _ kgof A _ Jay N M/IPTY) z _ 2
Jay »Nay =) mZs wy (=) kg of mixture Dpp (=) @ca/d) =) (M/L3/L) =) T (=) m?/s

Diffusion is confusion? The phenomenon of diffusion is so difficult that we will understand its
fundamental aspect with simplified models in this course.

2.4 Similarity among Molecular Transports of Momentum,
Energy, and Mass (Prandtl number and Schmidt number)

For constant physical property fluid (p, C,: constant), one-dimensional transports of momentum,
energy, and mass can be rewritten as

Ty = —v 2 (2.4-1)
d(eCpT)

gy = —a d—;’ (2.4-2)
dc

]Ay = — Dyp —4 (24-3)

dy
All these equations state the following common rule:

(Flux of a quantity of interest) = (Diffusivity)(Gradient of the quantity per unit
volume)

The ratio of the momentum to the energy diffusivity is called “Prandtl number”: Pr=v/a.
If this dimensionless parameter is 1.0, heat and momentum diffuse through the fluid at the same
rate.
The ratio of the momentum to the mass diffusivity is called “Schmidt number”: Sc = v/Dyp.
If Sc = 1.0, mass and momentum also diffuse at the same rate. The ratio of the Prandtl to the
Schmidt number, called “Lewis number”, is also sometimes used: Le = Pr/Sc = D,g/a.



[Problem 2.4-P1] Compare Prandtl number of liquid mercury at 373 K with Prandtl number of
low pressure hydrogen gas at 10 mmHg and 10 K. Discuss heat transfer in fluid at very low Prandtl
numbers. The hydrogen gas has very low viscosity whereas the mercury has very large thermal
conductivity.

[Problem 2.4-P2] Compare Schmidt number of very viscous polymer fluid with Schmidt
number of an electrolytic solution. The polymer solution (density p = 1,200 kg/m3) has viscosity
of 10 Pa s and diffusivity of 10™ m?/s whereas the electrolytic solution (density p =

1,100 kg/m?3) has viscosity of 10° Pa s and diffusivity of 10 m?/s. Discuss mass diffusion at very
high Schmidt numbers taking into account the difference in flow condition.

2.5 Non-Newtonian Fluids

As studied in Section 2.1, Newton’s law of viscosity states that the momentum flux (shear stress)
in a usual fluid flow is proportional to velocity gradient (rate of strain). However Newton’s law of
viscosity does not always predict the shear stress in all fluids. In general, the relation between shear
stress and the rate of shearing strain can be expressed by

Tyx = —1) C;—];j‘ (2.5-1)

In the case of usual Newtonian fluids, n can be regarded as a proportional constant, i.e.
viscosity n = u. As shown in Fig.2.5-1, however, there are various industrial materials
having 1 as a function of either dv,/dy or t,, and they are referred to as
non-Newtonian fluids.

There are numerous empirical models proposed but the subject of non-Newtonian flow is beyond
the objective of this course.

Ty

A

To

. % ‘
yield stress ‘\esﬂ‘p D.\\a@“
/ | d Ux

dy
Fig.2.5-1. Schematic picture of momentum-flux against velocity gradient for non-Newtonian
fluids

As slightly simpler representative example, the following two-parameter models are available:
(1) The Bingham model

Tyx = — Ho L;—I;‘+ T if 7,0 > 7 (2.5-2)
dvy .
d—i; =0 if 7, < 79 (2.5-3)

This model states that when the shear stress t,,, is smaller than the yield stress 7, the fluid
behaves like a rigid body but it flows like a Newtonian fluid when 7, > 7,.
(2) The Power law model
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dvy n-1 dv,
o (2.5-4)
This equation reduces to Newton’s law of viscosity with m = u when n = 1. The behavior of
fluid is pseudo-plastic when n < 1 and dilatant when n > 1.

The laminar flow of a Bingham plastic (ideal plastic) fluid in a circular pipe will be studied in the
later section.

Tyx =

Nomenclature

A surface area of two parallel plates, [m?]

Cy concentration of component A, [kmol/m?]

Cp heat capacity, [J/kg K]

c total molar density, [kmol/m?]

Dag diffusivity, [m/s]

F shear force, [N]

Jar Ja molar flux relative to mass-average and molar-average velocity, [kg/ms] or [kmol/m?s]
ny, Ny mass flux, molar flux in stationary coordinates, [kg/m?s] or [kmol/m?s]

Pr Prandtl number, [ - ]

Q heat transfer rate, [W]

qr 96,9, heat flux in cylindrical coordinates
dx»qy,q, heat flux in rectangular coordinates

1,0,z cylindrical coordinates, [m, -, m]
Sc Schmidt number, [ -]

t time, [s]

v; mass velocity, [m/s]

v* molar velocity, [m/s]

v, Vg, v, Velocity component in cylindrical coordinates
vy, Uy,  Velocity component in rectangular coordinates, [m/s]

X, ¥,z rectangular coordinates, [m]

X; mole fraction, [ - ]

AT constant temperature difference given to the upper plate, [K]
AV constant velocity given to the upper plate, [m/s]

AY distance between two parallel plates, [m]

a thermal diffusivity, [m%/s]

K thermal conductivity, [W/m K]

i viscosity, [kg/m s]

e chemical potential, [J/mol]

v kinematic viscosity or momentum diffusivity, [m%/s]

p density, [kg/m°]

Toexer Ty Tzxr — — momentum flux or shear stress, [N/m?] or [kg/s?m]
70 yield stress, [N/m?]

w mass fraction, [ - ]

Subcripts

A component A

w wall



CHAPTER 3

VISCOUS FLOW
(LAMINAR AND TURBULENT FLOWS)

3.1 Laminar and Turbulent Flows in a Circular Pipe

When a fluid moves through a system, either one of two different types of fluid flow may occur.
As shown in Fig.3.1-1, suppose that water flows steadily through a transparent pipe, and a
threadlike stream of dye is injected into it. If the velocity of water is small enough, the dye will flow
in parallel, straight lines. When the velocity exceeds a certain critical value, it is noted that the dye
introduced is instantly mixed across the entire cross section of the pipe and the entire mass of water
becomes colored.

The first type of flow is called laminar; the fluid particles move along streamlines in a laminated
form. In laminar flow, momentum, energy, and mass are transferred in the transverse direction due
to molecular effect only.

The second type is called turbulent; the fluid particles move irregularly with violent eddy motion.
Therefore momentum, energy, and mass can be radially transferred much more rapidly for turbulent
flow than for laminar flow.

\ Dye introduced

Hypodermic needle

/_ Laminar flow Re < 2,100

-

Hypodermic ne

T
;ff Eddy motion

Turbulent flow Re < 10,000
Fig.3.1.1. Characteristics of laminar and turbulent flow (Reynolds’ experiment)

In 1883, this systematic experiment was first conducted by Osborne Reynolds®, who suggested
the dimensionless parameter Re = V D p/u as the criterion for predicting the type of flow. Here
V' is the average velocity in the pipe, D the pipe diameter, p the density, and u the viscosity of
the fluid. This parameter called the Reynolds number, is a basic parameter in the study of fluid
motion. In pipe flow, the transition from laminar to turbulent flow may occur at about Re = 2,100
for commercial pipes.

For laminar pipe flow the velocity profile is parabolic. The theoretical curve is expressible as
V, = Upmaxll — (r/R)?] (3.1-1)
This analytical approach will be studied in Chapter 6.
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[Problem 3.1-P1] Aviscous liquid (x = 0.05 kg/ms, p = 1050 kg/m®) is flowing in a 50 mm
ID circular tube. The distribution of axial velocity is described as
V; = Vymaxll — (r/R)?] where the maximum velocity v,,,., = 0.5 m/s and the pipe radius

R = 0.025 m. Calculate the friction force acting over 5 m of the inside surface of the tube, the flow
rate, and the Reynolds number.

1. Reynolds, O., Trans. Roy. Soc. (London), 174A, 935 (1883)

3.2 Generation of Turbulent Motion
(Transition to Turbulent Flow)

As shown in Fig.3.2-1, when the fluid flow rate is increased, the parabolic velocity profile for
laminar flow has an increase in maximum velocity accompanied with an increase in velocity
gradient near the pipe wall.

Let us consider a fluid particle moving along the streamlines near the pipe wall.

As shown in Fig. 3.2-2, the fluid velocity near the pipe wall becomes larger on the upper side than
on the lower side of the fluid particle. The friction force for acceleration is exerted on the upper side
whereas the friction force for deceleration is exerted on the lower side. As a result, these forces
cause angular acceleration for the rotating motion.

Velocity gradient becomes steeperas flowrate is increased
Fig.3.2-1. Instability of laminar flow in a circular pipe

F  Crossproduct

Tq =71 XF
_ g ; r ) Torque, the rotational
Velocity profile equivalent to force acting

0\ U, on the mass center
Fluid particle N
V1 e, Eddy motion
y _ a2 @’ ------ » (Generationofturbulence)
2 Uy Rotationby viscous forces
Pipewall

Fig.3.2-2. Generation of turbulent motion in a viscous parallel flow

Therefore, when the flow rate or the velocity gradient near the wall exceeds some critical value,
the fluid particle undergoes a strong rotating angular acceleration due to the steep velocity gradient,
so that eddy motion is generated by rotation of the fluid particle. This rotating condition is realized
when the velocity difference v; — v, between two vertical positions becomes large. This is a
qualitative understanding of an origin of turbulence or a transition to turbulent flow.



In turbulent flow, the velocity at a fixed position in the fluid fluctuates randomly about its
time-averaged value. This unsteady fluctuating motion comes from such a complicated eddy motion,
which gives a very large effect of mixing due to the transverse-directed interchange of fluid
particles.

v 1 Fluctuating instantaneous velocity
Z

r’ﬂ
ol “":,t;*;zsg*’d

Time (s)

Fig.3.2-3. Velocity fluctuations in turbulent flow

When the flow rate goes beyond a certain critical value, the laminar shear flow near the wall
becomes unstable due to the rotational moment causing eddy motion, and then the transition to
turbulent flow occurs.

(laminar flow)

Flatvelocity profile
(turbulent flow)

The velocity profile for turbulent flowbecomes
much flatter owing to mixing due to eddy motion

Fig.3.2-4. Characteristics of turbulent flow in a circular pipe

For turbulent pipe flow, therefore, the distribution of time-averaged velocity is much flatter in the

main flow region and very steep near the pipe wall.

A semi-empirical equation of the time-averaged velocity distribution is given by

Uy = VUpmax [1— (T‘/R)]l/7 (3.2-1)
This expression known as the “1/7" power law gives a good approximation for the Reynolds
number range 10* to 10%. It should be kept in mind that this law cannot describe precisely the
turbulent structure of the flow field.

The Reynolds number is a product of a characteristic velocity, a characteristic length, and the
density of the fluid divided by its viscosity. The result is a dimensionless number which represents
the ratio of the inertial to the viscous forces in the fluid. The critical Reynolds number depends, in
general, upon the surface condition of the inside wall of the pipe.

Re = VDp [_] _ inertial force (3.2_2)

u viscous force
[Problem 3.2-P1] Obtain a relation between the mean (flow-area-average) velocity v, and the
maximum velocity v,,4, for turbulent flow inside a circular pipe using the 17" power law.

[Problem 3.2-P2] An aqueous solution of sodium hydroxide is flowing at a volumetric flow rate
of 50 m*/h in a circular pipe of inside diameter of 100 mm. The density and viscosity of the solution



at 50 C (= 323 K)b are 1,510 kg/m® and 0.025 kg/m s, respectively. Calculate the Reynolds number..
Is the flow turbulent?

[Problem 3.2-P3] A viscous liquid (z = 50 cp. = 0.05 kg/m s, p = 1,050 kg/m®) is flowing in a
50 mm ID circular tube. The velocity distribution is described by the following equation:

Vs = Ugmax [1 = (r/R)?]

where v, is the axial velocity in m/s and r the radial coordinate in m. The maximum velocity
Vymax = 0.5 m/s and the pipe radius R = 0.025 m. Calculate the friction force acting over 5 m of
the inside surface of the tube, the flow rate, and the Reynolds number.

Answer: 25.12 N, 4.91 m%s, and Re = 262.5.

[Problem 3.2-P4] In the above problem, the velocity gradient on the inner wall of the pipe is
given for laminar flow in a term of average velocity by
dv, 4 vy,

dr =R N R
If the critical Reynolds number Re,, is given as 2,100, what is the critical velocity gradient?
Answer: - 320 (1/s)

Nomenclature

D characteristic length or pipe diameter, [m]
r,0,z cylindrical coordinates, [m, -, m]

R pipe radius, [m]

%4 characteristic velocity, [m/s]

Uy, axial velocity component in pipe flow, [m/s]
y distance from pipe wall

4 torque, [Nm]

Re Reynolds number, [ - ]



CHAPTER 4

MACROSCOPIC BALANCES:
CONTROL VOLUME APPROACH

4.1 Principles of Momentum, Energy, and Mass Conservation

In this course, the laws of conservation of momentum, conservation of energy, and conservation
of mass may be stated for a general control volume as follows:

rate of rate of rate of sum of exyternal
momentum | = | momentum | — | momentum |+ forces acting (4.1-1)
accumulation IN ouT on system
rate of rate of rate of rate of work
energy = | energy | — | energy |+ done by the (4.1-2)
accumulation IN ourt surroundings
rate of rate of rate of
mass = | mass |— | mass (4.1-3)
accumulation IN our ducti
rate of rate of rate of ri?iﬁfsrszzon
massof A |= |(massof A|— |massof A |+ Y (4.1-4)
, homogeneous
accumulation IN ouT . .
chemical reactions
Rateof
Momentum
our Rate of Rate of
(VECTO R) Ei nergy MassA
ouTt our
Mf;t:‘,f E);,fg:] Rateof Rate ofwork Rateof li’ateo_f'
IN (VECTOR) Energy Donelzi_f MassA Production
(VECTOR) IN Surroundings IN ofmassA

Fig. 4.1-1. Shell balances of momentum, energy, and mass of component A over a control
volume

4.2 Macroscopic Mass Balance

The mass balance should be set up over a control volume shown in Fig.4.2-1.

The mass present at ¢t in some arbitrary small volume within the control volume is pAV.
Therefore the mass of the control volume at t is
m= [ odV
where density p = p(x,y,z,t).

(4.2-1)



Accumulation of mass in time At is the difference between the mass in the control volume at ¢
and that at t + At:

d
f, eav| = J eav| =% [, oav-ac (4.2-2)

Outward directed
__Unitvector

Fig.4.2-1. Macroscopic mass balance

The mass can be transferred by velocity component normal to the surface, so the velocity
component v, into the control volume can be expressed as
v,= —(W-n)= —vcosa (4.2-3)
where 7 is the outward directed unit vector normal to the surface at that point and « is the angle
between ¥ and m.

The rate of mass transferred = (mass)/(unit time) = (mass/unit volume)(length/unit time)(area)
This is the net rate of mass in over the whole surface of the control volume = fS p v, dS
Then application of the principle of mass conservation yields
S J, pdv=— [, p @B W)ds (4.2-4)
This is the macroscopic mass balance.

For a simpler flow system shown below

LZ_T = p1{V1)S1— p2 (V2)S; (4.2-5)
Introducing the symbol of mass flow rate
w=pu)S=—[ p@F n)dS (4.2-6)
to get the unsteady-state macroscopic mass balance:
wyn P2

(vq1)

Fig.4.2-2. Simpler pipe system with a single inlet and a single exit



= —Aw (4.2-7)
For steady state
Aw=0 or w,=w, (4.2-8)

[Problem 4.2-P1] A pipe system shown is carrying water through section 1 at an average
velocity of 0.3 m/s in steady state. The diameter at section | is 0.3 m. The same flow passes through
section 2 where the diameter is 0.1 m. Find the average velocity at section 2.

D;=0.3m

_:\D_zz U]_ m
Vo= 0.3m/s ! .
___J.—-*'"""-#J_;;:;onz

Sectionl

Fig.4.2-P1. Mass balance in a horizontal pipe accompanied with contraction of cross section

4.3 Macroscopic Momentum Balance

Outward directed
_Unitvector

Fig.4.3-1 Control volume for macroscopic momentum balance

Consider a small surface element of area AS of a control volume, through which momentum
p v is entering or leaving. The rate of momentum entering or leaving through AS may be written
as
(p V) v dS = (p V)[- @ -A)ds] (4.3-1)
Here the minus sign is necessary since the unit vector 7 is outward directed. Therefore the net rate
of momentum in over the whole surface of the control volume is
— fs pV (V-n)dS (4.3-2)
Since the momentum in a small volume element AV is pv AV , the rate of momentum
accumulation in the control volume is

d —
= fV pvdVv . (4.3-3)
The sum of external forces acting on the systemis > F .

Applying the principle of momentum conservation,

= f, pBAV=— [ p% @-H)dS+ LF (4.3-4)
This is the macroscopic momentum balance corresponding to Newton’s second law of motion. Note



that the force term Y F comprises viscous forces ZF_]J, pressure force —fs pmndS, and
gravitational force m g acting on the fluid.

For steady state the left side of the above equation is zero

—f, pP @ -MdS+ TF=0 (4.3-5)
For turbulent pipe flow the following approximation may be employed for cross-sectional
averaging.

(v) = (v?)/(v) (4.3-6)
For turbulent pipe flow, therefore, the force acting on the pipe wall is given by
F'= —Ff = wi(v1) = wo(vy) = piSifty — DSyl +m g (4.3-7)

Note that the unit vectors are outward directed.

For an incompressible flow in a straight pipe (inside diameter D, length L) inclined by 6, the
friction force acting on the inside surface of the pipe is given by the following familiar equation of
force balance:

F'=(po— p)yD?+ {D’L pg cosd = 7, DL (4.3-8)
This result indicates that the net force acting downstream on the cylindrical fluid column by virtue

of the pressure difference and gravitational acceleration is balanced by the friction force the pipe
wall exerts. The above equation is valid whether the flow is laminar or turbulent.

[Example 4.3-E1] Consider the problem of finding the force exerted on a horizontal 90 degree
pipe bend. Water at 20°C is flowing at a rate of 700 kg/s for cooling in an oil refinery. The pipeline
is 300 mm ID steel pipe. A diagram of the pipe bend and the quantities relating to the analysis are
shown in Figure 4.3-E1.

[Solution] Actually there will be a small pressure drop caused by viscous force acting on the
piped bend wall. At this point, however, we assume negligibly small pressure drop between sections
“1” and “2”. The first step is to choose as the control volume the region bounded by two planes “1”
and “2” normal to the streamliners and the inner wall of the bend. Assuming turbulent flow (almost
flat velocity distribution), the overall momentum balance may be written, term by term, as

Hz”
P2
Hl"
w=700kg/s
= %
— nl };?
7 /0
P1 pr= p,=1 % 10° Pa
Fig.4.3-E1 Force acting on 90 degree bend
— J; PP @ WS = — [, pB @ WS~ [, p¥ (B-W)dS = wiv] — w,¥; (4.3-E1)

There is a sign difference because a (the angle between ¥ and m ) is 180 degree at the inlet “1”
and 0 degree at the outlet 2”.
For the macroscopic mass balance

Wi = W, =W = const



And volumetric flow rate Q= Q,=0Q = const
Therefore for steady state, Eq.(4.3-4) becomes
w@; - v)) = LF (4.3-E2)
where 77 = Q(—17)/S and v; = Q1;/S
Then
— _ Q — N
SF=(%) Gz + npw (4.3-E3)

Since the pipeline is horizontal, we do not have to consider the gravitational effect. The total force
on the fluid is made up of the pressure force FT, and the force exerted by the bendFT,.

F,= —pS @i+ ny) (4.3-E4)
Here we used the assumption of equal pressure at sections “1” and “2”. Recall that the force sought
is the reaction to Fj; and has components equal in magnitude and opposite in sense to Fy,.

Fo= 3wy + m) +pS @y + m5) = (%2 + pS) g + 13) (4.3-E5)

It remains to insert the numerical values:

F, = (ro0t2) + (1 x22%0.0707 m?)| x (g + 75) = 1.4 x 104G, + 75) N
b= (100059)(0.0707 m?) m2 /N 1 2= = 1 2

The force acting on the bend ﬁ = — FT,.

[Problem 4.3-P1] Water 20°C is flowing at a rate of Q =5 x 1072 m3/s through a
horizontal convergent pipe shown below. The upstream pressure is p; = 2 x 10° Pa. Calculate
the pressure p, at the end of the converging section and the force acting on the convergent section.
Assume the friction loss negligibly small in the converging section.

“ 11: 1 m |

Dy = 040m D, = 010m

p, =2 x 10° Pa

Fig.4.3-P1 Fluid force acting on the wall of a horizontal convergent pipe

4.4 Macroscopic Energy Balance

In this section, we shall deduce a macroscopic balance of energy in general form from the
beginning to get the first law of thermodynamics. This deductive part may be skipped in case of
time limitation.
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Fig.4.4-1 Control volume for macroscopic energy balance

Energy associated with mass can be classified: potential energy E,, Kinetic energy Ej, and

internal energy E,.
Strictly speaking, the rate of the total energy Er = E, + Ex + E, accumulation in the control
volume is given by

% fv p Ep dV (4.4-1)
The net rate of energy in over the whole surface of the control volume is
Jo ErpvadS = — [, Erp(¥-n)dS (4.4-2)

To get the mass of fluid inside the control volume, some of the fluid should be compressed into the
control volume. To do work on the surroundings, the boundary of the control volume should be
expanded. This is called “flow work”. The flow work required to add a unit mass to the control
volume can be written as (pressure) (specific volume) p V; like piston work. Therefore the flow
work is

W= — [, pVip@ n)dsS (4.4-3)
According to thermodynamics, enthalpy is expressed as H, = E,, + p V;. Hence the net rate of

energy transferred across the boundary with mass becomes

—|f; Erp@-M)ds+ [, pV;p@ W) dS| = — [ (He+ Eq + E,)p(@-7) dS (4.4-4)

The thermal energy not associated with mass crossing the boundary per unit volume is Q (thermal

energy into the system is regarded positive). Finally applying the principle of energy conservation

we get

d — =

=y pErdV=— [ (He+ Ex+ Ep)p(@-m)dS+Q—-W (4.4-4)

This is a general form of macroscopic energy balance.

<Simplification of the macroscopic energy balance>
For a flow system having a single fluid entrance (at plane “1” with cross-sectional area S;) and a
single exit (at plane “2” with cross-sectional area S,), the macroscopic energy balance reduces to

d _— —
a@t J, pErdV = - fsl (Her + Exr + Epy)pi(v1 - 17)dS,

= | (Hez + Eiz + Epz)p2 (V7 M2)dS; +Q —W
Sz
= (He1+ Ex1 + Ep1)p1(v1)S1 — (Hez + Ey, + Epz)Pz(Uz)Sz +Q-W
= —A[(He + Ex + Ep)w] +Q-W (4.4-5)
Here ( ) means cross-sectional area-averaged value and w = p(v)S is mass flow rate.
Strictly speaking, the above simplification is valid only when the density and other quantities



H,, Ey, E,, Er do not vary very much across the cross section at planes “1” and “2”. Especially for
the kinetic energy term, the flow should be turbulent, which has nearly flat velocity profiles.
Usually the kinetic energy and potential energy in the constant gravitational field can be written as
(1/2) pv?> + p g h.

Finally the above equation becomes

Proe = —A|(Ho+ 2 P+ gh)w|+Q-w (4.4-6)

Here Eroe = f, pErdV = [, p(E,+ Ex+ Ep)dV
This is a form of the first law of thermodynamics applied to a flow system, which may be regarded
as the starting equation for dealing with energy-related chemical engineering applications.
Dividing through by constant mass flow rate w at steady state:
—A(He + 2 W2+ gh)+ Qum— Wy =0 (4.4-7)
Here Q,, is the heat added per unit mass of the fluid into the system and W, is the amount of
work done per unit mass of the fluid on the surroundings.

This equation can be further simplified into a convenient form.
Forideal gases ( pV = (1/M)RT )
f;f CodT + A (V)2 + g AR = Qu— Wiy (4.4-8)
For incompressible fluids (o = const, C, = Cp)
The enthalpy change is given as

AH, = AE, + A(pV,) = AE, + V,Ap = AE, + (1/p) Ap (4.4-9)
Then
f;f CpdT + PP 4 A ~ (W) + gAh = Qu— Wy (4.4-10)

The above equation is usually applied for a flow system accompanied with heat input or output.

4.5 Mechanical Energy Balance

The equation of mechanical energy balance called “Bernoulli equation” is very important and
useful for practical applications to various piping designs.
For a flow system without heat exchange (Q,,, = 0)

AH, = AE, + A(pV,) =T AS + V,Ap (4.5-1)
The presence of friction renders the process irreversible owing to the frictional heating. That is,
T AS = Q + Fr,, Therefore AH, = Q,, + Fr,, + V;Ap. (4.5-2)

where Fr,,indicates the thermal energy generation transformed from mechanical energy.
Substituting this into the steady-state energy balance equation

[P Vedp+ A5 () + g Ah = — Fryy — Wy, (4.5-3)

This is a generalized form of “Bernoulli equation” which is applicable to both ideal gases and

incompressible fluids. Here Fr,, is the rate of mechanical energy loss per unit mass due to the

frictional effect. This indicates that a part of mechanical energy is irreversibly converted to thermal

energy due to viscous dissipation. The mechanical energy loss Fr,, is often called “friction loss”.

For steady-state isothermal case with no additional heat input, the rate of thermal energy produced

by viscous dissipation becomes equal to the rate of heat removed from the control volume.

For ideal gases (I, = (RT/M)(1/p)

%m% + Az (W2 +gAh= —Fry— Wy (4.5-2)
1

For incompressible fluids (V; = 1/p = const)

P2=P1 4 A1 (W2 +gAh= —Fry— W, (4.5-5)

p 2



For laminar flow the kinetic energy term A(1/2){v)? should be replaced by A(v)? because the
parabolic velocity distribution gives the relation: (v3)/(v) = 2 (v)2.

[PROBLEM 4.5-P1] Ideal gas (molecular weight M = 29) is in isothermal turbulent flow at
temperature T =298 K (= 25°C) through a straight horizontal pipe with cross section S = 3.14 x
1072 m2. The absolute pressures at reference planes “1” and “2” are p; = 1.013 X 10° Pa (=
1atm) and p, = 0.87 X 10° Pa, respectively. The mass flow rate measured is w = 0.15 kg/s.
Evaluate Fry; = w Fryy, in kg m?/s® from the length L = 20 m of pipe between “1” and “2”.
The gas constant is given by R = 8.314 x 103 (kg m?/s?)/kmol K.

[PROBLEM 4.5-P2] Water flows through a turbine at an average velocity of 10 m/s at the
entrance of flow cross section 0.1 m® The static pressures are 1 MPa at the entrance and 2 MPa at
the outlet of flow cross section 0.3 m2. The elevation difference between the entrance and outlet is
10 m. Calculate the theoretical power assuming negligibly small viscous dissipation.

v =10m/s ! P2~ 302 MPa
- wgr Mz = m
p1=1MPa Ay = 0.3 m2

h; =30m
A =01m?

I
|
I
I
|
Fig.4.4-P2. Calculation of power obtained by water turbine

[EXAMPLE 4.5-E1] A fireboat has a circular convergent nozzle shown below. A jet of water
(p = 1,000 kg/m3) issues from the nozzle at an average velocity of 100 m/s. Assuming
negligible friction loss and gravitational effect, determine the static pressure p, at plane “1” and
the horizontal component of the force required to keep the nozzle stationary. This nozzle is placed
on an angle of 30 degree with the horizontal. The nozzle exit diameter is 80 mm and the diameter of
the upstream pipe is 150 mm.

ﬂﬂﬂ Horizontal line
_ Nf-‘g -

DA~ e

Fig.4.5-E2. Circular convergent nozzle

Solution:  Assuming turbulent flow with incompressible fluid, the mechanical energy balance can
be applied to this system as

%<v2>2 _ %(Uﬂz + % =0 (4.5-E1)
where g Ah =0, Fryy, =0 and W, = 0 are assumed.

Then for steady-state flow of incompressible fluid, the upstream pressure is given by



pi= > p ()2 = ()2 + p, (4.5-E2)
w = p(v,)S, = p(v,)S; = const (4.5-E3)
At the nozzle exit the pressure p, becomes atmospheric pressure.

Therefore

(v1) = (S,/S1)(v,) = (80/150)% (100 m/s) = 28.4m/s (4.5-E4)
Then

py = (1/2)(1000 kg/m3®)[(100 m/s)? — (28.4 m/s)?] + 1.013 x 10° Pa

=4.70 X 10° Pa = 4.70 MPa (4.5-E5)

At the nozzle exit the pressure becomes atmospheric pressure.
The mass flow rate is calculated as

w = p(v)S = (1000 kg/m3)(100 m/s)(n/4)(0.08 m)? = 502.7 kg/s (4.5-E6)
Applying the momentum balance to this system with m;,;g = 0 assumed,
F = —(v;w — v1w) — (p2S;n; + piSiny) (4.5-E7)

The force acting on the nozzle in the direction of nozzle axis is given by
F = —(502.7 kg/s)(100 m/s — 28.4 m/s) — (1.013 x 10° kg/m s?)
X (/4)(0.08 m)? + (4.70 x 10° kg/m s?)(m/4)(0.15 m)?

= 4.66 x 10* kgm/s? = 4.66 x 10*N (4.5-E8)
The horizontal force required to keep the nozzle stationary is
F, = F cos30° = (4.66 x 10%)v/3/2 =4.04 x 10*N (4.5-E9)

[EXAMPLE 4.5-E2] To measure the friction loss of a glove valve, we use a horizontal pipeline
with a constant cross section shown. We use water (density p,,) as the flowing fluid and mercury
(density p,,) as the manometer fluid. Determine the friction loss when the manometer reading is h.
Assume that the friction losses in the sections [; and [, are small compared with that of the valve.
Solution: Use the macroscopic mechanical energy balance for incompressible, isothermal flow
between the pressure taps

Pa=P1 A% (v)? +gAh= —Fr,— W, (4.5-E10)

Pw

Since (vy) = (v,), A% (v)? = 0 for a pipe with constant cross section.
Ah = 0 for a horizontal pipeline. There is no power equipment in the system W, =0

Globe valve

Fig.4.5-E2. Determination of frictio loss for a globe valve

From the force balance of the stationary fluids in the manometer

p1— P2= (Pm— pwlgh (4.5-E11)
Then we get the friction loss
Fr,, = Em—Pw 4 p (4.5-E12)

Pw



[EXAMPLE 4.5-E3] Pitot tube for velocity measurement

One of the most common, traditional devices for measuring velocity distributions in a flowing
stream is the pitot tube. As shown in Fig.4.5-E3, it consists of two concentric tubes, the inner one of
which is open at the end and the outer one is sealed at the same end of the inner tube. The side wall
of the outer tube near the front tip has several small drilled holes.
Both tubes are filled with the flowing fluid and connected to the opposite ends of a manometer.
The pitot tube is placed to confront the opening of the inner tube (impact-tube opening) with
the velocity to be measured. As the fluid impinges on the impact-tube opening, its kinetic
energy is converted to pressure energy (sometimes called dynamic pressure).

Along a streamline the mechanical energy balance with an assumption of incompressible

fluid is applicable over the short distance of the approaching flow from 1 to 2:

1 -
Sp2—04 BPt—0 o
2 P

v = /@ (4.5-E13)

where the impact pressure (1/2) p v? is the difference between the static pressure p, atthe
impact-tube opening and the static pressure p, of the stream. The pressure acting on the side
holes of the outer tube is approximately equal to p; because the streamlines near the side
wall are almost parallel to the side wall.

The relation of manometer reading h with the velocity v is

v = /M (4.5-E14)

where p,, is the density of manometer fluid. The pitot tube responds slowly to changing
velocities owing to inertia effect, so it can measure only the time-averaged velocity in the
turbulent flow.

wqn Outertube
“2" (staticpressure holes)
v, pS v = 0 ——===-
Pt S—----- N
Impact-tube Ps
opening
(total-head hole) T
p
p

Manometer
l Pm

Fig.4.5-E3. Pitot tube

[PROBLEM 4.5-P3] The following table is some experimental data for a Pitot tube traverse
for the flow of water (temperature 20°C) inside a circular tube of 60 mm ID. The manometer
fluid is carbon tetra chloride (density p,, = 1,600 kg/m3).

Calculate the local velocities and plot those data to obtain the power-law expression for the
velocity distribution. What is the Reynolds number?



Position of Pitot tube Manometer

Radial distance from readings (mm)

the pipe axis (mm)
0.0 375
2.0 364
5.0 357
10.0 330
15.0 300
20.0 268
25.0 225
27.0 202
28.0 168
29.0 140
29.5 119
29.8 93

[EXAMPLE 4.5-E4] As shown in Fig.4.5-P1, let us consider an orifice-flowmeter installed in the
straight section of a horizontal circular tube (inside diameter D).

Fig.4.5-E4. Orifice flowmeter

The orifice circular plate has a hole in the middle, the sharp edge of which has a very short straight
section of diameter D,. The following mechanical energy balance of a constant density fluid flow is
set up over the region between planes “1” and “2” located at the two pressure taps under a condition
of no work effect and no potential energy change:

@z’ _ @’ | pempi 1 p—y2 )

: > ; ¢ 5 (U2)" =0 (4.5-E15)
where ¢ is called “friction loss factor” (dimensionless). The last term gives the friction loss caused
by an abrupt change in the cross-sectional flow area A; — A,. Usually for highly turbulent flow,
the flow cross-sectional area is changed from A, to A, Here the A, indicates the flow
cross-sectional area at the most-contracted position.

The minimum flow area is called “Vena-contracta.” Owing to a complicated flow pattern, only for
simplicity, the so-called contraction coefficients a; are assumed to be unity in front of the first
term. The contraction coefficient is defined as

a= Ay/A,

, Which is varied with m = Ay/A;. Therefore (v,;) = (v,1)A./A,

According to the continuity condition,

A(v,1) = A, (v,,). For engineering convenience, the discharge coefficient C; is introduced




instead of making a, to be unity, and then (v,;) = C;m (v,;). The discharge coefficient of a
given installation varies mainly with the Reynolds number. After all, the average velocity at the
most-contracted position can be obtained as

(v—zz) — 1 2(p1_p2) (4‘.5'E16)

/1— Cq*m? P

Then the velocity at the hole of the orifice is given by

(U)o = (fcd/ 1- CdZmZ) V2 = p2)/p (4.5-E17)
As a result, the volumetric flow rate is given by the following equation:

V= (V)0d0 = Cc Agy2(p1 — P2)/p (4.5-E18)
Here C. is the correction coefficient taking into account the effect of £,/ [1 — C.*m2.

Even for liquid flows, the calibration of flowmeters is necessary.
For compressible fluids, deviation from isentropic conditions is significant, and the calibration of
orifice flowmeters to be used with gases must be carried out by means of the gasometer system.

4.6 Thermal Energy Balance for non-Isothermal System

For non-isothermal flow system, kinetic and potential energy effects are negligibly small
compared with thermal energy term. For many practical problems of heat transfer, therefore, the
energy balance reduces to
AH, = Q,, — Wy, (4.6-1)
Hence the friction loss term can be neglected except when the mechanical energy loss should be
determined. If the system does not have a pump or other work-producing device (e.g. turbine and
mixing stirrer), the enthalpy balance equation reduces to the following simple form:

AHy = Qn (4.6-2)

[EXAMPLE 4.6-E1] Consider an incompressible fluid like water flowing through the pipeline
shown below, which comprises a pump and a heat exchanger connected by a circular pipe with
constant cross-sectional area.

(I) pump: Consider the subsystem including the pump and the short horizontal pipe length
between planes “1” and “2”. The energy balance becomes

—A (Hm +2 ()P +g h) + Qp— W, =0 (4.6-E1)
The mechanical energy balance is
[PVedp+ A2 (0) = = Frn — Wy, (4.6-E2)

Since we do not have a heat exchanger in this subsystem, the term @Q,,, is generally small compared
with the work done on the pump W,,. The term AH, in Eq.(4.4-9) is the enthalpy change of the
fluid as it passes through the pump. Pumps for liquids and gases are usually designed so that
entering and leaving velocities are equal, i.e. A(1/2){(v)?2 =0



|‘n‘4!}
Elbow A=
_ Ah
Pump Q Hot fluid
nlu -‘-‘2" G [N .'.r3»
I : JG J
~ ar ' Elbow
W Hot fluid  Heat exchanger

ouT

Fig.4.6-E1. Macroscopic energy balance for a simple pipeline system

For incompressible fluid

AH,, = f;’j V.dp + Fry, = % + Fryoq (4.6-E3)
The power required for the pump is given by
~ W = P24 Frg, (4.6-E4)

The pipe section is so short that the friction loss Fr,,,; can often be neglected.

(II') heat exchanger: Typical heat exchangers are so designed that there is no shaft work and
negligibly small difference in elevation between the entrance and exit. Then

W, =0 and Ah =0

For incompressible fluid, kinetic energy balance is also negligibly small. The friction loss term Fry,
becomes important only when the power requirement is calculated by using the mechanical energy
balance. Then

f;lz V.dp = —Fr,, or % = — Fryso (4.6-E5)
Regarding the total energy balance
f;;g Cp dT + p3;p2 = O, (4.6-E6)

The pressure change term is small compared with the enthalpy change due to the heat transfer. For
constant heat capacity

Qm=C(Ts—T,) ie. Q=wC, (Ts— Ty) (4.6-E7)
This equation indicates that the incompressible fluid gets an increase in enthalpy equal to the rate of
heat input. For example, in the case when another hot fluid is supplied into an annular space of
double-tube exchanger at flow rate w’

Q=wCyT's—T';)=wC, (Ts— Ty) (4.6-E8)
where T'; and T', are the inlet and outlet temperatures of the hot fluid. This is the fundamental
heat balance equation for the design of heat exchangers.

(I) pipe: Since this subsystem having a change in elevation is adiabatic, the term @Q,,, is zero.
There is no shaft work: W, = 0. The incompressible fluid does not have any velocity change
through the pipe with constant cross-sectional area, i.e. (v), = (v);.

The mechanical energy balance becomes

PRt g (he = hy) = = Fring (4.6-E9)
Summing up those three equations, the overall mechanical energy balance becomes

”2;”1 + ”3;”2 + ”4;”3 +g(hy — h3) = —(Frmar + Frpss + Frias) — Wiy, (4.6-E10)
Finally we get

% + g(hy— h3) + YFr, = — W, (4.6-E11)



This can be considered as a mechanical energy balance equation applied between planes “1” and
“4” and implies that the work done on the fluid — W}, required to keep a given constant flow rate
should be equal to the sum of differences in flow work and potential energy and the total friction
loss (mechanical energy loss) due to viscous dissipation over the whole length of the pipeline.

This is the design equation of piping. The required power of pump is given by
Pw = —wW, (4.6-E12)

[EXAMPLE 4.6-E2] We want to cool dry oxygen gas of W, kg/s from T; to T, K by means
of horizontal double-pipe heat exchanger shown. The cross sectional area of the inner pipe is S m?.
If we supply coarse liquid nitrogen as the cooling medium into the annular space at its saturation
temperature, nucleate boiling occurs on the outer surface of the inner pipe. Its latent heat of
vaporization is Ay J/kg. The pressures at the inlet and outlet of the inner pipe are p; and p, Pa,
respectively. Calculate the rate of energy removed by the coarse liquid nitrogen across the pipe wall.
Assume turbulent flow of ideal gas with constant heat capacity of oxygen Cp, J/kmol K.

N, vapor
Dry oxygen 0 OuT
W,
T, —=— T TI:' — T
i ! | |
Pi IJ_L Po
Lig. N,

IN
Fig.4.6-E1. Energy balance for cooling dry oxygen by liquid nitrogen

Solution: The macroscopic energy balance between the inlet and exit of the inner pipe is

—A (Hm + % (U)Z +9 h) + Qn— Wn=0 (4.6-E13)
For an ideal gas with constant capacity
AHp = [,° Com dT = + [ Cpo dT = 22 (T, — T)  J/kg (4.6-E14)

From the mass balance p;(v;)S; = po{(v,)S, = W,.
The perfect gas law is

=2 (4.6-E15)

p M p

Then

A3 ()2 = 5 (Wo/S)[(RT,/M po)* — (RT,/Mp)?]  J/kg (4.6-E16)

W, =0 and Ah =0

Therefore

Q kJ/s = Wy Qum = (WoCpo/M)(To — T + 5 Wo(W,/S)? [(RT,/M p,)? — (RT;/M p;)?]
(4.6-E17)

On the other hand, the coarse liquid nitrogen should be fed at a rate of Q/Ay kg/s.

[PROBLEM 4.6-P1] Mineral oil (p =850 kg/m3, Cp =23 kJ/kgK, u=0.03Pas and
k = 0.143 W/mK) is flowing at an average velocity (v) = 0.4 m/s in a 25 mm ID circular
steel pipe. The pipe wall is heated from outside at constant heat flux gq,, = 80 W /m? (based on
the inside wall area). Calculate the Reynolds number. How many degrees does the average
temperature rise per unit pipe length?



[PROBLEM 4.6-P2] A basic solution is to be fed to an absorption column operating at pressure
of 0.4 MPa at a rate of 0.001 m*/s from a storage tank. The physical properties of the basic solution
can be assumed to be approximately equal to those of water. As a result of calculation, the total
friction loss of this system is given by Frn, = 18 J/kg. Calculate the power of pump required for
the given feed rate when 30 mm ID pipe is used for the pipe line. Assume turbulent flow.

[PROBLEM 4.6-P3] Mineral oil (p = 800 kg/m3, Cp = 2.1 kJ/kg K ) is transferred at a rate
of 10 ton/h from a tank to a hydrogen plant. On the pipeline there is a heat exchanger to heat the oil
from 308 K to 321 K. The pressure drop between the entrance and exit of the exchanger is 5 kPa.
Determine the friction loss in m?/s® and the heat transfer rate in J/h of the exchanger. The pressures
at the inlet (suction side) and outlet (discharge side) of the pump are 0.08 MPa and 1.8 MPa,
respectively. Determine the power of pump in kW.

4.7 Macroscopic Mass Balance of Individual Components

Even when the total mass is conserved, an individual species is not, in general, conserved under
processes including chemical reaction. By applying the principle of mass conservation to the control
volume having a homogeneous chemical reaction, the mass balance of component A can be written
as

S f, Cadv=— [, C@-WdS+ [, av (4.7-1)

where C, is the mass concentration of component A and r, is the reaction rate indicating the rate
of mass generation per unit volume of component A.

[EXAMPLE 4.7-E1] A typical distillation plant shown below (Fig. 4.7-E1) comprises a
distillation column, a total overhead condenser, and a partial bottom reboiler. The feed of mixture F
of A and B, which is to be separated into fractions, is introduced to the column. Some of the less
volatile component B is condensed from the vapor going up the column, and at the same time, some
of the more volatile component A is vaporized from the liquid going down the column. These phase
transformations take place due to the giving and receiving of latent heat between A and B
components.

condenser
Distillation
column | _ _ | \ D,x,
___ ]
1
L / rectifying
feed / section
_’ 3
F, xg “.‘
i stripping
’," section
€

reboiler

—|J_,W xw

Fig.4.7-E1. Distillation plant
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The liquid reaching the bottom is partially vaporized in a reboiler heated by steam. The vapor is
sent back to the bottom of the column to provide the upflowing vapor in the stripping section
(section below the feed stage). The remainder of the bottom liquid, which has high concentration of
the less volatile component B, is withdrawn as the bottom product. On the other hand, the vapor
reaching the top is completely condensed by an overhead condenser cooled by water. Some fraction
of the condensate is returned by a reflux pump to provide the downflowing liquid (internal reflux
liquid) in the rectifying section (section above the feed stage). The distillation process cannot
proceed without the intimate contact of vapor with the internal reflux liquid.

The remainder of the condensate , which has high concentration of the more volatile component A,
is withdrawn as the overhead product. The column fed with F kmol/h of mole fraction xp of
component A produces D kmol/h of overhead product of mole fraction x, and W kmol/h of
bottom product of mole fraction x,.

For steady-state operation, the overall mass balances can be written as
Total mass balance: F =D+ W (4.7-E1)
Mass balance of component A:  F xg =D xp + W xy,
The reflux liquid: L = V; — D
where V; is the vapor rate from the column top to the overhead condenser. (4.7-E2)

[EXAMPLE 4.7-E2] Consider a flow system (gas absorption column) in which a gas stream is in
contact with a liquid stream. The system, as shown in Fig.4.7-E2, has a single entrance and a single
exit. The cross-sectional area S is constant. The gas stream contains component A soluble into the
liquid.
The macroscopic mass balance of component A in gas phase is
% fV CA dV == CA]_(vl)S - CA2<U2)S - WAi + fV TA dV (47'E3)
Here (v;) and (v,) are the “superficial velocities” at the entrance and exit (the average velocities
the gas would have in the column if the column were occupied with the gas only) and W,; is the
rate of mass transfer of component A across the gas-liquid contacting interface to the liquid.

At steady state with no chemical reaction
(Car{v1) = Cax(v2))S = Wy, (4.7-E4)

Caz C'az

(v2) | “ (v'3)

gas-phase

Gas-liquid _| |
interface

CAl I - C’Al
(vy) J'l v
Fig.4.7-E2. Gas absorption column

Similarly the macroscopic mass balance in the liquid phase at steady state with no chemical reaction
(C'a1{V'1) = Ca{v' S = Wy (4.7-E5)
Where the prime denotes the liquid phase. Here (v';) and (v',) are the superficial velocities



(the average velocities the liquid would have in the column if the column were occupied with the
liquid only.).

[PROBLEM 4.7-P1] Nitrogen gas is flowing in a pipe of porous wall, through which hydrogen
gas is injected from outside into the pipe at a rate of m; kg/m?s. At the entrance (L = 0) to the
porous pipe, the flow rate of nitrogen is wy kg/s. he molecular weights of N, and H, are My and
My, respectively. Obtain the expressions for the total mass flow rater as a function of pipe length L
and the gas composition in mole fraction at a position L downstream of the porous pipe.

H, inner porous pipe
I my
wy 1 g A
. b: ________________________ :f‘; B A M
Nz (v2)
xH?
=0 L

Fig.4.7-P1. Nirogen gas stream with hydrogen gas injected through porous pipe wall

Nomenclature

Cy molar concentration of component A, [kmol/m?]
Cp heat capacity, [J/kg K]
D pipe inside diameter, [m] or overhead product in distillation column, [kmol/s]

Ey, Ep, E,, Kinetic, potential, internal energy, [J/kg]

external force vector,

feed rate in distillation column, [kmol/s]

friction loss or mechanical energy loss, [J/kg]

gravitational acceleration, [m/s?]

enthalpy, [J/kg]

height, [m]

pipe length, [m]

reflux liquid rate in distillation column, [kmol/s]

mass of control volume, [kg]

unit vector

pressure, [Pa]

volumetric flow rate, [m®s] or heat input from surroundings, [J/s]
reaction rate, [kmol/m®s]

surface area, [m?] or entropy, [J/kg K]

time, [s]

velocity vector

volume, [m?]

specific volume, [m®/kg]

vapor flow rate at top of distillation column, [kmol/s]

velocity, [m/s]

work done by fluid on surroundings, [W] or bottom product in distillation column, [kmol/s]
mass flow rate, [kg/s]

Xr, Xp, Xy Mole fraction of more-volatile component of feed, overhead product, and bottom product, [ - ]
p density, [kg/m°]

T wall shear stress, [N/m?]

TITISSRTuoT :ls;hwmmle 3{151'11



CHAPTER 5
MICROSCOPIC DIFFERENTIAL BALANCES

5.1 Differential Balances of Mass and Momentum
(Equations of Continuity and Motion)

In this section, we shall set up the equations of conservation of mass and momentum in general
form (Bird et al., 1960). Once we have developed these general equations, we can start with them
and simplify them to fit the problem at hand.

1. Bird. R.B.. Stewart, W.E.. and Liahtfoot, E.N.. Transport Phenomena. Wilev. New York, Chapt.3 (1960)

5.1-1 Differential mass balance (Equation of continuity)®
Let us consider a differential mass balance over a stationary differential control volume AxAyAz
shown in Fig.5.1-1.

I
, |
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B . ; 'Uy|
[z | -_—> | — y+Ay
y 1 Az
y ; —
________________ »
X, ¥,z \\ */
(x)y,2) S | et
Ay
| y
vy
Z
X

Fig.5.1-1. Differential control volume in rectangular coordinate system

Generally the fluid is flowing through all six faces of the control volume. The fluid is
homogeneous, but the density changes with temperature and pressure.
The rate of mass transfer) can be written as
(rate of mass in) = (mass transferred)/(unit time)

= (mass/unit volume)(length/unit time)(area)

Therefore, as shown in Fig.5.1-2, mass is transferred across the pair of AyAz faces
perpendicular to the x-axis by v, only. Hence the rate of mass in through the face at x is
PlxVx|AyAz and the rate of mass out through the face at p|,4axVxlx+axAyAz. Similar expressions
can be obtained for the remaining two pairs of faces.

The masses of the control volume at time t and t + At are p|.AxAyAz and p|; 4 a:AxAyAz,
repectively. Therefore the mass accumulation per unit time is given by

(leAZt_ P|t> AxAyAz
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Fig. 5.1-2 Mass flow rate transferred across planes x and x + Ax of control volume

Then applying the principle of mass conservation, the following equation yields

(%) AxAyAz = [plxvxlx - p|x+Axe|x+Ax]AyAZ

[olywy], = Plyeayyl, | A78% = (o102l = Plosssvilzraslixay (5.1-1)
Dividing through by the volume AxAyAz and taking the limit as At, Ax, Ay, Az go to zero, we get
a_P_ _ 0 puy 0 pvy 0 pvy _
at (ax t dy T az) (5.1-2)

This is the equation of continuity in general form.
This equation can be written in vector notation:

L= —V-py (5.1-3)
This equation describes the rate of change in density at a fixed position from the Eulerian view
point. That is, if the right side of the equation is expanded, we get
% 20 0 dp_ _ (v Bvy 0w i
6t+vxax+vyay+vzaz_ p(ax+ ay+ 62) (5.1-4)
The left side describes the rate of change in density observed by following the fluid motion from the
Lagrangian viewpoint. Therefore if the fluid is at rest, all terms vanish. The derivative of the
left-hand side is called the substantial derivative.

In engineering problems, we very frequently assume the fluid density to be constant as
incompressible fluid. For constant density fluids, all the left-side terms vanish, and then the right

side becomes zero:

Ovx 4 vy, Bvz_ (5.1-5)

ox dy 0z

This is a very important form of the equation of continuity. In vector form it can be written as
V- =0 (5.1-6)
General forms of the equation of continuity are listed in Table 5.1-1.

Table 5.1-1 Equation of continuity for fluid with constant density
(1) rectangular coordinates
ox dy 0z
(2) cylindrical coordinates
1ory  10ve v
r Oor r 060 0z

=0

=0

5.1-2 Differential momentum balance (Navier-Stokes equation)®
Following the procedure established in the differential equation of continuity, let us apply the
principle of momentum conservation to the same differential control volume. (see Fig.5.1-1).

1. Bird, R.B., Stewart, W.E., and Lightfoot, E.N., Transport Phenomena, Wiley, New York, Chapt.3 (1960)



Since momentum is a vector, the conservation equation can be resolved into its three orthogonal
scalar momentum equations.

Consider the x momentum of each term. The x-momentums of the control volume at time t and
t+ At are (pv,)|AxAyAz and (pv,)|r4a:AxAyAz, respectively. Then the accumulation of
X-momentum per unit time (i.e. the rate of x-momentum accumulation) becomes

((pvx)|t+2tt_(PUx)|t) AxAyAz (5.1-7)

In general, momentum may be transferred into and out of the control volume by two mechanisms:

by convection (i.e. by virtue of fluid motion) and by diffusion (i.e. by virtue of molecular motion).
¥4
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Fig.5.1-3 Control volume for differential momentum balance

First let us consider the convective transport of the x-momentum. Assuming the momentum flux to
be uniform on each face, the rate of the x-momentum entering the face at x by wv,|, is
(pvyvy) | AyAz, and similarly the rate of the x-momentum leaving the face at x + Ax by vy|yinx
IS (PUxUx) | x+axAyAz. The pv, has dimensions of momentum per unit volume, the v,AyAz has
dimensions of volume per unit time, and then the pv,v,|,AyAz has dimensions of momentum
transferred per unit time (that is, the rate of momentum transferred).

Faceaty Face at y+Ay

Momentum brought out by

)
Y y+ay
Ay
— Qﬁg
Flow direction Momentum direction
x — momentumy [length
( - ) - (area)
unit volume time

. AzA
(pUA)|y vy|y zAx
Fig.5.1-4 Convective transport of x-momentum across faces at y and y + Ay

Across the face of area AzAx at y, as shown in Fig.5.1-4, the x-momentum (pv,)|, can be
transferred by the velocity component vy|y perpendicular to the face. The rate of the x-momentum

entering the face at y by vy|y is (pvxvy)|yAzAx and the rate of the x-momentum leaving the
face y + Ay by vy|y+Ay is (pvxvy)|y+AyAzAx. Therefore the net rate of the x-momentum



transferred across all six faces by convection becomes
[(pvxvx)lx - (pvxvx)|x+Ax]AyAZ + [(p‘l]xvy)|y - (pvxvy)|y+Ay] AzAx + [(pvxvz)lz - (pvxvz)|z+Az]AXAy
(5.1-8)
Next let us consider the diffusion (molecular transport) of x-momentum assuming the momentum
flux to be uniform on each face. The rate of x-momentum entering the face at x by diffusion is
TxlxAyAz, and the rate of x-momentum leaving the face at x + Ax is alsO Ty, |,+axAyAz. Note
that t,, isthe normal stress in the x direction on the face perpendicular to the x axis. Similarly the
rate of x-momentum entering the face at y by diffusion is ryx|yAzAx, and the rate of

x-momentum leaving the face at y + Ay is ryx|y+AyAzAx.

Recall that 7,, is the flux of x-momentum through a face perpendicular to the y axis. In other
word, ,, is the shear stress on the face normal to the y axis and acting in the x direction.
Therefore the net rate of x-momentum transferred across all six faces by diffusion becomes

(Taxlx = Taxlxrax)DyAz + (Tyx|y - Tyx|y+Ay) AzAx + (Toxly = Toxlz4nz) AXAy (5.1-9)

Faceaty Faceat y+Ay
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Fig.5.1-5 Molecular transport of x-momentum by diffusion in y direction and pressure force

Pressure is a scalar, but the pressure force is a vector perpendicular to the acting face. The net
effect of the x-directed pressure forces is

(plx - p|x+Ax)AyAZ (5-1'10)

The gravitational force acts on the mass center of the control volume as body force. The
x-component of the gravitational force is pg,AxAyAz.

Substituting all the foregoing contributions into the equation of momentum conservation law, and
dividing the resulting equation by AxAyAz, we get

(v )lesat— (Pvadle _

At
— (PVxV) le+ax— (PUxVx) | x + (pvxvy)|y+Ay_ (pvxvy)ly + (PVxV)|z+0z— (PVxVZ) |z _ Tocx|xe+ax— Toexlx +
Ax Ay Az Ax
Tyx|y+Ay_Tyx|y + Tzxlz+az— Tzxlz _ Plx+ax—Plx + 51-11
Ay e A PYx (5.1-11)

Taking the limit as At,Ax,Ay,Az go to zero, we obtain the x-component of the equation of
motion in general form:

a __ (9pvxvx | OPVxVy | 0puxV,\ _ (OTxx | OTyx | 0Tz\ _ Op -
at(pvx)_ ( dx + dy + dz ) (8x+ ay+ 62) ax+pgx (5.1-12)
The remaining two can be written by analogy.
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In vector symbolism, these equations can be combined into one vector equation:
= —V-pBv — V-7 Vp+ pg (5.1-13)
One of the most advantageous points of vector equation is that vector equation is valid for any
orthogonal coordinate system. The above vector equation is also valid for cylindrical and spherical
coordinates. The tedious transformation from rectangular to curvilinear coordinates is not discussed
here. Keep in mind that these equations are valid for both Newtonian and non-Newtonian fluids.
In order to determine velocity distributions, the relation between stresses and velocity gradients
should be plugged into the t- term of the equation of motion.
For simplicity, we assume Newtonian fluid with constant density and viscosity, and rewrite the
equation of motion with the aid of the equation of continuity as follows:
9 0pUxVy 9pvxvy 0puxVz\ _ vy vy vy vy
at(pvx)+ ( ox T ay t )_ p(at P vyay+ vzaz)
0Tyxy  O0Tyxy 0Ty 0%v, 0%v, 0%v,
ox * oy * 0z~ * *

0x? dy? + 0z
Then the x-component of the equation of motion becomes
2 2 2

p(5E+ v 22+ vy%+ v, S5 = = By (4 ‘zy”z" +22) + pg, (5.1-14)

The remaining two can be written by analogy.

These equations for constant physical properties can be combined by the following vector
equation:

p|S+ @ V)B| = —Vp+ uv?B + pg (5.1-15)

This is well known as the Navier-Stokes equation. The differential operator V2 is called the
Laplacian operator.

These equations derived in this section are tabulated in rectangular and cylindrical coordinates in
Table 5.1-1.

Only for simplification and convenience, the equation of change for spherical coordinate system is
omitted from the table. If we wish to rewrite these equations in spherical coordinates, we should
obtain the relations between (x,y,z)and (r,60,¢) with the relations between
(vx, vy, vZ) and (v, vg, vg). However wen will not have to wade through the details of this tedious
process.

Table 5.1-2 Equation of motion (Navier-Stokes equation) for a Newtonian fluid with constant
density and viscosity
(1) rectangular coordinates

. vy vy vy vy _ _ dp (azvx 020y 62vx)
X- p(at+vxax+vyay+vz )— ax+“ + + + p gy

oz a;cz 632/2 a§2
y: p(%” vx%” vyé;—l;” vzaa%y) = - Z—§+ u (i,;” Z;3+aa;y)+ P gy
¢ p(n S n e ul) = - 2eu (G2 o) o
(2) cylindrical coordinates
o (e ) < 2w L) - - RS e

. 0vy vy vg 0V, 6vz) _ op [1 a ( avz) 1 0%v, 62172]
z p(ac+vrar+ oo TV, )T Tt R e )T e T ozl T Pz




5.2 Differential Balance of Energy (Equation of energy)l)

As aforementioned in macroscopic energy balance, the energy associated with mass consists of
potential, kinetic and internal energies. In general, non-isothermal processes accompanied with fluid
motion take place undergoing various work effects such as viscous dissipation, pressure work and
gravitational work. At this stage, it is too difficult to derive a general form of energy equation. In
this section, therefore, we shall develop the differential equation of thermal energy transfer written
for incompressible fluid with constant physical properties. This equation is widely used in
non-isothermal system with moderate change in temperature and velocity.

The following assumptions are made:

(1) incompressible fluid with constant heat capacity and thermal conductivity
(2) negligible kinetic- and potential-energy effects

(3) negligible work done by static pressure force

(4) negligible work done by viscous normal and shear forces

(5) negligible work done by gravitational force

(6) negligible radiative heat transfer

Enthalpy
pCpT
Az Z+Az pC'pT AZ.UZ
q z+ zZ+AzZ
20 3
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X - "-..-.’
‘‘‘‘‘ s ———— ,DCPT| 'py
pCpT| vyl | —T—> | T y+ay Tl ay
Y : Az
i F— ! —
?y|y T ! ~ I'ne pCpr/
(xr Y, Z)%\ “"::'7/-’ Tty DJ_‘
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Fig.5.2-1 Enthalpy balance for convective and conductive transport

1. Bird, R.B., Stewart, W.E., and Lightfoot, E.N., Transport Phenomena, Wiley, New York, Chapt.10 (1960)

Let us apply the principle of energy conservation to the differential control volume AxAyAz
shown in Fig.5.2-1. The thermal energy can be written in a form of enthalpy pCpT for fluids
having constant properties.

The accumulation rate of thermal energy is

(pCpT)|t+AAtt_ (pCpT)lt AxAyAZ (52_1)
In general, thermal energy may be transferred into the control volume by convection and

conduction (diffusion).
(1) Convective transport:
First let us consider the convective effect. The x-component of velocity v, brings in thermal
energy pCpT across the face AyAz at a rate of (oCpT)|,v,l|,,AyAz. Similarly the rate of
thermal energy brought out is (0CPT)|xsaxVxlx+axAyAz. Therefore the net rate of thermal
energy transferred across all six faces by convection becomes
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[(pCPTv e = (PCPTVwsncl AyAz + [(pCPT,)| = (pCPTv))| ,, |Az8x + [(pCPTv,), -

(PCPTV,) | z1a2]0xDY (52'2)
(2) Conductive transport:

Next let us consider the conductive effect. The rate of thermal energy entering the face AyAz

at x by conduction is q,|,AyAz, and the rate of thermal energy leaving the face AyAz at

X+ Ax 1S qyliaxAyAz. Note that g, is the heat flux through a face perpendicular to the

X-axis.
Therefore the net rate of thermal energy transferred across all six faces by conduction becomes
[@xly = Qulerarddydz + )] = gyl ,, | A20% + (4], = qlziaslaxdy (5.2-3)

After substituting all the foregoing contributions into the equation of energy conservation law,
and dividing through the resulting equation by AxAyAz, if the limit is taken as
At,Ax,Ay,Az — 0, we get
olpcrT) _ _ [6(pCpTvx) n

at dx ay

o(pCrTvy) a(pCpTvz)] _ (% LN )
dx ay 0z

(5.2-4)
In vector symbolism
20D 4 (V- pCpT ) + (V-G) = 0 (5.2-5)
The vector equation is also valid for cylindrical coordinates.

The above equation is rewritten for incompressible fluid with the aid of the equation of
continuity and the Fourier’s law of conduction as

oT oT 92T 02T 92T
PCP( Tt ya_+ Zaz)— (m+7+§) (5.2-6)

In vector symbolism
pCp [3—: + (@ V)T] = k VT (5.2-7)

The vector equation is valid for all kinds of orthogonal coordinate systems. These equations
are listed in Table 5.2-1, except for spherical coordinates. Note that since the rate of energy
transfer depends on the fluid velocity, it is necessary to solve the hydrodynamic problem
before the temperature distribution is calculated.

Table 5.2-1 Equation of energy for a Newtonian fluid of constant p and x

(1) rectangular coordinates
. <6T aT = aT aT) . <62T+ 62T+ 62T>
pCp —t =1t
x> ay* oz

6t+ vxa +vya +vZaZ
ror\’ ar) 1239%>  §7°

(2) cylindrical coordinates
+ Vet otV
5.3 Differential Balances of Mass (Equations of mass transport)®

- oT oT vydT oT
PP \e T Vv ar T 798" V2 a2

In this section, we shall develop the equation of mass A in a binary mixture A and B setting up the
mass balance over the same differential control volume. For convenience, we use the following form
of Fick’s law written in terms of mass concentration in place of molar concentration:

Nax = Wa(Maxy + Npx) = p Dpp—-= 24 (5.3-1)
where wy = py/p = mass fractlon pa = mass density of component A in kg of A/m3, p = total
mass density in kg of (A+B)/m3, and n4, = x-component of mass flux of species A in kg of A/m?/s.

This equation indicates that the mass flux in a stationary coordinate system consists of both
convection (first term) and diffusion (second term).



The accumulation rate of species A is
pAlHAZt_ pale AxAyAz
The net rate of species A input due to both convection and diffusion is

nAx|x+Ax - nAxlx n nAy|y+Ay_ nAy|y n nAz|z+Az - nAzlz

AxAyA
Ax Ay Az xaysz
The rate of generation of mass A by chemical reaction is
1y AxAyAz

Summing up all the contributions divided by AxAyAz and taking the limit as At,Ax,Ay,Az — 0,
we get

9pa _ _ (a"Ax onay anAz) ]
= e T oy T s )T A (5.3-2)
This is a general form of the equation of continuity for species A. In vector symbolism
aaLtA= -V, + 1y (5.3-3)
The mass flux vector for a binary mixture can be related with fluid velocity:
We shall get more convenient form of the equation using the following form of Fick’s law.
_7?4) = wA(ﬁA + ‘HB) - pDAB V(UA = pAl_)) - pDAvaA (5.3'5)
Substituting this expression into Eq.(5.3-3), we get
0pa = -
Er pa(V-V) = (@ V)pa+ pDagViwy + 74
That is, in rectangular coordinates
aﬁ —_ 0pavx 0pavy 0pav,
a [ax + dy + 62]

+ [ (2an 5) + 55 (Dan 530) + 52 (0Pan )] +

For a fluid with constant p and D,p this equation can be simplified as follows.

0pa
+ pa(V- D)+ (W V)py = DgpVPpa+ 14

gctcordlng to the equation of continuity for constant p, (V-¥) = 0. Therefore

apA + (U V)ps= DugVips+ 1y (5.3-6)
D1V1d1ng through by molecular weight M,, we get

Z44 (B-V)Cs = DapVCa+ Ry (5.3-7)

Where Cy = pa/M, in kmol of A/m3and R, = 1r,/M, in kmol of A/m?3/s.

This is the diffusion equation for dilute solution at constant temperature and pressure where we
can assume constant density and diffusivity. The equation of continuity for species A written in
terms of molar fluxes can be obtained dividing Eq.(5.3-2) by molecular weight M,

dCy _ (aNAx aNAy aNAz) R
i = T oy T + R4 (5.3-8)
or

6CA

+ (V-Ny) = Ry
The following tables give the diffusion equations in orthogonal coordinate systems.

Table 5.3 —1 The equation of continuity of component AV
(1) rectangular coordinates (x, y, z)
9C4 | (ONay | ONay | ONaz) _
+(6x + ay + az)_RA
(2) cyhndrlcal coordinates (7,6,z)

d d 02
St o el + 255 ]

=RA
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Table 5.3 —2 The equation of diffusion for constant p and D,g?

(1) rectangular coordinates (x, y, z)

aCy aCy 0Cy aCy (BZCA 0%Cy ach)
°CA 7ta =4 —4 = R
ot T Vxg T Uy ay TV, AB \ gx2 9y? t oz )T fa

(2) cylindrical coordinates (r, 6, z)

2ay y, Oy 200y 0 (1D (,90) ) L0, 0C)
at + vrar r 00 Vz az DAB ror r ar + r2 962 + 9z2 + RA

1. Bird, R.B., Stewart, W.E., and Lightfoot, E.N., Transport Phenomena, Wiley, New York, Chapt.18 (1960)

Nomenclature

Cp heat capacity, [J/kg K]

g gravitational acceleration, [m/s’]

Nyx, Nay, N1y, molar flux in rectangular coordinates, [kmol/m?s]
Naxs May, Naz mass flux in rectangular coordinates, [kg/m?s]

p pressure, [Pa]

dr. 99,9, heat flux in cylindrical coordinates, [J/m?s]

dx»qy,q, heat flux in rectangular coordinates, [/m?%s]

Ta Rg reaction rate, [kg/ms], [kmol/m°s]
1,0,z cylindrical coordinates, [m, -, m]
T temperature, [K]

t time, [s]

v, Vg, v, Velocity component in cylindrical coordinates
vy, Uy, V,  Velocity component in rectangular coordinates, [m/s]

X, ¥,z rectangular coordinates, [m]
u viscosity, [kg/m s]

p density, [kg/m°]

Ty wall shear stress, [N/m?]

T Ty T — — momentum flux or shear stress, [N/m?] or [kg/s?m]



CHAPTER 6

APPLICATION OF DIFFERENTIAL TRANSPORT
EQUATIONS

6.1 Application of the Equation of Motion (1)

In this section, we shall study how to use the differential equation of fluid motion.
One of the most useful velocity profiles is for flow in a circular pipe.

Outer edge of boundary layer
Fully-developed
velocity profile r
_‘-h'EL-JE_,_
_____ ._.:-._. ._.-_.-_-.‘: _:::_::E:.:Ez:u!,_._._.‘ =] L z
: _____ = —-—— -_.,_ -....-"'"j D
[ Fully-developed
| Developing region region
Entrance

Fig.6.1-1 Flow development in the entrance region of a circular pipe

Generally speaking, it takes a certain length L., from the entrance until the velocity profile
becomes fully developed. At the entrance to the pipe as shown in Fig.6.1-1, the velocity profile is
almost uniform like a plug owing to the sudden contraction of flow area. As the fluid moves down
the pipe, a boundary layer of low-velocity fluid grows by deceleration due to the viscous force on
the wall surface. After the edge of the boundary layer coincides with the pipe axis, the downstream
velocity profile no longer varies with axial length z. We shall speak of the fully developed velocity
profile as the fixed velocity distribution in the fully developed region. When the Reynolds number
Re s less than 2,100, the flow remains laminar and the fully-developed velocity profile is parabolic.

Let us consider the laminar incompressible flow inside an inclined pipe of length L and radius R.
The pressure drop over the length L is given by (po — pL)-

What coordinate system is the most appropriate for this flow system? The cylindrical coordinates are the most
convenient to describe positions in a pipe.
(1) What component of momentum (or the equation of motion) should be considered? We can
assume only z-momentum to be important in laminar flow.
Therefore z-component of the equation of motion for constant p and p may be written

v, ov, | vy v, 61:2) _ op [1 2 ( sz) 1 9%v, azvz]
p(6t+vr6r+ r ae+vzaz - az+'“ ror\ ar +r2662+ 922 tPYz

(6.1-1)
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Fig.6.1-2 Laminar flow in a fully-developed region of circular pipe

(2) The next step is simplification of the above equation to fit the problem at hand. We

can easily imagine that in steady state laminar flow the fluid particles move along

straight streamlines parallel to the pipe axis. Therefore % =0 and vy = v, =0.

v, d%v,

The flow can be assumed axisymmetric, L.e. —*= —2= =0
. 3 avz 0%v,
The flow is fully developed: —% = —%2=0
0 d d dv.
vz _ 4 'z
Therefore we can expect v, to be a function of r only: . (r ?) =— (r —dr)

This type of internal flow is caused by the combined effect of pressure and
gravitational forces. We assume the static pressure to be uniform over the pipe cross
section: p = p(2).

The z-component of the gravitational acceleration is given by g, = g cosf.

Then the equation of motion becomes

0= — %, ‘uli( d”z)-}- p gcospf (6.1-2)

dz r dr

2
Differentiate with respect to z, we get d—p = 0.

If we integrate with respect to z, we can flnd = const. Thus & = —pL;p‘)
We get the second-order ordinary differential equatlon for v,:
1d dvz p p P P
“?E(r?): S—t—pgcosf=——— (6.1-3)

Here the effective pressure P is defined as P =p — p g zcos (. If the reference plane at
z = 0 is chosen at the position 1: Py =p, and P, = p, — pg L cos f.

(3) Integration of the above differential equation gives

dv Po—P C

dr 2ul (6.1-4)

We can use the boundary condition at the pipe axis to evaluate the integration constant Cj:

BC1 atr=0 <%=0 (6.1-5)

(This boundary condition states that the velocity profile becomes flat at the center of the pipe.)



Then C; must be zero. Integration gives

Po—P
v, = — ﬁ r2+ C, (6.1-6)

The other boundary condition is

BC2 atr=R v,=0 (6.1-7)
(This boundary condition states that the fluid does not slip on the wall surface.)

Then C, must be

Po—P
€= ZLR? (6.1-8)

Substituting this expression into E.(6.1-6), we get the following equation of parabolic velocity
distribution:

_ 2
o= 22 i 2]
This equation indicates that the maximum velocity occurs at the center of the pipe:

Py—P
Vzmax = Z”L L R? (61-10)

Fig. 6.1-3. Parabolic distribution of velocity and linear distribution of shear stress in a laminar
pipe flow

(4) In general, the average velocity taken over the flow cross section is defined as the

dA : ) i . i

area-averaged value: (v)= f}‘ vd For axisymmetric flow in a circular pipe,
A

A
substituting the velocity distribution function into the integration, we get
R
2mr d -
(Uz) _ Jo vz 2mradr _ Po-P, R2 6.1-11)

f: 2nr dr 8uL

Note that the average velocity for laminar flow is just half of the maximum velocity.
(5) The volumetric flow rate can be calculated

Q= [, v, 2nrdr = %‘L’“) R* (6.1-12)

This equation is known as the Hagen-Poiseuille equation which gives the relation
between the volumetric flow rate and the effective pressure drop. If we express the
equation in terms of the average velocity or the Reynolds number



Po— P, =8uL (v,)/R* or Py— P, =4 = > p(1,)?

— (6.1-13)
This result gives a very important designing formula predicting the pressure drop
in a laminar pipe flow.

(6) The shear stress distribution 7,, may now be obtained with the aid of Newton’s law

of viscosity:

_ <6vZ N avr)

fre = " \Gr T Bz
In this case v, =0 and v, = v,(r). Therefore
dv,

Trz = — U dr
Substitute the velocity distribution into the differentiation and get
Ty = 2k (6.1-14)

Notice that the shear stress (the momentum flux) has the linear distribution and
the maximum value occurs at the wall of the pipe.
Po—

Py
Trzmax = Tw = 2L R

(6.1-15)

(7) For circular pipe flow, we very frequently use the following definition of friction

factor called the Fanning friction factor:

Po— PL=4f 25 pv,)? (6.1-16)

The left side term is usually considered to be static pressure drop without the

gravitational effect.

Eq.(6.1-13) indicates that for laminar flow inside a circular pipe the friction factor is

given by

16
f=% (6.1-17)

[PROBLEM 6.1-P1] A viscous Newtonian fluid (density p = 1,050 kg/m3, viscosityu =
1.0 poise = 0.10 kg/m s) is transported through a horizontal 30-mm-ID circular pipe from a
storage tank to an agitated tank reactor shown below. The volumetric flow rate is
2 x 107 m3/s. The effective length of the pipeline including the contribution from both ends
and a valve is 50 m. Determine the pressure drop between both ends of the pipeline. Calculate the
power of the pump.

/-——-\
valve pump

storage 30 mm ID smooth pipe
tank )
ffective length |

L=50m
Static _____
Pressure change —
Ap tank
m—t
Ly . reactor
“p” pressure rise by pump “pr

Fig.6.1-P1 Design of feed-supplying pipeline for an agitated tank reactor

6.2 Application of the Equation of Motion (II)

In this section, using the equation of motion in cylindrical coordinate system, we shall consider
shear flow of an incompressible Newtonian fluid in an annulus between two coaxial vertical long



cylinders, the outer one of which is rotating with a constant angular velocity w. In steady state
there exists stable rotating flow.

Let us determine the velocity distribution neglecting end effects.
The 6-component equation of motion is the most appropriate for this problem:

9ve 9ve | veOve . Vrve 6&)__16_10
p(6t+vr6r+r69+ r+vzaz_ r 060
d (19 1 92%vg 2 9v, 62179] )
H [ar (r or (T'Ug)) + r2 962 + r2 96 + 9272 + p Yo (6.2 1)

All streamlines will form circles coaxial about the axis of rotation. Then the velocity
components v, and v, are zero and the peripheral velocity vy is a function of r alone
because of axi-symmetry. Since these cylinders are placed vertically, gy = 0.

Fig.6.2-1 Laminar shear flow in an annular space between two concentric cylinders when the
outer cylinder is rotating.

The 6-component equation of motion then reduces to a second-order ordinary differential equation
for vg:

d (1d
0= I (; I (T' 179)) (62'2)
Integration with respect to r twice gives
vg= 21+ 2 (6.2-3)

We now have two integration constants to be evaluated by two boundary conditions:
B.C.1 at r = R; vg =0
B.C.2 at r= R, Vg = R,w

We obtain
C1 _ R;w R’
2 Ro-(RZ/Ro)  R2-RZ "
C, = — — R® _Ri*Ro®_
27 (1/R)-(Ri/Re®) ~  Ro*-R{?
Then we get the hyperbolic velocity distribution:

— _RiRo I _ R .
Vo = rates Row [RL_ - (6.2-4)
According to Newton’s law of viscosity, the shear stress 7,4 can be written as

d (v 1 0v,
o= —u|r () + 7 5] (6:2:5)
In this flow system

— — L (ve .
Trg = urdr(r) (6.2-6)
Substituting the velocity distribution we get

2 2
Trg = —2UW RitRo” 1 (6.2-7)

Ry2—R;% 12



This equation indicates that 7,4 1s always negative, and that the 6-component of
momentum transfers in the negative r-direction (inwards).

We may need information about the torque required to turn the shaft of the outer cylinder. Recall
that a torque T is a moment, that is, a vector product of force F and lever arm ¥ from the center
of rotation. In this system, the lever arm is the radius of the outer cylinder and the force is the shear
force acting on the inner surface of the outer cylinder:

— Rlz
Tq = |T| = (ZnRoL)(_TTB)lrzRO 'Ro = 47T,HLR02(1)2

Ro2-R;?

2
= 87 2uLR,*N, ﬁ (6.2-8)

This result implies that the torque is proportional to the number of rotation N, (1/s) and the
constant of proportionality is the viscosity of the fluid. This is a principle of Couette-Hatschek
viscometers.

Laminar flow in this system is strongly stabilized by centrifugal forces. Thus a fluid particle near
the outer cylinder opposes being moved inwards since the centrifugal force acting on it is greater
than on particle nearer the inner cylinder. As a result, the flow can remain laminar up to very high
Reynolds number.

N Inner rotating
cylinder
,ﬁ"

Cellular vortex
(Taylor vortex)

Streamline

i Outerstationary
| cylinder

Fig.6.2-2. Pairs of cellular vortices between two concentric cylinders when the inner cylinder is
rotating.

On the other hand, it might be very interesting to consider the corresponding flow system in which
the inner cylinder is rotating and the outer one is at rest. The fluid velocity increases with
decreasing the radial distance. Hence the centrifugal forces tend to introduce instability.

We use a modified Reynolds number for the system:
PRjw;d d
b AR

Ta = (6.2-9)

This dimensionless parameter is sometimes called Taylor number in honor of the pioneer® in fluid
mechanics of this system. The curvature effect (centrifugal effect) can be taken into account

introducing +/d/R;. When the Taylor number exceeds a certain critical value (i.e. Ta., = 41.2 for
very small gap between two coaxial cylinders), there appear ring doughnut-shaped counter-rotating
cellular vortices arrayed axially in the annular space due to the centrifugal force. The critical Taylor
number for the onset of the cellular vortex flow depends slightly on the geometry d/R;. For
example, Ta.. =514 for d/R; = 1/3. This vortex flow is not turbulent, but an elaborate
laminar flow with toroidal motion. After successive transitions, the purely turbulent flow can be



attained at a high Taylor number. (e.g. Ta > about 15,000 for relatively large gaps d/R; = 0.62
to 1.14).

This flow system has a very interesting instability scenario? with increasing Taylor number,
beginning from the Taylor instability (laminar Taylor vortex flow) via. two sequential wave
instabilities (wavy vortex flow, and amplitude-modulated wavy vortex flow) to the final transition
to chaotic turbulent flow. Local time-dependent mass transfer controlled by the axial array of
cellular vortices was observed on the inner wall of the stationary outer cylinder® ¥ by using a
diffusion-controlled electrolytic reaction. (see Chapter 14)

1. Taylor, G.1., Phil. Trans., A223, 289m (1923), Proc. Roy. Soc. (London), A151, 494 (1935)0

2. Kataoka, K., “Taylor vortices and instabilities in circular Couette flows,” Encyclopedia of Fluid Mechanics, Gulf Pub., Houston,
ed. by N. P. Cheremisinoff, Chap. 9, pp.236 — 274 (1986)

3. Kataoka, K., Doi, H., and Komai, T., Int. J. Heat Mass Transfer, 20, 50 (1977)

6.3 Application of the Equation of Motion (I)
for non-Newtonian Fluid

We read in section 2.5 that there are some particular fluids which cannot be
described by Newton’s law of viscosity. For reference, we shall study the Bingham
plastic fluid flow in a horizontal circular pipe.

The pressure drop over the length L is given by (po — p.)/L.
In cylindrical coordinates, a simplified equation of the Bingham model is given by

Trz = — Uo Lz To if 7, > 1, (6.3-1a)
dr
% = if 7,, < 1, (6.3-1b)

In general, the z-component equation of motion (for a horizontal pipe flow g, = 0)
becomes in cylindrical coordinate system as follows:

ovz ovz | vgOvz %)_ _ 9 _ (10_ 1 9tp, arzz) )
p(at + Ur or t r 060 t Vz az) 0z r or (rTTZ)-I_ r 06 + 0z (632)

As in section 6.1, assuming incompressible laminar flow with vy = v,. =0, the
equation of motion is simplified as

1d _ DPo— DL .
r dr (ro,) = L (6.3-3)
Integration with respect to r gives
_ Dbo—DpL Cy .
Trp =~ T+~ (6.3-4)
The shear stress can be expressed as
dv. Po — PL Cy
Trz=—,u0d—rz+10= oL r+7

BClrt,=1 atr=r
Therefore we can evaluate the integration constant as
_ Do—PL_. 2
CiL = 1979 — ——T1
1 0To L

In other words, this implies that the velocity gradient becomes zero at r = 1.

Then the following equation is obtained:
dv, _ Po— DL +& C; 1

= r
dr 2poL Ho Mo T

Integration gives

_ 2
v, =— BB L T Sippy o (6.3-5)
2ugl 2 Ho Ho



We have to solve the above ordinary differential equation by using the following
boundary conditions:

BC2 atr=R wv,=0 (no slip condition) (6.3-6)
Therefore
_ 2
c, =R-B® Yo SR (6.3-7)
2pol 2 Mo Mo
Finally the velocity distribution can be expressed as
__boomr’ TG i

v, = 2ol 22+ e o Inr+ C, o <1r <R (6.3-8)
v, = — Po—PrTo T—O—ﬁlnr0+ C, = const 0 <r<n (6.3-9)

2pol 2 Mo Mo )
- -PLR T C
Do eroz Cz — Po=PL A" _S4R
2L 2pol 2 Mo Mo
The radius r, indicates the position where shear stress becomes the threshold value

Tp.

where C; = 1y7 —

Fig.6.3-1 Flow of a Bingham plastic fluid in a circular pipe

As can be seen in Fig.6.3-1, the fluid flows like a Newtonian fluid in the vicinity of the
pipe wall ry <r <R but like a plug with uniform velocity in the central region
0 <r<ny.

6.4 Application of the Equation of Motion (IV)
for non-Newtonian Fluid

As in Eq.(2.5-3) of section2.5, we should also take an interest in “power law model,
which is sometimes called the Ostwald-de Waele Model.
Some expressions of the power law are

dv, n-1 dvy )

Tyx = — E d_y (6.4 1)
dv, n-1 dv, )

Tyrz = — ; ? ) (64 2)
— —m ()T L (e :

Tro = mlr dr(r) rdr(r) (6.4-3)

The first equation can be used for flow inside rectangular channels, boundary layer
flow along a flat plate, film flow along a solid wall, and so on. The second equation can
be used for flow inside circular tubes and flow between concentric circular cylinders
(the so-called annular flow). The third equation is for rotating flow such as tangential
flow in annular space between two concentric rotating cylinders.

For n =1, the power law model reduces to Newton’s law of viscosity with m = p.



[EXAMPLE 6.4-E1] Consider laminar flow of non-Newtonian fluid inside a horizontal circular

pipe.
The power law model for this case should be of the form:

n
Tpy = M (— %) (6.4-E1)
The Navier-Stokes equation to be solved is Eq.(6.3-2):
dav, v, vgdv, Jv,\ _ 0dp 10 1 0tg, 07,y
(Gt ot Taatual) =~ g o Cw+ s 55 2

For steady state dv,/dt = 0, For axisymmetric flow dv,/ 360 =0 and dtg,/06 = 0.
In the fully-developed flow region dv,/dz =0 and d71,,/0z = 0.

Since all streamlines are parallel to the tube wall, v, =0

Then the equation becomes

19 —_ _9p .

r or (T' TTZ) - 0z (6.4 E2)

For a horizontal tube flow

~ Lo bk (6.4-E3)
a0z L ’

Then the equation becomes an ordinary differential equation:

1d -

yar (o) = B (6.4-E4)

Integration with respect to z gives

Try = % r+ % (6.4-E5)

Since t,, does not become infinite at the tube axis, C; must be zero. Then

Trz = % r (6.4-E6)

Note that the linear distribution of shear stress is the same in form as Eq.(6.1-14)
for Newtonian fluid flow.
If the power law model can be used for t,,, the above equation becomes

dv,\" -
m (_ z) = Po=PL . .
dr 2L

_ 1/n
_ dvz _ (M) ri/n (6.4-E7)

dar 2mL
Integration gives

r1+n/n + CZ

v, = —
At r =R, v, = 0. Therefore

Po— p\Y" n
C, = R1+n/n
2 ( 2mlL ) 1+n
Then the laminar velocity distribution is
1/n 1+n/n
_ (Po—DpL " pitn/n|q _ (T -
Vz = ( 2mL ) 1+n R [1 (R) ] (6.4-E8)
For n =1, it reduces to the parabolic velocity distribution for Newtonian fluid flow.

Po— P\ n
(OZmLL) 1+ n

[PROBLEM 6.4-P1] An incompressible fluid of density p and viscosity p is in laminar flow
in a rectangular horizontal channel of width W and height 2 H, as shown. The static pressure
decreases at a rate of (p, — p.)/L.

Obtain the expression for the velocity distribution in the fully developed region. What is the ratio
of average to maximum velocity (v,)/vne,.? What is the shear stress acting on the upper wall?
Obtain the expression of volumetric flow rate.
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Fig.6.4-P1 Laminar flow in a rectangular channel

[PROBLEM 6.4-P2] A Newtonian fluid with constant p and u is in laminar liquid
film flowing downward on the inside wall of a vertical, long circular tube shown below.
The radius of the tube is R and the film thickness is § in the fully-developed region.
Obtain the following steady velocity distribution in the fully-developed region:

2 2 2
v, = % [(1 - (3) +2(1-%) m (%)] (6.4-P1)
What is the Reynolds number?

) bewar

—_—

‘ r
interface | liquid film
z 4

)

5§ | R

v,(7)

] = /

Fig.6.4-P2. Liquid film stream falling along inside a tube wall

[PROBLEM 6.4-P3] We are now in a process to design an oil line shown below. Crude
oil at 15°C is to be pumped through a horizontal 80 mm ID smooth pipe at a
volumetric flow rate 1 x 1072m3/s. The viscosity and density of the crude oil at 15°C
are 8 X 1072 kg/ms and 880 kg/m3, respectively. If pumps with 4 X 10° Pa
pressure rise are used, how far apart can they be located?

Calculate the power of pumps, assuming that the pumps operate at an efficiency of
100 percent. Neglect the contribution from fittings and valves to the total pressure
drop.
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Fig.6.4-P3 Qil line to be designed and its pressure change

6.5 Application of the Equation of Energy (I)

Let us consider the heat transfer problem in laminar flow inside a pipe. We assume
constant physical properties and negligibly small viscous dissipation. The equation of

energy written in the cylindrical coordinate system can be employed:
vg OT oT 10 oT 1 9%T | 9°T

aT
plp (G + v+ ot vy) = < (5 (0 5) * St 5) 6.5-1)

(1) In general, this equation cannot independently solved without information of the

velocity distribution. Let us restrict the problem to the fully-developed laminar flow

at steady state.

Therefore we start by noting that v,. = vy =0 and 9T/dt = 0.

We assume axisymmetric heat transfer i.e. dT/98 = 3%T /062 = 0.

Then the above equation becomes

2

pCp v, g—z = K [% %( g:) + % (6.5-2)

Usually the axial conduction (the term containing 92T /dz? can be neglected relative

to radial conduction (the first term on the right side of Eq.(6.5-2)).

We finally obtain

; a_(’" a_T) =27 (6.5-3)

r or ar a 0z
where a = k/pCp.

(2) Let us further restrict the problem to fully-developed temperature field. First we
have to wvisualize that there exists, under certain heating conditions, a
dimensionless temperature profile invariant with pipe length.

The volumetric flow rate is given by

Q= fOR v, 2nr dr = % R* (6.1-12)
For convenience the mean fluid temperature T, is defined as
pCpQ T, = fOR pCp T v, 2rr dr (6.5-4)
For constant physical properties

m= g )R2 f v, T rdr (6.5-5)

This temperature T,, is sometimes referred to as the bulk fluid temperature or the

cup-mixing temperature.

The dimensionless temperature is also defined in terms of T, as
(Tw — T)/(TW — Tin)-

If it is invariant in the axial direction



d [ Tw=TY\ _ i
% () =0 (6.5-6)
Differentiate it with respect to r

Jd ad ( T,—T ) _

oroz \T, — T,,)
Changing the order of differentiation, integrating with respect to z,
% (TTW—_TT ) = const (6.5-7)

w o 'm7 lr=R

By noting that T, and T,, are not a function of r, we get
aT
_or r=R

= const (6.5-8)

Tw—Tm

Let us define a heat transfer coefficient in terms of the mean temperature:
T
Gw=h Ty Tn) =—x (3 . (6.5-9)

Keep in mind that this is the case whether the flow is laminar or turbulent. Egs.(6.5-4) to (6.5-9)
are valid even for turbulent flow. This definition implies that the heat flux from the pipe wall to
the fluid is proportional to the characteristic temperature difference. Since the temperature
gradient at the wall (0T/dr)|,—g is dependent on the flow condition, the heat transfer
coefficient is a function of flow condition (e.g. the Reynolds number) as well as physical
properties (e.g. the Prandtl number).

Thus

_or
h— 9=k _ const or h = const (6.5-10)
K Tw—Tm

This indicates that the fully-developed temperature field can be observed far
downstream of the entrance for constant heat transfer coefficient conditions.
In fact, most heat exchangers are designed based on constant heat transfer
coefficient assumption.
Getting back to the definition of the fully-developed temperature profile
o (T,—T
0z (TW - Tm> =0
That is
or dT, T,—T dT, T,—T dT,
0z dz T,— T, dz * T, — T, dz
Substituting into the equation of energy
li(r a_T) — ”Z[dﬂ_u‘iﬂ Tw=T dTm
or dz Tw—Tm dz Tw—Tm dz
This equation can be solved by at least two boundary conditions:

Case I:constant heat flux g¢q, =h (T, — T,,) = —k (g—:) = const (6.5-12)
=R

Case II: constant wall temperature T, = const (6.5-13)

(6.5-11)

r or a

The first heating condition is often encountered in counter-current heat exchangers
when the fluid capacity rates are the same for both fluids. wcp =W Cp , where
w,W are the mass flow rates of the hotter and the colder fluids and cp, Cp the
corresponding specific heats.

If h = const, T, — T,, = const. Therefore

dr, dr, . dT, dr, aT

—— —==0 ie —/=—Y= — (6.5-14)
dz dz dz dz 0z



The equation to be solved for constant heat flux is
e G B (6.5-15)

r or ar a dz

The second heating condition is also encountered in heat exchangers when one of
the two fluid streams has phase transformation such as condensation and
evaporation. In this case

T _ (6.5-16)
dz

The equation of energy to be solved for constant wall temperature becomes
li( "’_T)_”_zﬂdh (6.5-17)

r or or a Ty—Tym dz

We shall solve these differential equations Eq.(6.5-15) and Eq.(6.5-17) in the
following example.

The corresponding temperature variations with pipe length for these two cases are
shown below.

Case 1: q,, = const Case II: T,, = const
T
T,y -
) )
S S
T
E‘_-‘E E_‘_-‘E m
Tm
Pipelength Pipelength

Fig.6.5-1 Temperature variation along pipe axis

[EXAMPLE 6.5-E1]
Let us solve the first case:

Case I:constant heat flux g¢q, =h (T, — T,,) = —k (g—:) = const
=R

We assume the fully-developed parabolic velocity distribution and substitute it
into the equation to be solved

10 UZ dTm -
S (re) = [1 (3) ] (6.5-E1)
Integratlng w1th respect to r
aT 2 (UZ) dT,,
— = — —|=2+cC
i 4R2 iz

The following boundary condltlon 1s apphcable to evaluate the integration constant
Cy-
B.C1 atr=0 Z—: = 0. Then C;: must be zero. C; =0
Integration gives
_ 2 [Pt ]dry
I'= a [ ] dz

4 16 R2 + G



Problem 59

The integration constant C, can be evaluated from the following boundary
condition:
BC2 atr=R T =T,.

Thus
2(v,) 3 _dT,
=T,— —— — R2——
C2=Tv 16 = dz
Substituting this expression, we finally obtain the following temperature profile:
— 2 [r2_ ot 3 2] dTin ]
T=Ty+ a [4 16R2 16 R dz (6.5-E2)
According to the definition of the mean temperature
2 (R _ 11 2(v;) AT 52 )
M (v,)R? JovTrdr=T,—- -=*%=2R (6.5-E3)
Then the driving force is given by
AT = T, — Ty == 222 Zn p2 (6.5-E4)
On the other hand, the temperature gradient at the wall is calculated as
oM _ @) p T -
(E) r=p 2« R dz (6.5-E5)

Using Eq.(6.5-E4), the heat flux becomes
112(v,) , dT

QW:h(Tw_Tm):h% o dz
Using Eq.(6.5-E5), the wall heat flux is also given by

oT (v,) dT,
w=n(G)| = 7e R
Solving for h from these two equations,
24k
T 11 R

The dimensionless group called the Nusselt number becomes for laminar pipe flow

with constant heat flux :
Nu= 22— j—j = const (6.5-E6)

K
The Nusselt number implies the ratio of convective to conductive heat transfer

rate:
h AT

Nu = (6.5-E7)
The Stanton number is defined as
St=—1 = M (6.5-E8)

0Cp(vyz) " RePr
Then the Stanton number becomes for heat transfer with constant heat flux in
laminar pipe flow:
_ (48/11)

St Pr= —- (6.5-E9)
Note the similarity in form to the corresponding friction factor:
f= g (6.5-E10)

The above Nusselt number is a limiting value far downstream of the heating
section in a pipe.

Eq.(6.5-E6) is applicable to the thermal entry region:

=8 > 0.05 Re Pr (6.5-E11)

Experimental data are correlated by Sieder and Tate by the equation:
Nu,, = 1.86 [Re Pr(D/L)]*/3 (u/ )" (6.5-E12)



[PROBLEM®6.5-P1] A Newtonian fluid of constant physical properties (p, y, k) is in
laminar flow inside a rectangular horizontal channel.(see Problem 6.4-P1). Although
the heat transfer rate depends on the fluid flow rate, the upper wall is kept at T,,; and
the lower wall is cooled at Ty,. ( T,; > T,,). Both the side walls are thermally
insulated. Therefore it can be assumed that the fluid temperature does not change in
the transverse direction y. Obtain the temperature distribution in the vertical direction
in the fully developed region. Using the velocity distribution obtained in Problem
6.4-P1, calculate the enthalpy flow rate across the cross-sectional area 2 W H. What is
the heat flux required to keep the wall temperatures T,; and T,,.?

upperwall T

2H
w side wall (insulated)
direction :
- \ \ Jower wall w2

W >»2H

Fig.6.5-P1 Temperature distribution of fully developed laminar flow inside a rectangular
horizontal channel.

6.6 Application of the Equation of Energy (II)

6.6-1 Steady Heat Conduction
Let us consider the composite wall of blast furnace consisting of three different
materials as an example of heat conduction in hollow cylinders.

Melted
pigiron

Insulating

brick

yearg e
i Mullite
rh | %/ L~ (alumina)

1 é//

i B Fire-clay

i // brick Steel
raif '/4’ cover

AV R
e / F~i T=T,
e 5 AN
4 L,i 'Zf ) Tr
’

Fig.6.6-1 Temperature profile in insulating brick layers of furnace

For steady-state operation the inside surface of the fire-clay brick and the outside
surface of steel cover are held at constant temperature T; and T,, respectively. Since
the steel cover has very large thermal conductivity, that is, the heat conduction
resistance of the steel cover can be assumed negligibly small, so that the outer surface
temperature of the insulating brick can be assumed equal to T,. (T;> T,) The



thermal conductivities of the fire-clay brick, Mullite (alumina brick), and the insulating
brick are k;, k,, k3, respectively. Let us determine the heat loss over the height L
from the outer surface of the furnace.

In the equation of energy in cylindrical coordinates, all velocity components vanish.
We can also assume the local temperature to be constant with respect to z and 6.
Therefore the temperature should be a function of r only.

For this problem, the equation to be solved becomes

d ar

+ (rg)=0 (6.6-1)
Integrating twice with respect to r, the general solution is obtained:

T=Clnr+ G (6.6-2)

These two constants of integration can be evaluated in each brick layer from the
following boundary conditions:

BC1 atr=n, T=T,

BC2 atr=mn, T=T,

B.C3 atr=mr, T=T;

BC4 atr=mn, T=T,

Here the temperatures corresponding to radii r, and r3, are unknown and
temporarily denoted by T, and Tj, respectively.

Making use of a pair of terminal temperatures T; and T,, the temperature
distribution in the fire-clay brick layer can be written as

— -1 i
T=T+ 17sn/r) ST < (6.6-3)
Similarly o

_ 27 13 _
T=T;+ lmT(TZ/Tr3)1r1(7"/T3) ST <713 (6.6-4)

— 37 14 _
T=Ty+ 70 /1) ST <7 (6.6°5)
For this problem, Eq.(6.6-1) implies
o ) =0 (6.66)
By integrating, we find
T qr = 73 Qyly=r, = const (6.6°7)

We now evaluate dT/dr at the surface r = r, with the aid of the temperature
distribution

dT T3 T,
drl,- r, T2 In(r3/1)
Then we get
_ T3~ Ty -
r4- qT|T=7"4_ - K3 11’1(7"4_/1"3) (6.6 8)
Similarly
T,—T.
T3 Qr|r=r3 = K ﬁ (6.6-9)
_ h-Tp -
TZ qr|r=r2 - Kl ln(rz/rl) (6.6 10)
The above three equations are combined as
Ti— T, T,— T3 T3— Ty Ti— Ty
Ty Qr|r=r = 71 = 73 = 3 = 3 T T (6.6-11)

Each denominator can be interpreted as the thermal resistance of a single layer.

The thermal resistance of the steel cover is so small that its term is omitted in the
denominator.

The total resistance of three layers in series is given by



— (=Y Lin(=)e Lin(™ .
RtOtal o Kq ln (T'l) + Ko ln (T'z) + K3 ln (T'3) (6.6 12)
Finally we obtain the heat loss Q from the outer surface of the furnace:

_ _ 2mL (Ty— Ty) )

K1 \r1 K2 r2 K3 r3

The electrical analog for a three-layer cylinder with specified temperature is shown in
Fig.6.6-2.
L5

1 In Ts —In (]_2)
15 - Ky LE1
1 .
—In (1—3)
K3 L]

Fig.6.6-2 Heat transfer resistances in series

As the thickness of insulating-brick increases (as r3/7, increases), the heat loss decreases. From
an economic viewpoint, the optimum thickness can be calculated by taking into account the energy
cost and the cost of insulating material. Obviously this approach can be extended to any number of
layers of material. We have tacitly assumed no contact resistance between the layers of different
materials. Even thin air gap formed in between the layers results in considerable contact resistance
to heat transfer.

[PROBLEM 6.6-P1] A cylindrical rod (radius R m) of thermal conductivity x W/m K is cooled
at steady state by air of temperature T,;,-K in order to keep the rod surface at a safe
temperature Ty K decided by the safety regulation. This rod has a uniform volume production
of heat Qz (W/m?) inside it.

(a) Derive the equation of heat conduction for obtaining the temperature profile.

(b) Obtain an expression for dimensionless temperature profile.

(c) Confirm that the heat released from the rod surface becomes equal to the heat generation.

6.6-2 Unsteady Heat Conduction?

Let us consider a problem of unsteady cooling a finite slab having a thickness of 2b in y-direction.
The dimensions in x- and z-direction are infinitely large. The slab is initially kept at T,. At time
t = 0, both the surfaces at y = +b are instantaneously cooled to T, and kept at T,.. We shall find
the time-dependent profile.



T(y. t)

b y=0 +b Y

Fig.6.6-3. Cooling a finite slab of solid

The differential equation of energy transport to be applied reduces to
aT a%T

5t = % 5 (6.6-14)

We introduce the following dimensionless variables:

Temperature @ = T_TTC (6.6-15)
0~ fc

y-directional length 7 = % (6.6-16)

Time 7= 2 (6.6-17)

where a = k/pCp is thermal diffusivity.

Therefore the dimensionless equation and the boundary conditions become simpler as follows:
96 9%e

e = %o (6.6-18)
I.C. at =0 0=1 (6.6-19)
B.C.1 at n=+1 0=0 (6.6-20)
B.C.2 at n= -1 O=0 (6.6-21)
Using the method of separation of variables, the following temperature function can be assumed:
0, 1) = f(Mg(r) (6.6-22)
Substituting the function into Eq.(6.6-18)
2
ldg _ 1a°f (6.6-23)

g dt  f dn?

The left side is a function of t only whereas the right side is a function of n only.

This condition can be valid only if both sides equal a constant — c2. Therefore this problem
reduces to the following two ordinary equations:

d

d_'Z = - C2 g (6.6‘24)
af 2

m = ¢S (6.6-25)
These equations can be integrated as

f = K;sincn + K,coscn (6.6-26)
g = K;exp(— c?1) (6.6-27)

It can be considered that the temperature profile should be symmetric about the centerline of the
slab. Therefore K; must be zero. From the boundary conditions, f,—o= K,cosc =0 This
suggests that

c=(n+ 1/2)m n=0 %1, ¥2,—————— (6.6-28)

After all, the following form of the solution can be obtained:



0=Y",Crexp(—(n+1/2)?m%t) cos(n+1/2)mn (6.6-29)
The unknown constant C,, should be determined by using the initial condition.
At =0 0=1 - 1= Y7 ,C,cos(n+1/2)mn (6.6-30)

Multiplying by cos(m + 1/2) = n dn and then integrating from n = —1 to n = +1
f_+11 cos(m+1/2)nndn = Yy oCn f_+11 cos(m+1/2)mncos(n+1/2)ntndn  (6.6-31)
The integration on the right becomes zero except for the case n = m. Eq. (6.6-32) becomes

- 1 1 n=+1
sin(m+1/2) """ (7) (m+1/2)mn + (7)sin(m+1/2) 2my
m+1/Dn |~ Cm m+ 1/
n=-1
Solving for C,,, we get
2(—D)m™
R Cm
(m+1/2)n
Finally the temperature profile can be expressed as
T-T. _ 0 (GOl N2 2 2 my
ﬁ =2 anomexp (—(n + E) I C(t/b ) Cos (n + 1/2)7 (66-32)

This solution can be used for many unsteady-state heat conduction problems. It can be kept in
mind that for very short times the convergence becomes slow.

1. Bird, R.B., Stewart, W.E., and Lightfoot, E.N., Transport Phenomena, Wiley, New York, Chapt.3 (1960)
2. Carslaw, H. S., and Jaeger, J. C., Conduction of Heat in Solid, Oxford Univ. Press, p. 101 (1959)

[PROBLEM 6.6-P2] A rectangular parallelepiped iron ingot with dimensions 0.3 m by 2 m by
10 m is fixed vertically and kept uniformly at a temperature 1,050°C. The hot ingot are rapidly and
uniformly cooled by striking water jet (40°C) on the two side surfaces of 2 m by 10 m. Owing to the
film boiling taking place on the ingot surface, the surface temperature is assumed to be kept at
180°C for the cooling term. Find the time required for the center (z = 0) temperature of the ingot to
reach 300°C. The density and thermal conductivity of the ingot can be assumed to be constant at 730
kg/m® and 49 W/m K, respectively.

03m
&
Vv Water jet
Water jet <= ]
=> T, = 1,050°C
10m ‘ d
T.= 3q{]°C
!
] T, = 180°C
X i (constant)
y !
L/ : ------ Z
W, : ze=—015m z,=0.15m
- z=0

Fig. 6.6-P1. Cooling an iron ingot by striking water jets from two directions



6.7 Application of the Equation of Mass Transport

Let us consider the mass transfer problem on the cylindrical surface of laminar liquid jet flowing
downward vertically through a vessel which contains the pure solute gas.

The carbon dioxide gas contained in a large vessel is absorbed by a water jet formed with a
sharp-edged convergent nozzle. The jet surface is smooth and free of ripples. The gas phase
resistance is negligible since the pure CO, gas exists surrounding the liquid jet. A small amount of
carbon dioxide is absorbed in the short contact time (order of 10 ms), so the CO, penetration depth
is very small relative to the jet diameter (order of 1 mm). Therefore the problem may be treated as
though the surface were flat. The water jet has uniform velocity distribution across the cross
section: v, =V = const.. A well-designed convergent nozzle can discharge such a water jet with
uniform velocity

rotameter
F -
falling water
Co, liquidjet L
D constant pressure
gas burette vessel
qo
receiver
manometer

Fig.6.7-1 Experimental apparatus for CO, gas absorption

z=0 > X
gas phase liquid phase

CO, gas uniform velocity profile
2

assumed
pure solute gas v ( )

Cy= Cyo
\ CA :0

gas-liquid
interface
penetration
5 | thickness
v
Z

Fig.6.7-2 Situation of CO,gas absorbed into a falling liquid jet



The equation written in the rectangular coordinate system is applicable inside the liquid jet:
iy 2y %ay oy 0 _ o (Tlay P0a 00
6t+vxax+vyay+vzaz = Dusp 6x2+ 6y2+ 022 t Ry
For steady state dC,/dt = 0. We can ignore the chemical reaction between CO, and H,O:
RA = 0
All streamlines are parallel to the jet axis. Then v, = v, = 0. We can expect that C, will be
changing both with x and z. However dC,/dy = 0.
Then the above equation reduces to
ac a%c a%c
V2%, = Das (axZA + azzA) (6.7-1)
The carbon dioxide is transferred in the z-direction primarily because of the convective flow of the
jet, the diffusive contribution (the term containing 9%C,/0z?) can be neglected.

We get the partial differential equation for Cy4
aCy 9%Cy

X = pyy T (6.7-2)
The applicable boundary conditions are:

B.C.1 at z=0, C,=0

B.C.2 at x=0, Cy = Cyo (solubility of COsz into H30)

B.C.3 at x =oo, C,=0

Since the jet length between the nozzle and receiver is short (order of 50 mm), COs
does not penetrate very far from the surface. The third boundary condition indicates
that the problem can be treated as if the jet were of infinite thickness moving with the
constant velocity V.

Let us define dimensionless variables:
X

C
= oo 1= Jabaszlv (6.7-3)
By the method of combination of variables the partial differential equation reduces to
the following ordinary differential equation:
" +2n¢' =0 (6.7-4)
where primes ' indicates total differentiation with respect to 7.
The boundary conditions become

B.C.2 at n=0, ¢=1 (6.7-5)
B.Cland3 at n= o, ¢=0 (6.7-6)
If ¢’ is replaced by 1, the above equation becomes

Y +2nYP =0 6.7-7)

Integration gives ¢ = ¢' = C, e
At this stage we do not have an appropriate boundary condition.
A second integration then gives
p=1C [ledn+ G (6.7-8)
From the first boundary condition, €, must be one.
Application of the second boundary condition gives
2

1
G=-TFera- T &
The solution to the equation at hand is given by
p=1— \/% fone"’z dnp=1—erfn (6.7-9)
or
La _q_ _x
Cao 1—erf J4D agz/V
Here erf X 1s known as the “error function”, whose definition 1s
_ 2 (¢ -
eer—\/—EfOe & d¢



Once the concentration profile is known, the total absorption rate can be calculated.
Note that z/V is the time for fluid particle to move from the nozzle to axial distance z.
The molecular diffusion in the x-direction can be considered to be much larger than
convective transport in the x-direction because of the low solubility of A in B.

Therefore the local mass flux at the surface (x = 0) can be expressed as

ac D gV
Npxlx=0 = — Dag a_; Y0 = Cpo :Twz (6.7-10)
Then the total absorption rate is
L 4D4pV
W = 7D [ /Naxly—odz = nDL 1;23 Cao (6.7-11)

Let us define a mass transfer coefficient as the ratio of the mass flux to the driving
force (characteristic concentration difference):
Naxlx=0 = k1 (Cao — Cuco) (6.7-12)
In this case, k; is the average mass transfer coefficient on the liquid side of the
interface. The CO2 concentration becomes approximately zero at a certain depth from
the surface.
The depth & is called a thickness of liquid film where the main resistance to mass

transfer takes place. Thenat x = § Cio =0
Therefore Eq.(6.7-12) becomes
Naxlx=0 = k1Cao (6.7-13)
Comparing this to the equation Eq,(6.7-11) of the total absorption rate

_ |aDypv )
k= |—F (6.7-14)

Note that L/V corresponds to the contact time t,.

Much industrial gas-liquid contacting equipment operates with short contact time. As in this
example, diffusion from interface to bulk fluid proceeds as a transport process. This is an example
of Higbie’s penetration theory  indicating that the mass transfer coefficient is proportional to the
square root of diffusivity divided by contact time. This system is often used to measure molecular
diffusivity of CO, into H,0.

1. Higbie, R., Trans. A.LCh.E., 31, 365 (1935)

[EXAMPLE 6.7-E1]

Let us consider how to measure molecular diffusivity by using this system (Fig. 6.7-1).

The absorption rate W can be determined from the feed rate of fresh CO, gas to the vessel
(absorber) from a constant-pressure source. The jet surface area DL and contact time t. = L/V
can be calculated directly from measurement of jet length, diameter, and water flow rate.

Then we determine the molecular diffusivity

Dap = o (=2 )2 (6.7-E1)

4v \nDL Cao
In this case, the gas-phase resistance was negligible.

< Two film theory >
If the ambient gas-phase includes inert gas (e.g. N) insoluble to liquid-phase, there generates

another resistance to mass transfer on the gas side of the interface. The concentration gradient is
formed in the gas-phase, too.

In general, a solute is transferred at constant rate through two resistances in series from gas- to
liquid-phase.

We define two individual mass transfer coefficients:

Ny = k¢ap — ya) = ki (Cai — Cap) (6.7-E2)



Here y, and C, are mole fraction in gas-phase and molar concentration in liquid-phase of
component A, respectively.

Assuming equilibrium at the interface

Yai = H Cy; (6.7-E3)

This is known as the Henry’s law.

For practical purposes of process design, it is convenient to express transport rate ( mass-flux) in

terms of the bulk phase concentrations and an overall mass transfer coefficient. The definition is

Ny = Keap — HCyp) = Ky (Yap/H — Cap) (6.7-E4)

The overall driving force should be used for definition of the overall mass transfer coefficients.
However, note that we cannot use the expression as Ny, = K;(y4p — C4p) because C4 and y,
use different bases for units of concentration. For unit conversion, Henry’s constant can be used.
That is, HCy,, is the imaginary concentration y,, of gas-phase in equilibrium to Cy; whereas
yap/H is the imaginary concentration C;, of liquid-phase in equilibrium to y,,.

Combining these equations, we get the flux equation analogous to Ohm’s law:

Yab— HCap  Yap— Yai  HCayy— HCap  Yai — Yap

e s U
Kg kg ky ky
Therefore the following equation can be obtained by solving for 1/K;:
NA — yAb—1 YAb — J’Abz YAi — YAi;IJ/Ab — YAlb—SI/;qb (6.7-E5)
Kg kg kp, kg kL
That is
1 1 H

—=—*1 = (6.7-E6)

K¢ kg kL

This states that the overall mass transfer resistance is the sum of the resistances in series of
gas-phase and liquid-phase.

Similarly

At .1
Kj, o H kg kg,
Since these two equations indicate the same meaning, either will do.

(6.7-E7)

[PROBLEMSG6.7-P1] The diffusivity of CO, into pure water is measured by using the falling
liquid jet method. The vessel containing deaerated water jet surrounded by pure CO;gas is kept at
p =1atm (1.013 x 10°> Pa) and 20°C. The feed rate of pure water measured by a rotameter is
1.5 ml/s. The diameter and length of the water jet are 1.2 mm and 40 mm, respectively. The
CO; absorption rate measured by gas burette is 0.038 ml/s.

Henry’s law for the CO,-H,O system is given by p=HC,, where the constant
H = 25.5 (atm m3/kmol) at 20°C.

(1) Calculate the diffusivity of CO, into H,O at 20°C.

(2) The penetration thickness & is defined as that distance x for which C, has dropped to a

value 0.01 Cy,-

8§ =4/Dyg z/V

Estimate the penetration thickness just above the receiver, i.e. at the lowest point of

the water jet.

[Answer: Dyp = 1.7X%109m?2/s, & = 2.86x 102 mm]



Nomenclature

Nomenclature

Cy concentration of component A, [kg/m°]

Cp heat capacity, [J/kg K]

D pipe inside diameter, [m]

Dag diffusivity, [m/s]

f friction factor, [ - ]

g gravitational acceleration, [m/s’]

H Henry’s constant, [m*/kmol]

h heat transfer coefficient, [W/m?K]

K¢ overall mass transfer coefficient on vapor-phase concentration basis, [kmol/m?s]
ke gas-phase mass transfer coefficient, [kmol/m?s]
K; overall mass transfer coefficient on liquid-phase concentration basis, [m/s]
k; liquid-phase mass transfer coefficient, [m/s]
L pipe length, [m] or liquid jet length, [m]

N, mass flux of component A, [kg/m?s] or [kmol/m?s]
Nu Nusselt number, [ -]

Pr Prandtl number, [ - ]

p pressure, [Pa]

Q volumetric flow rate, [m®/s] or heat loss, [J/s]
qw wall heat flux, [W/m?]

R pipe radius, [m]

R, R, cylinder radius, inner and outer cylinders, [m]
Re Reynolds number, [ -]

7,0,z cylindrical coordinates, [m, -, m]

St Stanton number, [ - ]

T temperature, [K]

Ta Taylor number, [ - ]

T, torque, [N m]

% velocity of falling liquid jet, [m/s]

v, Vg, v, Velocity component in cylindrical coordinates
w total absorption rate, [kg/s]

a thermal diffusivity, [m?/s]

6 penetration thickness, [m]

K thermal conductivity, [W/m K]

u viscosity, [kg/m s]

p density, [kg/m’]

Try shear stress at r in pipe flow, [N/m?]

70 yield stress, [N/m?]

w angular velocity, [1/s]

Brackets

() averaged over flow cross section
Subscripts

m bulk or mixed mean

W

wall



CHAPTER 7
INTERPHASE MOMENTUM TRANSPORT

7.1 Turbulent Flow Properties

In laminar flow, all the streamliners have smooth curves or straight lines. Especially in steady
laminar flow, the streamlines are at rest. However in turbulent flow all the streamlines oscillate
irregularly in all directions. It is true that the equations of continuity and motion apply to turbulent
flow. Since the instantaneous velocity and pressure are irregularly oscillating function, any simplest
turbulent flow problems have not yet been solved exactly. For the purpose of application in
engineering, other approaches have been necessary.

Let us consider a steady turbulent flow in a circular pipe as an example.

Suppose that we could stand at a fixed point in the flow field and observe the velocity and pressure
at the position. The instantaneous velocity v, and pressure p are fluctuating at random about their
finite mean values, whereas v, and vy are fluctuating around the zero mean values. The
oscillograms are shown in Fig.7.1-1.

Instantaneous Time-averaged
velocityor velocityor
pressure v.! pressure
v, W.MYMMWM“AWJMW&W%% I.N'JJM-\ 7,

pf
4 L WWMM\'\JILM\M N M\\,' i up) —
P T R, P
v or vg' _
vr or v iy badd % b e V=0
A VY WY vg =0
to Time (s)

Fig.7.1-1. Oscillograms of fluctuating velocity and pressure for a circular pipe flow

The time-averaged velocity and pressure are defined as

7= [, dt (7.1-1)
0

p =~ [y dt (7.1-2)

to 7t
These are time-averages of instantaneous velocity and pressure taken over a time interval t, from
an arbitrary chosen reference time t. The time interval can be taken to be large compared to the
periodic time of fluctuations.

Then we can split up the instantaneous velocity and pressure into the time-averaged values and their
fluctuations:

v,(r,0,z,t) = v,(r,0,2) + v,(r,0,z1t) (7.1-3)
p(r,0,z,t) = p(r,0,z) + p'(r,0,2,1t) (7.1-4)



Note that for steady turbulent flow in a pipe
U, = U(r,z) and p = p(r,z)
By definition,
1 t+t0
= — v, dt =0
_ _ ko
Similarly p'=0 ©, =7 = 0 and v/ =vy= 0
The instantaneous velocity fluctuations v/, vy, v, can become negative very often, but

v?, vh?, vi? cannot be negative. Therefore v,2 will not be zero. As a measure of magnitude of

J"i (7.1-5)

Nt

the turbulence the level or intensity of turbulence is definedas Tu =

This turbulence intensity may have values 0.01 to 0.10 in typical turbulent flow conditions.

Of the many methods for the measurement of turbulent velocity, the hot-wire anemometer is the
most satisfactory. The detecting element consists of a very fine short metal wire (e.g. 5 um dia.
And 5 mm long platinum wire for air stream), which is heated by an electric current to a constant
temperature above the stream temperature.

The wire is placed perpendicular to the velocity component to be measured. The rate of heat loss to
the ambient stream from the wire is proportional to the square root of the stream velocity /v in the
usual stream condition. The wire is of such low heat capacity that the temperature of the wire can
follow the rapid velocity fluctuations. The rate of heat loss is equal to the rate of heat generated by
the electric current through the wire I?R, where I is the electric current and R the electric
resistance of the wires. In the modern method, the electric resistance is kept constant as far as
possible by using an electronic feedback system. Instead, the feedback system changes the current
through the wire as soon as a variation in electric resistance occurs. The response time to the change
in approach velocity is of the order shorter than 0.1 ms.
Then we have the relation between 12 and v:
IPR=a+ v (7.1-6)
Where the constants @ and f are usually determined by experiment. If we substitute I = [+ I’
and v = v+ v’ into the above equation, we get the approximate relation between I' and v’:
I+ 1IN°R=a+ BVNo+ v’

The mean velocity is given by the equation

PR=a+ p5 ) (7,1-7)

The first approximation when v’ < 7, i.e. I' K I gives

=L (7.1-8)
4IR v

We can measure the fluctuating velocity v’ by the use of the above relation.
A ssimple block diagram of hot-wire anemometer for constant temperature method is shown below.

[PROBLEM 7.1-1] A component of turbulent velocity at a position is assumed to be of the form
v, =a+ Yoy bycos2mnt (a, by,— ———, b,,— — —: constant) (7.1-P1)
Calculate the time-averaged velocity and the intensity of turbulence.

2
(Solution) ¥, =a, Tu= %j= ﬁ / ©_ b,?
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Fig.7.1-2 Block diagram of hot-wire anemometer for constant temperature method
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Fig.7.1-3 Distribution of velocity fluctuations in a rectangular channel

As shown in Fig.7.1-3, the turbulence intensity in a rectangular channel becomes maximum near
the wall. This suggests that the turbulence is produced due to the instability of velocity gradient in
the vicinity of the pipe wall and diffuses both toward the center and the wall. The fluctuations in the
streamwise direction, or in the z direction, are greater than the fluctuations in the transverse
direction, or in the x direction. In the vicinity of the wall, molecular momentum transport becomes
important, but the fluctuations become very small. Turbulent flow in a pipe also has similar
tendency.

We usually consider turbulent pipe flow by dividing the flow region into three zones. (three-layer

concept)
The first layer very close to the wall is called the viscous sublayer, where Newton’s law of viscosity
can be applied to describe the flow. Since molecular transport is predominant, this sublayer causes
the main resistance to interphase transport. The second is called the buffer zone or transition zone,
where the laminar and turbulent effects are comparable and both important. And the third is called
the region of fully developed turbulence or the turbulent core, where viscous effects are negligibly
important.

[PROBLEM 7.1-2] Show how to measure the intensity of turbulence by use of hot-wire

anemometer.
. Vvrz  4TRVIZ
(Solution) Tu = — = —
v IR-«




7.2 Friction Factor and Pressure Drop for Channel Flows

Most problems of engineering importance occur in the region of turbulent flow.
Let us consider the momentum transport in turbulent flow inside a circular pipe. Figure 7.2-1 shows
the time-averaged velocity distribution in the fully-developed region. The flow region can be
subdivided into three regions: the turbulent core, the buffer zone, and the viscous sublayer near the
wall.

Pipe wall

\

time-averaged velocity
Vg

1
1

1

1 —

[ (v5)
: mean velocity
1

|
1
av, | turbulentcore
- |
or =R [J,,f buffer zone
' v, =0

1

L .

T viscous sublayer
(N

=

&  filmthickness

Fig.7.2-1 Time-averaged velocity profile and three subregions of turbulent pipe flow field

In the turbulent core, the velocity gradient is very small but momentum is transferred very rapidly
by virtue of eddy motion. However, close to the wall, eddy motion is suppressed by viscous effect.
Especially in the viscous sublayer, momentum is transferred by molecular diffusion only. Hence the
main resistance to momentum transfer takes place in very thin film of the fluid near the wall, where
most of the total velocity change occurs.

Then the momentum flux (i.e. the shear stress) at the pipe wall is given by

97,
=S (7.2-1)
The velocity distribution near the wall can be approximated by
o7, _ (@) -
T orlr T s (7.2-2)

Here & is the thickness of a fictitious viscous film.
The equation can be rewritten as

Ty = U WTZ) (7.2-3)
The film thickness is a complicated function of the flow condition, the fluid properties, and the
geometry of the flow system.

For flow in channels, pressure drop data are usually desired and correlations given in terms of a
friction factor. This factor is defined by setting the magnitude of the acting force F proportional to
the dynamic head or the characteristic kinetic energy K:

F=fKA (7.2-4)
This is a useful definition because f isonly a function of Re for a given geometrical shape:
f=/f(Re) (7.2-5)

For flow in a circular pipe, A is taken to be the wetted surface 2R L, K is taken to be the kinetic
energy based on the average velocity, i.e. (1/2)p{(7,)2. The force F’ acting on the inner wall is
F' = 2nR L t,. Then

Tw = f 3 p(T)? (7.2-6)



This indicates that the wall shear stress for pipe flow is proportional to the kinetic energy.
Combining the equation with the foregoing equation for §, we get

v, 1,
T %) = f 5 p(%)? (7.2-7)
From the equation,
5§ 2 1
D~ Re f(Re) (7.2:8)

This suggests that the dimensionless film thickness is a function of the Reynolds number only.

]_,(;Ds\f3
L~ PY

p,="P

Fig.7.2-2 Force balance of inclined circular pipe flow

According to the force balance on the fluid between z = 0 and L in the flow direction for fully
developed flow

2nRLt, = (Py— P,)mR? (7.2-9)
Substituting the relation into the defining equation for f
Po— PL=4f 3 p{7)? (7.2-10)
This is known as the Fanning friction factor. If the pipe is horizontal, the equation becomes

L 1 —
Po— pL=4f 55 p(7,) (7.2-11)

Once we know as the relation between f and Re, we can calculate the pressure drop.

[EXAMPLE 7.2-1]

Lc056
L pY
(7

p="

Fig.7.2-E1 Force balance on a cylindrical fluid element of radius r

As shown in Fig.7.2-E1, we can set up the force balance on the cylindrical fluid element of length
L and radius r in the fully developed turbulent flow:

(Py— P)mr?= 1,,2nrL (7.2-E1)
Here t,, is the total apparent shear stress or the sum of molecular and turbulent contributions.
Then we divide by the foregoing equation for 7,

Trz _ T (7.2-E2)

Tw R

Note that in a fully-developed pipe flow, whether laminar or turbulent, the total apparent shear



stress varies linearly from zero at the pipe axis to a maximum at the wall.
The friction factor can be measured experimentally by using the following equation:

(7.2-E3)

7.3 Dimensional Analysis of Friction Factor for Channel Flows

Next let us consider the friction factor by applying a dimensional analysis to the equation of
motion. The turbulent effect on momentum transfer becomes of negligible importance in the
viscous sublayer.

The following equation is valid in the viscous sublayer, whether the flow is laminar or turbulent:

vy 0vy | Vo 0vy v\ _ _ 9% 10 (L 0vy\  10%, 0w ;
p(at U T T e T az) =T tH [rar(r 3r)+ 02 T 622]+ pg, (1.3-D)
The equation could be solved with the following conditions:
97,
v,=1vg=1v,=0 and 17, = T,yl,op = —U a_vrr=R at r=R
_o _ PP -
5, T P9z = —7 (7.3-2)

Next we introduce the dimensionless quantities
r*=1r/D, z"*= z/D, vi = v./(T,), vy = ve/(T), v; = v,/{T,), p*=(Po— P/ p{i,)*

(7.3-3)
According to the definition of friction factor
1 —
Tw = f 5 p(T)? (7.3-4)
Then the friction factor has the following form:
vy
Tw K WL”:R _ 2 0vy
_ — =. £ % 7.3-5
f 3 p(72)? > p(7)? Re 0r*ly*=1/2 ( )
For steady state, the above momentum equation is made dimensionless
OVE L VpOv o ldv; _ _0p' 1 [10 (0w 1 9% 0% ]
ror T a0 T V2T T or T Re I ar*( ar) t 22 az*z] (7.3-6)

where Re = D{(,) p/u.
This equation is too difficult to solve analytically. But the solution can be expected to be of the form

vy = v (r",0,z",Re), vg = vyp(r*,0,z",Re), v, = v,;(r*,0,z%,Re) (7.3-7)

We assume the fully-developed, axisymmetric velocity field:

%0 and =0

az* 6

Then we get

vy = v (r*,Re) (7.3-8)

The velocity gradient at the wall Z:ﬁ 12 is a function of Re only. Therefore the friction factor
r =

is found to be a function of Re alone in the fully-developed velocity field:

f =f(Re) (7.3-9)

It is suggested that it is sufficient to plot only a single curve of f against Re rather than determine
how f varies for separate values of D, (v,),p, u.
Fig.7.3-1 gives the friction factor chart or empirical correlation of f and Re for circular tube flow.
For laminar flow, the friction factor can be derived theoretically from the Hagen-Poiseuille law:

16
f== (7.3-10)
The turbulent curve for hydraulically smooth tubes is curve-fitted from Re = 2.1 x 103 to
5 x 10° by the equation:

= 4.0 log,o(Re [F) — 0.40 (7.3-11)

Sl



A similar expression exists for 2.1 x 103 < Re <5 X 10°:
0.0791

f= i/t (7.3-12)
This is known as the Blasius formula.
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Fig.7.3-1 Friction factor for smooth tubes

If pipes are rough, then in the turbulent flow higher pressure drop is required for a given flow rate
than that expected for smooth pipes. The friction factor for rough pipes is a function of not only the
Reynolds number but also the relative roughness €/D, where ¢ is the height of a protrusion.

If the roughness-element height ¢ does not extend beyond the viscous sublayer, the roughness has
little effect on the turbulent-flow profiles. This condition is called “hydraulically smooth.” If the
roughness extends partly into the buffer layer, there is an added resistance to flow due to the form
drag.

[PROBLEM 7.3-1] Gasoline (u = 0.4cP, p =710 kg/m3) is to be delivered at 10 m3/min
through a smooth straight pipe (400 mmID, length L = 2 km) from a refinery to an airport.
Calculate the pump horse power if the pump operates at an efficiency of 70%. For the case of
relative roughness €/D = 0.001, what is the power requirement of the pump?

[PROBLEM 7.3-2] Water (at 20°C) flows in a circular tube of 50 mmID at a flow rater of
0.15 m3/min . Calculate the thickness of the viscous film defined by Eq.(7.2-8).

7.4 Mechanical Energy Loss

7.4-1 Mechanical energy losses in pipelines
As shown in Fig.7.4-1, we set up the macroscopic momentum balance over the inclined pipe
section between planes 1 and 2.
—F = wy(@)) — wy(¥3) — 7y S— poiipS + pVg (7.4-1)
F = nDLt,, (v])=(v), (Py— P,)S =(py— p2)S+ pVgcost
Here P=p — pgzcos O



Then the momentum balance equation reduces to

"1“
Fig.7.4-1 Macroscopic momentum balance for turbulent flow in an inclined pipe section

Next we set up the macroscopic mechanical energy balance over the same pipe section:

%” + A (V) = —Fry, — Wy, (7.4-3)
Inthiscase W, =0, (v;)= (vy)

Rt = (7.4-4)
Comparing Eq.(7.2-26) to Eq.(7.2-24), we get

F = pFr,S (7.4-5)
From the definition of friction factor

F=f % p(v)?mDL (7.4-6)
Finally we get

Fri = 4f < = (v)? (7.4-7)

This is the defining equation of friction factor for turbulent pipe flow.
Once the friction factor is given in terms of the Reynolds number, we can calculate from this
equation the mechanical energy loss (friction loss) over the straight pipe section of length L.

In a general flow system the pipeline may not be of a uniform diameter and/or there may be
various kinds of valves, elbows, and fittings which will cause mechanical energy losses. For most
calculations, losses caused by fittings and valves are treated by the equivalent length model. This
model is based on the assumption of high Reynolds number. Equivalent length L., for fittings and
valves is defined as a pipe length that would give the same flow rate. Equivalent lengths for
standard-size fittings and valves are given as

Fr,, = 4f L% % (v)? (7.4-8)
Then we obtain the useful equation of mechanical energy balance for isothermal system of

turbulent flows (This is called the modified Bernoulli equation).

A; 0P+ gah+ [772+ Wiy + %i(4f £ 2 (v)z)i + 3, (4r 222 (v)z)j =0 (7.4-9)

7.4-2 Mechanical energy losses due to pipe fittings™?
We can also use the friction loss factor model for fittings, valves, and enlargements and contractions
of the flow cross section:

Fr = ¢ = (v)? (7.4-10)
where ¢ is the friction loss factor, dimensionless. This model is based on the fact that the friction

factor of rough pipes becomes almost constant in the range of turbulent flow.
(1) Sudden expansion of the flow cross section



2 2
Frp = 1 (v)? (1 - (&) ) (7.4-11)
Here (v) is the upstream velocity, D, the diameter of upstream pipe, and D, the diameter of

downstream pipe.
(2) Sudden expansion into very large regions, e.g. tanks

Fr = 5 (v)? (7.4-12)
This implies ¢ = 1 for the case (D,/D; — o).

Typical values for friction loss factor and/or equivalent length are listed below.

(1) Sudden contraction at a sharp-edged entrance

('15’1}
_ A2 (.172)
A ﬁ—»
A,/4, 0 02 04 06 08 10
C 0.5 0.45 0.36 0.21 0.07 0

(2) Contraction at a round entrance with a radius of rounding greater than 15%
of the pipe diameter D

(v3) 1
Fry, = ¢ 5 (1)?
(v) =0 > —> D m 2 2
\Rz 0.15D ¢ = 0.04

(3) Sudden enlargement at a sharp-edged exit

_ L

(v) A, (12 Frp = ¢ 5 (1)
—_—> $ —-> A2 Al 2
o= (1-7)

(4) Valves we use the equation for ¢:  Fr, = ¢ % (v,)?
Q) Gate valve

Gate valve Fully 3/4 open 1/2 open 1/4 open

open
¢ 0.17 0.9 45 24.0
Leq/D 7 40 200 800
(i) Diaphragm valve
Diaphragm Fully open 3/4 open 1/2 open 1/4 open
valve
c 2.3 2.6 4.3 21.6

Leq/D 125 140 235 1140




(iii) Globe valve

Bevel seat Fully open  1/2 open
¢ 6.0 9.5

Composition seat ~ Fullyopen  1/2 open

¢ 6.0 8.5

L../D 230 470
Plug disk open 3/4 open 1/2 open 1/4 open
S 9.0 13.0 36.0 112.0
(iv)  Check valve (fully open only)
Check valve swing disk ball
¢ 2.0 10.0 65
Leq/D 110 500 3500

(5) Pipe fittings® ?

Standard tee m J_H
JL | | [ — ——

I I [
S 0.4 13 15 1.0
Leq/D 20 60 70 46

Standard elbow

Bend

90° bend 180" bend



90" bend
R/D 0.5 1.0 2.0 4.0 8.0
Leq/D 36 16.5 10 10 145

180" bend R >» D
¢=12 =50

1. Perry, R.H. and Chilton, C.H., Chemical Engineers’ Handbook, McGraw-Hill, New York, 5" ed. (1973)
2. Lydersen, A. L., Fluid Flow and Heat Transfer, John Wiley, New York, p.9(1979)

[EXAMPLE 7.4-1] An example of local exhaust system is shown in Fig.7.4-E1.

A canopy type of hood draws in the air contaminated with lead fumes at a flow rate of
300 m3/h. The diameter of the pipeline is 100 mm. In gas flow we do not need to
consider the potential energy change. The air has a density of 0.89 kg/m3and a
viscosity of 0.022 cp or 2.2 X 107> kg/ms. The pressure drop at the hood is expressed as

1
APhooa = § 5 €(v)? (7.4-E1)
Here (v) is the downstream velocity. The friction loss factor for the hood is given by
¢ = 0.4.

The pressure drop at the compact electrostatic precipitator is Apgp = 30 mm H,0 for
the given flow rate. The pipeline has five standard elbows and an exhaust stack. The
exhaust stack has pressure drop of 7 mm H,0. Calculate the power requirement of the
turbo-blower assuming 60% efficiency.

2m
Elbow Elbow
Elbow 20m 2m
Stack A
2m Apep Apgs
q 10 m

Hoo Electrostatic 5m
ApH Precipitator

(Dust separator)

—-Ww

Elbow ._@‘ﬁow

Turbo-blower

Fig.7.4-E1 Pipeline of local exhaust system

(Solution) The average velocity in the pipe is
3
()= ——= (22) L — =106 m/s (7.4-E2)

(m/4)D? 3600s ./ m(0.10 m)2

The Reynolds number shown below indicates that the flow is turbulent.

_ D{v)o _ (0.10 m)(10.6 m/s)(0.89 kg/m?)
ou 22x1—-075 kg/ms)
The reference planes are chosen outside the hood and exhaust stack. If we assume constant density

=43 x10* > 2,100

Re



and viscosity, the modified Bernoulli equation becomes
%((Uz)z — (WD +glhy — h) + (P2 — p)/p+ W + 3 (4f % % (U)Z)

i

+ 3(4F %15 W)?) + (b + Apep + Aps)/p =0 (7.4-E3)

From the chart of f vs. Re, the friction factor f = 0.0055 for Re = 4.3 x 10*

The pipeline has a constant pipe diameter. The total length of straight pipe sections is given as
Liotar = 2+20424+54+10+1+5+5m=50m

The pressure drop at the hood is

Apy = {5 o(v)? = (0.4)(1/2)(0.89)(10.6)% = 20.0 kg/m 52 (7.4-E4)

From the above table, the equivalent length for the standard elbow is given by L., = 3.20m for

=0.10m .

Apgp = 30 mm H,0 = (1000 kg/m3)(9.8 m/s?)(0.03 m) = 294 kg/m s? (7.4-E5)

Apgs = 7 mm H,0 = 68.6 kg/m s? (7.4-E6)

Atplanesland2 (v;)=(v,)=0 and p, = p,

We neglect the potential energy effect: g(h, — hy) =0

Then the Bernoulli equation reduces to

Wiy = G P (it T Lgy) + SRR = RS 1067 (50 45 x3.20) +
% =816 + 430 = 1,246 m?/s? (7.4-E7)
Therefore the power requirement can be calculated as
W= w(-Wp) _ pQ(=Wy) _ (0.89)(300/3600)(1246)

- n n - 0.60 -

154 kg m?/s® = 0.154 kW  (7.4-E8)

7.4-3 Non-circular channels (Equivalent diameter)

The friction loss in long straight channels of noncircular cross section can be estimated by using
the equations for circular pipes if the equivalent diameter as the characteristic length and the
average velocity as the characteristic velocity are used for the Reynolds number.

The equivalent diameter D,, is defined as the ratio of four times the cross-sectional area of the

channel to the wetted perimeter of the channel:
4 XS

Deq = (7.4-13)

Lwp

Naturally for the special case of a circular pipe, the equivalent diameter becomes coincident with
the pipe diameter. The equivalent diameter is a useful parameter for turbulent flow, but the simple
equivalent-diameter rule does not apply to laminar flow without correction factor.

The equivalent diameter concept is based on the following information. For turbulent flow the
velocity distribution over most of the flow cross-section is flat and most of the velocity change is in
the viscous sublayer near the wall. Therefore, as long as the wall shear stress around the periphery
is almost uniform, the wall shear stress should be independent of the flow cross-sectional shape.

The Reynolds number is defined as
Deq G

Regq = (7.4-14)

Here G = p (v).

[EXAMPLE 7.4-2]

Water is flowing at an average velocity (v) = 1.5 m/s in a horizontal annular space formed
between two coaxial pipes shown below. The inner pipe has an outside diameter of 0.10 m and the
outer pipe has an inside diameter of 0.20 m. The temperature of water is 20 °C. Assuming the



fully-developed flow and the smooth wetted surfaces, calculate the pressure drop per unit pipe
length.

(Solution) The density and viscosity of water are
p=1000 kg/m3 and u=1cP=1 x 1073 kg/ms
The equivalent diameter of the annulus is

4(r/4)(D,? — D;?)
= =D —D:=02—-01=0.1
eq (D, + D)) o i=0 0 0.1m

The Reynolds number is
Reyy = Deqplvz) _ (0'10)(100(_))3(1'5) =15 x 105 (turbulent flow)
u 1x10

From the friction factor chart for circular pipes
f =0.0041 at Re,y = 1.5 x 10°
From the defining equation of Fanning friction factor for a horizontal pipe

Po — DL 11 4(0.0041) 1
——=4f — = Z=————=-q(1 1.5)2 =184.5 P

7.5 Drag Force on Submerged Objects

Similarly to the defining equation Eq.(7.2-4) for a circular tube flow, the friction factor (called
“drag coefficient”) for submerged objects can be defined as
Fpb=CpKA (7.5-1)
where Fj, is the drag force, K the kinetic energy of the surrounding fluid flow as (1/2)pv2,
and A the characteristic area taken as the projected area of the submerged object.
Usually the coefficient Cj is called the drag coefficient instead of the friction factor. As in pipe
flows, the drag coefficient is a function of the Reynolds number alone:
Cp = Cp(Re) (7.5-2)
Let us consider a fluid flow past a sphere of diameter D,. In this case, the kinetic energy is
K= (1/2)pv,? and characteristic area is A = (n/4)Dp2. The Reynolds number is defined
as Re = Dpvep/H.
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0.001 0.01 0.1 1 10 100 1000 10000 1000001000000
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Fig.7.5-1. Variation of drag coefficient with Reynolds number for a single sphere



Nomenclature 83

For a single sphere surrounded by the fluid flow of velocity v, a chart of C;, versus Re shown
in Fig.7.5-1 is available. As distinct from a circular tube flow, there is no sharp transition from
laminar to turbulent flow. However as the flow rate or v, increases, there is an increase in the
amount of vortical motion behind the sphere. The sudden drop in the curve at about Re = 2 x 10°
results from the shift of the separation position of the boundary layer from the front to the rear side
of the sphere. This sphere is subjected to both friction drag and form drag.

The following set of equations is the representative correlations obtained from many
experimental data:

1) ¢p= 2—‘2 Re < 0.1 (7.5-3)
@ C=—3r 2 <Re <5x10? (7.5-4)
(3) Cp=044 5x10%2 <Re <2x10° (7.5-5)
The first equation comes from Stokes’s law given by

Fp = 3nuDyve (7.5-6)

The second equation is an approximate equation in the intermediate region.
The third equation known as the Newton’s law gives an approximately constant. This suggests that
the drag force is proportional to the kinetic energy of the fluid flow.

Nomenclature

pipe inside diameter, [m]

equivalent diameter, [m]

external force, [N]

friction loss, [m%/s?]

friction factor, [ - ]

mass velocity, [kg/ms]

height of rectangular channel, [m]

electric current, [A]

pipe length, [m]

equivalent length, [m]

pressure, [Pa]

electric resistance of hot wire, [ Q] or Wheatstone bridge resistance, [ Q]
Reynolds number, [ - ]

turbulence intensity, [ - ]

time, [s]

v, Vg, v, Velocity component in cylindrical coordinates

T oo
)
S

gb-b-"*m:\\h\:

Ty T
S ®

w power requirement, [W]

y distance from wall, [m]

) thickness of fictitious viscous film, [m]
c friction loss factor, [ - ]

u viscosity, [kg/m s]

Ty wall shear stress, [N/m?]

Superscripts
B fluctuation
time-averaged

Brackets
() averaged over flow cross section



CHAPTER 8
INTERPHASE ENERGY TRANSPORT

8.1 Turbulent Heat Transfer and Definition
of Heat Transfer Coefficient

There are three distinct ways in which heat may transfer from a source to a receiver: conduction,
convection, and radiation. Conduction is the transfer of thermal energy due to molecular motion
independent of net bulk flow of the material. We already know that the Fourier’s law describes heat
transfer by conduction. Radiation is the transfer of energy due to the emission and subsequent
absorption of electromagnetic radiation.

Convection is the transfer of energy due to fluid motion or bulk flow of the fluid. Let us consider
the heat flow from a flowing fluid to a pipe wall.

As shown in Fig.8.1-1, instantaneous fluid temperature is also fluctuating in a turbulent flow field
where convective heat transfer takes place. Therefore the following time-averaged temperature is
used for analysis of convective heat transfer.

= _ 1 [ttt )
T = o ft T dt (8.1-1)
T ;
Instantaneous Tig:ﬁ;g‘;iii%gd
Fluid temperature “'P".WMW e [ * mvw m -
. [N SN M

to X
Time (s)

Fig.8.1-1 Instantaneous fluid temperature in a turbulent flow field
Pipe wall
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—T
Ty

—— viscous sublayer
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Fig.8.1-2 Time-averaged temperature profile in the neighborhood of a heat transfer solid surface



For the case of forced convective heat transfer in a turbulent pipe flow, the time-averaged
temperature profile, as shown in Fig,8.1-2, is formed in the neighborhood of the solid surface for
heat transfer. Convective and conductive heat transfers are intimately related because heat
transferred by convection ultimately involves conduction.

In the turbulent core, the time-averaged temperature has almost uniform distribution due to mixing
by eddy motion. The temperature gradient is very small but energy is transferred very rapidly.
However in the viscous sublayer near the pipe wall, such an eddy motion is suppressed to have
steep linear temperature distribution by molecular transport effect only. The buffer zone has a
transitional temperature profile, where the turbulent effect becomes of comparable order to
molecular transport effect.

Hence the main resistance to heat transfer takes place in very thin film of the fluid near the wall.
Then the heat-flux through the film toward the pipe wall can be expressed at the heat transfer

surface as
aT

qw = qur:R = —K ar roR (8.1-2)
Introducing a thermal film thickness &, this temperature gradient can be approximated as

Tim— Ty
Grlr=r = K o7 (8.1-3)

where T, is the mixed mean temperature (bulk temperature), T,, the wall temperature, and &7
the thickness of an fictitious conduction film. The definition of the mixed mean temperature is
_ ff 2nr v, pCp(T— Ty,)dr

T = Tw = ff 2nr v,pCp dr (8.1-4)
Then the equation becomes

qw = %T(Tm - Tw) =h (Tm - Tw) (Tm > Tw)

Qw = %T(Tw — Tyn)=h (T, — Ty) (T < Tw) (8.1-5)
This is one of the defining equations for heat transfer coefficient:

h= x/6¢ (8.1-6)

The film thickness is a complicated function of the flow condition, the fluid properties, and the
geometry of the flow system, that is, a function of Re and Pr. Therefore the heat transfer
coefficient can be expressed to be a function of the same parameters. The heat transfer coefficient
has units of J/m? s K in Sl unit system.

8.2 Application of the Equation of Energy
for Turbulent Heat Transfer

The turbulent effect on heat transfer becomes of negligible importance in the viscous sublayer.
The following equations are valid in the viscous sublayer, whether the flow is laminar or turbulent:

ACTH T R TR

ot 0z oz ror\' or) " 120967 " 972
or oT  ve 0T ory _ . [to (,.09T\, 19°T 97T -

pCp (at + v ar + T 90 t v 82) o [r ar (r 6r) T2 962 + 9z2 (8.2-2)
In the last equation the viscous dissipation term and the pressure work term have been
neglected.
These equations could be solved with the following boundary conditions
v,=1v.=1v9g=0 and —,u%=rw at r=R (8.2-3)
T=T, and -— kL = qw at r=R (8.2-4)

ar
According to the definition of heat transfer coefficient
qur:R = qw = h (Tw — Tin) (8.2-5)



That is

1 aT
h= (-3 . (8.2-6)
Then let us start with dimensional analysis for application of the equation of energy transport.
The following dimensionless quantities should be introduced:
r*=r/D, z*=z/D, T" = (T — T)/(Tw = Tn), v = vr/(”z),
U; = 179/(1]2>, UZ* = Uz/(vz>' p* = (p - pO)/(p (vz)z)
(v,) is the representative velocity averaged over the cross section.
The above energy equation is made dimensionless
. OT*  vjdT* . OT* 1 1 0 . OT" 1 9%T* | 9%T*
Ry - _( F) 7 597 T az7]

Ur ar* r* 00 Z 9z*  RePr ; ar*
where Re = pD(v,)/u and Pr = Cyu/k
Note that these dimensionless parameters Re and Pr appear automatically in the dimensional
analysis.
The equation of motion is also made dimensionless for steady state:

L 0V vpov; . OV} ap* 1 [1 0 « OV} 1 9%v; . 0%v;
Ur ot r_e 20 T V25, T or T Re I o (r ar*) TG T 02*2] (8.2-8)
In general, this equation is too difficult to solve analytically. However the velocity solution can be
expected to be of the form:
vy =v.(r",0,z", Re)
vg = vy(r*,6,z%, Re) (8.2-9)
v, =v,(r"0,z",Re)
If the above dimensionless energy equation could be solved by substituting the dimensionless
velocity solutions. Therefore the temperature solution can also be expected to be of the form:

(8.2-7)

T = T*(r*0,z", Re, Pr) (8.2-10)
We assume the fully-developed, axisymmetric temperature field
aT* aT*
=0 and =0
az* a0

Thenweget T* = T*(r*,Re, Pr)

The temperature gradient at the wall g:: 12 should be a function of Re and Pr only.
rt=
The boundary condition is made dimensionless:
A(Tw-T)
— h_D — or r=R _ __ oT” _
Nu= —= Tt = a1 (8.2-11)

2
The new dimensionless parameter is known as the Nusselt number. The above equation states that
the Nusselt number is the dimensionless temperature gradient at the heat transfer surface. Therefore
the Nusselt number is found to be a function of dimensionless parameters Re and Pr in the
fully-developed temperature field. Note that the Nusselt number gives a local heat transfer
coefficient.
Nu = Nu (Re, Pr) (8.2-12)
Similarly the Nusselt number averaged over the pipe length is also a function of Re and Pr.
It may be convenient to use a new dimensionless group defined as
-~ _ho(cpm) 3 -1p,.—1/3
Jjy = q,_G(T)f = NuRe lpr-1/ (8.2-13)
where G is mass velocity = (fluid density) x (average fluid velocity) p(v).
This is called the j-factor for heat transfer. This parameter is often used when the convective
transport mechanism is discussed among momentum, energy, and mass transfer.
The subscript f denotes properties evaluated at the film temperature
_— T+ Ty
re 2
For large temperature changers, the variation in g should be taken into account.
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Fig.8.2-1 j-factor correlation for heat transfer of circular pipe flows

Figure 8.2-1 shows the j-factor for heat transfer in circular pipes which includes the correction
factor ¢ for viscosity: ¢ = (up/p,) %1

In the highly turbulent flow range, the following empirical analogy for long smooth pipes is
proposed by Colburn:

. f
ju=1% (8.2-14)
This analogy relation will be demonstrated for a laminar boundary layer flow over a flat plate in

Chapter 17.

The analogy permits one to predict heat transfer coefficients from friction data for the same flow
conditions. It should be noted that the laminar Nusselt number or j-factor depends on the ratio
L/D. In the range of turbulent heat transfer, the following empirical correlation is available:
no(Cpu\ /3 (014 pg) 02 DG 4
— (— —= =0.026 (— Re = — > 10* 0.6 < Pr < 100(8.2-15
(%), () (%), : (®:2:15)

CpG \ Hw u

Colburn, A.P.,, Trans. A.I.Ch.E., 29, 174-210 (1933)
Sieder, E.N. and Tate, G.E., Ind. Eng. Chem., 28, 1429 (1936)

8.3 Overall Heat Transfer Coefficient and Heat Exchangers

8.3-1 Definition of overall heat transfer coefficient

Insulating material

&

Flow direction

Fig.8.3-1 Double-pipe heat exchanger



As a very simple and comprehensible example of heat exchangers, Figure 8.3-1 shows a
double-pipe heat exchanger consisting of two concentric pipes. For definiteness, we assume that the
hot fluid is flowing through the inner pipe and the cold fluid in the annular space; heat is transferred
rapidly across the wall of the inner pipe. If the two fluids flow in opposite directions, the type of
flow is called “counter-current flow.” If the two fluids flow in the same direction, the flow is called
“parallel flow.” Steady-state turbulent flow may be assumed here. Heat losses from the wall of the
outer pipe to the surroundings may be neglected. The actual change in temperature with the radial
distance is shown schematically by the solid lines Ty, T\yn, Tiwe, T.- The dotted lines show the
temperature change modified by the film theory to define two heat transfer coefficients h;, h,.
The mixed mean temperature Ty, of the hot stream is somewhat lower than the maximum
temperature T, , whereas the mixed mean temperature T,,, of the cold stream is somewhat higher
than the minimum temperature T,. The thickness and thermal conductivity of the inner pipe wall
are given by 6, and k., respectively.

It is convenient to utilize an overall resistance concept in calculation of the heat transfer rate
across many layers in series: the inside film, the tube wall, and the outside film resistances. The heat
flux can be expected to be proportional to the temperature difference Ty,, — T., as the driving
force.

The rate of heat transfer over a very small pipe length dz can be expressed in terms of the
individual temperature drops in three layers:

Twh— Tw

dQ = hynD;dz (T, — Tywn) = KtnDavdz% = h,nD,dz (Tye — Temn) (8.3-1)

This equation can be rewritten as

dQ — Thm; Twh — Twhg_tTwc — Twc_chm (83-2)
hinDidz Kk¢Dgydz honDodz

where D, isthe logarithmic mean of the outer and inner diameters of the inner pipe.

This equation indicates a heat transfer analog to Ohm’s law of electrical current. That is, the heat
transfer rate dQ corresponds to the electrical current. The individual temperature drops correspond
to the voltage drops in the separate resistances operating in series. Each denominator indicates the
corresponding thermal resistance.

Adding these numerators and denominators separately, we get

dQ = ——m—em (8.3-3)
hinDidz' KtTrDavdz' homDodz
The denominator indicates the overall thermal resistance. The numerator indicates a local value of
the overall temperature difference. Then we can define an overall heat transfer coefficient U,
based on the outside area of the inner pipe by the equation
T m_Tcm
dQ = 22— = U, 7Dydz (Tpm — Tem) (8.3-4)
Ug mDodz
The denominator can be considered to be an overall resistance. Comparing this equation with
Eq.(8.3-3), we get the following relation:
1
Uo = 15y 550, = (8.3-5)
thl KtDav h.o
The individual terms of the denominator on the right-hand side represent the individual resistances
of the two fluid films and of the tube wall. Note that U, means a local value of the overall

heat-transfer coefficient.

[Fouling]

Usually actual heat exchanger surfaces are subject to deposition of a film of foreign materials.
This phenomenon called “Fouling” very often occurs on the heat transfer surfaces on the cooling
water side when using natural water such as sea, river or well water. The film growing due to the
accumulation of unwanted materials on solid surfaces offers a thermal resistance.

Therefore the heat transfer resistance should be taken into account in the overall heat transfer



coefficient:

1 1 D, 1 D, , & D, 1 1

-_ = -t — =+ -4+ —+ — 8.3-6
Uo hi D; hsi D; K¢ Dgy ho hso ( )

where hg; and hg, are the reciprocals of the fouling thermal resistances on the inner and outer
tube walls, respectively.

8.3-2 Logarithmic mean temperature difference?

Since the overall temperature difference varies from point to point along the pipe, the heat flux
also varies with pipe length. The temperature variation for counter-current flow is shown as an
example in Figure 8.3-2.

Thim1 Counter-current flow
Tcml N\

TC?’H

Thmz

TE?’TIZ

—_— 7

Fig.8.3-2. Temperature variation with pipe length for countercurrent flow
in a double tube exchanger

To apply the defining equation for U, to the entire area of the exchanger, the equation must be
integrated with the simplifying assumptions: (1) the overall coefficient is constant and (2) the heat
capacities of the two fluids are kept constant.

Figure 8.3-3 shows a double-pipe counter-flow heat exchanger. The outside and inside diameters
of the inner pipe are D, and D; and the inner pipe length for heat exchange is L.

z=0 z Z+dz
z=1
Temy A “— leme2
u
Tomi —{ Wy, >0 Tim , dQ >0 —— Thima
N Tem V| w.<0 —
Tema Tema

Fig.8.3-3. Interphase heat transfer in a double-pipe countercurrent exchanger

The hot fluid is flowing through the inner pipe and the cold fluid through the annular space.
If we set up the differential energy balance over the volume element between z and z + dz,
dQ = — wpCpp dThm = W Cpc AT (8.3-7)
The flow rate of the cold fluid w, is negative since the cold fluid flows in opposite direction. The
temperature gradients are dTy,,/dz <0, dT.,/dz <0 . The minus sign in front of w; comes
from the condition of positive dQ.

According to the equation for U,,

dQ = UynD, dz (Thm — Tem) (8.3-8)

From these equations we get the following equations for the hot and cold streams, respectively.

dT nD,dz
— _Zhm y —— (8.3-9)
dThm —Tem VcVithh
T, nD,dz
——cm o o’z (83_10)
Thim—Tem wceCpc



By adding these equations, we obtain

d(Thm_ Tcm) _ 1 1 _
=t = Yo (e * ) P02 8311)
For constant coefficient U,, we can integrate between both ends of the exchanger:
In (M) = U, ( Ly 2 )nDoL (8.3-12)

Thmz— Temz WhCpp weCpc

According to the energy balance between z = 0 and L, the total rate of heat exchange is
Q= Wthh(Thml - Thmz) = - WcCpc(Tcml - Tcmz)

— Thml;Thmz - (Tcml_chmz) _ (Thm1_Thlm2); (Tcznl_Tcmz) (83-13)
whCpp wceCpce whCPR wceCpce

Then we get

1 1 — [(Thml_ Tcm1)_(Thm2_ Tcmz)] (83'14)
WCpn " WeCpc e
Substituting it into the foregoing equation, Eq,(8.3-12), we get
Q = U, nD, L {Hemi=temt)=Chme Toma) (8.3-15)

ln(Thmz— Tcmz)
or
Q= Uvo(Thm - Tcm)lm = Uvo(ATm)lm (8.3-16)
where
ATpp1— ATy,
AT im = 2 (8.3-17)
"8 ma

This equation, valid for both parallel and counter-current flows, is the basic equation for
engineering calculation of heat exchangers. The result indicates that we should use the logarithmic
mean of the mixed mean temperature differences at both ends (abbreviated LMTD) to determine the

total area for the required heat transfer rate.

We can understand from this analysis for a double-pipe exchanger that the LMTD is appropriate as

the characteristic temperature difference for thermal engineering design of various exchangers

1. Bird, R.B., Stewart, W.E. and Lightfoot, E.N., Transport Phenomena, Wiley, New York, Chapt.15, Example 15.4-2 (1960)

Nomenclature

Cp heat capacity, [J/kg K]

D pipe diameter, [m]

f friction factor, [ - ]

G mass velocity, [kg/m?s]

h heat transfer coefficient, [W/m?K]
Ju j-factor for heat transfer, [ - ]

Nu Nusselt number, [ -]

Pr Prandtl number, [ - ]

Q heat transfer rate, [W]

G G heat flux at r, wall heat flux, [W/m?]
R pipe radius, [m]

Re Reynolds number, [ - ]

r,0,z cylindrical coordinates, [m, -, m]

T temperature, [K]

t time, [s]

U overall heat transfer coefficient, [W/m?K]

v, Vg, v, Velocity component in cylindrical coordinates
we, Wy, mass flow rate of cold fluid, hot fluid, [kg/s]

z axial coordinate, [m]

6t tube wall thickness, [m]

Or film thickness for heat transfer, [m]
u viscosity, [kg/m s]

K thermal conductivity, [W/m K]



Nomenclature 91

p density, [kg/m°]
[0) correction factor for viscosity, [ - ]

Superscripts

* dimensionless

B fluctuation
time-averaged

Subscripts

c cold

f film

h hot

i inner tube

I.m. logarithmic mean

m bulk or mixed mean

0 outer tube or outside surface
t tube

w wall

Brackets
() averaged over flow cross section



CHAPTER 9
HEAT TRANSFER EQUIPMENT

9.1 Shell-and-Tube Heat Exchanger

There are various kinds of heat exchangers in industrial processes: double-pipe exchanger,
shell-and-tube exchanger, cross-flow plate exchanger, etc.

1:tubes, 2:shell, 3:stationary tubesheet, 4:floating tubesheet, 5:floating head cover, 6:shell cover, 7:baffles, 8:shell
nozzle, 9:stationary head nozzle, 10:pass partition, 11:tie rods and spacers, 12:impingement baffle, 13:channel cover

Fig.9.1-1. Floating-head 1-2 heat exchanger

Figure 9.1-1 shows a floating-head one-shell-pass, two-tube-pass heat exchanger.

Here we deal with the thermal analysis of shell-and-tube exchangers, which are widely used
because they can be constructed with large heat-transfer surfaces in a relatively small volume. The
above figure is a sketch of a shell-and-tube heat exchanger with one shell pass and two tube passes.
Usually the hot fluid flows through the tubes and the cold fluid through the shell. The shell-side and
tube-side heat transfer coefficients are of comparable importance, and both must be large to attain a
satisfactorily large overall coefficient. Heat transfer tubes are laid out on either square or triangular
patterns.

The tube pitch P, is the shortest center-to-center distance between adjacent tubes. Usually we
use 1.25 times the outside diameter of the tubes for triangular pitch. Since the velocity on the shell
side is usually low in comparison with that on the tube side, 25%-cut baffles are installed in the
shell to decrease the flow cross-section and to cause the fluid to flow across the tube bank rather
than parallel with it.  An increase in the shell-side coefficient is obtained by this type of cross flow
across the tube bank. Standard length of tubes is usually 5 m. Shells are fabricated from pipe or by
rolling plate of steel or stainless steel. It is often difficult to obtain a high velocity when the
tube-side fluid flows through all the tubes in a single pass. Multipass construction by means of the
pass partitions are used to increase the tube-side velocity with a corresponding increase in the
tube-side coefficient. The sizes of tubes which are frequently used are in the range 15 to 30 mm
OD.

9.2 Tube-side Heat Transfer Coefficient

In the last chapter, we concluded that the Nusselt number for fully-developed temperature field is



a function of Reynolds number and Prandtl number. The inside heat transfer coefficient h; for the
tube-side fluid can also be correlated in the j-factor form:

. N _ m -0.14
ju = = Pro1/3 (Z—W) (9.2-1)

where u,,, u,, are the viscosities of the tube-side fluid at the mixed-mean temperature T,, and
wall temperature T,,. Unless the temperature difference between T, and T, is very large, the
viscosity correction term ¢ = (,um/uw)_o'14 may be considered to be unity.

For highly turbulent pipe flow, we can use the empirical equation (Sieder and Tate correlation)®

hp D 6\%8 rcp u\1/3 o\ 014

M2 = 0.026 (7) (—) (—) (9.2-2)

K Hw

or in the Colburn j-factor form

ju = 0.026 Re ™02 (9.2-3)
which gives the heat transfer coefficient within =20 % error in the range Re = 10* ~ 10°,
Pr = 0.6 ~ 100,and L/D > 10. In moderate heat transfer conditions u,,/u,, = 1.

We can also use o s

hiD DG\"° [C

M2 = 0.023 (7) (%5) (9.2-4)

K
For laminar flow we have to consider the boundary layer effect of entrance length developing from
the pipe entrance. We can use the following equation
MD — 1.86 (Re PrD/L)'/3 (“—m)o'14 (9.2-5)
K HUw
which is good within £20 for RePrL/D > 10. Keep in mind that Eq.(9.2-5) gives an average
heat transfer coefficient in the developing temperature field.

Note that Figure 8.2-1 gives this laminar flow correlation in the form of parallel straight lines.

1. Sieder, E.N. and Tate, G.E., Ind. Eng. Chem., 28, 1429 (1936)

9.3 Heat Transfer Coefficient in Annular Space of Double-tube
Exchangers®”

For evaluating the heat transfer coefficient of the annular side, we have to consider the hydraulic
equivalent diameter for noncircular flow passage.

The heat transfer through the inner tube-side wall in turbulent annular flow can be correlated by
equations similar to those used for circular tube flow accounting for the annular geometry.
Here the equivalent diameter D, is used.
One of the correlative equations is
hoDeq Deg G\O8 rcp 1\O4 (D, 045
s 0023 (2" (222)"" (2 631

K D,
Deg = D, — Dy, Re >10*
where D, and D, are the inside diameter of the outer tube and the outside diameter of the inner
tube, respectively.

1. Kern, D. Q., Process Heat Transfer, McGraw-Hill, New York, 137 (1950)

9.4 Shell-side Heat Transfer Coefficient

As shown in Fig.9.4-1, the triangular pitch gives high shell-side heat transfer coefficients because
the shell-side fluid flowing between adjacent tubes impinges directly on the succeeding tube row.



Py

Triangular pitch Square pitch

Fig.9.4-1. Two kinds of tube layouts for exchangers and equivalent diameter

Because the fluid flows partly parallel to the tube bank and partly across it, we would use a
characteristic mass velocity and an equivalent diameter appropriate for the flow pattern.
The mass velocity G, for cross flow is the mass flow rate divided by the total flow area S, for

transverse flow between the tubes in the row at or closest to the centerline of the exchanger.

Wy ] ) )
Ge = P D (Do/FPrd, for either square or triangular pitch (9.4-1)

where P, is the tube pitch and P, the baffle pitch.

Fig.9.4-2. Shell-side flow passage in tube bundles

We choose the cross-flow mass velocity G, for the characteristic mass velocity. The equivalent
diameter for the shell is taken as the equivalent diameter for the fictitious parallel flow without

baffles:
4 (ﬁ P2-Ta,? 1)

Dy = — — — for triangular pitch (9.4-2)
02
D,, = 4<Pt2"d02) for square pitch (9.4-3)
eq — rd, q p :

If we use G. and D, as the mass velocity and equivalent diameter, the Nusselt number is
correlated with the Reynolds number in the form

hoDegq — 036 (DquC)O.SS (Cp_ﬂ)1/3 (M_m)o.lz; (9.4-4)
K ' I K Hw '
Re = 2,000 ~ 1,000,000.



9.5 True Temperature Difference for 1-2 Exchangers®

The temperature-length curves for a 1-2 exchanger having the nozzle arrangement indicated are
shown in Figure 9.5-1. The curve Ty; — Ty;and T, — T,, can be considered as those of a
counter-flow exchanger, and the curves Ty, — Ty, and T, — T, correspond to a parallel-flow
exchanger.

The LMTD for counter-flow can be formally written as

LMTD = (AT),, = ri=Te)Cro=Tei) (9.5-1)
lnTho‘Tci

This cannot be used without correction to calculate the true mean temperature difference. A

correction factor F is so defined that when it is multiplied by the counter-flow LMTD, the product

is the correct mean temperature difference. Figure 9.5-2 shows the factor F for 1-2 exchangers as a

function of the two dimensionless parameters. This correction factor shown in Fig.9.5-2 can also be

used for exchangers with one shell pass and even tube passes.

1. Bowman, R.A., Mueller, A.C. and Nagle, W.M., Trans. A.S.M.E., 62, 283 (1940)

Tco Thi Thil
[y | ) | T
— I | | [ —
1 | | | 1| Tee I I [ | MR RES
pE——— ===
K e -
Tr.'i Tho

Tm Tm

TEMPERATURE
a1
o "
g
TEMPERATURE
g

TUBE LENGTH TUBE LENGTH
7 — Thi ~The y = Teo = Tei
Teo — Tei Thi — Tei

Fig.9.5-1. Temperature—pipe length curve for 1-2 exchanger
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Therefore the heat transfer surface area A, of a shell-and-tube exchanger can be calculated by

Q = Uo4, (AT F (9.5-2)
where the LMTD to be used with this kind of correction factor is for a counter-flow double-pipe
heat exchanger with the same fluid inlet and exit temperatures. The correction factors F for
various and complex configurations are omitted here. If necessary, you should refer to the
handbooks.

9.6 Engineering Design of a Shell-and-Tube Heat Exchanger

Only for simplicity, we will study the fundamental calculation method.
(1) Pressure drop in heat exchanger

(1-A) Tube-side pressure drop
The tube -side pressure drop can be calculated in a manner basically similar to the pressure
drop in a single straight pipe. That is, the tube-side pressure drop is the sum of the pressure
drop over the straight pipe section and the pressure drop due to the change of flow direction
caused in the front and rear heads when entering or leaving the tube-sheets.
The pressure drop over the straight pipe section is given by

_ 4fGPLn )
Ap, = EYIY R (9.6-1)

where n is the number of tube passes. Therefore (1/2)G,%/p means (1/2)p v,2 and

L n is the total length of path. The viscosity correction term ¢ = (,um/yw)_o'14
The pressure drop due to the abrupt change of direction in flowing from one pass into the
next pass can be considered as four velocity-heads per pass:
Ap, = 4n % ov,? (9.6-2)
(1-B) Shell-side pressure drop
It can be considered that the pressure drop is proportional to the number of times and the
distance the fluid crosses the tube bundle between baffles. Using a modification of Eq.(7.4-8),
an empirical correction available for calculation of the pressure drop through the shell side:
G2 Dg(N+1)

Aps = 4]‘:g m (96-3)
where  (1/2)G,*/p implies the kinetic energy (1/2)p v.2 and Dy (N + 1) is a kind of
equivalent length the fluid travels. The viscosity correction term is ¢ = (um/my) > " If N
is the total number of baffles in the shell, the shell-side fluid crosses (N + 1) times the tube
bundle. That is, (N + 1) equals the ratio of tube length L to baffle spacing P,. The
equivalent diameter D, is the same as for heat transfer. The above equation includes
entrance and exit losses.
The friction factor f, = 0.43 Re, **° 500 < Reg < 10° (9.6-4)

DeogG,
where Re, = —1=

9.6-1 Thermal design procedure of double-tube exchangers

[EXAMPLE 9.6-1] 4,000 kg/h of 98 mol% methanol from an overhead condenser is to be cooled
from 62 C (=335 K) to 30 C (=3034 K) by a double-tube exchanger which consists of 50 mm OD,
2 mm thick copper tube and 80 mm ID copper tube. Methanol solution is placed on the tube side
and cooling water is supplied into the annulus in counter-current direction. The inlet water
temperature is 20 C (=293 K) and the outlet temperature is desired to be 25 C (=298 K). Obtain the
necessary total length of double tubes.

[Solution] The physical properties of methanol at mean temperature 46 C (=319 K) are:



p =780 kg/m3, Cp =259 x 103 J/kgK, u=0.0004 kg/ms, and
k=0.196 W/mK.
Heat balance: Q = (4000)(2.59 x 103)(335—303) = W (4.183 x 103)(298 — 293)
=3.3165 x 10° J/h = 0.921 x 10° W
From this equation, the required water rate is
W =1.585 x 10* kg/h
Heat transfer coefficient on methanol side:

Mass velocity
_ (4000/3600)

= /oo = 0686 kg/m?s
Re = D G/u = (0.046) (668.6)/0.0004 = 76,900 (turbulent flow)
Pr = Cpu/x = (2.59 x 103) (0.0004/0.196) = 5.286
From Eq.(9.2-4)
h; = 0.023 (k/D) Re®® pri/3 = (0.023)(0.196/0.046)(76,900)0~8(5.286)1/3
= 1,380 W/m?K
Heat transfer coefficient on water side:
Deqg = D; — D1 = 0.08 — 0.05 = 0.03m
(1.6585 x 10%/3,600)
o= (1t/4)((0.08)2— (0.05)2) = 1,440 kg/mzs
The physical properties of water at 22.5 C (=295.5 K) are: p = 1,000 kg/m?3,
Cp =4.183 x 103 J/kg K, u=0.0009 kg/ms,and k =0.616 W/mK.
Regq = Deq Go/p = (0.03)(1440/0.0009) = 48,000
Pr = Cpu/x = (4.183 x 103) (0.0009/0.616) = 6.11
From Eq.(876)

ho = 0.023 (i¢y/Deq) (DeqGo/ 1) 2 (Cp /1) 4 (D2/ 1) **
= 0.023 (0.616/0.03)(48000)°8(6.11)%4(80/50)%*> = 6690 W /m?K
Neglecting the thermal resistance of copper tube wall and assuming the overall fouling
resistance of 1/h, = 4.4 x 10™* (W /m?K)™1, the overall coefficient is
1
— — 2
U, = T 0050 = 726.1 W/m*K

- MM —4 -
1380 0.046 + 44 X 107"+ 550

Temperature difference:
LMTD = (AT),, = (335—-298)—(303-293) 20.6 K

1 335—-298 -
303-293

Then the area required for the heat transfer rate is
Ay = Q/Uy(AT)py = (0.921 X 10°)/(726.1)(20.6) = 6.16 m?

The necessary total tube length is
L= A,/nD = 6.16/m(0.05) =39.2m

9.6-2 Thermal design procedure of shell-and-tube exchangers
[EXAMPLE 9.6-2] 30,000 kg/h of liquid mixture of organic compounds is to be heated from

30°C(= 303 K) to 70°C (= 343 K) by a shell-and-tube exchanger before feeding into a
distillation column.
The liquid mixture is placed on the shell side and as the heating medium, 42,000 kg/h of
toluene from the reboiler of another column is supplied at 105°C (= 378 K) into the tube side.
Plant practice uses 25 mm OD, 22 mm ID smooth steel pipes 5 m long on 35 mm square
pitch and baffles 250 mm apart. A 1 x 10° Pa pressure drop is permissible on both streams.
Assume the overall fouling resistance factor 1/hy tobe 3.8 x 10~* (W/m’K)™. Obtain
the necessary size of shell-and-tube exchanger for the requirement.



Table 9.6 Physical properties
Organic liquid mixture

TC p kg/m® i kg/ms Kk W/mK Cp JkgK
30 890 0.0017 0.150 1.85x 10°
50 870 0.0012 0.147 1.91x 10°
70 855 0.00094 0.145 1.98 x 10°
90 845 0.00076 0.142 2.04 x 10°
Toluene
TC p kg/m® u kg/ms Kk W/mK Cp JkgK
50 850 0.00040 0.128 1.80 x 10°
70 820 0.00034 0.124 1.88x 10°
90 800 0.00028 0.117 1.97 x 10°
110 770 0.00021 0.114 2.05 x 10°
[Solution]
Average heat capacities are
Liquid mixture Cp, = 1.91 x 10% JkgK at T, =>22=50T
Toluene Cp; =197 x 103 JkgK at T, = 1054774 =912 €

(Because the toluene side exit temperature is unknown, the above toluene heat capacity is
determined by trial-and-error method applied to the following total heat balance)
Q) Heat Balance:

Q = (30,000)(1.91 x 103%)(70 — 30) = 2.292 X 1091 = 6.367 x 10°W

h
= (42,000) Cp; (105 — Tjy)
From the equation, the outlet temperature of the tube-side stream is T;, = 77.4 C.

(i) True temperature difference:
(105 —70) — (77.4 — 30)

LMTD = (AT),p, = T = 409K
., "T7a=30
For 1 — 4 exchanger Z= 130123'4 =069 Y= 17005__3300 = 0.533

From Fig.9.5-2, F = 0.88

Therefore the true temperature difference AT = (AT);,F = (40.9)(0.88) = 36.0 K
(i) Trial:

Assume U, = 300 W/m?K

Then the total heat-transfer area A, = Q/U,AT = 6.367 x 10°/(300)(36.0) = 58.95 m?

Outside surface area per tube a, = mD,L = m(0.025)(5) = 0.393 m?

Total number of tubes n, = A,/a, = 58.95/0.393 = 150 < 152

Each tube pass can accommodate 38 tubes.

Then a new overall heat transfer coefficient is re-assumed.

U, = Q/n.a,AT = 6.367 x 105/(152)(0.393)(36.0) = 296.1 W/m2K

Tube-side

Flow area per tube a, = (n/4) D;* = (1/4)(0.022)% = 3.80 x 10~*m?

Flow area per pass: A; = (152/4)(3.80 X 10™*) = 0.0144 m?

Mass velocity G, = W;/A, = (42,000/3600)/(0.0144) = 810.2 kg/m? s

Toluene viscosity at T,; = 91.2 C: y; = 0.000276 kg/ms

Reynolds number on the tube side: Re; = (0.022) (810.2)/0.000276 = 64,600

L/D; = 5/0.022 = 227,

Then from the turbulent flow curve of Fig.8.2-1, j,; = 0.0028 at Re; = 64,6000.

At T, = 91.2T, Cp; =197 x 10° JkgK, k; =0.117 W/mK



Prandtl number Pr; = Cp;u;/k; = 4.65.
Then the inside heat-transfer coefficient is
hi/d: = (ui/ $:) (/D) Re; Pr;Y® = (0.0028)(0.117/0.022)(64,600) (4.65)1/3
= 1,606 W/m?*K

Shell side

The inside diameter of shell accommodating 152 heat-transfer tubes of 25 mm OD can be
estimated from the tube layout on 35 mm square pitch. Since one square which has area of
(0.035)? = 0.00123 m? can accommodate one tube. From the following equation,

(r/4) D2 = (0.00123)(152) = 0.187 m?

we get D, = 0.488 m as the first approximate value.
We need to avoid a collision between the inside wall
of the shell and the outer-most tubes. A space for
D,/2 is still necessary at both ends of the shell
diameter:

Dy = 0.488 + (0.0125 x 2) = 0.513 m

Further about a tube diameter space for tie-rods

IS necessary between the outer edge of the tube
bundle and the inside wall of the shell:

Dy = 0.513 + (0.025 x 2) = 0.563 m

Equivalent diameter for square pitch is

_ 4(P°—(n/4)Dy,%)  4((0.035)% — (m/4) (0.025)?)

Deg = = 0.0374
eq 7D, 7(0.025) m
Mass velocity for crossflow position
C - W, (30,000/3,600)
.=

P, D, — (D./P,)P,D, _ (0.25)(0.563) — (0.563/0.035)(0.25)(0.25)
=207.2 kg/m?s

At T,,=50C, Cp, =191 x 103 J/kg K, p, = 0.0012 kg/m s,
K, = 0.147 W/mK,
Prandtl number: Pr, = 15.6.
Reynolds number:  Re, = D.q G./u, = (0.0374) (207.2)/0.0012 = 6,460
From Eqg.9.4-4, we obtain

ho/$o = 0.36 (KKo/Deg) Re, " Pr, /2

= (0.36)(0.147/0.0374)(6460)%5° (15.6)1/3 = 440.6 W /m?s K

Tube-wall temperature

From heat balance neglecting the fouling resistance
h; 1
¢Tli (TW - Tci) = M (Teo — Tei)

h; ' ho

That is
hO/d)O
(Teo — Tei)
(hi/p) + (ho/B0) ~ ¢ ¢
= 91.2 + (440.6)(50 — 91.2)/(1606 + 440.6) = 82.3 C (= 355.3 K)
At T, =823C u,,=0.000829 kg/ms, u,; =0.000303 kg/ms

b0 = (/)" = (0.0012/0.000829)°** =1.05
b= (u/my)>™ = (0.000276,/0.000 — 303)*™* = 0.99

Tw = Tci +

Corrected heat —transfer coefficients
hy = (ho/Po) P = (440.6)(1.05) = 462.6 W/m2K



Gv)

h; = (hi/$) ¢; = (1606)(0.99) = 1590 W/m2K
The thermal conductivity of steel tube: k; = 45.0 W/mK

Average tube-diameter (logarithmic mean)
_ (D, — D) _ 0.025—0.022

Dgy = D, = 0,025 =0.0235m
D, 10.022
Overall heat-transfer coefficient
1
U, =
1D, 98, D, 1 1
=
hi Di K¢ 1Dav ho hst
= 1 0.025 _ 0.0015 0.025 , 1 T 38x 10-4 = 303.8 W/m2K (VS. 296 assumed)

1590 0.022 = 45.0 0.0236  462.6

(If the calculated coefficient is greatly different from the assumed value, the
foregoing calculation should be repeated with new values assumed.)

The overall coefficient calculated above is only 2.6% larger on the safe side than
the assumed value. The exact value of the shell diameter Dy should be
determined from drawing of tubes laid on 35 mm square pitch taking into
account the spaces for pass partition, tie rods, etc.

SHELL SIDE TUBE SIDE
1 pass 4 tube passes
D, =0.563 m D,=0.025m, D; = 0.022m, L= 5m
T, =30C T,y Ty = 105C
T,, =70C T, = 77.4C
T, = 50 C T, = 91.2C
Re, = 6,460 Re; = 64,600
h, = 462.6 W/m2K h; = 1,590 W/m2K

Q =6.367x 105 W

AT =36.0K, T,=82.3C
n, = 152

U, = 303.8 W/m2K

Pressure drop
(a) Shell side:
From Eq.(9.6-4), f, = 0.43 Re;”%'® = 0.0812 at Res = 6,460
In Eq.(9.6-3), N =20, ¢, =1.05, G, =207.2 kg/m?s, D, =0.563 m
0 =870 kg/m3, Do, = 0.0374m

2
Ap, = 4 (0.0812) 2((2;77020(;’3576:))((12;;) = 2,400 < 10° Pa6
This value i1s smaller than the permissible limit.
(b) Tube side:
From Fig.7.3-1, f = 0.0049 at Re; = 64,600
In Eq.(9.6-1), G, =810.2 kg/m?s , L= 5m, n=4, ¢, =099 , o =798 kg/m?3,
D; = 0.022m

_ 4(0.0049)(810.2)%(5)(4)
Pt = T570.022)(798)(0.99)
In Eq.(9.6-4), v, = G;/p =810.2/798 = 1.02 m/s

= 7,403 Pa




Problems 101

Ap, = 4 (4)(1/2)(798)(1.02)% = 6,642 Pa

Then the total pressure drop on the tube side is

Ap = Ap, + Ap, = 7,403 + 6,642 = 1.04 x 10* < 10°Pa
This value is also smaller than the permissible limit.

[PROBLEM 9.6-1]

A triangular pitched 1-2 shell-and-tube exchanger is operated to cool 4,000 kg/h of oil.
At the present time, the oil, which is the tube-side fluid, is being cooled from 90 C (=363
K) to 63 C (= 336 K), while water as the shell-side fluid is being heated from 30 C (= 303
K) to 38 C (= 311 K). The exchanger has the effective heat-transfer area of 10 m?2 on the
basis of the outside diameter. The oil has average heat capacity Cp = 2.2 X 103]J/kg K
and density p = 880 kg/m3. Determine the present value of the overall heat-transfer

coefficient.
(Answer: 162.2 W/m2K)

[PROBLEM 9.6-2]

100,000 kg/h of crude oil is to be heated from 70 C (= 343 K) to 100 C (=373 K) by a
shell-and-tube exchanger before feeding into the first distillation column of oil refinery.
The crude oil is placed on the tube side and as the heating medium, 65,000 kg/h of
kerosene is supplied at 200 C (= 473 K) into the shell side. Plant practice uses 25 mm
OD, 22 mm ID smooth steel pipes 5 m long on 35 mm triangular pitch and 25%-cut
bafflers 250 mm apart. Permissible pressure drops on the tube-side and the shell-side
streams are 3 x 10° and 1 x 10° Pa, respectively.

Calculate the heat transfer area required and obtain the size of the shell-and-tube
exchanger. Determine the appropriate number of the tube passes.

The following values of the fouling resistance factors can be used.

1/hg =35 x 1074 (W/m2K)"",  1/hgy = 1.8 x 107 (W/m2K) "

Table 9.6-2 Physical properties of kerosene and crude oil

T C p kg/m®* Cpkj/kgK u kg/ms x W/mK T C p kg/m® Cpkj/kgK u kg/ms x W/mK

120 740 2.39 0.00048 0.135 60 820 2.08 0.0032 0.132

140 720 2.47 0.00039 0.133 80 810 2.16 0.0023 0.131

160 710 2.55 0.00031 0.131 100 790 2.24 0.0017 0.130

180 690 2.63 0.00026 0.130 120 780 2.34 0.0013 0.129

200 680 2.71 0.00021 0.128 140 770 2.43 0.00096 0.128
160 0.00071

9.7 Convective Heat Transfer around Submerged Objects

9.7-1 A circular cylinder in cross flow™?
Let us consider a circular cylinder (diameter D) submerged in the free stream with uniform
velocity v, and temperature T,,. The cylinder surface is kept at a temperature Ts.

The Nusselt number and Reynolds number are defined as
hiocD VeoDpeo
—loc™ ReD — 07 Fx
Kr 1y
where the viscosity py and thermal conductivity x; should be evaluated at the film temperature.

NuD =




Fig.9.7-1. A circular cylinder in a uniform flow normal to its axis
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Fig.9.7-2 Local Nusselt numbers around a circular cylinder in atransverse air stream

When the Reynolds number is small enough, the boundary layer developing from the front
stagnation point is kept laminar and the flow in the separated region formed on the back side is still
laminar.

Fig. 9.7-2 indicates a typical continuously decreasing variation in the Nusselt number at low
Reynolds numbers. We can see a slight rise in the separated wake region of the cylinder. When the
Reynolds number becomes sufficiently large, the boundary layer undergoes transition from laminar
to turbulent flow and the local distribution of heat transfer changes characteristically. The point of
separation shifts upstream to a value beyond 90 degree and the heat transfer coefficients become
very large in the separated region.

For engineering calculations, the main interest is in the total rate of heat transfer, or in the heat
transfer coefficient h,, averaged over the circumstance.
The following equations are available as the empirical heat transfer correlations in two Reynolds
number ranges:
Nup = (0.43 + 0.50 ReS5)Pr038 1 < Rep < 103 (9.7-1)
Nuj = 0.25 Rep® Pr038 103 < Rep <2 X 10° (9.7-2)
Here the ratio of Prandtl number Pr,/Prs coming from the temperature difference between the
wall and fluid bulk temperatures is assumed to be approximately unity. The Nusselt number is
defined as

Nup, = “‘;‘;D (9.7-3)




1. Eckert, E.R. G. and R. M. Drake, Jr.: “Analysis of Heat and Mass Transfer,” McGraw-Hill, Chap.9, 406 (1972)
2. Zhukauskas, A. A., V. Makarevicius and A. Shlanciauskas: “Heat Transfer in Banks of Tubes in Crossflow of Fluid,” Mintis,
Vilnius, Lithuania (12968)

9.7-2 Hot-wire anemometry
Eqg. (9.7-1) is very important equation to be utilized for the principle of hot-wire anemometry.

Two basic forms; the constant-current type and the constant-temperature type are available. Both
utilize the same physical principle but in different ways.
The heat transfer from a fine, long wire (hot wire diameter d, length [, and electric resistance R,,)
of tungsten or platinum to a flowing air (velocity v,,, temperature T,) may be described by the
follow dimensionless equation:
Nuz; = a+ [/ Reyq (9.7-4)

This equation is one form of Eq. (9.7-1) applied in the range of very small Reynolds numbers,
where the effect of Prandtl number is also assumed to be constant. Only for simplicity, let us study
the constant-temperature mode.
The wire attains an equilibrium temperature when the heat I?R,, generated in it is just balanced by
the convective heat loss from its surface.
The wire temperature T,, can be observed in terms of its electric resistance R,, = R,o(1 + 15(T,,
- Ty)) which can be measured by the bridge circuit shown in Fig.9.7-2. The constant r, is given
by the temperature coefficient of the wire resistance.

Tungsten or platinumwire

Resistance: of order 1 ohm
/ Diameter: of order 10 pm
\\Uco Perpendicularto wire

M/fre
SUppq,
,T.

J\S: 17./1<Galvanometer

©)

T Hot wire /
/g/}% f
Set Measure | Q R
| / 3

Fig.9.7-3. Hot wire and bridge circuit for hot-wire anemometry

The heat transfer coefficient can be calculated by the following equation:

I’Ry,
haw = i, 1y (5.79)
The Reynolds number is given by
Voodpoo

Rey = (9.7-6)

Because of a very thin hot wire, the Reynolds number is kept very low.

Finally the approach velocity v, can be measured from the electric current I measured by the
bridge circuit with a balance-detecting galvanometer by using the following equation:

I?=a + p'\ve (9.7-7)

where the constant a’ and S’ must be determined by calibration. Once calibrated, the hot-wire



probe can be used to measure an unknown local velocity by adjusting R; until the bridge balance is
achieved.

9.7-3 Acircular sphere in cross flow

Let us consider a circular sphere (diameter D) submerged in the free stream with uniform
velocity v,.
Similarly to the case of circular cylinders, the heat transfer distribution changes depending on the

Reynolds number. For engineering purposes, the main interest is in the heat transfer coefficient
averaged over the spherical circumference.

The famous heat transfer correlation applicable in a wide range of the Reynolds number is given by
Ranz and Marshall®:

R D D pf Vs 1/2 Cpu 1/3
= — 2.0 + 0.60 ( ! ) ( f) 1 <Re <7 x 10* 0.6 <Pr<400 (9.7-8)
Kf Hr Kf

where the physical properties are evaluated at the film temperature Tr = (To, + T5)/2.
This equation is practically very convenient for estimating the heat transfer coefficients of particles,
bubbles and droplets flying in an infinite fluid flow.

1. Ranz, W. E. and W.R. Marshall, Jr.: Chem. Eng. Prog., vol.48, 141, 173 (1962)

Let us consider again the convective heat transfer around a circular cylinder and a circular sphere
in a free stream with uniform velocity and temperature. Figure 9.7-4 shows a comparison between

those convective heat transfer correlation curves. It is very interesting that both heat transfer
correlations are correspondent exactly to each other.

cylinder sphere
—]<Re< 103 ==:10"3Re < 2*¥10"5 ++s:- 1< Re< 7*10"4
Eq.(9.7-1) Eq.(9.7-2) Eq.(9.7-8)
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Fig.9.7-4. Comparison of convective heat transfer correlations between two submerged objects.

[PROBLEM 9.7-1] A liquid droplet of toluene is suspended at the hot junction of a very thin wire
thermocouple in a superheated toluene vapor (pressure 1 atm, temperature T, = 125 °C) flowing
upward at uniform velocity 1 m/s. The droplet can be assumed to be kept as a sphere in shape. The
droplet temperature is almost kept at the boiling point Ts = 110°C. At the starting time t = 0, the
droplet diameter D = D, = 4 mm. How long does it take until the droplet disappears?



Nomenclature

Hot junction of wirds A and B

A wire B wire Thermocouple lead

To measuring instrument

Toluene ligquid droplet

T = 110°C

Toluene vaporstream

LTI

Ve = 1 m/s, T, =125°C

Fig.9.7-P1. A single droplet suspended in a superheated vapor stream
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heat transfer area, [m°]

heat capacity, [J/kg K]

tube inside diameter, [m], cylinder diameter, [m] or sphere diameter, [m]
equivalent diameter, [m]

inside diameter of shell, [m]

hot-wire diameter, [m]

outside diameter of heat transfer tube, [m]
correction factor for temperature difference, [ - ]
friction factor, [ - ]

mass velocity, [kg/ms]

mass velocity in cross flow section, [kg/m?s]
heat transfer coefficient, [W/m?K]

electric current of hot wire, [A]

j-factor for heat transfer, [ - ]

tube length, [m]

total number of baffles, [ -]

Nusselt number, [ - ]

number of tube passes, [ - ]

total number of heat transfer tubes, [ - ]
Prandtl number, [ - ]

baffle pitch of tube layout, [m]

pitch of tube layout, [m]

heat transfer rate, [W]

Reynolds number, [ - ]

temperature, [K]

surface temperature, [K]

overall heat transfer coefficient, [W/m?K]
viscosity, [kg/m s]

correction factor for viscosity, [ - ]

Subscripts

gs"wo3z—T—~go

cold

cylinder

film

hot

inner tube, inside surface or inlet
bulk or mixed mean

outer tube, outside surface or outlet
shell side

tube side

wall

free stream



CHAPTER 10
INTERPHASE MASS TRANSPORT

10.1 Definition of Mass Transfer Coefficient

Mass transfer mechanism also falls into one of the two large categories: molecular and
convective transports. The Fick’s law describes the ordinary diffusion as

Ny — x4(Ny+ Ng) = —c Dap "’aiyf‘ (10.1-1)
where x4 is mole fraction of component A and ¢ the total molar density. The second term of the
left side represents the contribution of the bulk motion.

Applying the Fick’s law to the interface

]

Naw — Xaw(Naw + Npy) = —c DABai;,4 . (10.1-2)
y:

The mass transfer analog of the defining equation of heat transfer coefficient becomes

Naw = Xaw(Naw + Npy) = kx(Xam — Xaw) (10.1-3)

Note that the mass transfer coefficient can be considered to be a function of the mass transfer rate.

Let us consider as an example the mass transfer of component A from a pipe wall to a flowing
fluid. Dissolution of benzoic acid (solid) from a pipe wall of cast benzoic acid to a turbulent flow of
water is a good example. Fig.10.1-1 shows its concentration profile near the wall.

Pipe wall
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‘b:r‘\“*r——‘ viscous sublayer!
k= film thickness

ép
Fig.10.1-1. Time-averaged concentration profile near the wall of benzoic acid cast pipe

Then the mass flux at the pipe wall can be written by Fick’s law:
d
Nylr=gr — xa(Ng + Np)|r—p = —c Dyp % - (10.1-4)

The main resistance to mass transfer takes place in very thin fluid film near the pipe wall, where
most of the total concentration drop occurs. Therefore the following approximation can be made
defining &, the thickness of a fictitious diffusion film:

aﬂ _ XAw— XAm _
- 2| = T (10.1-5)



Here x4, is the mixed mean concentration (bulk concentration) of component A, x,, the wall
concentration (solubility of benzoic acid in this case).
The definition of the mixed mean concentration in a circular pipe flow is

ff 21T vy (X qw— X4)dr
Xaw — Xam =

fOR 27r v, dr (10.1-6)

The above equation, Eq.(10.1-4) becomes the defining equation of convective mass transfer
coefficient:

[Na — x4(Na + Np)ly=g = (¢ Dap/p) (Xaw — Xam) = kx(Xaw — Xam) (10.1-7)

In this case, kj; has unitof kmol/m?s.

The mass transfer analog of the Nusselt number is defined by

Sh = Jab (10.1-8)
CDgp

This dimensionless group is called the Sherwood number. As in the derivation of heat transfer
correlation, the mass transfer correlation for low mass transfer rate can be found to be of the form:
Sh = Sh(Re,Sc,L/D) (10.1-9)
Actually, most of the available mass transfer data have been correlated using the following
definition:
Naw = kx(Xam — Xaw) (10.1-10)
For the case of mass transfer in a gas phase, the partial pressure difference can be used as the
driving force
Naw = k¢(@am — Daw) (10.1-11)
The k. has units of kmol/m?s atm.
If the molar concentration difference is used as the driving force for liquids

Nay = ki (Cam — Caw) (10.1-12)
The k; has units of m/s.

It should be kept in mind that as distinct from kj, these coefficients include the contribution of the
bulk fluid motion.

For the case in which one component is transferred and the other is stagnanti.e. Nz =0,
kx kx

Ny = m(xAm = Xaw) = x (Xam = Xaw) = kxOoam — Xaw) (10.1-13)
Aw Bw
For gases
kx
Ny = XEw (Xam — Xaw) = k¢ (Pam — Daw) (10.1-14)
Here xg, = pgn/P (P :total pressure).
ky = kxXpw, kx = kePpw, kx = kiCpy (10.1-15)
Gas absorption belongs to this case.
For liquids
kx
Npy = o (Xam — Xaw) = ki (Cam — Caw) (10.1-16)
Here xg,, = Cg,/c (c :total molar density).
For the case of equimolar counter-diffusioni.e. N4y = — Np
ky = ky, ky = kgP, ky = kiC (10.1-17)

Distillation belongs to this case.

10.2 Analogy between Heat and Mass Transfer

By dimensional analysis, we can also obtain the same functional similarity for Nu and Sh:
Nu = Nu(Re, Pr)
Sh = Sh(Re, Sc)
A new dimensionless group for mass transfer is defined as



2/3
jp = (’;‘—; (p ;AB)f = ShRe~1 S¢~1/3 (10.2-1)
The subscript f refers to properties evaluated at the film temperature T, = (T,, +T,,)/2 and the
film composition x4r = (Xam + Xaw)/2.

The Chilton-Colburn analogyl) is one of the important empirical analogies:

. . k 1% 2/3 h Cpu 2/3

Jjo=Jju OF - (@) ;T e (T)f (102:2)
This analogy permits one to calculate mass-transfer coefficients from heat-transfer data for the
equivalent boundary conditions. The analogy between j, and jy is also applicable to
simultaneous heat and mass transfer.

1. Chilton, T. H. and A. P. Colburn, Ind. Eng. Chem., 26, 1183 (1934)

10.3 Theory of Interphase Mass Transfer

Most of mass transfer processes in chemical engineering involve mass transfer across the
interface between two phases, as in gas absorption and distillation. Interphase transfer occurs owing
to the concentration gradients resulting from a deviation from equilibrium.

10.3-1 Fundamentals --- Gas-liquid equilibrium relationship for absorption

In gas absorption, we usually neglect the solubility of the inert gas (e.g., air) and the presence
of vapor from the liquid (e.g., water) in the gas. Therefore there are four variables: pressure,
temperature, and the concentrations of solute component A in liquid and gas. For simplicity, the
temperature and pressure are usually fixed: one concentration may be chosen as the remaining
independent variable. The equilibria of interest are those between a nonvolatile absorbing liquid and
a solute gas. The equilibrium relationship in absorption can be expressed as the diagram of the
concentration of solute x, in the liquid against the concentration of solute y, in the gas. One of
the important fundamental expression is the Henry’s law:

Ya=Hxy (10.3-1)
or
pA = H, CA (103'2)

where x, the mole fraction of solute A, and H the Henry’s constant.
In the second equation, p, is the partial pressure of the gas phase, and C, the molar concentration
of solute A, and the modified Henry’s constant.

Fig.10.3-1 is a schematic diagram of the solubility of gases into a solvent such as water.

M

Ya

mole fraction in gas phase

mole fraction in liquid phase Xa

Fig.10.3-1 Schematic picture of gas solubility



10.3-2 Interphase mass transfer for gas absorption

Consider a transferring component A in an inert gas B which is in contact with a nonvolatile

liquid C.
A simple example is the removal of sulfur dioxide from stack gases by water using a wetted wall
column.
Water is flowing downward by gravity in the form of liquid film falling along the inside surface of a
circular cylinder whereas the stack gas is flowing upward in the form of counter-current inside the
cylinder.

In general, there exist three resistances in series to the interphase transfer of component A: the
gas phase film, the interface, and the liquid phase film. The concentration gradients in the two
phases are shown in Fig.10.3-2.

Note that components B and C do not diffuse in spite of the concentration gradients.

Two-film theory, initially suggested by Whitman, is appropriate at this stage to explain this

process.
First, three assumptions are made: (1) that there is no resistance to transport of component A across
the actual interface, (this is equivalent to assuming that the two phases are approximately in
equilibrium just at the actual interface), (2) that the holdup of component A in the boundary layers
on both sides of the interface is negligibly small compared to the amount transferred, and (3) that
the bulk of each phase is well mixed. For the case of packed columns for gas absorption, the gas
flows up and liquid trickles down.

interface

liquid

s,
D N,

Fictitious
velocity profile

Ll

Fig.10.3-2. Concentration profile in the neighborhood of gas-liquid contacting interface

The velocity distribution near the interface is also shown in Fig.10.3-2. Since there is no slip at the
interface, gas film is in enough contact with the liquid film to establish the phase equilibrium at the
interface.

Using mass transfer coefficients defined by the two-film theory, the steady-state mass flux is

expressible as

Ny = kyA Vam — Yai) = kxa(Xai — Xam) (10.3-3)
Here y4m and x,.,, are the mixed mean concentrations (the bulk concentrations) and k,, and
k,, are the convective mass transfer coefficients having units of kmol of A/m? s in the gas and
liquid phases, respectively.

According to the assumption made, the gas and liquid concentrations at the interface lie on the
equilibrium curve given by

Yai = f(_xAi) o ) o _ _ (:!-0-3‘4)
where f is the equilibrium function. These equilibrium concentrations would be obtained if the two



phases had been in contact for an infinite period of time. Henry’s law is an example of the
equilibrium function for dilute solution:

Yai = M Xy (10.3-5)

in which m is the Henry’s constant. For simplicity, the Henry’s law is assumed for the remaining
development.

It is convenient to define an overall mass transfer coefficient K,, and K,, based on an overall
driving force between the bulk concentration y,,, Or x4, because the interface concentrations are
very difficult to measure. This treatment is similar to that in defining the overall heat transfer
coefficient. However the bulk concentration y,,, and x4,, do not have the same units; y,,, has
units of kmol of A/kmol of A+B whereas x,,, has units of kmol of A/kmol of A+C.

The above equation Eq.(10.3-3) can be rewritten as

NA — YAml_ Yai — xAi_lem (103'6)

kyA kxa
Multiplying the numerator and denominator of the right-most term by m,
a new fraction having the same value is obtained by the law of additivity as

N, = yAniJ/Ai _ m(xAixAm) — yAlm_@ = KyaOam — yi) (10.3-7)
kya kxa kya kxa

Here y4,, = m x4, is the bulk concentration of the liquid phase expressed with the units of the

gas-phase concentration by using the Henry’s law. The overall mass transfer coefficient K,, is

given by

1

Kya= —= (10.3-8
kyA kxa
Similarly the following formulae are available.
N, = (YAm/m)l_(J’Ai/m) — xAizAm — xAlm_ xf — KxA(x/ikm _ xAm) (103_9)
mkyA kXA mkyA kxA
Kep = ——— (10.3-10)
mkyA m

Notice that K,, and K,, represent the basic information in different units of concentration.

10.3-3 Mass transfer model for gas absorption

Gas absorption is the typical mass transfer operation in which one or more soluble gases are
absorbed from their mixture with an inert gas into a liquid. The absorption process may be purely
physical or involve chemical reactions in the liquid. A typical example is the washing sulfur dioxide
from the boiler-exhaust gas by means of water or alkaline solution.

The gas absorption equipment is designed to provide intimate contact of a gas and a liquid. A
typical continuous gas-absorber is the packed column which consists of a vertical column filled
with a randomly arranged packing of small inert solid or equipped with structured packing. The
packing provides a large interfacial area of contact between the two phases. Figure 10.3-3 shows
some example of random packings and structured packing.

¢ d

Fig.10.3-3. Random packings and structured packing (a: Raschig ring, b: Berl saddle, c: Pall ring,
and d: corrugated structured packing, e: partial structure of structured packing)
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Fig.10.3-4. Packed column absorber equipped with Raschig rings

For simplicity, we will deal with the physical absorption of one soluble component A from a
mixture with an inert gas B by non-volatile liquid solvent C.

Fig.10.3-4 shows a conventional packed column equipped with Raschig rings. The liquid is
sprayed evenly over the top of the packed bed by the distributor and trickles down over the packing
surfaces by gravity. The solute-containing gas is fed into the column from below the packing and
flows upward through the interstices due to the pressure drop through the bed of the packing. This
countercurrent direct contacting permits the transfer of component A from the gas to the liquid. The
liquid is enriched in component A as it flows down the packing, and the concentrated liquid leaves
the column through the liquid outlet. The bulk concentration of component A in the gas stream
decreases as the gas flows up, and the lean gas leaves the column through the gas outlet.

Let us develop an expression for the column height Z; required to get the desired degree of
recovery of component A. The column height is calculated from a viewpoint of mass-transfer area.
Assume that the mass transfer takes place isothermally. In usual absorption operations the liquid
and gas flow rates L,, and G,, vary appreciably with the elevation from the bottom of the packed
section. It is convenient to use units of flow rate and concentration on a solute-free basis because
the molar flow rates of the inert gas B and nonvolatile liquid C are constant over the total height of
the packed column. The gas stream enters the column at molar velocity of G,, on an A-free basis.
The mole fraction of A in the entering gas stream is y,;. In usual situation for the design of an
absorber, the designer is required to determine the molar liquid velocity L), the concentration x4,
of which is usually known. The outlet gas concentration y,, is also given in terms of the specified
degree of recovery of component A.

The overall material balance of component A may be written as

/ YA I XA2 YAz ’ XA1 _
Gy Ty + Ly —— — Gy Tyn + Ly Tan (10.3-11)
Note that each term has units of
kmol of B kmol of A _ kmol of A

(m2 of the bed)(s) kmol of B (m?2 of the bed)(s)
These molar velocities G, and L), are the so-called superficial molar velocities the gas and
liquid would have in the column on an A-free basis if no packing were present.
At the present stage, L), and x4; are unknown. The above equation indicates that the outlet liquid
concentration x4, increases as the liquid flow rate is decreased. Choosing the portion of the
column above an arbitrary section as a control volume, as shown by the dotted line in Fig.10.3-5,
we get a material balance on component A:
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Fig.10.3-5. Control volume for mass balance and differential control volume of interphase mass
transfer model for a packed column absorber

’ Ya _ _Yaz _ ! XA __ _XA2 _
GM (1—yA 1—yA2) - LM (I—XA 1—XA2) (103 12)
This is the equation for the operating line which gives the relation between the bulk concentrations

of the gas and liquid at an arbitrary position. The liquid flow rate L}, can be determined from the
viewpoint of the limiting liquid-gas ratio.

Ya

Va1

Yap [

X42 X41 X41
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Fig.10.3-6. Concept of limiting liquid-gas ratio.

Figure 10.3-6 shows a graphical relation of the operating line with the equilibrium line for gas
absorption. For a given gas flow rate G,,, a reduction in liquid flow rate L), decreases the slope of
the operating line. As the liquid flow rate is decreased fixing the terminal concentrations y,,, X4z,
and y,q, the upper end of the operating line approaches the equilibrium line. Just when the
operating line touches the equilibrium line, the minimum possible liquid flow rate (L};)min iS
obtained.

At this condition, an infinitely long packed section is required owing to very small driving forces in
the vicinity of the bottom of the column.



In an actual column, the liquid rate must be greater than the minimum. Replacing y, and x, of
Eq.(10.3-12) by y,; and x,;, we obtain the limiting liquid-gas ratio:
Ly _ ¥a1/(1=ya1)~Ya2/(1-Ya2)
(@)mm Xy /(1=x31)— Xaz/(1-%Xa2) (10.3-13)
Here x;, = ya./m’ is the liquid-phase concentration that would be in equilibrium with the inlet
gas-phase concentration. From the economical viewpoint, the optimum liquid rate is usually found
by making the operating line parallel to the equilibrium line:
(Lh/Gh) _

(10.3-14)
m/

The actual liquid rate is usually 25 to 100% greater than the minimum. Once the actual liquid rate is
decided in this way, we can calculate the concentration x,; in the exit liquid stream.

The equipment size required for the desired separation cannot be determined without considering
the relation between mass transfer rate and mass transfer area. The behavior of an actual packed
column is too complicated to be modeled in a straight-forward way. We simplify the actual column
to a system consisting of the two streams flowing side-by-side without back mixing and in contact
with one another.

The interfacial area “a” per unit packed-bed volume and the mass transfer coefficients
ky, ky, Ky, K, are assumed to be constant over the packed section.

First we set up the mass balance within a differential height dZ at an arbitrarily chosen distance
Z from the top of the packed bed:

— ! YA _ YA _ g/ XA _ XA _
NyadZS = G,S (1_3’A|Z+dz 1‘3’A|Z> = LS <1_xA|Z+dZ — Z) (10.3-15)
That is
NyadZ = Gl d (1 ';V;A) =1, d (11‘;) (10.3-16)
or
NyadZ = G, —224A_= | 24 (10.3-17)

A M (1-y,)2 M (1-x4)2 '

The cross-sectional area S of the packed section is usually determined by ban empirical relation
between the pressure drop per unit height of the packing and the gas velocity from a viewpoint of
the stable flow regime for intimate gas-liquid contact.

The interphase mass transfer is also expressed as

NyadZ = kya(yy — Ya)dZ = kya(xy — x4)dZ (10.3-18)
NyadZ = Kya(yy — ya)dZ = Kya(xy — x4)dZ (10.3-19)
From one of these equations
* dyA — _ * _
My = Kyala — yadZ (10.3-20)

The coefficients k,a, kya, K, a, K,a are called “volumetric mass transfer coefficients.”
Integrating the equation gives the column height of packing section required for the desired
separation:

_ Gy (Yar dya
Zr = a Yaz (1-y4)2(va—yy) (10.3-21)
Similar equations can also be obtained from the remaining three equations as follows.
Zp = @ Ya1 aya

kya “Yaz (1-ya)?(Va-yai)

_ i fo1 dx g
Kxa “Xa2 (1—x4)2(x3—x4)
_ Ly xa1 dxa
T kea foZ (1-x4)2(xai—X4) (10.3-22)
The quantities Gy /Ky,a,Gy/kya,Ly/K.a,L)y/k.a are roughly approximated parameters called
“Height of a Transfer Unit,” averaged between the top and bottom of the packing section. These
mass transfer capacity coefficients K, a, K,a, kya, k,a depend on the mass velocity of the gas




Gy = Gy /(1 —1y,) and decrease from bottom to top. From this viewpoint the precision may be
better if the following expressions are used:

Gm Va1 dya
7 — Sm _ dya 10.3-2
T Kya fYAZ 1=y a—y2) (103:23)

[PROBLEM 10.3-1]

30 kmol/h of air contaminated by chlorine gas (mole fraction of Cl,: y, = 0.06 ) is contacted
with water in a packed column to get the exit concentration y, = 0.005. The column operates at 1
atm and 20°C(=293 K).

Determine the minimum liquid flow rate assuming physical absorption. The solubility of Cl, into
water (at 1 atm and 20°C) is approximately expressed as p = 1.92 x 10° x?16
where x = mole fraction of Cl,in water and p = partial pressure (mmHg) of CI2 in air.

10.3-4 Mass transfer coefficients in a packed column absorber
Usually the mass transfer data for packed-tower absorption are correlated in the form

Gm Gm Ly Ly

Hog = -2 = g, =in -
oG Kya ' G kya ' oL ' L

o o (10.3-24)

These parameters are called the height of a transfer unit (HTU). The concept is based on the idea of
dividing the packed section into a number of contact units called transfer units.
The following integrals are designated as the number of transfer units (NTU):

Nog = yy:(l_m‘jfﬁ (10.3-25)
No= | o

Nov = f;:zl (1_xA(§ZC;:Z_xA)

NL _ fo1 dxp

XAz (1-x4)(xai—x4)
Therefore the tower height may be calculated as the product of the number of transfer units and the
height of a transfer unit (HTU):
ZT_= Hog Nog = Hg Ng = Hop No = I__IL Ny, ) (_10-3'26)
Using the two-film theory, the overall heights of transfer unit can be related to the single-phase

transfer units as
mGy

HOG = HG + — HL and HOL = HL + L_M HG (103'27)
Lm mGM
These equations indicate that the overall resistance of interphase mass transfer consists of the

gas-phase and liquid-phase resistances in series.

10.4 Mass Transfer Correlations for Packed Columns

As in Eq.(10.3-25), the overall resistance to the interphase mass transfer comprises the gas-phase

film resistance H; and the liquid-phase film resistance (mG,/Ly)H,.
10.4-1 Height of a qu)uid-phase transfer unit

Sherwood and Holloway" measured the desorption of oxygen, hydrogen, and carbon dioxide
from water in the range of gas flow rate up to the loading point and obtained the following
correlation:

1 /7 L\" i 0.5

Hy=1 (Z) (H) (10.4-1)
Temperature 278 <T < 313K and liquid flow rate 0.556 < L < 20.8 kg/m?s, where p;
is liquid viscosity (kg/ms), D, diffusivity for liquid (m%s) and p; liquid density (kg/m?).

1. Sherwood, T.K. and Holloway, F.A.L.: Trans. Am. Inst. Chem. Engrs., vol.36, 39 (1940)



Table 10.4-1 HTU, correlation parameters

Packing size in.(I= 25.4 mm) a n

Raschig rings 3/8 3,100 0.46
112 1,400 0.35
1 430 0.22
11/2 380 0.22
2 340 0.22

Berl saddles 112 600 0.28
1 780 0.28
1172 730 0.28

Note that the transfer unit H; up to the loading point is independent of the gas flow rate.
Onda et al.” obtained a dimensionless correlation:

k, (&)1/3 = 0.0051 (— )2/3 (p”L )_0'5 (a;Dp)°* (10.4-2)

uLg aw Uy, L DL
where the wetted surface area a,, is given taking into account the liquid surface tension by

ay/a; = 1 — exp{—1.45 (0./0)*"° (L/aeu)** (LPac/pi2g) "% (1?/proa,)*?}  (10.4-3)

1. Onda, K., Takeuchi, H., and Okumoto, Y., J. Chem. Eng. Japan, 1(1), 56 (1968)

The total surface area a;, the size D, of the packing are obtainable in relation with the void
fraction & on the dry basis in Table 10.4-2.

Table 10.4-2 Geometrical data of Packings”

Packing Size in. (= 25.54 mm) a, m?/m3 & m3/m3
Steel Raschig rings 3/4 364 0.73
1 184 0.86
11/2 128 0.90
2 95.1 0.92
Steel Pall rings 5/8 341 0.93
1 207 0.94
11/2 128 0.95
2 102 0.96
Ceramic Raschig rings 1/4 712 0.62
112 367 0.64
3/4 243 0.72
1 190 0.74
1172 121 0.73
2 91.9 0.74
Ceramic Berl saddles 1/4 899 0.60
112 466 0.62
3/4 285 0.66
1 249 0.68
1172 151 0.71
2 105 0.72

1.  Perry, R. H., and Chilton, C. H., Chemical Engineers’ Handbook, McGraw-Hill, New York, 5" ed., Table 18-6 (1973)

Hikita® obtained the following Sherwood number correlation:

/6
kiDp _ 4L \O%5 o \05 pi2g Dy} ]
Dy - (awML) (pLDLZL ( ur? ) (104 4)
Liquid Reynolds number = 50 ~ 1,000
wHL

Here ¢ = 0.31 for Raschig rings, ¢ = 0.37 for Berl saddles.
L (kg/m?h): liquid flow rate, D,, (cm): packing size, and o (dyne/cm): surface tension.



The empirical relations between the wetted surface and the total surface area proposed by Hikita are
given as follows:

ay/a; = 0.0406 L0455 5(-0.83Dp™°%) for Raschig rings
a,,/a; = 0.0078 L0455 5(-0495D, %) for Berl saddles (10.4-5)

1. Hikita, H.: Kagakukogaku (Chem. Eng. Japan), vol.26, 725 (1962)

10.4-2 Height of a gas-phase transfer unit

Fellinger’s ammonia-air-water absorption data up to the loading point are correlated in the
form? :

2/3
Hg =GP 19 (-2) ! (10.4-6)
pgDg

where H; = height of a gas-phase transfer unitm, G = gas flow rate 1,000 ~ 3,500 kg/m?h, L =
liquid flow rate 2,500 ~ 7,500 kg/m? h

1. Fellinger, L. Sc.D. thesis in Chem. Eng. M.I.T. (1941) from Perry, J.H.: Chemical Engineers’ Handbook, 4™ ed. Vol.18-42,
McGraw-Hill, New York (1963).

The unknown parameters p, g, ¢ calculated by Hikita are given in Table 10.4-3.

Table 10.4-3 Parameters for correlation Eq.(10.4-6 )

Packing size in.(I= 25.4 mm) p q c
Raschig rings 3/8 0.45 -0.47 0.85
1/2 0.43 -0.60 4.2
1 0.32 -0.51 3.07
11/2 0.38 -0.66 9.59
2 0.41 -0.45 144
Berl saddles 1/2 0.30 -0.24 0.262
1 0.36 -0.40 0.745
1172 0.32 -0.45 2.20
Hikita, H.: Kagakukogaku (Chem. Eng. Japan), vol.26, 725 (1962)
The gas-phase mass transfer correlation is experimentally obtained by Onda et al.?:
0.7 1/3 _
=523 ( ) (-4)" (apD 10.4-7
apbg aphc peDg ( P p) ( )

The H; can be calculated by using the following defining equation with the superficial gas
velocity ugf

Hy, = =L (10.4-8)
Here a, is the effective interfacial area for gas-liquid contact per unit volume.

1. Onda, K., Takeuchi, H., amnd Okamoto, Y., J. Chem. Eng. Japan, 1, No.1, 56 (1982)

10.5 Column Diameter and Pressure Drop of Packed Columns

The power of blower required to feed gas mixture at the specified rate is mainly related to the
pressure drop in the packing section. The pressure drop per unit height of the packing section
Ap/Z; is characterized graphically in Figure 11.4-1. As can be seen, for the case of countercurrent
gas absorber, the pressure drop is increased due to reduction in free volume by the liquid.

When gas mass-velocity G is increased at a constant liquid mass-velocity L, three flow
conditions may occur successively. At very low gas velocities, the pressure drop is proportional



approximately to square of the gas velocity, as for dry packing. When G is further raised, Ap/Z;
ceases to increase with G2. It is attributable to the fact that a portion of the kinetic energy of the gas
stream is used to support the liquid in the interstices of packing. This is called the “loading point.”
The transition from preloading to loading is usually gradual. When G exceeds a certain critical
value, the liquid cannot flow downward over the packing, and then the column floods. This is called
the “flooding point.”
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Fig.10.5-1. Pressure drop characteristics and flooding gas velocity of a packed column absorber

One of the earliest correlations of the flooding data, which has been modified later by Eckert, is

in the form:
M(ﬂ)“ o L olpe
pLg(e3/as) \py "G |pL

where ug, = superficial gas-velocity at the flooding point (m/s), p; and p, = gas and liquid
densities (kg/m®), u; and p, = liquid and water viscosities (kg/m s), a,= total surface area
(m?m® and & = void fraction (m® intersticessm® packed bed). Note that the left-side fraction
implies the ratio of the kinetic energy of the gas stream to the potential energy of the liquid stream.
For several kinds of packings, a; and & are tabulated with respect to their sizes in the last section.
The pressure drop in packed columns can be expressed as the function of

G?Ep (uy/ 1y,)%? e Lope
P6PLY "G |pL

Here ¥ = py, /o, is the ratio of water density to liquid density and F, the packing factor in 1/m,
which should usually be given as the characteristics of various random packings. For example,
25-mm (1 in.) steel Pall rings give F, = 157 1/m.

It should be noted that as long as (u;/u,)%? is regarded as a kind of correction factor, the
remaining left-side term is a characteristic dimensionless kinetic energy u,? group.

Fig.11.3-1 shows generalized correlations of pressure drop for various random packing towers
recalculated after Eckert correlation®.
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Figure 10.5-2. Generalized correlation for flooding and pressure drop in packed towers.
(After Eckert)

1. Eckert, E. R. G., Chem. Eng. Progr., 66(3), 39 (1970)

[PROBLEM 10.5-1] A gas absorber packed with 25-mm Pall rings (F,, = 157 1/m) deals with
500 m* of entering gas per hour.

The SO, content of the entering gas is 2 mol% and the remaining can be considered as air. Water is
used as SO,-free absorbent. The temperature is 25°C and pressure 1 atm. Ehen the ratio of gas flow
to liquid flow is 1 kg gas/1 kg water, the gas velocity is one-half of the flooding velocity.

(@) Calculate the tower diameter.

(b) What is the pressure drop when the packing section is 7 m high?

10.6 Pressure Drop of Dry Packed Columns

The pressure drop studied in the last section is for the gas-liquid countercurrent flow in a packed
column. Regarding the single phase fluid flow in a packed bed, the following empirical equation is

available. 2

Py— P 150 pug (1— €)? 1.75 pug? (1— €

0 L — [’; S( 3) + p S ( - ) (10,6-1)
L Dp € Dp €

This equation gives the pressure drop P, — P, through the length L of a packed bed. The first
term is the Blake-Kozeny equation for laminar flow and the second term is the Burke-Plummer
equation for turbulent flow. As distinct from packed column gas absorbers, the packing material
may be spheres, cylinders, or various kinds of commercial packing. Here ug is the superficial
velocity, e the void fraction, and D, is the mean packing particle diameter (e.g. sphere diameter).
The mean diameter is defined by

D, = 6/a, (10.6-2)
where a,, is the specific surface area of a nonspherical packing particle (particle surface/particle
volume).

We define the friction factor for the packed bed by the following equation:



Po—P, _ L )
Tou? Dy f (10.6-3)
Analogously to the friction factor for a circular tube flow, the first term can be rewritten as

_ ((-e)? 75 )
f= ( €3 ) Dppus/u (10.6-4)
This equation corresponds to the following equation for the laminar flow in a circular tube:
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f= (6.1-17)
Similarly the second term may give
f= 0875 1; (10.6-5)

Usually the friction factor becomes constant in the turbulent flow region, except for the turbulent
flow along smooth-walls.
For the case of smooth tubes, the Blasius equation for the turbulent tube flow is available as an

example.
0.0791
f= —oit (7.3-12)

The above correlation Eq.(10.6-5) can be understood from the following facts of various flows.

As can be seen in Fig.7.3-1, we note that for highly turbulent flow in rough tubes or pipe fittings
the friction factors become constant and a function of the roughness or the fittings structure only.
As will be studied in Chapter 20, the power number (a kind of friction factor) for baffled agitated
vessel also has the same tendency in the turbulent flow condition.

1. Bird, R. B., Stewart, W. E., and Lightfoot, E. N., “Transport Phenomena,” Wiley, New York (1960)
2. Ergun, S., Chem. Eng. Prog., 48, 89 (1952)

Nomenclature

a,a, effective interfacial area per unit volume of packed bed, [m%m?]
a; total surface area of packing, [m%m°]

a, specific surface area of non-spherical packing particles, [m%m?]
Cy molar concentration of solute A, kmol/m® solution

Cp heat capacity, [J/kg K]

c total mole density, [kmol/m®]

D pipe diameter, [m]

Dygp diffusivity of component A, [m?/s]

D, size or diameter of packing particle, [m]

E, packing factor, [1/m]

f friction factor, [ - ]

G,L mass velocity of gas and liquid, [kg/m?s] or [kg/m?h]

Gy, Ly gas- and liquid-phase molar velocity, [kmol/ms]

H, H' Henry’s constant, mole fraction gas-phase/mole fraction liquid-phase or Pa gas-phase/(kmol A/m? liquid)

Hg, H;  gas- and liquid-phase HTU (Height of a Transfer Unit), [m]

H,;, H,, overall HTU, [m]

Jp, Ju j-factor for mass transfer, j-factor for heat transfer, [ - ]

ke kp, gas-phase, and liquid-phase mass transfer coefficient, [kmol/m?s Pa], [m/s]

Ky, Ky overall mass transfer coefficient using gas-phase, and liquid-phase concentration, [kmol/m?s]

ky, ky gas-, and liquid-phase mass transfer coefficient using mole fraction, [kmol/m?s]
L pipe length, [m]

m Henry’s constant, [ - ]

Ny molar mass-flux of component A, [kmol/m?s]

Nu Nusselt number, [ -]

Ng, N, gas- and liquid-phase NTU (Number of Transfer Units), [m]
Nog, Nop overall NTU, [m]

p pressure, [Pa]

Pa partial pressure of solute gas A, [Pa]
R pipe radius, [m]

Re Reynolds number, [ -]

r radial coordinate, [m]

Sc Schmidt number, [ - ]



Sh Sherwood number, [ - ]

X4 mole fraction of component A, [ -]
Ug superficial velocity of gas, [m/s]
Ugs superficial gas velocity at flooding point, [m/s]
A height of packed section, [m]

y distance from pipe wall, [m]

ép film thickness for mass transfer, [m]
€ void fraction, [ -]

u viscosity, [kg/m s]

K thermal conductivity, [W/m K]

o surface tension, [N/m]

Subscripts

f film

G gas

i interface

L liquid

m bulk or mixed mean

w wall nor wetted



PART II

CHAPTER 11
MASS TRANSPORT EQUIPMENT

11.1 Distillation Fundamentals

11.1-1 Phase Equilibria for Distillation

The rate of inter-phase mass transport increases with the deviation from the vapor-liquid
equilibrium. We should have to some degree the knowledge of gas-liquid equilibrium. The
following phase rule is available to establish the number of independent variables or degree of
freedom in a specific situation:

F=C—-P+2 (11.1-1)
Assume a binary solution having two components to be distilled, so € =2, P =2, and F = 2.
Both components are found in both phases. It can be considered that there are four variables:
pressure, temperature, and the concentrations of component A in the liquid and vapor phases. For
example, if the pressure is fixed, only one variable, e.g., liquid-phase concentration, can be changed
independently, and temperature and vapor-phase concentration follow. Therefore equilibrium data
are expressed in temperature-composition diagram under the condition of constant pressure. Such
an equilibrium curve is given by plotting y,, vapor-phase mole fraction , against x,, liquid-phase
mole fraction. Here only a very simple equilibrium case is introduced.

At equilibrium the activities of component A in the vapor and liquid should be equal.
For ideal solutions, Raoult’s law can be applied:
Pa = Py x4 (11.1-2)
where p, is the partial pressure of component A in the vapor phase, P, the vapor pressure of pure
component A, and x, the mole fraction of component A in the liquid. For the case of
two-component system (binary system), the total pressure is
P = py+ pg and x, + xp. Therefore the vapor concentration can be calculated as

Paxa
Ya=—p (11.1-3)
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Fig.11.1-1 Equilibrium diagram expressed mole fraction y, against x,



The x-y diagram for binary equilibrium relationship is plotted for the more-volatile component A.
A more general equilibrium relation is usually expressed as

Va = Ky x4 (11.1-4)
where K is called the vapor-liquid equilibrium constant.

For arbitrarily-chosen two components A and B, the relative volatility is defined as

g = % = (11.1-5)
For a binary system, the vapor-liquid equilibrium relation can be written by using a,z:

Yo = —ABEAE (11.1-6)

_ 1+(aap—1) xap . ) )
Since the relative volatility does not vary so much in the small range of temperature, the equation
can be used with an assumption of constant a,z. EQ.(11.1-6) is useful for analytical process
simulation.

11.1-2 Boiling-point diagram

As a simple example of equilibrium relation, a two-phase two-component system can be
interpreted in terms of the temperatures and mole fractions by reference to Fig.11.1-2 called
“Boiling point diagram.”
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Fig.11.1-2 Boiling-point diagram (constant pressure)

The boiling-point diagram at constant pressure for mixtures of component A (the more-volatile
component), boiling at temperature T,, and component B, boiling at temperature Tg. The diagram
consists of two curves, the ends of which coincide at the positions of pure A-component and pure
B-component, respectively. The upper line (called the dew-point curve) represents the vapor y,.
that will just begin to condense at temperature T,;. (dew point). The lower line (called the
bubble-point curve) represents the liquid x,, that will just begin to boil at temperature T, (bubble
point). Any two points d and b on the same horizontal line represent concentrations of liquid and
vapor in equilibrium.at the temperature T,. For all points above the dew-point line, the mixture is
entirely vapor whereas for all points below the bubble-point line, the mixture is liquid. For points
between the two lines, the mixture is partly liquid and partly vapor. As shown in Fig.11.1-2, the
horizontal line indicates the vapor-liquid equilibrium relation that the vapor y,. is in equilibrium
with the liquid x4, at temperature Ty, = Tpe.



11.2 Distillation Equipment

11.2-1 Continuous distillation plate column

Mass transfer equipment is designed to bring the two phases into intimate contact. Let us study
how to design a continuous fractionating plate column. A typical distillation column with the major
accessories is shown in Figure 11.2-1. The distillation system consists of the main fractionating
column, an overhead condenser, and a bottom reboiler. Assume that the feed to be distilled is
supplied into a plate in the central portion of the column as the liquid saturated at its bubble point.
All plates above this feed plate constitute the rectifying section, and all plates below the feed plate
constitute the stripping section which usually includes the feed plate.
The liquid feed flows down the column by gravity to the bottom reboiler and is subjected to
rectification by the vapor rising from the reboiler. The vapor generated in the reboiler passes up the
entire column, and is condensed in the overhead condenser. A portion of the condensate is
returned to the top plate to provide the downflowing liquid in contact with the upflowing vapor in
the rectifying section. This feedback liquid stream is called reflux. The bottom product liquid is
withdrawn from the liquid pool in the reboiler. The overhead product is also withdrawn from the
condensate collected in the accumulator.

top vapor cooling water

reflux i ‘[
A\ liquid a- H condenser

[~ | condensate .]f L
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) product
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=
<
E % vapor
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product
Fig.11.2-1. A typical continuous distillation plate column system.

Various types of crossflow and dual-flow plates are available. As shown in Fig.11.2-2, vapor
flows upward through the passage of both types of plates. Liquid flows downward through the side
pipe called “downcomer” for crossflow plates. For dual-flow plates, liquid flows directly downward
from the perforations or openings of the plater itself.
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Fig.11.2-2. Vapor and liquid flows for crossflow and dual-flow trays

Bubble-plate and sieve-plate columns are commonly used in industrial distillation. A liquid
mixture to be distilled, for example, is fed continuously into the central portion of the column. All
plates above the feed plate constitute the rectifying section, and all plates below the feed plate
(including the feed plate) constitute the stripping section. The liquid flows down the stripping
section by gravity to the bottom of the column. The liquid reaching the bottom is partially vaporized
by the reboiler and the vapor is sent back to the bottom of the column to provide the upflowing
vapor stream in the stripping section. A definite rate of liquid as the bottom product is withdrawn
from the pool of liquid in the reboiler. The vapor rises through the rectifying section after the
stripping section toward the top of the column. The vapor arriving at the top of the column is cooled
and completely condensed in the overhead condenser. Part of the condensate is returned to the top
plate of the column to provide the downflowing liquid stream in the rectifying section. This return
liquid is called “reflux.” Without the reflux there is no liquid stream in the rectifying section, and so
no rectification would occur. A definite rate of the condensate is withdrawn as the overhead product
from the condenser.

liquid—> outlet weir

outlet weir
liquid—>

bubble-
perforti

SIEVE PLATE BUBBLE-CAP PLATE
Fig.11.2-3. Typical traditional crossflow plates

Two typical traditional plates are shown in Fig.11.2-3. For cross-flow type plates, there are an outlet
weir and a downcomer for liquid overflowing and then downflowing to the downstair tray. At each
plate, bubbles of vapor are formed at the bottom of a liquid pool by forcing the vapor through small
holes drilled in the plate or under slotted caps immersed in the liquid. Therefore interphase mass
transfer occurs across the bubble interface while the bubbles rise up through the liquid pool. Some
of the less-volatile component existing within the bubble is condensed while some of the
more-volatile component existing in the liquid pool is vaporized. The result is a vapor phase which



Plate Column Fundamentals 125

becomes richer in the more-volatile component as it passes up the column and a liquid phase
which becomes richer in the less-volatile component as it cascades downward.

The mass transfer process in an actual distillation column is too complicated to model in any
direct way. For engineering design of actual distillation columns, therefore, the ideal plate concept
is introduced to overcome this difficulty, and then the plate efficiency concept is taken into account.
We shall firstly study the ideal plate model and engineering design method before considering
distillation from a viewpoint of mass transfer.

11.2-2 Plate column fundamentals

11.2-2-1 Definition of ideal stage
Let us consider a single plate (the nth plate from the top) in a column. As shown in Fig.11.2-4,
two fluid streams enter the nth plate, and two leave it. A stream of liquid, L,,_; kmol/s, from the
plate n-1, and a stream of vapor, V,..,; kmol/s, from plate n+1, are brought into intimate contact on
the nth plate. A stream of vapor, V;, and a stream of liquid, L, leave the nth plate. The definition
of ideal stage or plate states that the vapor and liquid leaving the nth stage or plate are in
equilibrium, so x4, and y,, represent equilibrium concentrations.
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Fig.11.2-5 Boiling-point diagram (constant pressure)

Fig.11.2-5 shows the boiling-point diagram. Usually the concentrations of the volatile component in
both phases increase with the height of the column. Although the two streams y,, and x4, leaving
the nth plate are in equilibrium, those entering it y4,4+1 and x4,_; are not in general. The vapor
from plate n+1 and liquid from plate n-1 are brought into nth plate, and then some of the
more-volatile component A is vaporized from the liquid whereas some of the less-volatile
component B is condensed from the vapor. As a result, the liquid concentration decreases from
Xan—1 10 x4, and the vapor concentration increases from y,,.+1 t0 ya,. For an ideal solution
such as the benzene-toluene binary system, the latent heat necessary to vaporize component A can



be supplied by the latent heat released in the condensation of component B. This situation is
expressed in Fig.11.2-6.
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Fig.11.2-6 Concentration change due to rectification on ideal plate in boiling-point diagram

11.2-2-2 Material balance

As shown in Fig.11.2-7, the column is fed with F kmol/h of concentration x (mole
fraction of more-volatile component A). The D kmol/h of overhead product of
concentration x; and the B kmol/h of bottom product of concentration xz are
withdrawn. The vapor V; from the column top is condensed. Part of the condensate is
returned as the reflux liquid R to the top plate.

The overall material balances can be written:
Total material balance

F=D+B (11.2-1)
Component A balance
FxF = DxD + BxB (112'2)
A material balance around the overhead condenser is
D=V,—-R (11.2-3)
The (external) reflux ratio is defined as
r=R_ %D (11.2-4)
D D
A
R condenser
D
£
reboiler
B

XB

Fig.11-2-7. Distillation column for total material balances
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Fig.11.2-8. Material balance in rectifying section

Let us consider the nth plate from the top, where the plates are numbered serially from the top
down.
A stream of liquid, L,_; kmol/h of concentration x,_; from the plate n — 1, and a stream of
vapor, V,,; kmol/h of concentration y, ., from the plate n + 1, are brought into intimate contact
on the nth plate. A stream of vapor, V,, kmol/h of concentration y,, and a stream of liquid, L,
kmol/h of concentration x,, leave the nth plate. At each plate the liquid is at the bubbling point
and the vapor is at the dew point. Some of the less volatile component B is condensed from the
vapor while some of the more volatile component A is vaporized by the latent heat released in the
condensation of component B.

Choosing the rectifying section above plate n + 1 including the overhead condenser as a control
volume, we get material balances:

D= Vyi — Ly (11.2-5)
Dxp= Vps1Yn+1 — Lnxn (11.2-6)
This equation can be written as

Ln D
Yn+1 = 5 Xnt+ Xp (11.2-7)

Vn+1 Vn+1

This is the equation for the operating line in the rectifying section which gives the relation between
the concentrations of the entering vapor V,,,; and the leaving liquid L,.

V' st Plate m
yr?‘*_lﬂ "}"“'_'"" Plate m+1

Stripping section

Fig.11-2-9 Material balance in stripping section



Similarly choosing the stripping section below plate m including the reboiler as a control volume,
we get material balances:

B=L'y— Vit (11.2-8)
B xp = L'mxm - V' m+1Yms1 (11.2-9)
The lower equation

Ymag = —Mx — 2 g (11.2-10)

m
Vim+1 Vim+1

This is the equation for the operating line in the stripping section.

11.2-2-3 McCabe-Thiele method

The number of ideal plates required to accomplish a specified separation can be computed by use
of the McCabe-Thiele step-by-step construction of ideal plates. The ideal plate definition is that the
vapor V,, leaving the nth plate is in equilibrium with the liquid L,, leaving the same plate.

In equilibrium

Fig.11.2-10. Definition of ideal plate

Regarding the simplification of vapor-liquid equilibrium, the concept of volatility can be
considered. The relative volatility for a binary solution A and B can be defined as
yal/xa
= == 11.2-11
“ yB/xp ( )
where yp=1— y,, xg=1— xy4.

Assuming constant relative volatility a, the equilibrium can be approximated as

_ ax _
Y= Ttax (11.2-12)

The x-y diagram for binary equilibrium relationship is plotted for the more-volatile component.

The McCabe-Thiele method is based on the following two assumptions:
(1) Equimolar heats of vaporization for the two components and
(2) No heat leaks and no heat of mixing.

Then the concept of constant molar overflow is obtained:
(Rectifying section)

Vy=Vyy= ————— =V,=V,=V (11.2-13)

Ly=L,1=————— =L, =R=1 (11.2-14)
(Stripping section)

V=V = ————— =V (11.2-15)

Lp=Lpiu=—-————- =L (11.2-16)

Therefore the equations for the operating lines become

Yne1 = T X+ = Xp (11.2-17)

Lr B
Ym+1 = 3, Xm — , XB (11.2-18)



The slope L/V of the operating line is sometimes called the internal reflux ratio:
o R (11.2-19)

14 Ej_ 1+r
A mass balance around the feed plate is
L'=L+qF (11.2-20)
V=V +{1-q)F (11.2-21)
Here the g is a measure of the thermal condition of the feed:

energy to convert 1 mole of feed to saturated vapor

molar heat of vaporization
If a saturated vapor mixture is fed, the g becomes 0.

Then

L'=L

V=V'+F (11.2-22)
If a saturated liquid mixture is fed, the g becomes 1.

Then

L'=L+F

V=V (11.2-23)

The g-line, as shown in Fig.11.2-11, passes through the intersection point of the two operating lines
at the feed plate.

Stripping Rectifying
section section
Xp XF Xp
X

Fig.11.2-11. Interrelation of g-line with two operating lines

The general equation of g-line is given by

-4 ,_ 1 -
Y=g X T X (11.2-24)
When ¢ =0, y= xp
When g =1, x= xp (11.2-25)

11.2-2-4 McCabe-Thiele step-by-step calculation method”

The operating line for the rectifying section intersects the diagonal (y = x) at the overhead
product concentration xp. Similarly, the operating line for the stripping section intersects the
diagonal at the bottom product concentration xj.

1. McCabe, W. L., and Thiele, E. W,, Ind. Eng. Chem., 17, 605 (1925)
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Fig.11.2-12. McCabe-Thiele step-by-step construction of ideal plates

Since, by definition of an ideal plate, y,, and x,, are the concentrations of the equilibrium vapor
and liquid leaving the nth plate, point A(y,,, x;) on the equilibrium curve represents the equilibrium
plate n. The operating line represents the concentrations of all possible pairs of passing streams
within the section. A horizontal line AB at y, passing through the point B (y,, x,—;) on the
operating line gives the concentrations of vapor leaving and liquid entering plate n. A vertical line
AC at x, intersecting the point C((v,+1, X,) oOn the operating line gives the concentrations of
vapor entering and liquid leaving plate n + 1. Likewise, we can count the ideal plates downward
(‘or upward) from the starting point (xp, xp) through the rectifying section ( or stripping section)
by alternating use of the equilibrium curve and the operating lines...

The number of ideal plates (hypothetical equilibrium stages) must be converted to the number of
actual plates by means of Murphree plate efficiency for practical column design, which will be
studied later..

11.2-2-5 Reflux ratio

As the reflux ratio is decreased, the intersection point of the two operating lines approaches the
equilibrium curve. When the intersection point touches the equilibrium curve, an infinite number of
ideal plates would be required to accomplish a specified separation. The reflux ratio corresponding
to this situation is the minimum reflux ratio. The economical (optimum) reflux ratio of actual
columns usually falls around 1.5 times the minimum reflux ratio.

Xp XF Xp
X

Fig.11.2-13. McCabe-Thiele diagram for minimum reflux ratio



11.2-2-6 Enthalpy-composition method (Ponchon-Savarit step-by-step method)*?

Analysis of fractionating columns can be done by using an enthalpy balance in conjunction with
material balances and phase equilibria. This method is based on the graphical analysis of an
enthalpy-composition diagram. Fig.11.2.14 is its schematic picture. The abscissa indicates the
composition of a binary solution and the ordinate gives the enthalpy of the mixture of component A
and B. Similarly to the boiling-point diagram, the curve KL is a dew point line and the curve MN
indicates a bubble point line. The enthalpy of the ordinate includes latent heat, heats of mixing, and
sensible heats and all these effects are built into the diagram, so that none of them need be
considered separately. The balances of mass and enthalpy are set up over a control volume shown in
Fig.11.2-8.
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Fig.11.2-14. Enthalpy-composition diagram for Ponchon-Savarit method.

Regarding the rectifying section shown in Fig.11.2-14, the enthalpy of the vapor stream (flow
rate V,,,) rising from plate n+1 is given by Hy,,; and the enthalpy of the liquid stream (flow rate
L) leaving plate n is given by H,,. If the column is assumed adiabatic, points P, V,,,, L, are
collinear. This line is called “enthalpy operating line.” Point P represents a common operating point

for all values of V,.,; and L,,. According to the center-of gravity principle,
Vn+1 P_Ln XD~ Xn

— - (11.2-26)
Ly PVnt1 XD~ Yn+1

Similarly for the stripping section

Vmin . Zm—*w (11.2-27)
Ly Ym+1— Xw

In this rectifying section for adiabatic operation, the difference between the enthalpy carried
upward by the vapor stream and that carried downward by the liquid stream is constant. In this
control volume, enthalpy is removed by the overhead condenser in an amount Q. (usually fixed)

Setting up the enthalpy balance over the control volume

LyHin +DHp + Q¢ = Vip1Hynia (11.2-28)
Then

DHp = Vyy1Hyny1 — LnHpg (11.2-30)



For adiabatic operation, DHp (the difference between the enthalpy carried by the vapor and liquid
streams) becomes the same everywhere in the rectifying section.
Similarly in the stripping section we get

WHy = L'mHpm — V' g1 Hymer + Qr (11.2-31)
WH, = L'Hym = V' i1 Hymar (11.2-33)

Since D and W are constant, Hp and H, are also constant.
WH, becomes the same everywhere in the stripping section.

In a manner similar to McCabe-Thiele method, the enthalpy operating lines are used alternately
with the tie-lines to give a step-by-step determination of the number of ideal plates necessary to
accomplish a specified separation. This is called the “Ponchon-Savarit method.”

Regarding the reflux ratio, the center-of-gravity principle gives
R = Hp—Hy,
_ Hva=Hp L . :
This equation indicates that Point P is specified by the reflux ratio.

(11.2-34)

1) Randall, M. and Longtin, B., Ind. Eng. Chem., 30, 1063, 1188 (1938)
2) McCabe, W. L. and Smith, J. C., “Unit Operations of Chemical Engineering,” McGraw-Hill, 3" ed., 571 — 585(1976)

[EXAMPLE 12.2-1 ] A2 kmol/h mixture of 0.4 mole fraction of methanol and 0.6 mole fraction of

water is to be separated into overhead and bottom products of 0.85 and 0.2, respectively, by a

column operated with a reflux ratio of 3 at 1 atm. The feed is supplied as a saturated liquid.

(Attention: The specified concentrations of the overhead and bottom products are made

intentionally moderate for easy explanation on the enthalpy-composition diagram, especially the

bottom product concentration is specified larger than usual.)

(1) Per kmol of overhead product, how much heat must be withdrawn at the overhead condenser
and how much heat per kmol of bottom product must be added at the reboiler?

(2) Explain the step-by-step method for obtaining the number of ideal plates on the diagram.

Solution:
(1) From the overall material balance, D = 0.615 and W = 1.385 kmol/h, respectively.
Point F is placed on the bubble-point line at x = 0.4. Points D and W are also located on the
bubble-point line at x, = 0.85 and x;,, = 0.2, respectively. The point P can be determined
from the specified reflux ratio R = 3 as follows:
From Fig.11.2-E1, we obtain Hy,; = 42,610, and Hp = 5,645 kJ/kmol . Then
Hp = R(Hyy — Hp) + Hy; = 3 x (42,610 — 5,645) + 42,610 = 79,575 kJ/kmol
The point P is decided as Hp = 79,575 kJ/kmol and x, = 0.85. Then
—Q./D = 79,575 — 5,645 = 73,930 kJ/kmol. The cooling duty becomes
—Q. = 73,930 kJ/kmol x 0.615 kmol/h = 45,470 kJ/h
The point W is obtained at the intersection of the overall-enthalpy line PF with the line
xyw = 0.2, where Hy, = 6,245 kJ/kmol. Therefore
Q./W = Hy, — Hy = 6,245 — (—27,000) = 33,240 kJ/kmol. The heat duty is
Q, = 33,240 kJ/kmol x 1.385 kmol/h = 46,040 kJ/h
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Fig.11.2-E1. Ponchon-Savarit step-by-step method for a fractionating column

(2) Since xp = y; = 0.85, the point Vyis on the dew-point line at x, = 0.85. According to the
vapor-liquid equilibrium relation, when y; = 0.85 is in equilibrium with x; = 0.656. This
indicates that point L; should lie on the bubble-point line at x; = 0.656. Therefore the arrow
V1—L, shown in the figure is the tie-line. The next operating line through P and L, intersects
the dew-point line at point V, (y, = 0.75). Using the VL equilibrium relation, the next tie-line
gives point L, on the bubble-point line at x, = 0.442. Similarly point V3 is obtained at
y3 = 0.655. The next tie-line V3—L; crosses the overall-enthalpy line. It can be considered that
the rectifying operating lines should be placed on the right of the overall-enthalpy line and the
stripping lines to the left. The best location of the feed plate is on the first plate where the liquid
concentration is less than the abscissa of the intersection of the bubble-point line and the
overall-enthalpy line. Therefore the feed plate should be on the No.4 plate. Since L is at the left
of line PFQ, the next operating line should be drawn from point Q. This operating line intersects
the dew-point line at V4 (at y, = 0.380). Since x, = 0.0857 is less than x,,, four steps can be
considered to be sufficient. A reboiler plus three ideal plates should be specified with feed plate
located at No.3 plate. (Attention: Because of the concentration of the bottom product specified
larger than the usual value in this example, the feed plate is located at No.3 plate above the
reboiler.)

11.3 Mass Transfer in Distillation Column (Plate Column)

In general, an actual column does not work well in the same manner as the ideal plate column
above mentioned. Let us consider the distillation efficiency of plate columns from a viewpoint of
mass transport phenomena. The plate efficiency calculation is based on the two-film theory.
Assuming equal molar heat of vaporization for a binary mixture of A and B, the basic equations can
be derived from the interphase mass transfer equations.

Three assumptions have been made:

(1) the rate of mass transfer of a component within a phase is proportional to the difference in its
concentration in the bulk of the phase and at the vapor-liquid contacting interface,

(2) the vapor and liquid at the interface are in equilibrium , and



(3) the holdup of the transferring component in the boundary layers on both sides of the interface is
negligibly small compared to the amount transferred in the process.

Mass transfer and
Condensation of component B

x®
: |l | Va
: z" Equilibrium relation

> b
J’A = mxA

Conversion to vapor-phase unit

Concentration profile of component A

Xy

| m . Slope of equilibrium curve
v Yii
apor phase ! s
| Vapor-liquid interface
In equilibrium
Molarflux N, +Np=0
(Equimolar counter diffusion)

'5—1: Liquid phase

— Mass transfer due to
evaporation of component A

Vapor-liquid interface

Fig.11.3-1. Composition profile in the neighborhood of vapor-liquid interface

The rate of mass transfer per unit area or the mass flux may be expressed by

Na= KyA(yZ = Ya) =Kya(Yai = Ya) =Ka (Xa = Xai) (11.3-1)
where x, and y, are mole fractions of the more volatile component A.

The film coefficients of mass transfer k,, k, are defined as

kyA = DG/6GyJ kxa = Dp/b.x (11.3-2)
According to the two-film theory, two resistances in series to interphase mass transfer can be

expressed as
1 1 m 1 1 1

, = + — (11.3-3)
Kya kya kxa Kxa mkya kxa

Consider the vapor bubbling up through a pool of liquid on plate n.
At the differential control volume dz x 1 X 1, the mass balance of more volatile component A is

Gy dya = Kya (ya —ya)adz (11.3-4)
Here a is the interfacial area per unit volume of gas and liquid holdup in m%m?.
Integrating with assumption that K, ,a/G), is constant, we get

! KyapaZ

Nog = [y 2= 22t (11.3-5)
This equation is the equation defining a local value of the number of transfer unit on plates of
distillation column. Here Z,, is the bubbling pool height on plate n.
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The inlet vapor is assumed to be well mixed, so that y,,.; can be regarded as a constant. The
concentration of the outlet vapor y',, is generally a function of the length from the outlet weir

along plate n for this kind of crossflow plate. The right-hand side term HTU = Kyg—zz” is called
“Height of Transfer Unit.” Similar equations are obtained with the other transfer units:

No = = 2 (11.3-6)
R 1197
Ny = [ = Ak (11.3-8)

Note that the above definition of local liquid-phase transfer units assuming the counter-current
flow does not describe actual mass transfer situations, since the actual liquid stream flows
horizontally on the plates.

We should interpret that x',, and x", are hypothetical liquid concentrations at the top and
bottom of the liquid pool and that L*,, is hypothetical molar flow rate divided by the effective plate
area. In the later section, the average values of the transfer units will be defined.

The relation between hypothetical and actual molar flow rates is given by
LyZ, = L*yL; (11.3-9)
where L, is the effective length of liquid travel on plate n.

The overall mass transfer resistance is expressed in terms of the individual gas-phase and
liquid-phase resistances:

m__ Gm_ MOm (11.3-10)

Kyaa kyaa kxaa
where the vapor-liquid equilibrium curve is assumed to be locally a straight line.

y'=mx+b (11.3-11)
. _ Gym _ Gm _ L'y
Since Z, = Kyna Nog = Kyaa Ng = P N,
Cu _ o T M (y G)Lu ()T
Kyaa NOG’ kyAa NG’ kxaa L*pm/ kaxa L*ym NL’
Thus EQ.(11.2-10) can be rewritten as
L=14 2 (11.3-12)

Nog Ng N

where A =m/(L*y/Gy) is the slope ratio of the equilibrium and operating liners called “the
stripping factor.” The transfer units averaged over the effective plate area may be applied to
Eq.(11.2-10) for commercial-scale columns except for extremely large columns.



11.4 Tray Model (Plate Efficiency)

11.4-1 Murphree Plate Efficiency
The following assumptions are made: (1) that the inlet and outlet vapors are well mixed with
concentrations of y,,; and y, respectively, and (2) that the inlet and outlet liquids are also well
mixed, but the liquid concentration will vary between x,_; and x,.
The Murphree plate efficiency is defined as

Yn—Vn
EMG = 3/*——3’1:-11 (114-1) |
" Yo
Y T
T Vp = mx, +b Xn-1 L
] ] ! ——
.x”_l '—/l_‘\ xﬁ X rr+ d‘f " X n
T | yn:man“b ]‘l—d]%T ]
Ynn
(well mixed)

Fig. 11.3-1. Murphree plate efficiency and point efficiency

Here y* is the concentration of the vapor that would be in equilibrium with the liquid of
concentration x, leaving the plate, i.e. y* =mx, +b. The y,,, can be considered as a
constant concentration since the inlet vapor is well mixed. As mentioned in the section of
McCabe-Thiele method, for an ideal plate the vapor rising from the plate nis in equilibrium
with the liquid of concentration x,, leaving the plate. Therefore Ej;; = 1.

Similarly the plate efficiency for the liquid phase is also defined as

Epy = 2=t tn (11.4-2)
Xn—-1—X"n
A point efficiency for the vapor phase can be defined as
_ y,n— Yn+1 -
Epg = i (11.4-3)
Similarly
Ep, = ﬁ (11.4-4)

Here y’ and x', are local concentrations of the leaving vapor and the crossing liquid at
distance [ from the outlet weir.

The point efficiency is related with the local value of the number of transfer unit on plates of
distillation column Eq. (11.3-5).D

Assume that over the liquid-flow cross section the liquid is well mixed i.e. y™ = constant.
Combining the definition of Ny; with the definition of Epg

_ Yin dy _ YV n=VYn
NOG - fy _ - _l Ix __
n+1 y*—y Y n~ Yn+1
yl* _yl
exp(— Nog) = - =1— Epg (11.4-5)
Y n=Yn+1

This is the equation for calculating the point efficiency from the number of transfer units.

The transfer units averaged over the whole effective plate area can be expressed as
N = fJ’n dy _ KyaZzp N = J‘J’n dy = %
0G Yn+1 y* -y Gy G Y1 YiTY Gm




— Kya Z. — kxaZ

Nop = [t = Bty o e e bth (11.4-6)
In the above definition of liquid-phase transfer units, the inlet and outlet concentrations
Xn—1, X, are adopted in place of the concentrations at the top and bottom of the liquid pool.
These averaged transfer units are more useful than the local transfer units because they are
measurable by experiment.

In the case when the liquid on the plate is also completely mixed, the point and plate
efficiencies become identical :

Epg = Eyg =1 —exp(— Nog ) (11.4-7)

1. Kister, H. Z.. Distillation Desian. McGraw-Hill. Newb York, P.367 (1992)

11.4-2 Mass Transfer Experiment®

In order to understand the mass transfer in plate column distillation processes, vapor-phase and
liquid-phase mass transfer coefficients should be discussed separately. The numbers of transfer units
are a function of mass transfer coefficient and interfacial area. The transfer units can be considered
of the form

Ng = N (Scg,We,Reg, by, /Ly, d/Le, Ly/Vy, nL?)

N, =N, (Sc,,We,Rey, h,,/Le, d/L¢, Ly/Vy, L) (11.4-8)
Here We is known as the Weber number which represents the ratio of inertia to surface tension
force:

2
We = “ebed (11.4-9)
The Reynolds numbers are
_ UgoQgd
keq = kG
Re, = “Lootfeq (11.4-10)

UL
Then,dand h, are the number of holes per unit area of plate, the hole diameter, and the height of
the outlet weir, respectively. The ug, is the vapor velocity in a hole and w;, is the liquid velocity
along the plate deck. The d,, is the equivalent hydraulic diameter on plate.
As an example, regarding the distillation column efficiency, the experimental data on bubble cap
tray reported very many years ago by AIChE Research Committee® is still available.
Fig.11.4-1 shows the geometry of a crossflow tray and bubbling foam layer.

Unit width
% Liquid holdup
L I hg
—_— —
Liquid flow (clear liquid height)
L
Liquid length

(bubblingarea length)

Residence time

Fig. 11.4-1 Geometry of a crossflow tray and bubbling foam or froth layer

The superficial vapor velocity u; (m/s) is based on the effective area of plate (bubbling area).
The correlation equation!? developed on the basis of the gas-phase efficiency was obtained
from the ammonia-air-water system and acetone-benzene system:

1
Ng = Toca (0.776 + 4.57 h,, — 0.238 F + 105 L) (11.4-11)
where h,, isthe outlet weir height, F the F-factor given by us./ps in (m/s)(kg/m3)'/2, and



L the liquid volume flow-rate per unit width of plate in m3/ms.
The liquid holdup per unit bubbling area length hg is also given by
hg =42 x 1072+ 0.19h,, —1.36 X 1072F +2.49 L

(11.4-12)
The number of transfer unit on the liquid-phase is given by the following correlation:
N, =2.08 x 10*,/D, (0.213 F 4+ 0.15)t, (11.4-13)

Here D, is the diffusivity in the liquid in m?s. The residence time t; (s) is the time of liquid
crossing the liquid length L; on the bubbling area shown in Fig.11.4-1.

1. AIChE Research Committee, Bubble Tray Design Manual, New York (1958)
2. AIChE Research Committee, Tray Efficiencies in Distillation Columns, Final Report from the Univ. Delaware (1958)

Let us learn how to predict the plate efficiency from these mass transfer correlations expressed as
the number of transfer units.

[EXAMPLE 11.4-1] A liquid mixture of benzene and toluene is to be distilled by a bubble tray
column which is 2 m in diameter and which contains eighteen trays on 0.50 m tray-to-tray spacing.
The feed containing 54 mol% benzene is supplied as the liquid at the bubbling point. The operating
conditions and tray geometry are listed in Table 11.3-1. Obtain the plate efficiency of the rectifying
section assuming that the liquid is completely mixed.

Table 11.4-1 Operating conditions

Feed rate 0.139 kmol/s
Feed composition 54 mol% benzene
Overhead rate 0.075 kmol/s
Overhead composition 99 mol% benzene
Reflux ratio 1.67
Rectifying section
Vapor flowrate 0.20 kmol/s (Rectifying section)
Liquid flowrate 0.125 kmol/s (Rectifying section)
Average temperature 98°C
Average pressure 0.15 MPa

Average liquid composition 90 mol% benzene
Average vapor composition 94 mol% benzene

Tray geometry
Tray diameter 2m
Cap size 0.0762
Cap layout triangular
Bubbling area 1.7 m (average width)
1.2 m (average length)
Outlet weir height 0.08 m
Outlet weir length 1.5m

Solution:

(Step 1) Calculation of Ng: The physical properties of the vapor at 98°C and 0.15 MPa are
pe = 4.0 kg/m3, u; =85x 107° kg/ms, and D; = 2.94 X 107°m? /s, respectively. Then
the Schmidt number is Sc; = 0.72. The average molecular weight of the vapor

M. = 78.8 kg/kmol. Then the volumetric vapor flow rate is

G' = GyMg/p; = (0.20)(78.8)/4 = 3.94 m3/s

The superficial velocity based on the bubbling area is

u; = G'/A=394/(1.2 x1.7) = 1.93 m/s

Then the F-factor is obtained



F = ug\[pc = (1.93)V4 = 3.86 (m/s)(kg/m?)

1/2

The average density of the liquid is p, = 800 kg/m3. The average molecular weightis M, =
79.4 kg/kmol
The volumetric liquid flow rate is
L' = LyM,/p, = (0.125)(79.4)/800 = 0.0124 m3/s
Then the liquid rate per unit width of the outlet weir is obtained
L= 0.0124/1.5 = 0.00827 m3/sm
Then Eq.(11.4-11) gives
N; = (0.72)~12(0.776 + 4.57 (0.08) — 0.238 (3.86) + 105b (0.00827)) = 1.286
(Step II) Calculation of N;: From Eq.(11.4-12), the liquid holdup on the trays is calculated:
hg =42 x 1072+ 0.19 (0.08) — 1.36 x 1072 (3.86) + 2.49 (0.00827) = 0.0253 m
The contact time of liquid should be calculated based on the bubbling area
t, = hgL./L = (0.0253)(1.2)/0.00827 = 3.67 s
The liquid-phase diffusivity is given by
D, =6 x 107° m?/s
Then Eq.(11.4-13) gives
N, = (2.028 x 10%) (6 x 107°)/2(0.213 x 3.86 + 0.15)(3.67) = 5.605
(Step III) Calculation of Ny:
The slope of the equilibrium curve gives m = 0.5 at x =0.90. Then
A= mGy/Ly = (0.50) (0.20)/0.125 = 0.80

Eq.(11.
1

Nog

3-12) gives
1 A 0.80

1
vot 5= Taget sees = 0920 or Nog = 1.087

(Step IV) Calculation of point efficiency:

Eq.(11.4-7) gives

Epg =1 —exp(— Nog) = 1b — exp(—1.087) = 0.663

For the case of completely mixed liquid flow the point and plate efficiencies become identical.
The plate efficiency is given by

EMG = EPG = 0663 or 663%

11.5 Design Calculation Procedure of Distillation Columns

The design calculation for the total number of actual plates required to accomplish a specified
separation should be done in the following order:

(i)

(i)

(iii)

Number of ideal plates
The step-by-step calculation needs the following information:
Vapor-liquid equilibrium relationship, material balances, optimum reflux ratio, operating
lines, and McCabe-Thiele stage-by-stage method based on stage equilibrium model for ideal
plate construction.
Plate efficiency
The plate efficiency should be considered from mass transfer information:
Vapor-phase transfer unit, liquid-phase transfer unit, total number of transfer units, point
efficiency, and plate efficiency taking into account the mixing effect.
Overall efficiency
The overall efficiency is defined as the ratio of the number of ideal plates to the number of
actual plates. If the equilibrium and operating lines are straight, the overall efficiency
In[1+ Epyg(A-1)]
S (11.5-1)
As an alternative method, the modified McCabe-Thiele method can be used. The number of

Eov =



actual plates can be computed replacing the true equilibrium curve y, by an effective curve
v, With the aid of known Murphree plate efficiencies in the McCabe-Thiele step-by-step
method:

Ye =Y+ Enc(Ve =) (11.5-2)
Figure 11.5-2 shows the modified McCabe-Thiele method.

11.6 Heat Balance of Distillation Column System

A continuous distillation column shown below is designed to separate F (kmol/h) of a binary
mixture of xz (mole fraction) of the more volatile component X and (1 — xz) of the less volatile
component Y into an overhead product containing xp, of component X and a bottom product
containing (1 — xg) of component .
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Fig.11.6-1. Flow sheet of distillation column system

(i)

(i)

(iii)
(iv)

Calculate the overhead and bottom products.

A reflux ratio r = R/D is to be used and the reflux is at its bubbling point. The
feed is to be heated from tz, to tpz; (K) by exchanger I, from tg; to tg, (K) by
exchanger Il, and from ty, to Tr (K) by exchanger Ill, so that it can be introduced
into the column as saturated liquid at its bubbling point.

Obtain the equations of operating line and g-line.

The molar latent heat and heat capacity of the mixture can be approximated as

AHy = x AHy + (1 — x)AHy (J/kmol)

Cpy = xCpx + (1 —x)Cpy  (J/kmol K)

The vapor leaving the top of the column is to be completely condensed at its dew
point Tp (K) by exchanger Il and the overhead condenser,

If cooling water enters the overhead condenser at t; (K) and leavesat t, (K), how
much water is required?

The bottom product leaves the reboiler at its bubbling point Tz (K). If the heat
released by steam at pressure Ps (Pa) in the reboiler is assumed equal to the heat of



vaporization Hg (J/kg), how much steam is required?

(v) What is the temperature of the bottom product at the outlet of exchanger 1117

(vi)  If a constant Murphree vapor-phase plate-efficiency E,,; (-) is given to each stage
excluding the reboiler, how many actual plates are needed? Where should the feed
be introduced?

Solution:

Q) Overall mass balances:
F=D+B (11.6-1)
Fxp=Dxp+Bxp (11.6-2)
From these equations, the overhead and bottom products D and B (kmol/h) are
found:

D:xF_xBF’ B:xD_xFF
Xp — XB Xp — XB
(i) Since the feed is introduced as saturated liquid, g =1 and the g-line equation

becomes x = xp. For g = 1, the liquid and vapor flow rates are

L'=L+F and V'=V

These quantities can be expressed in terms of the reflux ratio:
I'—F=L=R=r1rD (11.6-3)
V'=V=R+D=(r+1)D (11.6-4)
Then the equations for the operating lines are found:

(Rectifying section)

L D r 1
y=_;_x+ ;?Cl):mx-l- 771 XD (11.6-5)
(Stripping section)
-, _ B, _ffr,_ b -
Y=y X— vy =T YT s (11.6-6)

where f= F/D and b = B/D.

(iii)  The vapor flow rate in the rectifying section is

(iv)

(v)

(vi)

V=w+1)D
The total rate of heat released in condensation of the vapor is
(r+ 1)D [xpAHyx + (1 — xp)AHy]
Assuming the average heat capacity not to be a function of temperature, the
rate of heat transfer at exchanger Il is given by
F [xpCpx + (1 — xp)Cpyl(tpz — tr1)
By heat balance set up at the condenser, the water flow rate W (kg/h) can be
calculated as
(r + 1D [xpAHyx + (1 — xp)AHy] — F [xpCpx + (1 — xp)Cpy](trz — tp1)
=W Cpy,(t, — t;) (11.6-7)
Here Cp,, is heat capacity of water in (J/kg K).
The heat required for vaporizing V' (kmol/h) of liquid is
V'[xgAHy + (1 — xg)AHy] = S AH' (11.6-8)
From this equation, the steam needed, S (kg/h) can be calculated.

By heat balance set up at exchanger Il the outlet temperature tz (K) can be
calculated.
F [xpCpx + (1 — xp)Cpy](Tr — Tgz) = BlxgCpx + (1 — x5)Coy](Tp — tp)

(11.6-9)
As shown in Fig.12.1-2, the effective equilibrium curve y’, vs. x can be
obtained from the true equilibrium curve y, vs. x by using the following
equation:
Ye=y+Euc e =) (11.6-10)



Ye =V
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X
Fig.11.6-2. Modified McCabe-Thiele step-by-step method

As shown in Fig.11.6-2, the McCabe-Thiele step-by-step construction can be made between the
effective equilibrium curve and the operating lines to determine the number of actual plates. The
true equilibrium curve is used for the last step which corresponds to the reboiler. It is found that a
reboiler and N actual plates are needed and the feed should be introduced on the i th plate from the
top.

Nomenclature

a effective interfacial area per unit packed volume, [m%m®]

Cp heat capacity, [J/kmol K]

D overhead product, [kmol/s]

D¢, Dy, diffusivity in gas- and liquid-phase, [m%/s]

Eye Murphree plate efficiency, [ - ]

Epg,Ep;,  point efficiency for vapor- and liquid-phase, [ - ]

F feed rate, [kmol/s] or F-factor [(m/s)(kg/m®)*?]

Gy superficial molar gas-mass velocity, [kmol/m?s]

Hy, Hy latent heat (enthalpy) of x- and y- component, [J/kmol]

herp HETP (Height Equivalent to a Theoretical Plate), [m]

hy, outlet weir height, [m]

K vapor-liquid equilibrium constant, [ - ]

Ky K, overall mass transfer coefficients defined by vapor-phase and liquid-phase concentrations [kmol/m?s]
ky Ky mass transfer coefficients of vapor-phase and liquid-phase film [kmol/m?s]
m slope of equilibrium curve, dy/dx,

No¢, N, Nynumber of transfer unit, oG:overall, G:gas phase, L:liquid phase, [ - ]
n theoretical plate/stage number, [ - ]

Re Reynolds number, [ -]

Sc Schmidt number, [ -]

T,t temperature, [K]

X4,Va mole fraction of component A, liquid- and vapor-phase, [ - ]

z height of packing section, [m]

Qup relative volatility, [ - ]

6¢, 0L, thicknesses of gas-phase and liquid-phase film, [m]

1 stripping factor, [ - ]

u viscosity, [kg/m s]

Subscripts

A B component A, B

G, L gas-phase, liquid-phase

i interface



CHAPTER 12
SIMULTANEOUS HEAT AND MASS TRANSFER - |

12.1 Theory of Simultaneous Heat and Mass Transfer - |

As distinct from gas absorption, a distillation process takes place in the form of non-isothermal
counter-diffusion accompanied with the enthalpy releasing due to condensation of less-volatile
component B and the enthalpy receiving vaporization of more-volatile component A in the
neighborhood of vapor-liquid contacting interface. Even at present, however, it is still very difficult
to confirm whether or not the enthalpy released by the component B is totally consumed for the
vaporization of component A. This is an important theme for the investigators of non-equilibrium
thermodynamics.

In this chapter, we consider the distillation process by the simultaneous heat and mass transfer
based on the assumption that the total molar enthalpy NpAHg released by condensation of
component B is consumed for the vaporization of component A. The following enthalpy balance
should exist:

NgAHp = NyAH, (12.1-1)

If AHg = AHy, Ng = Ny .

That is, this condition indicates the equimolar counter-diffusion.

For example, benzene and toluene have approximately equal molar enthalpy for condensation

and vaporization.

Interface
Vapor bulk Liquid bulk
_____________________ _>
Enthalpytransfer
Hgp
Condensation
ComponentB
l release
Latent heat
Ya . Hpa
Yai Xai 1 receive
. . XA .
Vaporization Component A

Fig.12.1-1. Heat and mass transfer in a distillation process

As shown in Fig.12.1-1, in the counter-current condition of vapor and liquid streams, less-volatile
component B having enthalpy H;gin the vapor bulk arrives by convective mass transfer at the
interface and then the latent heat NzAHg released due to condensation of component B is absorbed
for vaporization by more-volatile component A which arrives at the interface by convective mass
transfer in the opposite direction from the liquid bulk. At the same time, thermal energy is
transported by convective heat transfer accompanied with the counter-diffusion from the vapor bulk
to the liquid bulk across the interface. Only for simplicity, it can be considered by the
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above-mentioned assumption that there is no temperature jump in the neighborhood of the interface.
We will pay attention to the mass transfer of component A from liquid to vapor phase in a packed

column (cross-section area S).

If their molar latent heats are equal: AH, = AHg (J/kmol), equimolar counter-diffusion takes place.

The interphase mass transfer of component A can be expressed by the following mass-flux equation

based on Fick’s law and the two film theory:
a
= - pLDABL% (12.1-2)
Z=O Z Z=0. - . . 2

where p; and p; (kmol/m®) are molar densities of vapor and liquid, and D,z; and D,g; (M?/s)

are vapor-phase and liquid-phase diffusivities of component A in B, respectively.
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Fig.12.1-2. Composition and temperature profiles in the neighborhood of vapor-liquid contacting
interface

Therefore the convective heat and mass transfer coefficients can be defined as

Ny = = pgDape %L:o = p6(Dapa/6c) Vai — Ya) = kyaWai — Ya) (12.1-3)
Ny = —prDyps ‘%A yeo PL(DapL/8.) (Xa — Xai) = kxa(Xa — Xa;) (12.1-4)
Q= —kef|,_ = (Ke/6)(Te = T) = he(Te =T)) (12.1-5)
Q= — KL% r0 = (k,/0)(T; —Tp) = hL((Ti - TL)) (12.1-6)

It should be noticed that as distinct from gas absorption, the mass transfer coefficients in
distillation do not include the effect of bulk transfer owing to equimolar counter-diffusion.
As shown in Fig.12.1-2, the overall driving force can be considered to be the liquid bulk
concentration x,,,, minus the vapor bulk concentration y,,,. However it is necessary to use a
concentration unit on the common basis.
If we use vapor-phase concentration unit in mole fraction, the overall driving force is given by
Yi— Ya» Where y; is fictitious concentration in equilibrium with the liquid bulk concentration
x4 . Usually the liquid-bulk concentration x, is converted into y, by using a vapor-liquid
equilibrium relation such as y, = m x4.



12.2 Transport Phenomena in a Packed Column Distillation
Process

12.2-1 Simultaneous mass and energy transfer model

Unless a process fluid mixture to be distilled has any problem in thermal processes such as
fouling, polymerization, and/or thermal decomposition, a packed bed column is very often
employed for distillation operation.

Let us consider a packed column distillation. It is very instructive to reconsider a distillation
process from a standpoint of simultaneous heat and mass transfer. It should be kept in mind that as
distinct from gas absorption, a usual distillation process takes place under the condition of
equimolar counter-diffusion. That is, there is no stagnant incondensable component near the
vapor-liquid interface.

Figure 12.2-1 shows a usual packed column, in which random packings or structured packings
are equipped in the three packing sections. The upper packing section above the feed stage is called
rectifying section and the lower one below the feed stage is called stripping section. In each empty
space above the respective packing beds, a liquid collector and a liquid distributor are installed in
order to avoid maldistribution of liquid stream in the packing section.
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Fig.12.2-1. Packed distillation column
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Fig.12.2-2. Shell balance of mass and enthalpy set up over a differential control volume of packed
distillation columns
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Fig.12.2-2 shows a schematic picture of control volume having differential height dz for setting
up heat and mass balances.

For distillation processes, molar rates of vapor and liquid G, and L, can be assumed to be
kept constant due to equimolar counter-diffusion.

Therefore, referring to Eqs.(12.1-3~6), the differential heat and mass balance equations can be
written as

NySdz = Gy dysS = kyaa (Vai — Ya)S dz = kypa (x4 — x4;)S dz (12.2-1)

QSdz=GydH;S = hga (Tg — T;))Sdz = hya(T; — T,)S dz (12.2-2)
where G, and L, (kmol/m?s) are superficial molar velocities of vapor and liquid streams.
The molar mass-flux N, and enthalpy-flux Q have units of (kmol/m?s) and (W/m?),
respectively.
Using the overall volumetric coefficients K, ,a and Ua
Gudy, = Kyaa (Va — ya)dz (12.2-3)
GydH; =Ua (Tg — Ty)dz (12.2-4)
In these equations, the effective interfacial area per unit packed-bed volume a (m’m?) is
introduced.

Usually it is not so easy to measure vapor-liquid-contacting interfacial area a (m?*m?®), so the

overall volumetric coefficients K, ,a and K,,a are employed for the packed bed mass transfer.

Similarly it is possible to define the following overall coefficient K, , based on liquid-phase
concentration:
Nya Sdz = Kyya(xy — x3)Sdz (12.2-5)
where x, is fictitious concentration in equilibrium with the vapor bulk concentration y,.

According to Eq.(11.2-3),

dz = -2 A (12.2-6)

Kyad Yp—ya
. .. G
Assuming the coefficient —=*

to be constant, integration from column top to bottom gives

yAQ
_rZr _ Gy Yaz aAya _
Zr = fo dz = _KyAa fyAl _J’Z—YA (12.2-7)

Here the quantity Hy; = % averaged over the column height is called “Height of a Transfer
YA

Unit.”  Strictly speaking, HTU actually increases in the vertical direction from the bottom toward
the top of the packed bed. In order to calculate the total packed bed height Z; required for a
separation specification, however, the overall volumetric coefficient K, ,a should be evaluated by
considering the vapor-phase and the liquid-phase mass transfer, separately.

The interphase mass transfer resistance based on two film theory is expressed by
1 1 m

S -1, m (12.2-8)
KyA kyA kxa
where the slope of equilibrium curve m is used for conversion of liquid-phase to vapor-phase
concentration unit.

If the vapor-phase and liquid-phase volumetric coefficients k,, and k,, are given, the total
height of the packed column can be calculated with the aid of Eq.(12.2-8).

Concerning the mass transfer resistance, the following parameters are defined: Height of Overall

Transfer Unit and Height of gas-phase and liquid-phase transfer units

_ Gum _ Lm _
Hoo = 170 Ho = ¢ 2 (12.2-9)
_ Gm _ Lm _
H; = yaa’ H = Tond (12.2-10)

Therefore multiplying Eqg.(11.2-8) by molar vapor velocity G,,, the following equation is obtained
indicating the two mass transfer resistances in series in the neighborhood of the interface:
HOG = HG + AHL (122'11)



where 1= m/(L/V) is the slope ratio of the equilibrium curve to the operating line, called
“stripping factor.”.
This equation is very important to check which phase resistance is predominant over the interphase
mass transfer, vapor-phase or liquid-phase.

Although these mass transfer parameters are available in some degree in the correlation databank,
we should consider it rather difficult to apply them for engineering column design without
experiment for checking.

12.2-2 Efficiency of packed distillation columns

The concept of plate efficiency cannot be applied to packed distillation columns.

In place of the Murphree plate efficiency, the distillation efficiency of a packed column can be
evaluated by the HETP (Height Equivalent to Theoretical Plate). This is defined as the total height
of the packing section divided by the required number of theoretical stages. Therefore this
characteristic value can be determined by comparing the result of distillation experiment conducted
in a real packed column with the calculation result using the McCabe-Thiele stage-by-stage process
simulation calculation based on the equilibrium-stage model in an ideal column. However if we
consider local variation in distillation efficiency in a packed column, we should introduce a control
volume approach for definition of the local HETP. Fig. 12.2-3 indicates the significance of HETP
defined by using a control volume approach. In this case, the HETP can be defined as the control
volume height of a real column required for the condition that the vapor (concentration y,,)
leaving the control volume from the top should have an equilibrium relation with the liquid
(concentration x,,) leaving from the bottom.

The mass balance of more volatile component A is set over the nth control volume as follows:
GunYan — Gun+1Yan+1 = Kyan@ Vin — Yandimherrn (12.2-12)
where logarithmic mean of the concentration difference as the mass transfer driving forces is used
between the top and bottom of each control volume. The concentration y,,, is the bulk
concentration of the liquid phase x4, converted with the units of the gas-phase concentration.

This equation is similar to Eq. 12.2-3.
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Yan is in equilibrium with x4,  y,, should have an equilibrium relation with x4,
Equilibrium stage Control volume for HETP

Fig. 12.2-3. Interrelation of HETP for a real packed column with equilibrium stage in an ideal
column
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If the required number of theoretical stages (i.e., control volumes) is N, the total height of
the packed column Z; for the given separation specification can be calculated as

_ N _ N GMnYAn— GMn+1YAn+1
Zr = Yn=1herpn = Zn=1 . (12.2-13)
KyA.na (yAn YAn)l_m.

Usually Hoq = Gy /Ky sa varies with vertical height of the packing section. For ideal solutions,

Gy 1S kept almost constant. In addition, if we use an averaged value of H,, the above equation

can be simplified as

Zr = Yn-1herpn = (G_M> YN FanFanet (12.2-14)
av

KyAa n=1 (y:;‘n_yATl)Lm.

This equation coincides with Eq.(12.2-7).

[PROBLEM 12.2-P1] Fig.12.2-P1 shows the relation of HETP with Hog. Derive the following
relation between HETP and HTUqg:

HETP = 22 Ho, (12.2-P1)
where A is the stripping factor defined by the slope ratio of equilibrium curve and operating line.
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Fig. 12.2-P1. Relation of HETP with HTU.

12.3 Analogy between Mass and Enthalpy Transfer in a Packed
Column Distillation Process®?

A packed column distillation process takes place with non-isothermal and counter-diffusional
interphase mass transfer accompanied with phase transformation. Essentially the distillation
efficiency such as HETP should vary streamwise upward in the vertical direction. There is an
experimental work observing such a complicated transport phenomenon inside the packed
distillation column. This work® deals with a semi-empirical model by making up the mutual defects
between the experiment in a real packed column and the computer-aided process simulation based
on the equilibrium model. It is instructive to introduce here the experimental results obtained in a
commercial-scale column equipped with wire-mesh corrugated structured packing.

Let us consider the mass transfer of more-volatile component A from the liquid- to the
vapor-phase through the interface. The total-reflux distillation experiment was performed with
methanol-ethanol binary system. Similarly to Eq.12.2-12, the interphase transfer of mass and
enthalpy can be expressed by the following equations defining a cylindrical control volume shown
in Fig. 12.3-1:
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Fig. 12.3-1. Control volume of j th ideal stage defined in areal column

The shell balances of mass and enthalpy are set up over the j-stage control volume:
(Mass transfer)

GmjYaj — Guj+1Yaje1 = (kyAa)]-(YAj,i - J’Aj)hETPj (12.3-1)
= (kan)j(xAj - xAj,i)hETPj
= (KyAa)j (3’*,4,- - )’Aj)lm hgrpj
(Enthalpy transfer) o
Gujr1Hgjr1 — GujHej = (hea);(Toj — Tij)herp; (12.3-2)
= (hLa)j(Tij - TLj)hETPj
= (Ua)j(TG - TL)l.m.hETPj
It is a key point of modeling to give the height hgrp; for defining the control volume.
Here Gyj, Lyj denote vapor and liquid molar velocity (kmol/m?s), kyaa, kysa, Kysa the
volumetric mass transfer coefficients (kmol/m3s), hca, hyoa, Ua the volumetric heat transfer
coefficients (W/m°K), v,, x4 the vapor- and liquid-phase mole fractions of component A, and T,

T, the vapor- and liquid-phase temperatures (K). The subscript j indicates jth ideal stage and i
implies the vapor-liquid interface. The asterisk y*Aj is the bulk concentration of the liquid phase

expressed with the units of the vapor-phase concentration.

In this work, local variations of not only the mass and enthalpy transfer coefficients but also the
HETPs are determined by the distillation experiment conducted in a real packed column with the
aid of computer process simulation. An understanding of analogy between mass and enthalpy
transfer is possible because the enthalpy transfer is fulfilled primarily by the transferring volatile
components themselves.

It can be considered that the superficial vapor velocity is kept almost constant in the vertical
direction in the packing section, similarly to the free stream of the boundary layer flow over a flat
plate.

In order to consider the interrelation between mass and enthalpy transfer in the vapor-phase, the
local j-factors for mass and enthalpy transfer are defined respectively as

jpe = A Scg?3 (12.3-3)
apGM

. h

Jne = ap;;‘z = Prg?/? (12.3-4)

In a manner similar to the local analysis of boundary layer flow over a flat plate, the following local
length Reynolds number is defined on the basis of superficial relative velocity ug, = ugs — ug:

Re,q = %ZJ:") (12.3-5)
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where Z is the vertically upward distance from the bottom of the packing section, d., the
equivalent diameter of the structured packing, and a, the specific surface area per unit volume of
the packing.

Fig.12.3-2 show one of the experimental results of the boundary-layer-like plot of j-factors
against local Reynolds number. Here F is the F-factor defined at the top of the packing section for
the experimental condition.

The F-factor defined by using the superficial vapor velocity u;s; measured at the top and its vapor
density p; is

F = ugs\/pe (12.3-6)
The position of the left-side ordinate shown in Fig.12.3-2 corresponds to the bottom of the packing
section. It has been found that the local coefficients of mass and enthalpy transfer decrease
downstream in the vertical direction like the boundary layer over a hot flat plate. If this control
volume approach based on the superficial vapor velocity is approved, as shown in Fig.12.3-3, local
variation of the j-factors in a packed distillation column resembles that of the single-phase boundary
layer flow over a flat plate. Only the difference between the two cases is that the vapor stream with
constant superficial velocity has streamwise variation of vapor composition in the packed column
whereas the free stream has uniform constant concentration in the boundary layer flow. It can be

conjectured that the same boundary-layer-like tendency can also be observed in the wetted-wall
distillation column.
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Fig.12.3-2. Similarity plot of j-factors against length Reynolds number
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It is very interesting that the j-factors jp;, jye indicate the same dependency of local length
Reynolds numbers. This suggests that local similarity exists between simultaneous mass and
enthalpy transfer in the vapor-phase film. Therefore jy:/jpe = C (constant) leads to :

, 2/3

JbG kya Scg

This implies that the distillation process takes place with the similar transfer processes expressed
by

he/C6 _ (1 p-2/3 (12.3-8)

Kya
The liquid-phase j-factors also indicate similar dependency but the results are omitted owing to
the complicated mechanism beyond the scope of the book.
Although the bottom edge of the packing section should correspond to the sharp leading edge of
the flat plate, it can be taken into account that the fictitious origin z = 0 slightly shifts depending
on the top F-factor.

1. Nishimura, G., Kataoka, K., Noda, H., and Ohmura, N., Proc. 30" European Symposium on Computer Aided Process
Engineering (ESCAPE30), 1-6, May 24-27, Milano, Italy (2020)
2. Nishimura, G., Kataoka, K., Noda, H., and Ohmura, N., Journal of Advanced Chemical Engineering, Vol.11, Issue 2, (2021)

Nomenclature

a effective interfacial area per unit packed volume, [m%/m°]
ap specific surface area per unit packed volume, [m?/m°]

Cp heat capacity, [J/kmol K]

Dagc, Dap,, diffusivity in gas- and liquid-phase, [m%/s]

deq equivalent diameter, [m]

F F-factor [(m/s)(kg/m®)®?]

G superficial vapor mass velocity, [kg/m?s]

Gy superficial molar vapor velocity, [kmol/m?s]

H,, Hg latent heat (enthalpy) of component A, B, [J/kmol]

Hye, Hg, Hy height of transfer unit, oG:overall, G:vapor phase, L:liquid phase, [ - ]

Hy, H;  enthalpy of vapor and liquid, [J/kmol]

hgrp HETP (Height Equivalent to a Theoretical Plate), [m]

he, hy, vapor-phase and liquid-phase heat transfer coefficient, [W/m?K]

Jpe: Jue Jj-factor for mass and enthalpy transfer in vapor phase, [ - ]

Ky, K, overall mass transfer coefficients defined by vapor-phase and liquid-phase concentrations [kmol/m?s]
ky ke, mass transfer coefficients of vapor-phase and liquid-phase film [kmol/m?s]

Ly superficial molar liquid velocity, [kmol/m?s]

m slope of equilibrium curve, dy/dx,

Ny, Ng molar mass flux of component A, B, [kmol/m?s]

n control volume/stage number, [ - ]

Q enthalpy flux, [J/m?s]

Re,, Re, length Reynolds number, [ -]

S cross-sectional area of packed columns, [m?]

Sc Schmidt number, [ -]

Te Ty temperature of vapor- and liquid-phase, [K]

U overall enthalpy transfer coefficient, [W/m?K]

X4, Va mole fraction of component A in liquid- and vapor-phase, [ - ]
z vertical distance from the bottom of packing section, [m]
Zy total height of packing section, [m]

66,01, thickness of gas-phase and liquid-phase film, [m]

Kg, KL, thermal conductivity of vapor- and liquid-phase, [J/m s K]
06, PL molar density of vapor and liquid, [kmol/m®]

Subscripts

A B component A, B

G, L gas-phase, liquid-phase

i interface

T temperature



CHAPTER 13
SIMULTANEOUS HEAT AND MASS TRANSFER - 1l

13.1 Theory of Simultaneous Heat and Mass Transfer |l
(Humidification and Dehumidification)

When a condensable vapor A is condensed from a gas mixture, enthalpy transfer occurs by two
effects: one is the conductive heat transfer due to the temperature gradient; the other is the enthalpy
transfer due to the mass transfer.

j Condensate liquid film

Gas film
1

Cooling pipe wall
\ Qw

|4 D
N = Na
= N
: Yab
T, |

Bulk gas stream

Coolantstream

z=24

Y4o
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Fig.13.1-1. Schematic temperature and concentration profiles in the neighborhood of a cooling
pipe wall

Fig-13.1 shows schematic picture of temperature and concentration profiles in the neighborhood
of a cooling pipe wall, on which condensate liquid is falling filmwise.

Let us consider the enthalpy transfer through a gas-phase film of thickness & on the gas-liquid
interface. The total flux of enthalpy into the gas-phase film is made up of the conductive heat flux
—x(0T/0z) and the enthalpy flux due to diffusion N,C, (T — Ty) + NpCpp(T — Tp).

Here T, is a standard-state temperature to be selected later, and C,,, C,p are the molar heat
capacities of components A and B. The vertical variation in the thickness and composition of the
gas-phase film is assumed to be small compared to the variation in the transverse z-direction.

From the mass balance over a differential control volume of thickness dz x 1 x 1

aN
NA|z+dz - NAlz =0 a_zA =
N
Nglz+dz — Npl; = 0 = (13.1-1)
Therefore
Ny = Nyo = const
Ng = Ng, = const (13.1-2)

According to the Fick’s law



]
Ny — ya(Ny+ Np) = —c Dyp % (13.1-3)
where y, is mole fraction of component Aand ¢ the molar density of the gas-phase film.
Since N, = N4y and Ny = Np,, the equation becomes

d
Nao — ¥a(Nag + Npg) = —c Dyp %
Then the equation to be solved for the concentration distribution is
4ya _ NaotNpo . _ _ Nao (13.1-4)
dz cDgp A cDap '
Integration gives
N Ngo+ N
Ya = 3 ';'4;)\]30 + C; exp (—ACODABBO Z) (13.1-5)
The integration constant C; can be evaluated using the boundary condition y, = y,, at z = 0:
C o=y Nao
| R Nagk Nao
Then the solution for concentration distribution in the gas film is
_ _ Nao _ _Nao Naot Npo _
yA - NA0+ NBO + (yAO NA0+ NB()) exp( CDAB Z) (13.1 6)
That is
YA~ NAjJV'f?VBO Ngo+ Npo
— Na _ = exp (W Z) (131-7)

On the other hand, setting up the enthalpy balance over the same control volume,
oT  9°T oT
—K <6_z+ 972 dZ) tro— 7 NpoCpa(T = To)lz1az + NeCpp(T — To)lz4az
— NpCpa(T — To)l; — NgCpp(T — Tp)l, =0
Then
d*T | N4Cpa+NpCpg dT

— =0 (13.1-8)

K dz
The equation to be solved for the temperature distribution is
da’rt

T _gZL=p (13.1-9)

dz® dz N 4C NgC
+
where K = —4-PA™ T5°PB

K
The boundary conditions are
T = Tb at z= 6
T=T, at z=10 (13.1-10)
The solution is
T = To+ (Tp — To)

1-exp(Coz/3) (13.1-11)

1—exp(Co)
where
_ NyCpy + NpCpg
Co =
K/6
The temperature gradient can be calculated as
aT _ _ — (Cy/8) exp(Coz/6) ]
oz = To = To) == Zoc (13.1-12)

Using the heat transfer coefficient of the gas-phase film defined by the film theory, the heat flux at
the interface is

oT Co

— —_ — —CO — —_ _— -
Qw=r 2] _ == /DT, — T = h (Ty = Ty) s (131-13)
_ Co -

Y = P (13.1-14)

If we take the interface temperature T, as the standard-state temperature, g,, becomes equal to the
total enthalpy flux at the interface. The function v is called the Ackermann correction factor for
the mass transfer. If the Ackermann correction factor is plotted against the mass transfer rate factor
C, ,Wwe get Figure 13.1-2 .
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Fig. 13.1-2. Variation of the Ackermann correction factor with the mass transfer rate factor

In the case when the mass transfer of A and B is toward the interface, as in condensation, C, is
negative. Then 1y > 1. This suggests that the apparent heat transfer coefficient h 1 is increased by
the mass transfer. In the case when the mass transfer of A and B is in opposite directions, as in
evaporation, C, is positive. Then y < 1. This suggests that the apparent heat transfer coefficient
h 1 is decreased by the mass transfer.

For processes in which a phase change occurs at the interface, as in evaporation or condensation,
an additional latent enthalpy effect should be taken into account. The total flux of enthalpy into the
surface of condensate film which receives mass fluxes N,, and Ng, is the sum of g, and the
latent enthalpy change
Q = q, — (NJAH, + NgAHg) (13.1-15)

Note that N, and Ny are negative for condensation, but that Q¢ and g, are positive.
If only one component A condenses, Nz = 0. Then

1 0y,
1-y, 0z

& Yab d
f NAO dZ =C DAB f - 1 _yA
0 Yao Ya

NA = —C DAB

Since N, = Ny, = const

That is

__ CcDgp 1-Yap _ 1-Yap -
Nap = SE22InT=200 = e, 1 =200 (13.1-16)

Here k, is the mass transfer coefficient in the gas-phase film in kmol A/m?s.
The total enthalpy flux at the interface where only one component A condenses is

— _ _ G 1=Yap .
Q=h(T,— T, p—— AH, ky, In s (13.1-17)
Here C, = N, Cp,/h . Note that ln% is negative for condensation.

— VAo

13.2 Simultaneous Heat and Mass Transfer for Humidification
and Evaporative Cooling

13.2-1 Theory of wet-bulb temperature
Let us consider a wet- and dry-bulb thermos meter shown in Fig.13.2-1.
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Fig. 13.2-1. Wet- and dry-bulb thermometers

One thermometer bulb (dry bulb) is left bare, and the other (wet bulb) is wrapped with cotton
wick that is kept wet with a pure liquid A (Usually water). A gas mixture of condensable gas A
(Usually water vapor) and non-condensable gas B (Usually air) flows over the thermometer bulbs.

The dry-bulb temperature is the same as the temperature of the approaching gas mixture T,,. The
wet-bulb temperature T,,,, which is approximately equal to the surface temperature of the wet wick,
is kept lower than T, owing to the steady evaporation of liquid A; heat is transferred to the
gas-liquid interface of the wet wick and fresh liquid A is continuously supplied to the interface from
the reservoir by capillary effect. At steady state the heat flux to the interface becomes equal to the
enthalpy requirement for the evaporation of liquid A.

The mass flux due to evaporation at the interface is given by Eq. (13.1-16)
Nyo = ky In—242
1-Yawb
where k,, is the mass transfer coefficient in the gas-phase film and y,,,, is the gas concentration

at the interface. The heat flux to the interface for evaporation is given by (13.1-13):

Co
=hg (T — Typ) ————
where T,,, isthe temperature at the interface. Thus
Co _ 1-Yaco _
he (Too — Typ) p AHey ky In—>2=% — (13.2-1)

where AH,, is the molar heat of evaporation. In this case Ny =0 and Cy, = N, Cpus/hg is

positive. According to the Colburn’s analogy between heat and mass transfer
k

ju=Jjp OF —& pr2/3= X gc2/3 (13.2-2)
Cp G Gum

Here G,, isthe molar velocity having units of kmol/m?s.
Substituting the analogy into the above equation

c AHgyy (P23 . 1-yae
(Teo = Twp) exp(coo)—l = Com (E) In 1—5:% (13.2-3)
where Cp,, = M, Cp is the molar specific heat of the approaching gas mixture. The ratio Pr/Sc
is known as Lewis number Le. The mole fraction y,,, at the interface is the equilibrium
concentration, which can be determined by the vapor pressure pg,q, Of liquid a at T, and the
total pressure P:
Yawp = pAvap/P (132'4)
The approaching gas concentration y,, can be calculated using the above equation with the
temperatures T, and T,,, measured by the dry- and wet-bulb thermometer.
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As a simpler example, consider the same wet- and dry-bulb thermometer for the air-water
system. Since the Ackermann correction factor 1 is very close to unity in usual mass transfer
situations, the heat input to the interface is

96 = hg (Tg — Twp) (J/m?s) (13.2-5)
Introducing the humidity instead of the mole fraction of water vapor y,,

_ _Maya kg—water vapor )
H= Mp (1-y4) ( kg—dry air ) (13.2-6)

where M, and Mg are the molecular weights of water and air, respectively.

The mass transfer of water vapor from the interface is

Ny = ky (Hyp — Hg) (13.2-7)
where H,,, is the equilibrium humidity at the wet bulb temperature and ky the mass transfer
coefficient in kg-dry air/m?s. At steady state all of the heat input is consumed for the evaporation of
water and the interface temperature is kept at T,,,. Then the steady-state enthalpy balance is

hg (T — Twp) = AHepky (Hyp — H) (13.2-8)
where AH,, is the heat of evaporation of water at T,,, (J/kg-water).

Introducing the mass humid heat capacity

_ J ]
Cy = Cp, + H Cp, ( " air)K) (13.2-9)

The Colburn’s analogy (jy = jp) can be written as

te Pr2/3 = kn Sc?/3 or

CyG G

6 = =23 (13.2-10)
kyCh

Here G is the mass velocity of the approaching gas on dry basis.
For the air-water system, the Lewis number is very close to unity. Then

e~ (air-water system) (13.2-11)
kHCH
This is known as the Lewis relation.

Using the Lewis relation,

AHgy
Te— Twp = Cn (Hwp — Hg) or
CH TG + AHev HG = CH wa + AHev HWb (132‘12)

This is an important equation for calculating the humidity H; of the approaching air at T, from
the wet-bulb temperature T,,,.
The total enthalpy of humid air is defined as

iH = CH (T - To) + AHev H (132'13)
where T, is the standard-state temperature. Then the above equation becomes
iHG = iHWb (132'14)

The equation indicates that the enthalpy of the bulk humid air is equal to that of air saturated with
water. The equation can be rewritten as

Hg = — -H (T; = T,p) + Hyp (13.2-15)

" AHgp
If unsaturated air is brought into contact with the surface covered with liquid water, the air-water
interface will be kept at the constant wet-bulb temperature T,,, while T; and H; change.

Next consider a spray chamber shown in Fig.13.2-2.

Unsaturated air entering at H and T is cooled and humidified by sprayed water. Water is
circulated by a pump and small amount of water is continuously supplied to make up the evaporated
water. At steady state the water temperature is kept at a definite saturation temperature T,, and
the air leaving the chamber is in equilibrium with the water. This is called “adiabatic-saturation
temperature.”

For the air-water system, the adiabatic-saturation temperature becomes essentially equal to the
wet-bulb temperature.
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Fig.13.2-2. Spray chamber for air humidification

13.2-2 Humidity chart

A humidity chart for the air-water system at 1 atm is shown in Fig.13.2-3.

The line marked 100% gives the humidity of saturated air as a function of air temperature. Any
point (H, T) below the saturation line represents an undersaturated mixture of air and water vapor.
The slanting lines are called adiabatic-cooling lines, each of which is drawn with the slope of
— Cy/AH,, for a given constant adiabatic-saturation temperature. The relative humidity Hy is
defined as the ratio of the partial pressure of the water vapor to the vapor pressure of water at the
gas temperature.

0.16
0.15 / / X / /
’ /
o 0.14 §é & ¥ /
P L -
% 0.11 / / %\L_‘_ f‘\%‘?
2 0.1 5;? W % / M —
: oo ST~
% 0.07 f /27‘ 7““‘-—-—-% T
> oo e e A
E 0.05 *w?\k 54'---...__1;““""*
5 0.04 AZ??%Q“ T — :
0.02 éﬁzg::?_f?::: '*---_.__‘:::
0.01 = &AR“H“ ]
0 —
0 10 20 30 40 50 60 70 80 0 100

Temperature (°C)

Fig.13.2-3. Humidity Chart (Air-water system at 1 atm)
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[EXAMPLE 13.2-1] A water droplet initially having a diameter Dp = 3 mm is suspended in the
humid hot air stream (temperature T, = 98 C = 371 K, humidity H, = 0.03 kg-water/kg-dry air,
pressure p = 1atm = 1.0133 x 10° Pa, average velocity v, = 0.3 m/s). What are the
temperature and humidity of the droplet surface? How long does it take for the droplet to be
completely evaporated? The average mass transfer coefficient around a sphere is given by the Ranz
and Marshall equation:
orkalb _ 5 L 06 (Pfl’ooDP)l/z §c1/3

Dyp ur
The physical properties for the humid air are given by

pu=10.53 x 10T
Dapv =501 x 107°T3
Sc =0.60

humid hot air stream

Fig.13.2-E1. Water droplet surrounded by hot humid air stream

Solution:

The interface temperature should be the wet-bulb temperature T,,;, and the interface humidity is
the equilibrium humidity H,,;, correspondingto T,,,. From the humidity chart, T,,, = 42 C =315
K,and H,,, = 0.054 kg-water/kg-dry air. The film temperature and humidity are

Tr = (Typ + Tp)/2 =70 C=343 K, Hf = (Hyp + Hp)/2 = 0.041 kg-water/kg-dry air. At this
film condition, the specific volume vy = 1.03 m?*/kg-dry air. The density is

pr = (1 kg-dry air/kg-dry air + 0.041 kg-water/kg-dry air)/(1.03 m*® humid air/kg-dry
air) = 1.01 kg/m®.

The viscosity is

s =10.53 x 107°+/343 =1.95 x 107> kg/ms

Dap = 5.01 x 1072 (343)3/2 =0.318 x 10~* m?/s

From the Ranz and Marshall equation

1
D Vo D 2 1
ky= —=2+06 (ﬂ> Sc3
veDp s

1

_0318x107* 0.3xDpx1.01\2 N o1 —4
= P (2 +0.6 (Z2Ret) (0.6)3> = 5> (06175 x 107 + 0003245 /Dp ) (1)

The mass transfer of water vapor can be expressed for the droplet:

= (2 Dp?pL) = ku(m D) (Hyp, — Hy) 2)

where p; isthe water density. From the equation,



dDp _ 2(Hyp—Hp) _2(0.054-0.03) _ _s

pr o ky = BT ky =4.8 X 107 ky (3)
Substituting Eqg. (1) into Eq. (3)

abp _ 1 -9 -7

@ = bp (2.964 x 107? + 1.5576 x 10~7 ,/Dp) 4)

This equation can be numerically integrated to get the required time. The result is given in the
following table.

Table 13.2-E1  Numerical calculation of time required for evaporation of a water droplet

t (min) T (s) At (s) Dp (m) ADp (m)

0 0 60 0.003
1 60 60 0.00277 0.000230
2 120 60 0.00253 0.000242
3 180 60 0.00227 0.000256
4 240 60 0.00200 0.000274
5 300 60 0.00170 0.000298
6 360 60 0.00137 0.000331
7 420 60 0.000988 0.000382
8 480 60 0.000511 0.000477

8.66 519.4 39.4 0 0.000511

The time required for the evaporation of the droplet is 8.66 min.

13.3 Evaporative Cooling ----- Water Cooling Tower -----

Water can be cooled by exposing its surface to air. Packed towers are widely used in order to get
cool water to be recirculated for heat exchangers and other process equipment.

Fig. 13.3-1 shows a water cooling tower. Water to be cooled is brought into contact with air
whose adiabatic-saturation temperature is lower than the water temperature. The air entering at the
side of the tower flows up across the water stream as it falls through the packing.

«[r Maoist air out
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Hot water in
L, kg/mis
TL2 K E A g

Finipas el s
( h .

h &
F’aclzlﬂ\g section

Airin / ] 4

e ka/m?s . : §¢=

H1 kg — water vapor
k,,g _ ll.]':_." air Il‘-ﬁ‘
L m’s
Cool water out ! ke/

i K

Fig. 13.3-1. Water cooling tower
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The material balances of water are

L,— Ly =G (H,— H,y) (13.3-1)
L,— L=G(H,— H) (13.3-2)
where G is the mass velocity of the air on dry basis.

Similarly the enthalpy balances are

G (igz — ig1) = LaCp Ty — LiCp Try (13.3-3)
G (ig2 — ig) = LCp Ty, — LCp, T, (13.3-4)
The rate of water evaporation (L, — L) is small compared with the liquid flow rate L,:

LZ E Ll E L (13.3‘5)
Then the above enthalpy balance equation can be approximated as

G(igz — ig1) = LaCpp (T2 — Ti) (13.3-6)
and

G(igy — ig) = LyCp (T, — Tp) (13.3-7)
The last equation can be rewritten as

g = ngm (T, — Tp2) + ig2 (13.3-8)

This is called the operating line equation.

The mass balance taken around a differential section of height dz is

dL=GdH =kya (H* — H) dz (13.3-9)
The transfer rate of sensible heat in the gas-phase film is

qu = hGa (T* - TG) dz =G CHdTG

(13.3-10)
G,igo L,, Ty
T ‘ Interface area a
T G, H T‘
1 H HJ dz
1
| G.H+du T
1
7z 1
p : 6.Ts 1
1
zZ+dz i e T Ldz
G, f'G : L: TL g
: , TG + dTG T
1
1
! G,ig s kya (H"— H)dz [AH., + Cpy (T"— Tg)]
1
1

Z |l
(N

G!iGl ,‘ l LerLl
dgg = hga (T* — Tg)dz

G, ig +dig

Fig. 13.3-2. Shell balance of mass and enthalpy

The rate of heat transfer in the liquid-phase film is

qu == hLa (TL - T*)dZ = L CpL dTL (133'11)
Introducing the total enthalpy of humid air
ic= Cy(Te— Ty) + AH.,H (13.3-12)

The enthalpy transfer due to the evaporated water is
G dH [AH,, + Cpy (T* — Tg)] (13.3-13)
Here T* is the interface temperature, which is kept at the wet-bulb temperature. The Cpy, is the



heat capacity of water vapor. The enthalpy balance around the same differential section of height
dz is
G dig = hga(T* — Tg)dz + kya (H* — H)dz [AH,, + Cpy (T* — Tg)]

e h .
= kyadz [(i§ — ie) + (% Cy = Cp)(T* = T5))] (13.3-14)
. HYH
For the air-water system
he ~ he — ~ -

e Cy — Cpa = Cpa (RHCOH 1) =0 (13.3-15)
Then we get
Gdig = kya(i; — ig) dz (13.3-16)
The required height of packing is

_ rZr _ i igz dig _ _
ZT = fO dZ = Kna fiGl —ig—i(; = HTGNG (133 17)
where

_ iG2 dig _ i
Ne = fial it—ig and  Hrg = kya
The above equation can be approximated as
Zp = G _lgz—le1 (13.3-18)

B kpa (ig_ iG)l_m_

Fig. 13.3-3 shows the relation between the equilibrium line and operating line.
G le = kHa(lE - lG) dz

G CH dTG = hGa (T* - TG)dZ (133‘19)
Dividing the former equation by the latter equation

dig _ (kuCy\ id—ig ~ ig—ig s
dre ( he ) T*—Tg  T*—Tg (13-.3-20)
Similarly

G le = kHa(lf; — lG) dZ

L CL dTL = hLa (TL - T*) dZ (133‘21)
Dividing the former equation by the latter equation

dig _ LGy (kn) iG=ic ]
ar, =~ G (hL) T,—T* (13.3-22)

This is called the tie line equation which gives the relation between (i;, T;) and (i;, T*).

> (T2, i62)

Operatingline

(Tr1ig1)

Enthalpy iz [J/kg-dry air]

Operatingline
at minimum air rate

Temperature T;, T [°K]
Fig.13.3-3. Relation of operating line with equilibrium line
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Nomenclature

a effective interfacial area, [m?/m? packed volume]
Cy mass humid heat capacity, [J/(kg-dry air)K]

Cp heat capacity, [J/kg K]

Dagp diffusivity, [m/s]

Dp diameter of droplet, [m]

G flow rate of dry air, [kg/s]

H humidity, [kg-water vapor/kg-dry air]

Hrg HTU (Height of Transfer Unit) of packed bed, [m]
h heat transfer coefficient, [W/m?K]

hg gas-film heat transfer coefficient, [W/m?K]

ic, iy total enthalpy of humid air, [J/kg-dry air]

ky mass transfer coefficient, [kg-dry air/m?s]

k, gas-film mass transfer coefficient, [kg/m?s/mass fraction]
Le Lewis number, [ - ]

L liquid (water) flow rate, [kg/s]

Ng NTU (Number of Transfer Unit) of packed bed, [ - ]
Ny, Ng mass flux of component A, B, [kg/m?s]

Pavap vapor pressure of water

Pr Prandtl number. [ -]

de enthalpy flux, [J/m®s]

qw heat flux at wall, [J/ms]

Sc Schmidt number, [ -]

Te, Ty, gas and liquid temperature, [K]

Too, Ty temperature at gas bulk and wall, [K]

time, [s]

velocity

mass fraction, [ - ]

distance from condensate film surface, [m]
heat of evaporation of water, [J/kg]
thickness of gas-phase film, [m]

thermal conductivity of gas phase, [J/m s K]

Ackermann correction factor, [ - ]

cCxOBNR S~
I
©
<

Subcripts

film

humid

liquid

water

wet-bulb

surface of condensate film
2 inlet, outlet

- o -
ssrzT



CHAPTER 14
IONIC MASS TRANSPORT

14.1 Electrolytic Cell

It should be kept in mind that the transport phenomena occurring during electrolysis are so
complicated that we had better study a very simple case of ionic mass transfer in an aqueous
electrolytic cell.

Let us consider an electrolytic cell in which two electrodes are separated by an ionically
conducting liquid such as an aqueous solution of electrolyte. If an electric current generated by an
external emf (electromotive force such as potential difference or voltage) flows through the
electrolytic cell, an electrode reaction takes place by the following three steps:

(1) Transfer of ions from the bulk of the solution to the surface of either of the two electrodes

(2) Electrochemical reactions at both electrodes

(3) Formation of reaction products and their deposition on the surface of the electrodes or their

removal from that surface
This phenomenon can be considered as a special case of a heterogeneous chemical reaction.

Generally the diffusivity D,z m?/s for a single electrolyte at infinite dilution is given by the
Nernst-Haskell equation:
_ RT (I/ny+ 1/n.)
4B Fa? (1/2° + 1/29)
where T is temperature (K), R is gas constant (J/K kmol), A%, A% are the limiting ionic
conductances of cation and anion, respectively (A/m%)(V/m)(kg-equiv/m®), n,, n_ are the
valences of cation and anion, respectively ( - ), and Fa is Faraday constant (A s/kg-equiv.).

In a system of mixed electrolytes, the unidirectional diffusion of each ion species results from a
combination of electrical potential and concentration gradients.

As shown in Fig. 14.1-1, an anode of metal M undergoes the dissolution by the anode reaction to
generate M" ions. The M™ ions arriving at the cathode receive electrons due to the cathode reaction
(discharge of metal ions) and the deposition of the reduced M occurs on the cathode surface.

The molar flux of M™ ions transferring in the electrolytic solution at rest is given by

Ny == cDup |Vay + 224 <4 yo] (14.1-1)
RT my
where x, is mole fraction of M* ions, M, the molecular weight, €, the ionic charge, and my

the ionic mass.
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Fig. 14.1-1. Electrolytic cell (aqueous solution of electrolytic ions M* and X))

The first term implies the ordinary diffusion due to the concentration gradient Vx, of ions and the
second term the electric diffusion due to the electrostatic potential V&. The ions are moved by the
Coulomb force generated due to the gradient of the electrostatic potential.

The rate of the electrochemical reaction, i.e., the electric current flowing through the cell increases
rapidly with the applied emf.

14.2 lonic Mass Transport in an Electrochemical Reaction
System

Let us consider an aqueous solution of salts in an electrolytic cell. In general, the individual
species diffuse irreversibly when they are subjected to several unequal external forces. For
simplicity, we neglect the effects of pressure, gravity, and thermal diffusions. Then we shall
consider the ordinary diffusion due to the concentration gradients and the forced diffusion due to the
electrostatic force. We shall furthermore confine our attention to a dilute solution of copper sulfate
with sulfuric acid serving as the unreactive supporting electrolyte.

-
|
|
<A> Solution of T Motion of
copper sulfate electron
Cu't
Cutte——
Cathode of N Anode of
metallic Cu H 50, metallic Cu
Cut™+2e— Cu Cu— Cutt+2e
. &
Electrostatic ]
potential X Concent.ratlon
profile 4 profile
- s g

Fig. 14.2-1. Electrolytic cell filled with aqueous solution of electrolytes: Cu**t, H*, SO, ~



Let us consider a simple cell (Fig. 14.2-1) filled with a ternary electrolytic solution of three ionic
species: Cu**, H*, SO, . A voltage is imposed upon the cell that is sufficient to cause the
copper ion concentration at the cathode to drop essentially to zero. The only electrode reactions
are dissolution of the anode (copper plate) and deposition of Cu*™ on the cathode. The molar flux
of the Cu™*, that is, the electrode reaction rate is proportional to the current density in the cell.
When the voltage imposed between the anode and cathode is increased, the reaction rate is
increased. The distribution of electrostatic potential shown in Fig.14.2-1 is formed in the condition
when the electrical conductivity is not very high owing to the dilute solution. However the
concentration of the unreactive supporting electrolyte becomes so high that the gradient of
electrostatic potential reduces to almost zero owing to very high electrical conductivity of the
solution. In this condition, the copper ions diffuse only due to the concentration gradient of the
reactive ions Cu*+.

14.3 Mass Transfer Measurements by an Electrochemical
Technique®?*¥

If the concentration of sulfuric acid is sufficiently high, the electric conductivity becomes so
high that the gradient of the electrostatic potential becomes negligibly small over the entire electric
field in the cell. In this state the copper ions diffuse only due to the ordinary diffusion. Most of the
voltage drop between the anode and cathode occurs in the electric double layers formed on the
surfaces of these electrodes. The thickness of the electric double layers is negligibly small as
compared to the diffusion layer. When the electrode voltage E is increased, the current density I
shows the variation shown in Fig.14.3-1. When the electrode potential E exceeds the characteristic
discharge potential V,, the deposition of Cu starts at the cathode. When E becomes sufficiently
large (larger than Ej), the current density no longer increases owing to the insufficient supply of
Cu** by mass transfer. This is called the diffusion-controlling condition or the limiting current
condition. That is, the electrode reaction is controlled by the mass transfer of Cu** ions.

In this condition, the concentration of Cu** becomes essentially zero on the cathode surface.

h

L
=
—
=
~ Limiting current H
Z —"
I
g o |
= : Next disch
t Residual | Next discharge
g current / Dischdrge potential i potential
o 2

Vo E4

Applied emf E V]

Fig. 14.3-1. Variation of current density with electrode voltage

If the applied emf becomes further greater than the next discharge potential V;, the next electrode
reaction will occur, as shown by the dotted line in Fig.14.3-1. For example, in this case, hydrogen
bubbles due to the discharge of hydrogen ions may be released from the cathode surface.

It is possible to observe time-dependent, local coefficients of convective mass transfer if we
utilize the electrochemical technique above mentioned.*
For example, the working fluid is an aqueous solution having equimolar concentrations (0.01 M)



of potassium ferri- and ferro-cyanide and a 1 M concentration of potassium hydroxide KOH as an

- - 2’3
unreactive supporting electrolyte.?®
Stream of an electrolytic solution
- Concentration boundary layer Mass transfer measurement
Concentration profile developing from leading edge
C, of main cathode k=1;/(FaCy) @
Caw =0 <o
Isolated circular AN
Main cathode Test cathode
(Ni plate) . . /
Insulated with resin Active surface
Test section , ,
Efectncaﬂy insulated Drilled hole
circular cathodes 0.6 mm

(Ni wire) surrounded
with main cathode

Fig. 14.3-2. Position of main and isolated test cathodes. Dimensions given are in mm.

Its Schmidt number is kept at Sc = 1,800 by controlling the fluid temperature.

As shown in Fig. 14.3-2, a nickel plate is stuck on the surface of the test section serving as the
main cathode. Another large plate is placed as the anode, usually somewhere on the downstream
side.

The following electrode reaction takes place under the diffusion-controlling condition:

[cathode] Fe(CN)Z~ + e~ — Fe(CN)g~ [anode] Fe(CN)z~ — Fe(CN)3™ + e~

In this case, an electrode reaction does not involve deposition of material, but merely a change in
the valence of an ion.

A small circular cathode made from nickel wire is embedded into a circular drilled hole drilled on
the wall of the main cathode. The surface area of the main cathode is much smaller than that of the
anode. Therefore the current density I A/m? at the anode becomes so small that the convective
ionic mass transfer on the cathode only can be observed. In addition, if the small circular cathode
(test cathode) is held at the same potential as the main cathode, local time-dependent mass transfer
can be observed at the position of the test cathode.

The ionic mass flux N4 is given by
Ny = 13/Fa =k(Cy — Cay) (14.3-1)

Under the diffusion-controlling condition, the concentration of Fe(CN)Z~ on the cathode surface
C,. becomes zero. Then the local mass transfer coefficient k m/s is calculated by the equation:
k= 1;/FacCy, (14.3-2)
where 1; (A/m?) is the limiting current density on the test cathode, Fa the Faraday constant (=
96,500 C/kg-equiv.) and C, the bulk concentration of Fe(CN)3~ in kg-equiv./m®. Since the
concentration becomes zero on the cathode surfaces in the limiting current condition, the term Cy4
in Eqg. (14.3-1) implies the concentration difference as the driving force.

Anode mv

Ry R recorder

“

Fe(CN),*~

N

/ )
3 Point cathode

Fe(CN),*~

Main cathode

Electrolytic cell

Fig. 14.3-3 Simple circuit for observing time-dependent ionic mass transfer



The fluctuating electric current which the Fe(CN)z™ ions discharge on the test cathode (surface
area S) can be observed as the time-dependent local mass flux of Fe(CN)z~ions. A simple circuit
is shown in Fig. 14.3-3. The time-dependent current density i; = (V;/R,)/S at the point cathode
can be observed from the voltage drop Vs at the standard resistance Rg.

Kataoka, K., H. Doi and T. Komai: Int. J. Heat Mass Transfer, vol.20, pp.57-63 (1977).

Kataoka, K., Y. Kamiyama, S. Hashimoto and T. Komai: J. Fluid Mech., vol.119, pp.91-105 (1982).
Hanratty, T. J.: Phys. Fluids Suppl., vol.10, S126 (1967).

Mizushina, T.: Advances in Heat Transfer (1971), Vol.7, p.87. Academic.
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14.4 Measurements of Velocity Gradient on a Wall***

In addition, this electrochemical method can also measure local, time-dependent values of the
velocity gradient on a solid surface for liquid flow observation. As shown in Fig.14.4-1, rectangular
test cathodes are fabricated by inserting L mm thick nickel sheets into Ly mm long slits. The
velocity-gradient measurement is carried out by measuring the limiting current between the test
cathode and the anode.

Stream of an electrolytic solution Wall velocity gradient measurement
Developing v, (¥)
-_— _ 3 x
__________ velocity s =190 (I;/(FaC))3(L/Dsp) YV Velocity
------------ boundary layer profile
Rectangular
Inactive = _ cathode
wall Very thin surface N
concentration .
boundary layer - Inactive
—_— wall
Test section Rectangular —_—
cathode Liquid stream
L cay) Vo Ca
Concentration
profile

Fig.14.4-1 Isolated cathode for measuring velocity gradient on the wall

Owing to the high Schmidt number (Sc = 1,800 for an electrolytic solution of Fe(CN);~ and
Fe(CN)¢™), the concentration boundary layer developing from the leading edge of a test cathode is
much smaller in the thickness than the velocity boundary layer. Therefore the velocity can be
assumed to be linear near the wall.

By measuring the current density I; on each test cathode under the limiting current condition,

local time-dependent velocity gradient on the wall s can be determined as

s =1.90 (I;/Fa C4)%(L/D4s*) (14.4-1)
where D,p is the diffusivity of Fe(CN)g ion.

The above equation can be obtained by the boundary layer analysis, which will be described in
Chapter 18.

This electrochemical method can observe fluctuating velocity-gradients within the viscous
sublayer of turbulent flows. It should be kept in mind that there usually appear definite velocity
fluctuations even in the viscous sublayer due to the influence of the turbulence generated in the
buffer zone. For an example,” by using this velocity-gradient measurement, local variation of
the near-wall velocity gradient is observed in the impingement region struck by a free jet of an
electrolytic solution of Fe(CN)z~ and Fe(CN)¢~. If you refer to the journal shown below, you
will find the lateral distribution of velocity-gradient on the wall of the impingement region and its
turbulence intensity.

1. Kataoka, K., Y. Kamiyama, S. Hashimoto and T. Komai: J. Fluid Mech., vol.119, pp.91-105 (1982).



[PROBLEM 14-1] An aqueous solution of electrolytes consisting of 0.02 kg-equiv./m*® Fe(CN)3~
and Fe(CN)2~ with the supporting electrolyte of 1 kmol/m*® KOH is flowing at a flow rate of 0.001
m*/s in a rectangular channel shown in Fig.14-P.1. The density, viscosity, and diffusivity of the
solution are 1,010 kg/m® 0.0015 Pa s, and 8.3 x 1071° m?s, respectively. Owing to the
supporting electrolyte the ionic diffusion of Fe(CN)z~ due to the electrical potential can be
neglected. The bulk concentration of the reactant ion Fe(CN)Z~ can be assumed to be 0.02
kg-equiv./m>. The active surface area of each test cathode is 0.5 mm x 3 mm = 1.5 mm?.

(a) Examine whether this flow is turbulent or not.

(b) When the main cathode is made active at the same as the EMF (V) of the test cathodes, the two
test cathodes indicate the (time-averaged) limiting currents of
8 x 1072 and 5.3 X 1072 uA, respectively.
Calculate the local mass transfer coefficient k (m/s) at the position of each test cathode.

(c) When the main cathode is made inactive, those two test cathodes indicate the (time-averaged)

limiting currents of 5.2 and 4.7 uA, respectively.
Calculate the local velocity-gradient s (1/s) at the position of each test cathode on the inside wall of the

channel.
€St cagy,
ai,
”c""thod
L=05mm
Test cathpde
Test cathode -, s
Main cathote.___ lectrical insulator
b=10mm

Fig.14-P1. Measurement of mass transfer and velocity-gradient at wall by an electrochemical
method

Nomenclature

c total molar density, [kmol/m?]

Cy concentration of reactant ion, [kmol/m?]

Dap diffusivity of ion A, [m%/s]

E electrode potential, [V]

Fa Faraday constant = 96,500 A s/kg-equiv.

i current density, [A/m?]

I limiting current density, [A/m?]

k ionic mass transfer coefficient, [kmol/m?s]

L length of test cathode in stream direction, [m]
M, molecular weight, [kg/kmol]

Ny molar flux of reactant ion A, [kmol ion/m?s]
R gas constant, [J/kmol K]

S electrode surface area, [m?]

s velocity gradient at electrode surface, [1/5]

T temperature, [K]

X4 molar concentration (fraction) of reactant ion, [kmol/kmol]
€ ionic charge

(o) electrostatic potential, [EMF]

Subcripts

D limiting current

w electrode surface



CHAPTER 15

HEAT TRANSFER WITH PHASE
TRANSFORMATION

15.1 Condensation

15.1-1 Heat transfer for condensation

Let us study the condensation of pure vapor.

When a pure vapor saturated at a given pressure comes in contact with a cooled surface, the change
from vapor to liquid occurs isothermally at the saturation or equilibrium temperature.

The pressure in the bulk of the vapor phase is very slightly greater than the saturation pressure of
the condensate surface. As shown in Fig. 15.1-1, the mass transfer toward the vapor-liquid interface
occurs due to the self-diffusion. The latent heat released must flow through the condensate to the
cooled surface. The main resistance to heat transfer lies in the condensate film and the vapor phase
is assumed at the uniform equilibrium temperature.

Interface Cooled surface
(Solid metal)
Self diffusion
—_—

Temperature distribution

8
1

£
Pure vapor %5,
,.f? Wall temperature
&
*
5 ~~__ Heat transfer of latent
= heat released
S
4“ \

Condensatefilm

(Main resistance to heat transfer)

Fig.15.1-1. Pure vapor condensation

If the condensate does not wet the cooled surface, individual droplets grow by coalescence and run
down the surface under the influence of gravity. This is called “dropwise condensation.” If the
condensate wets the cooled surface, a continuous liquid film is formed over the cooled surface. This
is called “filmwise condensation.” Dropwise condensation gives much higher rate of condensation
than filmwise condensation because bare cooled surface of the condenser is directly exposed to the
vapor stream. Steam is the only one pure vapor known to condense in a dropwise manner in the
particular condition of the cooled surface. The dropwise condensation is very difficult to achieve or
maintain in commercial equipment; it is customary in condenser design to assume filmwise
condensation.
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15.1-2 Film condensation of pure vapor on a vertical wall
Let us consider the problem of filmwise condensation of a pure saturated vapor on a vertical wall
shown in Fig.15.1-2.

Vertical cooled surface

——p» Coolant

Ty «fA4— Condensatefilm

Pure vapor
3
NN

v(¥)

Fig. 15.1-2. Laminar falling film of condensate in filmwise condensation

To illustrate the classical Nusselt approach the following assumptions are made:
(1) The pure vapor is at the saturation temperature T,
(2) The heat delivered by the condensing vapor is latent heat only and the latent heat released
at the interface is transported solely by the heat conduction through the condensate film.
(3) The condensate film drains in non-rippling laminar flow.
(4) The condensate film is so thin that the temperature distribution in it is linear.
(5) The cooled surface of the solid is at a constant temperature T,,.
(6) The shear at the liquid-vapor interface is negligible.
(7) The curvature of the condensate film is negligible, so that the heat flux is very nearly normal to
the wall.

The film thickness increases from top to bottom cumulatively, so the condensing coefficient
(heat transfer coefficient) for a vapor condensing on a vertical surface decreases from top to bottom.
The equation of motion to be applied is
v, v, v, dv,y  Op 0%v, 0%*v, 0%v,
pL(at T T, T 6z>_ T mlge Y e Yoz ) T (e A e

(1) The z- component velocity v, does not change in the transverse direction x,

(2) The static pressure does not change greatly in the flow direction; g—’;’ = 0, and

(3) The velocity distribution does not change in the streamwise direction; % =0,

Under steady-state conditions the equation of motion on the laminar falling film of the condensate
IS, neglecting inertia (convective) terms

0%v,
Mgz = (pL= pv) 9z (15.1-1)

At high operating pressures, buoyancy forces occur in the liquid layer and the right side term has
the density difference (p, — py) inplace of p;. The equation of motion reduces to

v, _ _ (pL=py -
= ( — )9 (15.1-2)
Assuming the film thickness § at z, the boundary conditions are
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v, =0 at y=0

dv,

o 0 at y=6 (15.1-3)
Integration gives the velocity distribution in the condensate film:

v, = (%) g (8y-1y?) (15.1-4)
Using the velocity profile, the mass flow rate per unit width perpendicular to yz plane is

r= [ pv,dy= "L("L;—W (15.1-5)

Differentiating with respect to §

‘:l_g — pL(PL—HPV)g 82 (15.1-6)
L

The following boundary conditions for applying the equation of energy to the condensate film are

used:

T=T, at y=0

T = Tg at y=6 (15.1-7)
As a result, the following linear temperature distribution can be obtained:
T—T,= (Tee— T,) % (15.1-8)

To consider the temperature drop within the condensate film, the average enthalpy change
(modified latent heat) AH';, of the vapor in condensing to liquid and subcooling to the average
liquid temperature of the condensate film can be calculated as

)
fo PLY; CpL (Tst - T)dy
1)
fo PLY, dy

AH';y = AHpy + Cp,(Tse — Tyy) = AHpy +
1 (8
= AHfg + F J pLY, CPL(Tst - T)dy
0
3
= AHpg + < Cp(Tee = Toy) (15.1-9)
where AH, is the latent heat at the saturation temperature.

15.1-3 Condensation heat transfer coefficient
In a segment of the falling film the vapor condenses at a rate of dI" and the heat liberated
AH';, dI' must flow through the film 6 from T, to T,, by conduction.

T — T,
gy (dzx 1) = K, % (dzx 1) = AH';y dI' x 1
Substituting Eq.(15.1-6) into the above equation
§3ds = e Tw) 5, (15.1-10)

pL(pL— pv)gAHIfg
Integration from § =0 (at z=0)to § = § (at z = z) gives

5_[ e,y (Tog=To) Z]”“ (15.1-11)
~ LpLlpL= pr)gAHIgg |

The local condensing coefficient can be defined as h. = k, /6. Then

_ [pL(pL= pv)g AH/fgKk)? 1/4
he = [ 4pp(Tse— Ty)z ] (15.1-12)

The average condensing coefficient h, for a vapor condensing on a vertical plate of height L is

obtained integrating the local value h,. over the height L:
1/4

o1 (bp dg o 2 [Ploim g g
hC - L fO hc dZ - 3 [ ML(Tst_Tw)L ] (151_13)

All the physical properties are evaluated at the arithmetic mean temperature
Tr = (Tse + Ty)/2
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This is the analytical result Nusselt first achieved.

Although the foregoing analysis was made for a vertical flat plate, the development is also valid
for the inside and outside surfaces of vertical tubes if the tubes are large in diameter, compared with
the film thickness.

1. Nusselt, W.; Z. Ver. Dtsch. Ing., 60, 541-546, 569-575 (1916)

15.1-4 Engineering design of an overhead condenser

By using a vertical 1-1 condenser shown below, 3,000 kg/h of a saturated vapor mixture of 98
mol% of n-pentane which comes from the top of a distillation column at 55°C (= 327 K) and 1.7
atm (= 0.172 MPa) is to be condensed completely at 51.7 °C (= 324.7 K).

Waterinlet ¢, T | Temperature
—_—

Thnnm 1

Loop seal Tet

Subcoolingzone ~

Wateroutlet _[i] [ I

t 2 ; t2

e E— l Condensateoutlet

Fig. 15.1-3. Vertical 1-1 condenser

As the cooling medium, 70,000 kg/h of water at 32°C (= 305 K) will be used. Only for simplicity
of calculation, shell baffles are omitted in the equipment. There will exist a short zone of subcooling
at the bottom, but we neglect the contribution of heat transfer from this zone to heat balance.
Determine the number of heat transfer tubes if 3 m long steel tubes of 25 mm OD and 22 mm ID are
used.

From enthalpy chart, the enthalpy difference between n-pentane vapor at 55 °C and liquid at
51.7 °C is given by

AHs; =337 x 10>  Jkg
This is a little higher than the latent heat of propane vapor at the saturation temperature owing to the
effect of subcooling.

Solution:
The heat to be absorbed by cooling water is
Q = (3000 kg/h)(h/3,6005)(3.37 x 10° J/kg) = 2.81 X 10°W
The outlet water temperature is
t, = (Q/W Cpy) + t;
. 2.81 x 10°
"~ (70,000 kg/h)(h/3,600 s)(1 kcal/kg K)(4.184 x 103 ]/kcal)
The average temperature of condensing vapor is
Tst = (55 + 51.7)/2 = 53.4°C
The average temperature of water is
t. = (35.5+32)/2 =33.8°C
Assume the overall heat transfer coefficient
U, =525 J/m?sK

+ 32 = 35.5°C



The logarithmic mean of temperature differences is
(T — t) — (T — t3)

(AT)l.m. - 1 Tst — tl
nast— %t
s - (53.4-355,
3.4 —-32)— (53.4 — 35.
- | 53432 = 196K
53.4 — 35.5
The heat transfer surface for condensation is
2.81 x 10° ]/s
A, = ¢ I/ = 27.3m?

Uy(AT) ;. (525 J/m2s K)(19.6 K)
The outside surface of a tube for heat transfer is
a, = nd,L = m(0.025m)(3 m) = 0.236 m?
The total number of tubes is
N = A,/a, = (27.3m?)/(0.236 m?) = 115.6 < 116
The following empirical equation is used to calculate the inside heat transfer coefficient:

0.8
Pudi _ 5023 (Gl—dl) pri/3
B B KW MW
The mass velocity is
W (70,000 kg/h)(h/3,600 s)

= 441 kg/m?s

G = =
" (n/4)d;*N (m/4)(0.022 m)%(116)
The physical properties of water at t, = 33.8°C are
Uy =8 X 107* kg/ms, k, =0.622 ]/msK, Pr=45
2
Re; = Gyd;/w, = “i‘;gl/glfi(g‘}ifj ™ =121 x 10* (turbulent flow)

The inside heat transfer coefficient is
0.622 K
h; = (0.023) < J/ms

0.022 m
Assume the condensing coefficient

)(12,100)0-8(4.5)1/3 =1,980 J/m?3sK

h. = 737 J/m?sK
The tube wall temperature can be calculated with omission of the resistance of the tube metal as
Tst_ tc _ Tw_ e

From the equation

1 0.025
_ 1980 0.022 _ _ o
T, = 33.8 + 1 . 1 00275 (53.4 — 33.8) = 39.6°C
737 © 1980 0.022
The physical properties of liquid n-pentane at T, = (53.4 + 39.6)/2 = 46.6 °C are
k, =0.133 J/msK u, =19 x 107* kg/ms p, = 600 J/m3
Cp, = 2.39 x 103 J/kgK
At the operating pressure
PL = PL— Py

The average enthalpy change AH"f, is
, 3
AH'sy = AHpg + 3 Cp,(Tge — Ty)

=3.37 x 10>+ (3/8)(2.39 x 103)(53.4 — 39.6) = 3.49 x 10° J/kg
Using Eq. (15.1-13)
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1/4

S8
|

_2V2 [PL(PL_ pv)gAH'ngL3]
3 ur(Tse— Tyw)L

(600 kg/m3) (9.8 m/s?)(3.49 x 10° J/kg)
(1.9 x 10~* kg/ms)(3 m)(53.4 — 39.6)
=734.6 J]/m2s K

The calculated value is almost equal to the assumed value 737 J/m?sK .

Then the overall heat transfer coefficient can be obtained with the calculated h; and h.:

U, = 1 =519 J/m?sK
0 1 1 0.025

734.6 + 1980 0.022
The assumed value 525 J/m?s K is within 2% of the calculated value.

The total number of heat transfer tubes is

1/4
X (0.133 J/msK)®

= (0.943)

Q
N=———=117
. o UO(AT)_l.m.ao .
For simplicity we neglected the heat transfer resistance due to the fouling and tube metal effects,

but the omission of these resistances should sometimes be checked in design calculation.

15.2 Evaporation

15.2-1 Heat transfer for boiling

Boiling is another example of heat transfer processes with phase change.
There are two general boiling operations: pool boiling and forced boiling. Boiling water in a kettle,
which is at or near saturation temperature without forced convective flow or agitation, is the first
example, where many water vapor bubbles generating are agitating the liquid pool very strongly.
Water, which flows in heat exchangers with vapor formation, is the second example. The heat flux
is much larger than that obtainable without phase change.

D O | Convective flowc:) = D O

o O = S
C:) - = — = =
c: (-] "
e - Heated wall
o o
Heated wall

Fig. 15.2-1. Pool boiling and forced boiling

15.2-2 Pool boiling

The pool-boiling heat transfer can be understood in the form of the so-called boiling curve, i.e.,
the curve of heat flux versus the temperature difference AT,, between the heated wall and the
surrounding saturated fluid (simply called the excess temperature).



| Water pool

Thin platinum wire
\\ (resistance R, heattransfer rate I2R,
temperature T},

heat transfer surface wdl )

Fig. 15.2-2. Nukiyama’s experimental system for observing various boiling regimes

To acquire a physical understanding of pool boiling, we shall consider the famous Nikiyama’s
experiment?.

His experimental setup is shown in Fig. 15.2-2. A thin platinum wire is immersed in a pool of
distilled water controlled to be kept at a given temperature T < T, at atmospheric pressure,
which is not much lower than the saturation temperature. Let us consider the electrically heated
platinum resistance wire. We can easily obtain the boiling curve by measuring the surface area of
the wire, the electric power input, and the temperature of the wire with the aid of the
temperature-resistance relationship.

10°

10%

103

10 102 103
AT,
Fig. 15.2-3. A typical boiling curve for awire immersed in a pool of water

1. Nukiyama, S., J. Soc. Mech. Eng., Japan, 37(206), 367 (1934)

Fig. 15.2-3 is a schematically drawn typical boiling curve for a wire, where the heat flux is plotted
as a function of the excess temperature. As long as the temperature of the wire does not exceed the
boiling point by more than a few degrees (AB range), heat is transferred to the water bulk by free
convection without phase change. As the temperature of the wire is increased, a point B is reached
where the energy level of water adjacent to the wire surface becomes so high that water vapor
bubbles are generated at a small number of discrete sites. This is the beginning of the nucleate
boiling regime (BC Range). As vapor bubbles form and grow on the heating surface, they push hot
water from the vicinity of the wire into the colder water bulk. As the heat flux is raised and the
number of bubbles is increased, the bubbles begin to coalesce and the heat transfer by evaporation
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becomes predominant. As the excess temperature further increases, the number of sites at which
bubbles form increases rapidly, and then the bubbles coalesce to form continuous vapor columns
which causes a reduction of effectiveness of each site. The heat flux no longer increases, i.e., when
the heat flux reaches a maximum at point C, a further increase of the temperature causes a decrease
in the rate of heat flow (dotted line). This maximum heat flux occurs at the critical excess
temperature (referred to as the burnout point). When the excess temperature goes beyond Point C,
provided that the melting point of the wire is sufficiently high, a transition from nucleate to film
boiling will take place. This case corresponds to a transition from point C to E in Fig. 15.2-3.
Provided that the wire heater has a low melting point, the heater will melt, i.e., burnout occurs. The
remaining regime of the curve (beyond D) is the fully developed film boiling. The heat transport
through the vapor film is by conduction and radiation to the vapor-liquid interface where
vaporization takes place.

The forced convective boiling curve is similar to that for pool boiling. But the regimes are made
complicated by the effects of velocity, subcooling, and different vapor-liquid flow patterns.

15.2-3 Heat transfer correlation for pool boiling

In boiling heat transfer, except for the physical properties of the vapor and liquid, the latent
heat of vaporization, the surface tension, the surface characteristics, and the pressure should be
considered. Owing to the great number of variables involved, there is no single correlation equation
applicable to the entire range of pool boiling. Owing to the complicatedness, only the following
widely accepted semiempirical equation proposed by Rohsenow? is introduced:

(pL— pv)g CpL(Tw— Tst)
q = uy AHgg f [AHngTL Seor (15.2-1)

where Cp,: specific heat of saturated liquid in J/kg K
Csr: experimental constant, dimensionless
g : gravitational acceleration in m/s®
AH;4: enthalpy of vaporization in J/kg
Pr; : Prandtl number of saturated liquid, dimensionless
g : heat flux per unit area of heated surface in J/m?s
T, — Tg: excess temperature in K
yr, ¢ liquid viscosity in kg/m s
o : surface tension in N/m
pL py ¢ densities of saturated liquid and vapor in kg/m®

1. Rohsenow, W. M., Trans. ASME, 74, 969 (1952)

Table 15.2-1 Experimental constants for nucleate boiling”

Fluid- Heated Surface Combination Constant  Cgf Exponent s
Water on Ground and Polished Stainless Steel 0.0080 1.0
Water on Mechanically Polished Stainless Steel 0.0132 1.0
Water — brass, Water — nickel 0.0060 1.0
Water — platinum 0.0130 1.0
Water — copper 0.0130 1.0
Ethanol — chromium 0.0027 1.7
Isopropanol — copper 0.00225 1.7
35% K,CO3; — copper 0.0054 1.7
Benzene — chromium 0.0100 1.7
n-Pentane — chromium 0.015 1.7

These constants are picked up from the table of Kreith’s book.

1. Kreith, F.; “Principles of Heat Transfer,” 3trd ed., Intext Press, Inc., 1973
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Eq.(15.2-1) indicates that the heat flux in nucleate boiling is proportional to the cube of the excess
temperature. The experimental constant Csr depends on the particular fluid- heated surface
combination and is affected by the surface roughness of the heater.

Table 15.2-1 gives the experimental values. The exponent s of the Prandtl number is 1.0 for
water but 1.7 for all other fluids.

15.2-4 Critical Heat Flux*®?

The critical heat flux is a very important characteristic giving the heat flux at which a transition
occurs from nucleate to film boiling. The prediction of the critical heat flux is very important from
two engineering viewpoints because this value indicates the maximum performance for many
systems and the great drop in heat flux beyond this point sometimes results in the destruction
(burnout) of the heating surface owing to the accompanied rise in surface temperature.

One of many proposed models is Zuber’s one®:

m alpr=pg|M* [ py \"Y?
Qmax = 7, pVAHfg [ o2 ] (PL+ PV) (15.2-2)
This equation was obtained based on hydrodynamic instability theory postulating that the volume
flow rate of vapor from the heated surface should be equal to that of liquid flow toward the surface.
Any other correlations do not differ greatly in the form from Zuber’s equation.

1. Zuber, N. and M. Tribus; “Further Remarks on the Stability of Boiling Heat Transfer,” Rep.58-5, Dept of Eng., Univ. of
Calif., Los Angeles (1958)

2. Rohsenow, W. M.; “A Method of Correlating Heat-Transfer Data for Surface Boiling Liquids,” Trans. ASME, 74, pp. 969
(1952)

3. Rohsenow, W. M.; “Boiling Heat Transfer,” Dev. In Heat Transfer, W. M. Rohsenow, ed. (Cambridge, Massachusetts: MIT
Press, 1964), pp.169-260

[EXAMPLE 15.3-1] Estimate the heat flux for water boiling on a mechanically polished clean
stainless steel at 1 atm and 110°C (= 383 K) surface temperature and compare it with the critical
heat flux to confirm the nucleate boiling.

Solution:

From Table 15.3-1, Csf = 0.0132 for the fluid-surface combination.

The appropriate physical properties at 100°C and 1 atm are

AH;, =539 kcallkg =226 x 10° Jkg, p,=961.8 kg/m®, p, = 0.598 kg/m® (from
steam table)

Pr, =178, u, =0.130 x 1073 kg/ms, Cp,=4.18 x 103 JkgK, o =0.0588

The excess temperature AT,, = 110 — 100 = 10 K.

From Eq. (15.2-1)

3

1
. (961.8 — 0.598)(9.8)]2 (4.18 x 103)(10)
7= (0.130 x 107)(2.26 x 106)[ 0.0588 ] [(2.26 x 106)(1.78)(0.0132)

= 5.736 x 10* J/m’s
From Zuber’s equation

[

1
(0.0588)(961.8 — 0.598)(9.8) Z< 9618 \2

s
— 6 — 6
Qmax = >4 (0.598)(2.26 x 10°) x [ 05982 9618 + 0.6) 1.11 x 10

It has been confirmed that the assumption of nucleate boiling is valid because q¢ < @qx-

Nomenclature

A, total heat transfer surface area, [m?]
a, outside surface area of a heat transfer tube, [m?]
Cp heat capacity, [J/kg K]

d; inside diameter of heat transfer tube, [m]
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gravitational acceleration, [m/s?]

g

he condensing coefficient, [J/m?sK]

h; inside heat transfer coefficient, [J/m?sK]

L height of vertical plate, [m] or tube length, [m]

N number of tubes, [ - ]

Pr Prandtl number, [ - ]

p pressure, [Pa]

q heat flux, [J/m?s]

t time, [s] or temperature, [K]

vy, 1y, v, velocity components in rectangular coordinates, [m/s]
U, overall heat transfer coefficient on outside surface basis, [W/m2K]
w mass flow rate, [kg/s]

XV, 2 rectangular coordinates, [m]

r mass flow rate per unit width of falling condensate film, [kg/s m]
) thickness of condensate film, [m]

AHg, latent heat of evaporation, [J/kg]

AT temperature difference, [K]

K thermal conductivity of condensate liquid, [J/m s K]
G mass velocity, [kg/m?s]

u viscosity, [kg/m s]

p density, [kg/m°®]

o surface tension, [N/m]

Subcripts

f film

L liquid

l.m. logarithmic mean
st saturated

\Y% vapor

w wall



CHAPTER 16
MASS TRANSFER WITH CHEMICAL REACTION

16.1 Diffusion with Homogeneous Chemical Reaction

16.1-1 Diffusion with a homogeneous reaction in a stagnant fluid
------- Penetration theory -------

In gas absorption process, chemical reaction can be used to provide greater capacity of solvent
for solute gas and greater rate of absorption than could be obtained by pure physical absorption
only.

Much industrial gas-liquid contacting equipment usually operates with repeated short contacts of
the two phases. Therefore let us consider the unsteady diffusion of dissolved gas from interface into
a semi-infinite stagnant liquid mixture by use of the Higbie’s penetration theory. The irreversible
first-order chemical reaction occurs between the dissolved gas A and one component B in the liquid
phase with the reaction - rate constant kj.

Interface Liquid phase

Cai S: Cross-sectional area
D g4 Diffusivity of A in liquid mixture

Gas phase
P S dy = kiCsSdy
;&CAM
y y+dy

Fig. 16.1-1. Gas absorption accompanied with a first-order chemical reaction in liquid phase

Setting up mass balance over a differential control volume S dy apart y from the interface

aC, aC,
— Dam By am

aC,
dat
y+dy

y

or
2
DAm%z aﬂ_k kch (16.1-1)
Introducing a new variable C; = C4 — Cjoo
%Cyr aCyr '
DAma—y? = a_? + kch (161‘2)
The boundary conditions are
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CA = CAi - CAoo at y = 0
Cy=0 at y= o (16.1-3)
Taking the s-multiplied Laplace transform of Eq. (16.1-2)

d2Cyr e e d?Cgyr ki+s\ =7

Dam GA=sCil+ ki G or - (=) ¢’ =0 (16.1-4)
The boundary conditions are

CAI = CAi - CAoo at y = 0

Cy =0 at y= o (16.1-5)
The general solution to Eq. (16.1-4) is

E = aexp ( /% y) + b exp <— % y) (16.1-6)

Using the boundary conditions

Dam

G = (G = Cao) exp (= [0 y) (16.1-7)
Am
The mass flux at the interface is expressible as
~ dCyl
Ni= = Dan | = (Cu~ Caw) VT +)Dam (16.1-8)
y:
Taking the inverse Laplace transform, the mass flux becomes
-kt
Ny = G = Cao)\FaDim [erfChyt)!/? + 22 L10) (16.1-9)

For pure physical diffusion, i.e., k; =0
Nyo = (Cai = C40) \/S Dam
or

Nyo = (Cai = C4o0) DAm (16.1-10)

Note that Eq. (16.1-10) is equivalent with Eq. (6.7-10) if the exposure time t is replaced by z/V.
The average rate of absorption over the total exposure time t can be calculated as

xp (—k
Wa= [INydt/[ dt = (Cai — Caw) Dambs [(1 + it) erf (k)2 + % (16.1-11)

The corresponding time-average mass transfer coefficient k; is

k, = Danks [(1 + —) erf (k,t)'/2 + %} (16.1-12)
1
Taking the time-average of Eq. (16.1-10)

ko = /% (16.1-13)

Here k;, isthe mass transfer coefficient without chemical reaction.
Introducing a ratio [3 of the mass transfer rate with and without reaction
nklt 1/2 4 SXP (=Fkat) -
B = [ 1 + 3 — erf (kqt) Jrrit (16.1-14)

For smaII values of k1

p=1+ b G, (16.1-15)

This reactlon factor indicates the deviation from the purely physical mass transfer (g = 1).
For large values of k,t

g = \E [ Tt + s — - _] (16.1-16)

If the exposure time and reaction-rate constant are given, the reaction factor can be calculated. The
reaction factor calculated by the penetration theory is in good agreement with that calculated by
other theories (Film theory and surface renewal theory).



16.1-2 Gas absorption with first-order chemical reaction
Let us consider a packed column gas absorber shown in Fig. 16.1-2, in which the first-order
chemical reaction of a dissolved gas A is carried out with a continuous stream of liquid mixture.

Setting up mass balance over a differential control volume S dz in the packing section
kpa (Cay — Ca)Sdz+ (Caly — Carlzraz Jem S/pm — Kk1Cap Sdze =0 (16.1-17)

or

kLa (CAi - CAL) = E 7 + € kchL (161‘18)

where k; is the liquid-phase mass transfer coefficient with reaction, p,, the total molar density,
and & the volume fraction of liquid in the packing section.

The total number of transfer units N, = Zypyk,a/Ly and the number of transfer units
n, = z pyk,a/Ly are introduced using the liquid-phase mass transfer coefficient k;, for purely
physical absorption.

L
G M
-0 T ,l,(cmm

Cai
z+dz i ¥ Car

GMT 'I'LM

Fig. 16.1-2. Packed column gas absorber accompanied by a first-order homogeneous chemical
reaction

The total holdup time (i.e., the so-called residence time) is calculated as

The above equation becomes

dCaL | Kipm ky _ oM _
Y + T (a + P 8) Cyr = kpa Cy; Lar (16.1-20)
Using the number of transfer units n; and the time of exposure 6

dac k

Tt (+ - 6)Car = B Cai (16.1-21)

The boundary condition is
CAL = 0 at Z = O
The following solution indicates the vertical variation in the bulk concentration of component A:

Ca = Cai (igrpns) T = expl= (ka6 + B N (/N (16.1-22)

Then the total rate of absorption per unit cross-sectional area can be calculated as
Z L N
Nyr = fo "kpa(Cy— Ca)dz= B i fo “(Cai — Cay) dny,

— L_M .BNL BNL _ _ i
= Gy, (B NL+k19) {klg T [1—exp(= (BN, + k16))]} (16.1-23)

If the reaction factor S and the total holdup time 6 are given, the total rate of absorption can be
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calculated using the physical absorption data. However the exposure time is generally difficult to
estimate as for the film thickness in the film theory.

For practical design problem, the following equations can be used:

Ny = Ks (pa— pi) = kc(a— par) = B ki (Cai — Car) (16.1-24)
and
1_ 1, H (16.1.25)

K¢ k¢ Bk
Here H is the Henry’s constant for purely physical equilibrium and pj is the concentration of
unreacted gas A expressed in units of gas-phase concentration, i.e., p, = H Cy;, .

16.2 Gas Absorption with Instantaneous Bimolecular Reaction

Many industrially important absorption processes are accompanied by bimolecular reaction
A + vB — products
The irreversible chemical reaction such as SO, + 2NaOH — Na,SO; + H,0 occurs in the
liquid phase between a dissolved gas reactant A and a nonvolatile reactant B which is initially
present in the liquid phase.

The problem of liquid-phase diffusion with bimolecular reactions has not yet been solved
analytically, except for some simple cases. One of the extreme cases occurs when the reaction rate
is so large that A and B react immediately and completely on a plane (or a very thin zone) which
moves with time. The reaction plane which was initially located at the interface is now at a distance
z,(t) from the interface.

/ Reaction plane

Interface

Gas phase

zr (1)

Fig. 16.2-1. Schematic composition profile of gas absorption with bimolecular reaction

As shown in Fig.16.2-1, the reaction rate r = k,C,Cp is zero everywhere, except at the reaction
plane. In the region between the interface and the moving reaction plane, the concentration of A is
obtained by solving the transient diffusion equation for A without reaction; the same is true for B in
the semi-infinite liquid body on the right side of the moving reaction plane. Therefore the
penetration theory will also be used.

The set of differential equations to be solved are
dCy R Chp

2t Daw 52 Cg=0 0 <z < z.(t) (16.2-1)
ac d%cC
a_tB = DBW ?ZB CA = 0 Zr(t) <z < ®© (162‘2)



where D,,, and Dg,, are diffusivities of A and B in the solution, respectively. Note that any
reaction does not appear in the above equations.

The general solutions to the above two equations are of the form
Ca

o= K, + K, erf = 0 <z < z.(t) (16.2-3)
Ai Aw
Cc
CBLZO = K3+ K,erf \/_ z(t) <z < © (16.2-4)
At the reaction plane, A and B react immediately.
Ca=Cg=0 at z= z.(t) (16.2-5)
Therefore from perfect differentia
ac ac
dc, = (=2) dz, 4) dt=0 16.2-6
A (a ) + (6t )zr ( )
From this equatlon
dzr _ _ (9Ca 9Ca -
w=- (), /6, (1627)
From Eq. (16.2-3)
0Cy, 1 z,2 Zy
(7) Kalai 7= \/E (_ 2_) p< 4DAW ) 2 \/Daw

(OCA) _KC 1) Z,
0z, t 2l Z 4'DAW Dy t

Substitute these relations into Eq. (16.2- 7)

dor _ Zr (16.2-8)
dt 2t .

Integration gives

z,(t) = Vdat (16.2-9)

where V4 a is an arbitrarily chosen integration constant. These five integration constants
K;, K,, K3, K,, and a can be evaluated by the following five initial and boundary conditions:

or at z= o (p= Cge t >0
B.C.2 at z=0 CA = CAi
B.C.3 at z=2z, C(C4=0 (16.2-10)
B.C4 at z=2z, Cg=0
BC5 at z = Zy -V DAW aa% = DBW aaZB

The last boundary condition comes from the stoichiometric requirement that one mole of A reacts
with v moles of B.
FromB.C2 K; =1

1 1

From B.C.3 KZ = — of 7T = —
2 /DAWt erf —DAW

FromB.C.l K;=1- K,
FromB.C4 0= (1- K,)+ K,erf /DL
Bw

Therefore K, = !

1—erf ﬁ
Then K; =1-—
1—erf ,
%al - L, L ex ( z* ) ! (16.2-11)
0z l,. — s ,DA A‘\/_ p 4Dapt) 2 /Dawt '
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-1 ¢ ex ( z* ) ! (16.2-12)
zy  1-erf /DBW Boo\/_ p 4Dpyt/ 2/Dpyt '

Substitute these relations with Eq. (16 2-9) into B.C.5

D w
exp BW [1—erf /BW]— exp AW erf /DAW ijchAl (16.2-13)

This equation should be solved by trial and error method to determine a.
The concentration profiles of A and B are given by

Ca _ _ 1 Z _

=1 — ——erf —— 0 <z < z(t) (16.2-14)
Aw

c erf DZ

LB 1= Bw ! z.(t) <z < » (16.2-15)

CBoo 1—erf , 1—erf ,
Bw

Then the rate of absorption can be calculated as

6CA
NA|Z=0 - DAW

—= / 16.2-16
z=0 orf \/T Al ( )

The average rate of absorption over the total exposure time t is

W= [Nilpmodt / [fdt = ij |2 (16.2-17)
er _—
D aw

The coefficient in front of Cy; is the mass transfer coefficient with bimolecular chemical reaction:

k, = /‘“ﬂ/erf /L (16.2-18)

Comparmg with the result of purely physical diffusion, Eq. (16.1-13), the reaction factor is given by
B = (16.2-19)

a
erf

Daw
From here, the case when « is sufficiently small in comparison with Dy, and Dg,, will be
considered to obtain the reaction factor as a function of known variables. It will be shown later that
this situation can be obtained when Cg., is sufficiently large with respect to Cy;.
For small «

=1+ —+ ‘ 2+
eXp(E>_ EUZZ (DAW> 3/2_____ 5/2
et fo = (60 -5 60 5 G -]

1 ¢ a L [ 1/2 1( >3/2 1 a \5/2 ]
—erf |—=1- = -sm) =) ----
DBW DBW 3 DBW 10 DBW

Substitute these relations into Eq. (16.2-13)

2 a2 1/a\32 1 ;a\%2
6 s 6 s ) - -
\/E[DBW 3 \Dy, 10 \Dp,
[ a 1/ a\2 ]2 a\V2 1 /7a\32 1 ;a\5?
Rl
DAW DAW \/E DAW 3 DAW 10 DAW

_ _] DBW CBoo
Dpy v CAL

For a « D,, and Dg,,, the above equatlon can be approximated and rearranged as

1— = DBW CBoo
DBW \/_ DAW Dayw v Cyi

The equation can be solved



-2
_ 1 1 Dpw CBwo -
a= - [m+ Ny /DAW VCAi] for small « (16.2-20)

This equation suggests that « becomes small when Cg,, is sufficiently large compared with C,;.
The larger Cpo, IS, the closer the reaction plane remains to the interface.

The reaction factor can also be approximated for small «a:
1

p= —_ = (16.2-21)

erf [—%— 2 |_a
D aw VIt D gw

Substitute Eq. (16.2-20) into the above equation

p= [P s Pl fortage Gy, e

In the case when Dy, = Dg,,
=1+ == for the case of large Cpo and Dy, = Dg, (16.2-23)

Cp

Vv Cyi
Unlike the results obtained for purely physical absorption or absorption with first-order reaction, the
rate of absorption with second-order reaction is not proportional to the concentration of the
substance being absorbed. It should be noticed that even when the interfacial concentration C,; is
very small owing to small concentration of A in the gas phase, the absorption rate may become
large owing to the effect of Cz. According to Eq. (16.2-22),
The reaction factor is a function of diffusivities D,,, , Dg,,, bulk concentration Cg, and interfacial
concentration C4; only. This result can be applied to any type of absorption equipment since «
is not a function of equipment geometry and flow conditions.

Regarding the global climate change by CO, emission due to fossil fuel use, many chemical and
electric power companies were challenging the technical development of reactive gas absorption
using aqueous amine solvents for CO, capture. One possible reaction between CO, and
monoethanol amine in the aqueous solution can be considered as

2 RNH, + CO, < RNHCOO~ + RNHj
This is an endothermic bimolecular reaction. This topic is not dealt with here owing to its difficult
mechanism.

16.3 Design of Packed Absorption Towers
Let us study a practical design of gas absorbers by using the following example.

[EXAMPLE 16.2-1] A packed absorption tower is to be designed for the removal of SO, from
air by chemical absorption in an aqueous solution of sodium hydroxide. The tower has an
inside diameter of 0.5 m and is packed with 1-in. ceramic Raschig rings. An absorption may be
assumed isothermal at 25°C(= 298 K) and 1 atm (= 1.013 x 10> Pa). The air stream
containing 10 mol% of SO, enters the tower from the bottom at a rate of 40 kmol/m*h. The
aqueous solution containing 2 M-NaOH (=7.4 wt% = 3.47 mol%) enters the tower from the top
at a rate of 400 kmol/m?h. Estimate the height of packing required to remove 95% of SO, from
the airstream.

Solution:
(1) First step: Calculation of mass transfer coefficient k;, k; for physical absorption
(a) Gas-phase mass transfer coefficient ki :
Due to the low concentration of SO, in air, the viscosity and density of air can be used for
the airstream:
te = 1.85 x 107 5kg/m s, p; = 1.19 kg/m®. The diffusivity of SO, in air can be calculated
by Hirschfelder et al. equation: D,, = 1.27 X 1075 m?s.
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The Schmidt number is
Scp = 8- =1.22

PGDag
The mass velocities are
G = (40 kmol/m?h)[(0.90)(29) + (1 — 0.90)(64)] kg/kmol = 1,300 kg/m?h
L = (400 kmol/m?h)[(0.965)(18) + (0.0347)(40)] kg/kmol = 7,500 kg/m?h
Gas-phase mass transfer coefficient
For these values of mass velocities, Eq. (10.4-6) can be used to estimate k:
_ g \¥/3
Hy = cGP LA (ﬁ) (16.3-1)
For 1-in. Raschig ring, p = 0.32, ¢ = —0.51, ¢ = 3.07. Then

H; = (3.07)(1300)°32(7500)7951(1.22)%/3 = 0.365 m
From Table 10.4-2, D, = 0.0254 m, a, = 190 m?*/m?>.
The surface tension of water at 25°C is
o =72.0 dyne/cm = 0.072 N/m.
The interfacial area a is calculated by using Eq. (10.4-5) as follows:
a = 0.0406 (7500)%455(72.0)7°83(2.54)7%48 = 46.2 m?/m3 (16.3-2)
From the definition of H;: Hg = Gy /kya
Assuming Gy = Guy

_ Gm _ (40 kmol/m?h) _ 2
y Hga - (0.365 m)(46.2 m2/m3) =237 kmOl/m h
Therefore
ke = k;/ps = ygky/ps = ky/P = 2.37 kmol/m?h atm (16.3-3)

(b) Liquid-phase mass transfer coefficient k; :
The viscosity and density of water at 25°C can be used:
u, = 0.895 cP = 0.895 x 1073 kg/ms, p, = 997 kg/m3.
The diffusivity of SO, in water D4, = 1.85 x 107° m?/s.
The Schmidt number is
0.895 x 1073

"~ (997)(1.85 x 1079)

Liquid-phase mass transfer coefficient
L = 7500/3600 = 2.083 kg/m?s. Eq. (10.4-1) can be used to estimate k; for 1-in. Raschig
rings (¢ = 430, n = 0.22):

0.22

L= ﬁ (0.8925.0><8i0_3) (485)%° = 0.282m

From the definition of H,: H, = Ly/kea. Assume Ly = Ly,
Ly 400 kmol/m?h
*7 Hya  (0.282m)(46.2 m?2/m3)

Sc, 485

= 30.7 kmol/m?h

Therefore

k, = ki/Cp = xgk,/Cg = k,/c = (18 m3/1000 kmol)(30.7 kmol/m?h) = 0.553 m/h (16.3-4)
(2) Second step: Equilibrium relationship of SO, — electrolytic solution system:

Strictly speaking, the SO, — water system does not follow Henry’s law. For simplicity, over a
range of very low partial pressure (0_ < p4 < 0.1) the equilibrium curve can be roughly
approximated by a linear relationship, i.e., Henry’s law:
pa = 0.54 C, (16.3-5)
Here the Henry’s constant H,, = 0.54 atm m3/kmol.

(a) Effect of ions in an electrolytic solution

In general, the solubility of gas is decreased by the presence of ions in an electrolytic solution.
According to van Krevelen and Hoftijzer™?, the Henry’s constant for the solution can be related
by the following empirical equation:



Table 16.3-1 Equilibrium relation of SO, — water system

p4 atm C, kmol/m3
0.793 1.17
0.519 0.783
0.248 0.391
0.143 0.243
0.0908 0.156
0.0599 0.109
0.0408 0.0779
0.0223 0.0469
0.0134 0.0312
0.00917 0.0235
0.00520 0.0156
0.00191 0.00783
0.000724 0.00312
Equilibrium curve === Approximated line
0.1e
0.14
0.12
— 7
£ o1 -
E. 0.08 = ==
S 0.06 s
0.04 "‘/
="
0.02 y'—."
0 =27

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

C, (kmol/m?3)

Fig. 16.3-1. Approximation of equilibrium curve

Hy,
log 2= — Xjh

Here I; isthe ionic strengthand h; = h, + h_ + hg isthe empirical constant.

The ionic strength can be calculated by

1
I=2%iz°C

(16.3-6)

(16.3-6)

where z; is the number of positive or negative charges on an ion having molarity C; .

1. Van Krevelen, D. W. and P.J. Hoftijzer: Rec. Trav. Chim., vol.67, 563 (1943)

2. Van Krevelen, D. W. and P.J. Hoftijzer: Chim. Ind. XXI Congr. Int., Chim. Ind., p.168 (1948)

3. Sherwood, T. K., R. L. Pigford, and C.R. Wilke: “Mass Transfer,” p. McGraw-Hill, New York (1975)

The h values are listed in Table 16.3-2.

Table 16.3-2 Constants in Eq. (16.3-6)

cations h, m3®/kg—ion | anions h_ m3/kg—ion | gas h; m3/kmol
H* 0.0 OH™ 0.066 H, -0.002
Na* 0.091 cl- 0.021 0, 0.022
K* 0.074 S0, ™ 0.022 Cco, -0.019
NH,* 0.028 CO;~~ 0.021 NH, -0.054
Mg*t 0.051 Br~ 0.012 S0, -0.103
Cat*t 0.053 S0; 0.001 H,S -0.033
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The above h; values were picked up from the data taken at 25°C.

1. Danckwerts, P.V.: “Gas—Liquid Reaction,” p.19, McGraw—Hill, Nerw York (1970)

(b) At the top of the tower
For NaOH (; = 2 kg —ionNat/m?3 z;=1
C, = 2kg —ion OH™ /m3 Z, =1

1
I=35 (@MW +@1W?) =2
From Table 16.2-2,
h= hg;+ h,+ h_ = —0.103 + 0.091 + 0.066 = 0.054

log ™ = — %k I; = —(0.054)(2) = —0.108 (16.3-7)
Then the Henry’s constant for the electrolytic solution is calculated as
=078 — H= Hy/0.78 =0.54/0.78 = 0.69 atm m*/kmol

Molar velocity of NaOH at the top = (400)(0.0347) = 13.88 kmol/m*h

Rate of SO, removed from air = (40)(0.10)(0.95) = 3.8 kmol/m?h

Molar velocity of SO, at the top = (40)(0.10)(1 — 0.95) = 0.2 kmol/m?h

Rate of NaOH consumed for the reaction = (2)(3.8) = 7.6 kmol/m*h

(c) At the bottom of the tower

Molar velocity of NaOH = 13.88 — 7.6 = 6.28 kmol/m?h
Concentration of NaOH = 6.28/400 = 0.0157 (mole fraction)

1000 0.0157
S = 0.89 kmol/m3
18 1-0.0157

Cnaon =

Molar velocity of Na,SO; = 3.8 kmol/m*h

Concentration of Na,SO3; = 3.8/400 = 0.0095 (mole fraction)
1000 0.0095
CNa2503 = 1_8 m = 0.53 kmol/m
For NaOH h = —0.103 + 0.091 + 0.066 = 0.054
I=(1/2)((0.89)(1)% + (0.89)(1)?) = 0.89
For Na,SO; h = —0.103 + 0.091 + 0.001 = — 0.011

I=(1/2)((0.53)(2)% + (0.53 x 2)(1)?) = 1.59

Then
log “% = — ((0.054)(0.89) + (~0.011)(1.59)) = —0.0306 (16.3-8)
Averaging between the top and bottom
H, 0.108 + 0.0306
log T > = —0.0693
The Henry’s constant averaged over the tower is calculated as
% =0.852 — H = Hy,/0.78 =0.54/0.852 = 0.634 atm m*/kmol (16.3-9)

(3) Third step:  Absorption rate

Daw Dpw C oo o[ [Daw
Ny = ke(pa— pai) = BkyCy = [ / 4 /Diw vim L Cai = kL[ /ﬁ Cai +
/DBW CB°°] (16.3-10)

Diffusivity of NaOH in water is given from literature: Dg,, = 1.25 107° m?/s (at 25°C).
The effect of Na,SO5; on the liquid-phase diffusivities Dy, Dg, is assumed negligibly
small due to the low concentration.

For the present case Dy, = Dg,,.

Therefore



o Cpoo
Ny = ke(pa— pai) = ki (CAi + BT)

_ pA_lpAi _ HCAi"‘Z CBoo/V _ PA+1H CBI:O/V (16.3-11)
T —= —+—=
kg Ky, ke Ky,
(4) Fourth step: Overall mass transfer coefficient K,
L=~ A= 22 =162

K¢ kg =k, 237 ' 0553
K; = 0.62 kmol/m?h atm
(5) Fifth step: Mass balance
Mass balance can be set up over the packing section between z =0 and z to get the
operating-line equation:
2 X (molar rate of SO, absorbed) = ( molar rate of NaOH consumed)
v Gy (24— 24) = Lz — Lu(Coo/©) (16:3-12)
—Pa 1-paz
where ¢ is the molar density of the solution in kg/m?®.
Due to the very low concentration of ions, the molar velocity L,, and molar density ¢ can be
considered constant over the whole height of the packing section.

1000
c = T-l_ 2 =57.6 kmol/m3 at the top
1000
c = ST +0.89 + 0.53 + 0.53 = 57.5 kmol/m? at the bottom

LM = LMZ = 400 km()l/mzh
Mass balance over the differential volume element dz is

’ Pa _ ’ dpa _ H Cpoo -
v Gy d (2 pA) = VG A5 = Keadz (pa+ T2=) (16.3-13)
The height of the packing section is given by

_ vGy (par dpa -
Zr = Kea paz (pA+ Hcfw)(l— )7 (16.3-14)

Using the HTU = ;—G(’f averaged over the packing section from the top through the bottom
G

_ vGy (Pai dpa
Zr = Kga prZ (pa+ Hcf”)(l— pa) (16.3-15)
The reaction has the following form of irreversible bimolecular reaction
SO, + 2 NaOH — Na,SO; + H,0
Therefore v = 2
The modified Henry’s constant H = 0.66 atm m3/kmol
and the overall coefficient K; = 0.62 kmol/m?h atm

Gy = (Gy1 + Gu)/2 = (40 +36.2)/2 = 38.1 kmol/m?h

First the bulk concentration of NaOH corresponding to the partial pressure of SO, is
calculated at each section by using the operating-line equation:

_ c _ ’ Pa__ _DPaz _ _ ba -
Co = {Luzxs2 — v Giy [—1_pA —1_pA2]}—2.06 10424 (16.3-16)

Next the equation shown below can be integrated numerically or graphically to get the height of
packing:

3 (2)(38.1 kmol/m?h) 0.10 dpa
(0.62 kmol/m?h atm)(46.2 m?/m3) J, y0ss2 (PA + 0.66 CBoo) (1= py)

2
Here py, = 0.2/(Gj +0.2) = 0.2/(36 + 0.20) = 0.00552 atm

Zr
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Pa Cpoo 1/(Pa+0.33 Cpoo)(1 = py)
0.00552 2.00 1511
0.010 1.955 1.542
0.015 1.902 1.580
0.020 1.848 1.620
0.025 1.793 1.663
0.030 1.738 1.708
0.035 1.683 1.755
0.040 1.627 1.806
0.045 1.570 1.860
0.050 1.513 1.916
0.055 1.455 1.977
0.060 1.396 2.043
0.065 1.337 2.113
0.070 1.277 2.188
0.075 1.217 2.268
0.080 1.156 2.355
0.,085 1.094 2.450
0.090 1.031 2.554
0.095 0.968 2.666
0.100 0.904 2.789
Apa

(pa +0.33 Cﬁoo)(l = Pa) )
= (E) (1.511 + 1.542)(0.01 — 0.00552) + (E) (1.542 + 1.580)(0.015 — 0.01)

1
o + (E) (2.666 + 2.789)(0.1 — 0.095) = 0.190 atm™?!
Finally the required height of the packing section is
Zr = (2.66 m atm)(0.190 atm™!) = 0.505 m

From a viewpoint of practical engineering design, this result seems to be smaller than
expected. It is usually necessary to take into account the safety factor.

Nomenclature

a effective interfacial area in packing section, [m*/m°]
Cy molar concentration of component A, [kmol/m3]
H Henry’s constant, [ - ]
Dam,Day  diffusivity of component A, [m?/s]
Dgyy diffusivity of component B, [m?/s]
G mass velocity of gas, [kg/m?s]
Hg HTU (Height of Transfer Unit) of gas phase, [m]
If ionic strength,
ki reaction-rate constant of first-order reaction, [1/s]
ky liquid-phase mass transfer coefficient, [m/s]
K, k¢ overall and gas-phase mass transfer coefficient, [m/s] or [kmol/m?s Pa]
L mass velocity of liquid, [kg/m?s]
Ly superficial molar velocity of liquid, [kmol/m?s]
Ny mass flux, [kmol/m?s]
Ny, liquid-phase number of transfer units, [ - ]
p partial pressure, [Pa]
4 rate of first-order reaction, [kmol/m°s]
area of surface perpendicular to mass transfer, [m?]
Sc Schmidt number, [ -]
w mass flow rate, [kg/s]
t time, [s]

liquid-side coordinate perpendicular to interface, [m]
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z vertical coordinate of packed column, [m]

Zr height of packed column, [m]

z; number of positive or negative charges, [ - ]

Zy position of reaction plane, [m]

a integration constant, [m%/s]

B reaction factor, [ - ]

€ volume fraction of liquid in packing section, [ - ]
6 total holdup time, [s]

o bulk

Subcripts

A component A
B component B
f film

G gas phase

i interface

L liquid phase
M molar



CHAPTER 17

TURBULENT TRANSPORT PHENOMENA

17.1 Fundamental Equations of Turbulent Transport

17.1-1 Fundamental properties of turbulent flows

Most flows occurring in practical engineering processes are turbulent. Turbulent flow always
occurs at high Reynolds number. We know that laminar motion in a circular tube tends to become
unstable at Reynolds numbers above about 2,100 in the presence of small disturbances, and a
transition to turbulent flow will occur.

One characteristic of turbulent flows is the irregularity: the velocity at any point varies with time
in both magnitude and direction. Turbulence is rotational and three dimensional. Fig.17.1-1 is a
fluctuating curve imitating the real oscillogram of one component of the fluctuating velocities
taken by a hot-wire anemometer placed at a point in the turbulent flowfield. Regarding the principle
of hot-wire anemometry, you can refer to Section 9.7-2 of Chapter 9. The static pressure has also
similar fluctuations, which can be observed by using a piezo-electric pressure transducer.

v U
P
p %%WW p
Time t (s)

Fig.17.1-1. Oscillogram of velocity and pressure of turbulent flow

We can notice from these fluctuating oscillograms that they are not without a certain degree of
regularity from a statistical point of view. The instantaneous velocity v can be decomposed into a
time-averaged velocity ¥ and velocity fluctuations v, such that

v(x,y,z,t) = v (x,y,2) +v'(x,y,21t) (17.1-1)
The time average is defined by

7= limy_e7 ff:” v dt (17.1-2)
At steady state % =0

The velocity measured by a pitot tube is approximately equal to the time-averaged velocity, except
for turbulent flows which have extremely high turbulence intensity. Turbulence consists of the



superposition of various, small periodic motions on large-scale intermittent motions. It is like the
orchestral sound consisting of the superposition of various, high-frequency sounds on
low-frequency sounds.

The instantaneous velocity fluctuations can become negative very often.

Therefore the time-averaged value of a fluctuating quantity is zero by definition, for example,

V' = limy e ft’;"”(v — D)dt = limp_e 7 ft’;"”v dt— 5= 0 (17.1-3)
However the squared values cannot be negative. As a measure of the magnitude of the turbulence,
the intensity of turbulence is defined as

oz
Tu= - (17.1-4)
, which may have values 0.01 to 0.10 in typical turbulent pipe flows.

Of many methods for the measurement of turbulent velocity, the hot-wire anemometer is the most
useful. As described in Section 9.7-2, the principle of hot-wire anemometry is based on the
convective heat transfer from a very fine heated wire to the approaching stream. The detecting
element consists of a very fine short metal wire (e.g. 5 um dia. And 5 mm long platinum wire for
air stream), which is heated by an electric current to a constant temperature above the stream
temperature. The wire is placed perpendicular to the veloOcity component to be measured. The rate
of heat loss to the ambient stream from the wire is proportional to the square root of the stream
velocity vv in the usual stream condition. The wire is of such low heat capacity that the
temperature of the wire can follow the rapid velocity fluctuations. The rate of heat loss is equal to
the rate of heat generated by the electric current through the wire, I2R, where I is the electric
current and R the electric resistance of the wire. In the usual measuring method, the electric
resistance is controlled to be kept constant as far as possible by using an electronic feedback system.
Instead, the feedback system changes the current through the wire as soon as a variation in electric
resistance occurs. The response time to the change in approach velocity is of the order shorter than
0.1 ms.

Then we have the relation between % and v:

I’R= a+ Bv (17.1-5)
where a and [ are usually determined by experiment.

If we substitute / = I +1" and v = v+ v’ into the Eq.(17.1-5), we get the approximate relation

between I' and v'":

-2 — .

I'R= a+ Vv (mean velocity)

=2y (uelocity fluctuation) (17.1-6)
The last equation is obtained as the first approximation when v’ « 7, i.e. I' « 1.

The usual block diagram of hot-wire anemometry is shown in Fig.17.1-2.

hot-wire
probe
Rl +1i CUL]_
Rz Servo :I—_ l . AD digital
amplifier = Inearnzer converter computer
R3
,t R_f
= R+iwl -
I=1+T

Fig. 17.1-2. Block diagram of hot-wire anemometer for constant temperature method
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Fig. 17.1-3. Distribution of velocity fluctuations and Reynolds stress in a rectangular channel

As shown in Fig.17.1-3, the turbulence intensity in a rectangular channel becomes maximum near
the wall.

The fluctuations /? in the streamwise direction, or in the z direction, are greater than the

fluctuations _[v,2 in the transverse direction, or in the x direction. In the vicinity of the wall,

molecular momentum transport becomes important but the fluctuations become very small.
Turbulent flow in a pipe also has similar tendency.
Such properties and structure of turbulent flows are described in detail in Sec. 17.2~ 17.5.

17.1-2 Equation of motion for turbulent flows

Turbulence is a continuum phenomenon taking place in a continuum fluid. It is true that the
equation of motion applies to turbulent flow, for example,
a(pv A(pvyv d(pvyv (pvyv, ) 0%v,  0%v, 0%y
(th)+ (pa; 2 (pay 2+ (paz '= - £+ (ax2 t o T 622) (17.1-7)
The instantaneous velocity and pressure can be decomposed into a time-averaged value and its
fluctuations, such that
vy = Uy + v,
v, =7, + 1)
v, = U+ v,
p= 5t p (17.1-8)
Substituting these instantaneous quantities into Eq.(17.1-7) and averaging the resultant equation
with respect to time, we get the equation of motion governing the mean (time-averaged) flow:

0pvd) 9T 0T Dy) (Vi) _ 9P <62v—x 0’ v, 02 v—)

at ax dy 9z dx FE R N R P
_(3pTTI) | O(pTTTT) | 0(pvev,T) )
(2 ) 4 e ) (17.1-9)

In steady turbulent flow field, 6(51’7

In the averaging process, the terms consisting of a product of a mean value and a fluctuation vanish
in the following way:

VeV, = (U + 1)Uy + V) =0, U, + T v + 00, + 0 v = U, + v v

Here the mean value is regarded as a mere constant coefficient as far as the averaging is concerned.

17.1-3 Equations of energy and mass transport for turbulent flows
The equation of energy can also be used for turbulent heat transport with constant properties:



a(pCpT) | d(pCpv,T) , 9(pCpvyT)  8(pCpv,T) _ (GZ_T *T GZ_T) i

e T ax T ay + oz oxz T ay? t o (17.1-10)
The instantaneous temperature can be decomposed as
T=T+T (17.1-11)

In similar manner of averaging, we get
a(pCpT_)Jr d(pCpTy T)+6(pCPv_y 7_")Jr d(pCp, T) (627 0T 92 T)
= K

ot dx dy 0z dx? + dy? + 022
_ (3(pCpuxTT) | 8(pCpvyITr) | 3(pCpv,ITT) )
(R e ) (17.1-12)

In steady turbulent temperature field, —a(f’ac:”_) 0

Similarly for turbulent mass transport without chemical reaction
0 CA+ 9(Uy Cy) a(WCA)_l_ 0, Ca) _ D 02 Cy + 02 CA+ 0% Cy
ot dx dy 0z dx? dy? 022

 (3GiCa) | 3@yCa) | a(r;Can) ]
( ceat) g Sran S ) (17.1-13)

9Ca

o =0

In steady turbulent concentration field,

17.2 Phenomenological Understanding of Turbulent Transport

17.2-1 Effect of Nonlinear interaction of turbulence

In those three equations Egs.(17.1-6), (17.1-9), and (17.1-10), new terms indicated by underlines
arise.

They are concerned with the turbulent transport by eddy motion coming from nonlinear
interaction of fluctuations. If these nonlinear effects of turbulence were not existent, the
time-averaged distributions of velocity, temperature, and concentration would become the same as
those for laminar transport.

The following group forms nine components of the turbulent momentum-flux tensor:

t — t t 7 ¢ t —7
T)(Cx) = —pv, /v T,(Cy) = TJ(,x) = —pv,'v)’ T,(CZ) = T;x) = —pv,'v,

® _ 7 ® _ () _ T 7 ® _ T
Tyy = — PV, Ty, =Tz = —P1'V, T, = — pv,'v,

These are usually referred to as the Reynolds stresses. The diagonal components ), %), ()
are turbulent normal stresses. In many turbulent flows they contribute little to the momentum
transfer. The off-diagonal components () =z, () = <), 7{) = < are turbulent shear stresses.
They play a dominant role in momentum transfer, except in the viscous sublayer near the wall
where molecular transport is predominant.

We know that the distribution of time-averaged velocity for turbulent flow in a circular pipe is
much flatter in the main flow region than for laminar flow. That fact is due to the Reynolds stresses.

We can interpret the effect of mixing due to eddy motion large in the transverse direction in main

flow region.

The following group forms three components of turbulent heat-flux vector:
0’ = — pCpv, T’ 4y’ = — pCpv, T’ a;” = — pCpv,T’

They play an important role in heat transfer.
Similarly the following group forms three components of turbulent mass-flux vector:

JR A R O = - ey



17.2-2 Mixing length theory and eddy diffusivity

A complete understanding of turbulent transport phenomena needs a quantitative description of
turbulence, including the turbulence intensity and the size of eddies. Many direct numerical
analyses based on physical models have been developed. Unfortunately, however, these approaches
are beyond the level of this course.

Historically speaking, the Prandtl’s mixing length model continues to serve as a background
useful for the understanding of turbulent transport. One approach to the solution of turbulent
momentum transport problems is to postulate a relation between the turbulent momentum-flux r(”
and the mean rate of strain (velocity gradient) ov,/dy. It is clear that the greater the velomty
gradient, the larger will be the »," induced by a v,’, and hence the larger will be r§§2 = —pv,'v,.

The random motion of fluid lumps (eddies) in turbulent flow results in turbulent transfer of
momentum, energy, and mass. In analogy with the mean free path in the gas kinetic theory, the
so-called Prandtl mixing length [ is a measure of the distance a large scale eddy travels before it
breaks up and loses its identity.

Fig. 17.2-1 indicates a model of eddy interchange between two parallel layers set apart by a
mixing length.

Fluid lump
(eddy)

L”

Fig.17.2-1 Mixing length theory

C

The transverse transport of momentum, energy, and mass is caused as a result of eddy
interchange between two parallel layers as follows:

—_— J; —_— J; d vy
Tg(/gc) = pvxly Uy — pvx|y+Ay Uy = pvylM d; (17.2-1)
® _
q," = pCpT| vy, — pCpT|y+Ay pvaylH o (17.2-2)
() _ i dCs
Jy’ = Cal, vy = Cal vy = —ylp dy“ (17.2-3)

in which the mixing length [ is defined as the differential distance between the two layers Ay.

If we assume that Tyly.ay — Vly = vy, T|y+Ay - T|y =T’ and C_A|y+Ay - C_A|y =C,,

the turbulent transport fluxes can be obtained as

3(,2 = —pv,'v, (17.2-4)
q§,t) = — pCpv),'T’ (17.2-5)
W= = vy (17.2-6)

In Egs. (17.2-1), (17.2-2), and (17.2-3), the products of velocity fluctuation and mixing length
vylu, vyly, vylp have the unit of diffusivity m?/s. Therefore the eddy diffusivities are defined as

) = — pey ‘2—;" (17.2-7)
dT
4y =~ pCpen'y, (17.2-8)
() _ _ . dCa -
jy) = e (17.2-9)

They are not a property of the fluid but vary with the flow conditions. They are much greater than
molecular diffusivities v, a, D,z in the turbulent flow region. These eddy diffusivities &y, €4, €p
are not only a property of fluids but a flow parameter as well. When molecular motion still prevails,



the total momentum-flux can be expressed as

Tyx = TJ(,Q + 13(,_'? = —p(v+ gy) Z—’;_x (17.2-10)
Similarly

l aT
qy = CI§) + fé” =—plpla+t &) (17.2-11)
. .(1 , dCy
Jy = Jﬁ) + Jﬁt) = —(Dap + €p) d—y“‘ (17.2-12)

In a fully-developed pipe flow, the shear stress distribution is linear whether the flow is
laminar or turbulent:
Ty, = % T (17.2-13)
Therefore the eddy diffusivity ¢, can be evaluated from the measured velocity distribution by
using the following equation:
m_ ™R _1q (17.2-14)

dv
v nz

ar

Fig. 17.2-2 shows the radial distribution of eddy diffusivity in the fully developed flow region in
a circular pipe. These curves are schematically drawn taking into consideration many empirical data.
The maximum of &, /v occurs at the intermediate position between the axis and wall. This may be
due to the fact that the turbulent eddy motion is produced there. As the axis is approached, &, /v
decreases from the maximum value. In the neighborhood of the pipe axis, it is too difficult to
determine the eddy diffusivity owing to the fact that both the denominator and numerator of Eq.
(17.2-14) become almost zero. Still &, /v is much larger than unity, except very near the pipe wall.
We should notice that these &, /v distribution curves resemble the turbulence intensity curves in
Fig. 7.1-3. However it should be kept in mind that the turbulent kinetic energy is generated much
closer to the pipe wall.
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Fig. 17.2-2. Radial distribution of eddy diffusivity for momentum in a circular tube flow

17.2-3 Mixing length model based on turbulence correlation

We have already understood a qualitative explanation of the generation of turbulent motion in
Chapter 3. At this section, let us consider the concept of “mixing length” again by using the more
rigorous theory of turbulence.

Consider a traveling fluid element which starts from a level y =0 at time ¢ =0 and passes an
arbitrary level y at time ¢. Figure 18.2-3 is the turbulent velocity field for explanation of the
mixing length theory.
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Fig. 17.2-3. Mixing length model based on turbulence correlation

If the fluid element does not lose its original momentum p v,(0,0) as it moves in the transverse
direction, a momentum deficitat y and ¢ is

AM = pv(y,t) = pv(0,0) = o(Vx(y) — 7(0)) + o(vr(y,t) — 1,(0,0)) (17.2-15)
Since the intensity of turbulence in many turbulent flows has values in the neighborhood of 1 to
10%, the second term is small compared to the first one:

AM = o(V(y) — 7(0))

For small values of v, the velocity difference can be approximated by the first term of the Taylor
series:
AM = o[v,(y) — 7 (0)] = p %

The volume of the fluid transported per unit area and unit time is the transverse component v," of
the instantaneous velocity of the traveling fluid element.

From Lagrangian viewpoint

vy = =2 (17.2-17)
where y is the position of the fluid element. Since the momentum flux has dimensions of
(momentum/volume)(volume/area/time), the average turbulent momentum-flux at y =0 can be
expressed as

®)
Tyx

(17.2-16)

dy 1 d vy

d vy,
dt = 2 d
y=0 y

- dvy, dy?
= AMv. = X vy = X 2r
y=0 y p ay ly=g vy P ay ly=g y=0 4t ly=0
The overbar denotes an average taken over a large number of moving fluid elements starting from

y=0.

(17.2-18)

v

Length
scale

Fig. 17.2-4 Significance of length scale and time scale



Therefore we can assume that the correlation v,’y becomes essentially zero at a distance y

comparable to a transverse length scale (. If the RMS velocity W is denoted by u,’, the

correlation v’y is of order u,'L:

vy—,y = Kyu,'l (17.2-19)
This transverse length scale is called “mixing length.” Therefore the turbulent momentum-flux
can be written as

w0 = Kypu)l % (17.2-20)

Usually the mixing length { absorbs the unknown numerical coefficient because it is of order one:

Kll = lM'

If the mixing length I and the RMS velocity turbulence u," were known over the entire flow field,

the equation of motion could be solved. The mixing length can be considered to be proportional to

the size of the larger eddies which play a predominant role in the turbulent momentum transport.
The distance y traveled for time t by the fluid element is

y = Jjvy)dt (17.2-21)
The correlation v,y becomes
v, Oy = vy(t) [, vy(E)dt’ = [} vy (O)vy(t)dt’ (17.2-22)

The averaging is performed with respect to the number of the moving fluid elements starting from
y=0.

The correlation vy (t)v;(¢t') does not depend on the reference time but on the time difference
t—t' =1

Then the correlation becomes a Lagrangian correlation coefficient:

Ry, (r) = 200D (17.2-23)

Uyr?
The Lagrangian integral time scale J, can be regarded as a measure of the time interval which is
long enough for fluid elements to travel the length scale (mixing length) :
Sp= [y Rip(x) dr (17.2-24)
The Lagrangian correlation implies that as the time interval = becomes large, the velocity
fluctuation v,'(t) does not resemble v,’(t — ) in wave form, that is, the degree of correlation
between v,’(t) and v,'(t — 1) falls.
Then the turbulent momentum-flux is expressed as

13(,2 =p dd—? fooo vy(Ovy(t—1)dt = p (Z—? fooo uy? R, (Ddr = p (Z—? uy"23, (17.2-25)
A Lagrangian integral length scale [, isused as

lL == u;, 32 (17.2'26)
On the other hand, the Eulerian integral scale [ is defined by

w2l = ["v,/ (), (0) dy (17.2-27)

The overbar denotes an average taken over a long time interval with zero time delay between the

two velocity fluctuations. If the I, and [ are assumed of the same order of magnitude,
) = Kypu, 1 dd—y (17.2-28)
This suggests that the turbulent momentum-flux can be estimated using the Eulerian integral scale L.

From the definition of Reynolds stresses

13(,;) = pvy'vy (17.2-29)
Comparing these equations, it is found that
W, =K1 % (17.2-30)

We can obtain similar expressions of turbulent heat- and mass-fluxes:



q§,t) = KypCpuy 1 (Z—j (17.2-31)
i = Kpul 1 i—y‘f (17.2-32)

The numerical coefficients K,,, K, K, are of order one.
Finally it has been found that the eddy diffusivities are of order w, I:

ey = Ly (17.2-33)
ey =Ly (17.2-34)
E&p = u;,lD (172'35)

The ratio of the Reynolds stress to the laminar viscous stress is usually very large in most part of the
flow field except near the wall.

0 PEM —ddﬂ € ul, 1

2= 2= M= g X (17.2-36)
0 dvy " 17,

Tyx PV=ay

The term w,'l/v is sometimes called “eddy Reynolds number.”

17.3 Structure of Turbulence

17.3-1 Energy spectrum of kinetic energy
It will be instructive to find the regularity in seemingly-chaotic turbulent flows by a statistical

approach. If the statistical properties such as v,'2, v,'v,’, etc. are time-independent, the turbulent
flow is characterized as being stationary. If the statistical properties do not vary in space, it is said
that the turbulent flow is homogeneous. If the statistical properties are invariant with direction, it is
said that the turbulent flow is isotropic: v,'2 = v,'2 = v,"2.

It is well known that the turbulent flow behind a uniform grid has a turbulent structure close to
locally homogeneous isotropic turbulence. Turbulent flow in a circular pipe, especially that near to
the wall, is neither homogeneous nor isotropic.

A constant average value of v'2 exists in the flowfield statistically homogeneous with respect to
time.

The kinetic energy of turbulence is expressible as

%p (vx’2+ v,% + ?)

To describe turbulent motion quantitatively, it is necessary to introduce a concept of the intensity
and scale of turbulence. The intensity of the turbulent velocity fluctuations is defined as the
root-mean-square value divided by the mean flow velocity:

\/:7 (17.3-1)

VUx
We usually use the velocity fluctuation component in the same direction as the main flow.
Turbulence consists of the superposition of various, small periodic motions on large-scale motions.
The small periodic motions come from a certain vortex motion, the extent of which is called “eddy.”
In other words, turbulence consists of the superposition of eddies of various sizes. The eddy size
corresponds to the frequency of the periodic motion. The smaller an eddy, the higher the frequency.
As shown in Fig. 17.3-1, a large scale eddy consists of a large number of small eddies. All eddies
are moving approximately at the average velocity v,. They can be considered to be transported by
the mean flow. When a hot-wire is placed perpendicular to the velocity v, the time required for a
small eddy to pass by the wire is shorter than that for a large eddy. Each amplitude of the
oscillations corresponds to the turbulent kinetic energy each eddy has.

Tu, =



small eddy

/)

rotational <,

Vs, e
» -

Mean flow
Hot wire probe

Large-scale eddy
Fig. 17.3-1. Structure of a large-scale eddy containing various-sized small eddy motions
Fig. 17.3-2 explains the relation between eddy size and fluctuation frequency. An energy spectrum

describes the distribution of the kinetic energy v,'2 of the turbulence in the frequency domain. This
analysis of turbulence is similar to the frequency analysis applied to light waves and sound waves.
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Fig. 17.3-2. Relation between eddy size and fluctuation frequency
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Fig. 17.3-3. Schematic curve of energy spectrum



Fig. 17.3-3 is a one-dimensional energy spectrum, where the distribution function E;(n) is similar
to a probability density function.

The contribution to v,'2 of the frequencies between n and n + dn is given by v,2E,; (n)dn.

By definition, [,” E;(n)dn = 1

The one-dimensional energy spectrum can be measured by a hot-wire anemometer. Signals from the
wire are time-averaged to get v, and the original signals v, are subtracted v, to get v,’. Then the
fluctuations v,’ are passed through a filter circuit which can filtrate the oscillations between n and
n + dn. The filtrated oscillations are squared and time-averaged to get v,"2E; (n).

At the present time, a digital computer is often used for the statistical analyses of this kind. Signals
of fluctuating velocities are first digitalized by an AD converter and stored as a time history into the
memory of the computer. The energy spectrum can be obtained from the Fourier transforms of the
fluctuating velocity vs. time record.

Turbulence is dissipative. The smaller an eddy, the greater the velocity gradient within the eddy.
Therefore the viscous shear stress counteracts the very high frequency eddying motion. There is a
statistical lower limit to the size of the smallest eddy. The highest frequency range in the energy
spectra corresponds to the smallest eddies. Even the smallest eddies are far larger than the mean
free path of the molecules of the fluid. That is, turbulence is a continuum phenomenon. The kinetic
energy of turbulence is always converted into the internal energy (heat) of the fluid owing to the
deformation work by viscous shear stresses in the smallest eddies.

Therefore turbulence needs a continuous supply of energy to make up for the kinetic energy loss.
The kinetic energy is extracted from the mean flow by large eddies which correspond to low
frequency range in energy spectra.  The generation of small-scale fluctuations is due to the
nonlinear interaction of large-scale fluctuations.

Suppose two components of velocity fluctuations to be of the form:

Vy = Yom Ay COS 2Tmt (17.3-2)
vy, = Xn By cos2mnt (17.3-3)
The product of these two functions implies the nonlinear interaction as follows:

v, = Yo Xn A By cos2mmt cos 2mnt (17.3-4)

= ZmZn%AmBn (cos2m(m + n)t + cos 2m(m — n)t)
Here the higher frequency fluctuations cos2m(m +n)t and the lower frequency fluctuations
cos 2(m —n)t are produced due to the nonlinear interactions cos2mmt and cos 2nnt. In the case
when m = n, the time-average lower frequency component cos2m(m —n)t implies the effect of
velocity fluctuations on the mean motion:
v, =0 (m # n)

= Yn3 AnBn  (m=n) (17.3-5)

This suggests that the mean velocity distribution is distorted owing to the nonlinear interaction. As
shown in Fig. 17.3-4, in this manner, a spectral energy transfer from the energy-containing eddies
(large eddies) to smaller eddies occurs. Finally the viscous dissipation occurs by the smallest eddies
approximately at the same rate as the production of the kinetic energy. This also suggests that the
structure of turbulence is in dynamical equilibrium in which local inputs (production) of Kinetic
energy balance local losses of kinetic energy.
Therefore we need a measure of eddy size and often determine the extent of the flowfield where the
fluid motion (e.g. velocities) have a certain correlation with each other.
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Fig. 17.3-4. Spectral energy transfer by nonlinear interaction of velocity fluctuations

17.3-2 Spatial and temporal correlations ----- Definition of eddy sizes

The size and orientation of eddies can be defined with the aid of the spatial correlation between
fluctuations measured simultaneously at two positions.

From the Eulerian point of view, a longitudinal velocity correlation coefficient f(r) is defined
between the longitudinal velocity fluctuation components measured at two points, the distance of

which is 7:
_ V! (X) V! (X+7) ]
fr)= - (17.3-6)

[

va’(x)z val(x+r)2

In homogeneous turbulent flowfield

\/vx’(x)z = val(x + r)z
Then
f(r) — V! () Vx ! (X+7) (173_7)

Vyl?

Fig.17.3-5 is a qualitative sketch of longitudinal velocity correlation.
vy (%) vy'(x + 1)

fo)
1.0

Fig. 17.3-5. Longitudinal velocity correlation



Similarly a lateral velocity correlation coefficient g(r) is defined between the lateral velocity
fluctuation components measured at two points, the distance of which is r:
Vy ! (X)Vy! (X+17)

2

g(r) = (17.3-8)

Vy

Fig.17.3-6 is a sketch of lateral velocity correlation.
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Fig.17.3-6. Lateral velocity correlation

These space correlations can be measured by using two sets of hot-wire anemometers. One
hot-wire is fixed at a position x and the other is placed at any arbitrary position x + r. Signals
ve(x)and vy (x +7) from the two hot-wires are subtracted their time-averaged values
v,(x) and v,(x +r) to get their fluctuations v,'(x) and v,’(x + r). Their fluctuations are multiplied
each other with zero time delay and averaged with respect to time to get the correlation
v, (X)v,(x + 7). If the two fluid elements are very close together, they must be moving at nearly the
same velocities. That is, there is a high degree of correlation between the two fluid elements.

From definition, f(0) =1 and g(0) =1

As the distance r increases, the correlation becomes low. We often need a measure of the size of
larger eddies which contribute very much to convective transfer of momentum, heat, and mass. In
particular, the surface renewal motion due to those large-scale eddies in the neighborhood of the
interface is very effective in interphase heat and mass transport.

As the Eulerian macroscale of turbulence, two integral length scales are defined:

Ap = [ f(r)dr (17.3-9)
Ag = [ g(r)dr (17.3-10)
They are considered to be a measure of the largest space interval in which two velocity fluctuations
are correlated with each other, i.e., the fluid elements at two points move substantially in the same
direction.

From Lagrangian point of view, another correlation coefficient can be defined between velocity
fluctuations of the same fluid particle at different times:

R, (1) = BEY200 Y 44T (17.3-11)

Ux’(x'l)’»z)z
This is known as the Lagrangian autocorrelation coefficient.
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Fig. 17.3-7. Lagrangian autocorrelation

Fig. 17.3-7 is a sketch of Lagrangian autocorrelation. This autocorrelation can be calculated with
the aid of time-delay circuit from the fluctuations measured by a hot-wire anemometer.

A Lagrangian integral time scale is defined by
= [ R, dr (17.3-12)
This can be considered to be a measure of the longest time interval during which v,'(t) is
correlated with itself, i.e., a fluid element persists in a motion in a given direction.

If a homogeneous turbulent flowfield has a constant mean velocity v,
Ar = 30y, (17.3-13)
These macroscales of turbulence are of great importance in connection with turbulent transport of
momentum, heat, and mass.

17.4 Velocity Distribution of Turbulent Flow inside a Circular
Pipe

Let us derive the turbulent velocity distribution in the fully-developed region.

The total shear stress has a linear distribution whether the flow is laminar or turbulent:
T

Trz = 2 Tw (17.4-1)

We may use three layer concept although the velocity change in the radial direction is continuous:
the viscous sublayer, where viscous effect is predominant; the buffer layer, where the viscous and
turbulent effects are of comparable importance; and the turbulent core, where purely viscous effect
is of negligible importance. It can be considered that the time-smoothed velocity at a point is a
function of local conditions from the wall of the pipe. Therefore the distance from the wall
y = R —r isused instead of r as the transverse coordinate.

[EXAMPLE 17.4-1] Dimensional Analysis
Show that the time-smoothed velocity distribution in turbulent shear layer should be a function
of two dimensionless groups by application of dimensional analysis:
7o =/ (5) (17 41
Solution: If we denote characteristic velocity and length by U and Y, respectively, we can
formally express the velocity distribution as

=) (17.4-E2)
The time-smoothed velocity is a function of local conditions from the nearest wall. Thus

%: yTWa Qb#c = (LM?)a (Lﬂg)b (%)C = Jl-a—3b—c pra+b+c p7-2a-c (174_E3)




In order that the right side of EQq.(17.3-E3) should be dimensionless, a =1/2, b= 1/2,
and ¢ = —1.

This implies

gz y ZW/Q =yt (17.4-E4)
Similarly

Vx _ Ty T,y A 0BuC = [17A-3B=C MA+B+C T-1-24-C (17.4-E5)

U

The right side should be dimensionless. Then A= —1/2,B= 1/2, and C = 0.
This implies

Vx_ _Yx _ o+ _

U Teulo u (17.4-E6)
As a result

ut = f(y") (17.4-E7)

We have found that the velocity distribution should be expressed using the above functional
form.

Viscous sublaver
In the region very close to the pipe wall, the shear stress will vary only slightly from t,, and

the turbulent effect is negligibly small. Thus

Ty = 0V Z—ZZ (17.4-2)

Rearranging the terms dv, = % dy and integrating in dimensionless form,

v,  _ yJww/e
Jiw/e v + G

Using the boundary conditionthat v, =0 at y =0, C; must be zero.

We get the velocity distribution in the viscous sublayer:

ut =yt (17.4-3)
The term /7,,/0, which has the dimension of velocity, is called the friction velocity.

The friction velocity is denoted by u*.

Buffer layer
In this layer, the laminar and turbulent effects are both important. We cannot derive analytically

the velocity distribution. One of empirical equations is
ut = —3.05+5.00Iny* (17.4-4)

Turbulent core
In this region, the turbulent effect is predominant. The total shear stress can be written as

Ty = T = oy G (17.4-5)
Assuming that the RMS velocity w;, in the transverse direction is proportional to the RMS velocity
uy, in the axial direction:

W, = C, ul (17.4-6)
For small y,
W =Kl, dd;z (17.4-7)
Then we obtain

—\2
1, = 10 = ol,° (dd;Z) (17.4-8)

The numerical coefficients C, and K are absorbed in the unknown mixing length 1,,.
From the shear stress distribution
_ —\2
T, = T, (RTY) = oly? ( dd’;Z) (17.4-9)
The equation of motion for turbulent pipe flows can also be written as




_ Pyp—P, 1d
0= ~ rar (T' Trz) (174-10)
where 7,, = 0 + 9
Integrating with the boundary condition t,, =0 at r =0,
(Po— PR T

TT'Z 2 L R TW

r
_ R
That is
7, = LoAR (17.4-12)
This implies that the frictional force at the wall balances the pressure force acting on the flow
cross-section whether the flow is laminar or turbulent. It is known that the turbulent velocity profile
is almost flat in most part of the flow cross-section and that the steep velocity change takes place
near the wall.

Then Prandtl assumed that 7,., do not vary markedly from its wall value z,,

dv,\?

T, = 1= oly”( d’;) (17.4-12)
This assumption made in the turbulent core should be considered as a very rough estimation.
Further, he assumed that the mixing length [,, is simply proportional to the distance from the wall,
that is

ly= Ky (17.4-13)
Thus the equation to be solved becomes
—\ 2

w_ 2,24 ,
= K2y ( dy) (17.4-14)
Taking the square root
av; _ u® (17.4-15)
dy Ky
Integrating from the outer edge of the buffer layer y,,,
U~ Vg = - U 1nylb (17.4-16)
In dimensionless form

gt = L -
u u; = Klny;r (17.4-17)

We may expect that experimental turbulent velocity profiles will give a universal curve in u*, y*
coordinates that is logarithmic over the turbulent core and linear immediately adjacent to the pipe
wall.

The universal velocity profile empirically obtained is expressed by

Viscous sublayer y*t <5 ut = y* (17.4-18)
Buffer layer 5 <yt <30 ut = —-3.05+50Iny"* (17.4-19)
Turbulent core y* =30 ut = 55+25Iny* (17.4-20)

From many experimental data, it is known that the universal constant x is given by 0.4. The
above semi-empirical universal velocity distribution law is valid over a wide range Re > 20,000
in the magnitude of time-smoothed velocity. However the three-layer model involves discontinuities
in eddy diffusivity &,, and non-zero velocity gradient at the pipe axis because the model does not
take into consideration the continuity in velocity gradients at the boundaries of these three layers.
In particular, Eq.(17.4-20) cannot meet the real boundary condition dv,/dr =0 at r = 0.

[PROBLEM 17.4-P1] As a set of universal velocity distribution for a circular tube flow, Egs.
(17.4-18~20) were obtained. Plot the dimensionless velocity against the dimensionless distance
from the wall u*vs.logy* in a semi-logarithmic coordinates. A Newtonian fluid
(p = 1,000 kg/m3, u=0.0012 Pas) is flowing in at an average velocity (v,)=1.5 m/s in a
circular tube (inside diameter D; = 1.0 m). What is the friction factor? What is the wall shear
stress 7,,? In this fully-developed turbulent flow region, obtain a radial distribution of the
time-averaged axial velocity v,/(v,)vs. r/R.



17.5 Turbulent Structure and Role of Eddies

17.5-1 Turbulent structure in a circular pipe flow
Let us study again a turbulent flow in a circular pipe from a viewpoint of chemical engineering
processes. Fig. 17.5-1 shows the radial distributions of the turbulence intensity and the Reynolds

stress.
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Fig. 17.5-1. Schematic picture of radial distributions of turbulence intensity and Reynolds stress

The turbulence intensity of the axial component velocity fluctuations v,’2 is much larger than those
of other components v,’2 and v,’2 in the main part of the flowfield and becomes a maximum in
the vicinity of the pipe wall. However, as the pipe axis is approached, the flow becomes nearly
isotropic: v,'2 = vy'2 = v,'2.

The Reynolds stress also shows a maximum in the vicinity of the wall. The buffer layer can be
considered as a constant source for the turbulent kinetic energy. The turbulent kinetic energy v,
is produced from the gradient of the mean velocity ov,/dr through the Reynolds stress — v,.'v,’
mainly in the buffer layer (y* = 15), where both av,/ar and — v,'v,’ are very large. Large eddies
generated in this region are called “the energy-containing eddies” since they have the largest energy
density E;(n)mqr In the energy spectrum.

The integral scale A; is determined mainly by the size of the larger energy-containing eddies.
Even in the fully-developed flow, there exist more permanent largest eddies, which contain much
less energy than the energy-containing eddies. In the vicinity of the wall the spectral energy-transfer
occurs from the energy-containing eddies (low frequency) to smaller and smaller eddies (higher and
higher frequencies).

The rate of energy production is nearly in dynamical equilibrium with the rate of energy

dissipation. We should know that this kinetic energy balance is utilized for the principle of scale-up
design of an agitated vessel. (see Section 20.3)
Still there is a turbulent diffusion flux of the residual kinetic energy from the energy-producing zone
toward the pipe axis. This is the only supply of kinetic energy in the central part where there is no
source of turbulence energy. Thus the energy transferred by turbulent diffusion is consumed by
dissipation. This implies that the energy-containing eddies in the energy-producing zone are much
larger than those in the central part and that the dissipating eddies in the energy-producing zone are




much smaller than those in the central part. In the turbulent core large eddies are elongated in the
z-direction: the integral scale A, in the z-direction is larger than the integral scales A, inthe r-and
6 -direction. It is known that at high Reynolds numbers, for example, A becomes of the order of
0.5 R whereas A, is of the order of 0.2 R.

17.5-2 Roles of turbulent eddies in transport processes

When we study various processes involving heat and mass transports, it is necessary to
distinguish fluid particles (small eddies) from fluid lumps (large eddies).

Fluid particle is a very small volume of the fluid (of the order of microscale), but far larger than
the mean free path of the fluid molecules. Within such a fluid particle, the velocity, temperature, and
concentration can be assumed uniform. Fluid lump is a much larger volume of the fluid which
consists of a large number of fluid particles. The size of such a fluid lump is of the order of the
integral scale and as big as the width of turbulent flowfield (e.g. the radius for pipe flows, the
half-radius for free jet flows, and the thickness for boundary layer flows).

In usual turbulent flows, the turbulent transport of momentum, heat, and mass is controlled
mainly by fluid lumps. However the size of the eddies which play a predominant role in heat and
mass transfer may be slightly different from that of the eddies controlling momentum transfer.

Turbulent diffusion is one of the most important factors in chemical engineering. Chemical
engineers make use of turbulence to mix and homogenize fluid mixtures as well as to accelerate the
rates of heat and mass transfer. Chemical reaction rates are often accelerated by turbulent mixing.
For heterogeneous chemical reactions such as the liquid-liquid reaction in an agitated vessel, the
relative size between the discrete liquid particles and the surrounding eddies is an important factor
in relation with the rate of reaction. If the Reynolds number is raised in an apparatus, the integral
scale remains almost constant but the microscale tends to become small: a turbulent flow at a
relatively high Reynolds number has a relatively “fine”” small-scale structure. Combustion processes
also involve turbulence and often depend on the turbulent mixing and diffusion of fuel gases and
oxidizer. For mist flow in pipes of boiler, the relative size between small water droplets and
turbulent eddies of steam stream may be an important factor in consideration of the turbulent
diffusion of water droplets toward the heat transfer wall.

In this text, the film theory was mainly adopted for the study of heat and mass transfer across the
interfaces separating phases.

However it should be kept in mind that the recent hydrodynamic studies pay attention to the
turbulent eddying motion near the interface. There are many attempts to relate the turbulent energy
spectrum to mass transport behavior near the gas-liquid interface from a viewpoint of large
energy-containing eddies which control the mass transport rate.

Very recently various sophisticated statistical studies have demonstrated with the aid of
visualization techniques the existence of “coherent” (or well-ordered) structure in the wall layer of
wall-bounded turbulent flows: there are intermittent large-scale interactions between wall layer and
outer layer. The low-speed streaks of fluid are lifted up (ejected) from the wall by the stretched
vortex-like structure, and then the high-speed outer layer appears by the sweep motion called
“bursting.” It plays an important role in the production of turbulence and the turbulent transport
processes. There are some attempts to relate the interphase transport rates to the intermittent
renewal of fluid lumps near the interface by bursting motion.

Nomenclature

Cy molar concentration of component A, [kmol/m3]

Cp heat capacity, [J/kg K]

E (n)  one-dimensional energy spectrum, [ - ]

f) longitudinal velocity correlation coefficient, [ - ]
g lateral velocity correlation coefficient, [ - ]

I electric current, [A]



j mass flux, [kmol/m?s]
Iy, ly, lp  mixing length of momentum, heat, and mass, [m]
1 Lagrangian integral length scale, [m]
p pressure, [Pa]
q heat flux, [J/m?s]
R electric resistance, [ Q] or pipe radius, [m]
Re Reynolds number, [ -]
R;» Lagrangian correlation, [ -]
r radial coordinate, [m], or distance between two points of lateral correlation, [m]
T temperature, [K]
Tu turbulence intensity, [ - ]
t time, [s]
u* friction velocity, [m/s]
ut dimensionless velocity = —=2
Vtw/e
vy, Uy,  Velocity component in rectangular coordinates, [m/s]
X,Y,Z rectangular coordinates, [m]
yt dimensionless distance from wall = y+m
AM momentum deficit, [kg/m?s]
ey, €, €p  eddy diffusivity of momentum, heat, and mass, [m?/s]
K thermal conductivity, [W/m K]
As Eulerian integral longitudinal length scale, [m]

A Eulerian integral lateral length scale, [m]

u viscosity, [kg/m s]

v kinematic viscosity or diffusivity of momentum, [m?/s]:

p density, [kg/m°]

T momentum flux or shear stress, [kg/s?m] or [N/m?] or time difference, [s]
R time scale, [s]

Superscripts

¢ fluctuation
time-averaged

) laminar

) turbulent

Subcripts

A component A

w wall



CHAPTER 18

BOUNDARY LAYER THEORY

18.1 Stream Function?

For a two-dimensional, incompressible flow, i.e., p = const, and 9 /dz = 0, the equations of
continuity and motion are given by

a
Py aiyy = (18.1-1)
vy vy _1dp (6 vy azvx) )
Vet vy R e + 5 (18.1-2)
vy gvy _ _10p (a”y a”Y) ]
ot oy T TtV Gt 5 (18.1-3)

The set of equations can be simplified into one equation with one unknown variable by
introducing a new function y(x,y) called “stream function.”
The function is defined so that the equation of continuity is satisfied automatically:

Uy = g—;l: and vy = — Z—lf: (181-4)

Since 1y isa function of x and y, the total derivative is

dyp = 2~ dx+% dy = — v, dx + v, dy

If Y =const(i.e.,, dyp =0)

i =2 (18.1-5)

dxly=const B Ux

The path ¥ = const is seen to represent a streamline since the streamline is tangent to the velocity
vector

V= v, 1+ v,7] (18.1-6)

Fig. 18.1-1 indicates definition of stream function.

P = const

Fig. 18.1-1. Definition of stream function



Differentiating Eq. (18.1-2) with respect to y and Eq. (18.1-3) with respect to x and combining
these two equations to eliminate the pressure terms, we get

0v, 0vy\ (dv, 0Jv, d 0\ (dv, O,
G+ %) G~ 5+ (e i) (- 50)
— oy (94 9%\ (Fvx_ Ovy .
=V (axz + ayZ)(ay ax) (181 7)
Substituting ¥ into Eq. (18.1-6)
oY d oY 0 62¢+ 0%y B ik N 02 62¢+ 9%y
((’)y ox Ox E)y) ax2 ~ dy?) V\ox2 ay? J\ ox? = 0dy?

Then we get a fourth-order differential equation with one unknown, :

_owvry) 4 -
oGy vV w. . - : . o (181:9)
Still its general solution is very difficult owing to its nonlinearity.
Here
2_ 0% | 0% O I R )
ve= dx2 + dy? and V*= (axz + ayz) (axz + ayz) (18'1 9)

or.9) _ |0f/0x Of/0y| _ or ag _ of og
oxy) lag/ox dg/dyl oxay oy ox
The equation for two-dimensional flow (i.e., v, =0 and 9 v,./dz = d vg/dz = 0) can be

expressed in cylindrical coordinates:
2
— l M = v V41l1 (18.1-10)

r a(r0)
o 10 107
) ) _ T or2 ror 12062
Here the stream function 1 is defined as
_ 1oy .
U= - and vy = oy

[PROBLEM 18.1-1]
For an inviscid uniform fluid flow over a stationary cylinder (radius R), the stream function can

r

Voo 6/

be expressed as
RZ
l/) = Vg <T — T)sm@

The circle r = R itself must be a streamline.
Draw the streamlines around the cylinder and obtain the velocity components v, and vg.

18.2 Boundary Layer Solution of Laminar Flow along a Flat Plate?

This example is instructive for the understanding of local variations of friction factor and Nusselt

number in developing flows.
As shown in Fig. 18.1-2, the flat plate is heated at constant wall temperature T,,.



The approaching fluid has uniform velocity v, and uniform temperature T,..

The thickness of the velocity boundary layer is defined as follows.

Usually the thickness & is taken as the distance away from the surface of the flat plate where the
velocity reaches 99% of the free-stream velocity. Similarly the thickness of the temperature
boundary layer &4 is defined as the distance away from the surface (the outer edge of the boundary
layer) where the fluid temperature reaches 99% of the free-stream temperature.

Obtain the expressions of local friction factor and local Nusselt number in terms of local
Reynolds number.

1. Bird, R. B., Stewart, W. E., and Lightfoot, E. N., “Transport Phenomena,” Wiley, New York (1960)
2. Schlichting, H., “Boundary Layer Theory,” 4" ed., McGraw-Hill, New York (1960)
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Fig. 18.2-1. Boundary layer flow along a heated flat plate

The local Reynolds number called “length Reynolds number” is defined using the distance x
from the leading edge:

The following two-dimensional flow equations can be applied:
vy vy, 1dp 0%v, . 0%v,

ng + yg = — ;5 + v (W 6_3/2) (18.2-2)
oT aT o1 | 9%T

Uy Ir + vy E =« (ﬁ 6_3/2) (18.2-3)

where v= u/p and a = k/pCp.

The free stream velocity outside the boundary layer and pressure are kept at

dP
Vs = const and = 0

X
For convenience, the temperature T is replaced by the temperature difference T, — T.
When the Reynolds number is sufficiently large, the thickness of the boundary layer is very small
as compared to the x-directed (streamwise) distance. Therefore the variation of the x-velocity and

temperature is very small in the x direction than in the y direction.
9vx o Ovx or . 9T
> < 3y and 7> & 3y
The boundary layer equations to be solved become

vy 0vy _
Pry 2o (18.2-4)

Ve Ty = Vo (18.2-5)



o(Tyy—T) o(Tyy—T) %(Ty,—T)
UXT + Uy T = a 6—3/2 (182-6)
If the Prandtl number is unity, i.e., Pr = 1, Egs. (18.2-5) and (18.2-6) are the same in form. This
suggests that the dimensionless velocity profiles are coincident with the dimensionless temperature
profiles.

From the equation of continuity Eq. (18.2-4),

= — [J %= dy (18.2-7)
Substltutlng thls equation into Egs. (18.2-5) and (18.2-6),
vy avx y avx 0%,
Vx ox f dx v dy? (18.2-8)
O(Tw— T) 6(TW—T) Y 0vy q LGw=D)
x x J.0 dx d dy?2 (18.2-9)

The boundary condltlons are
BCl y=0:v,=0

BC2 y=26: 1= vy (18.2-10)
BC3 y=0:T,—T=0
BC4 y=6:T,—T=T,—Ts (18.2-11)

It is reasonable to assume that the velocity profiles and the temperature profiles are
respectively similar at various distances from the leading edge. This implies that the velocity
distribution curves and the temperature distribution curves for various distances can be made
coincident with one another by selecting the free-stream quantities v, and T,, — T.,, and the
boundary layer thickness § and &, respectively. The principle of similarity in the velocity and
temperature profiles can be analytically expressed as

¢ () == M= 35 (18.2-12)
T, —T

Ot = 0= =3 (18.2-13)

n=y/8 nr= y/8r

1
¢ = ve/Ve 0= (T —1)/(Tw— Tx)

1

Fig. 18.2-2 Velocity and temperature profiles based on similarity transformation

The boundary layer thickness § and 8y are a function of x. Egs. (18.2-12) and (18.2-13)
constitute a very important set of variables for a variable transformation, known as the similarity
transformation. It is further assumed that the ratio of §; to § is a constant independent of the
developing distance x:

A= 6;/6 = const (18.2-14)

Using the new variables the boundary layer equations can be transformed as follows.

v v d(S
vxa;_ 77¢¢ °(; dx

0V, avxd 3 ,f” ' Vo’ d &
oy ), ax =\ ) nedn )5

0%v, .
v 6y2:v§¢




Then Eq. (18.2-8) becomes

! ! ! d6 n
(@' Jfyn¢'dn — nd'd)s-= ¢ (18.2-15)
where ¢' = d¢/dn.

Using 67 = 6 A,

2 Tw—T ! oo(Tw_Too) aé
vx(ax)z_nT@¢v 5 ax

d(Tyw—T) Yy 0vy _ r N r Voo (Tw—Too) d_‘s
- oy foady_efon()bdn AS dox

0*(Ty, — T)  a(Ty —Tw) .
R R P E P

Then Eq. (18.2-9) becomes
N[ [T ng'pdn— 109|650 = 2o (18.2-16)
where @' = dO/dny.
If Eg. (18.2-15) is integrated over the boundary layer thickness (from n =0 to 1), a
first-order ordinary differential equation for § can be obtained:

(¢ Jyne'dn = n'¢)dnsSi= = = ¢'(0) (18.2-17)

in which the boundary condition dv,/y =0 at y = & has been applied. If the velocity
distribution function ¢(n) is known, the above equation can be solved. Therefore a polynomial of
the fourth degree is assumed:

oM =a+bn+cn*+dn®+ent (18.2-18)

Five boundary conditions necessary to evaluate the five unknown constants, a,b,c,d, e are
considered for an approximate distribution function, shown in Fig. 18.2-3.

7 BCL n=0: ¢=0

BC2 n=0: ¢"=0

$(1) =1 BC3 n=1: ¢=1

1 ') =0 BC4 n=1: ¢ =0

$"(1) =0 BC5 n=1: ¢"=0

$(0) =0

¢"(0) =0 | .
n=20 1 ¢

Fig. 18.2-3. Approximate velocity distribution function

The second boundary condition can be obtained by taking the limit of the boundary layer equation
as y goesto zero. The condition states that the second derivative of the velocity v, atthe wall is
equal to the pressure gradient. The fifth condition implies that the velocity curve has a point of
inflexion at the outer edge of the boundary layer.

Thus the approximate velocity distribution is obtained:

¢ =2n-2n+n* (18.2-19)
Substituting the above function into Eq. (18.2-17)
sl B0y (18.2-20)
dx 37 Voo
Integrating with respect to x
§= [220Y 4 (18.2-21)
37 Vo

in which the initial condition (at x = 0, § = 0) has been used. The local friction factor f, can be
defined as



_ Ty (x)
fx = T v? (18.2-22)
Applying the polynomial velocity function to the Newton’s law of viscosity,
o x| Ve prgy = |37 PHV’ ;
W@ =nGy| = P O= (18.2-23)

Substituting into Eqg. (18.2-22), the local friction factor can be obtained in a function of length

Reynolds number:
£ = \/148/315 _ 0.685 (18.2-24)

m T Re,l/?
Regarding the temperature boundary layer, in the same manner as in the approximation of velocity
function, we get the following polynomial function for the temperature distribution:
Omr) =2nr —2n7° + nrt (18.2-25)
The boundary layer thickness ratio A has two possibilities : A<1 and A>1. If Pr=1, A
becomes unity. We consider the case when the temperature boundary layer is thinner than the
velocity boundary layer: A < 1.
The relation between n and 7y is

n=nrl (18.2-26)
Integrating Eq.(18.2-16) over the temperature boundary layer thickness (from 7n; = 0 to 1),

1re’ A / ’ aéd ,
8 S T erp dn — 0@ p(ret)| dnr 628 = — -0'(0) (18.2-27)

in which the boundary condition (dT/dy = 0 at y = &) has been applied.
Dividing Eq.(18.2-27) by Eq.(18.2-17)

= 18.2-28

o (¢" I3 n¢'an—ne'¢)dn Pr ¢1(0) ( )
Substituting Egs.(18.2-19) and (18.2-25) into Eq.(18.2-28) and calculating the integrations, we get
LA a5y A= 2L (A<) (18.2-29)
15 . 280 36(_) @30 Pr . L
The six-order algebraic equation can be approximated within 5% error by
A= pr-1/3 (18.2-30)
According to Fourier’s law

— T 1 — -
qx(x) = K o),y = 6 (T — Tw) (18.2-31)
The local heat transfer coefficient and the local Nusselt number are defined as
qw = hy (T, — T) (18.2-32)

_ M _ dw X _
Nu, = —== —2—— T 7o) (18.2-33)
By using Egs. (18.2-21), Eq.(18.2-30), and (18.2-31), Eq.18.2-33) becomes
2 37

Nuy = =2 | Re,/” Pri/3 = 0.343 Re,M/? Pr1/3 (18.2-34)

It has been found that the local friction factor is inversely proportional to the square root of the
local Reynolds number (length Reynolds number) and that the local Nusselt number is proportional
to the square root of the local Reynolds number and the 1/3 power of the Prandtl number.

The j-factor for heat transfer is defined as

Nu,

Jix = 7o peirs (18.2-35)
If the j-factor is calculated from Eq.(18.2-34)

. 0.343

Jux = poarz (18.2-36)
From Eq.(17-2-24)

fr 0.343

It has been demonstrated that the analogy j, = f,/2 between momentum and heat transfer holds



exactly between momentum and heat transfer for laminar boundary layer flow over a flat plate.
If we continue this approach of the boundary layer over a flat plate similarly for mass transfer, the
following result can be obtained for laminar flow:

Sh, = 0.343 Re, /% Sc1/3 (18.2-38)

where the Sherwood number is defined as

Sh, = £ (18.2-39)
Dap

It has been confirmed that the Chilton-Colburn analogy relation exists between heat and mass
transfer

Jp = Ju (18.2-40)
where the j-factor for mass transfer is defined as

, Shy

Jpx = W (182-41)

Similar method is available for turbulent boundary layer flow.

This boundary layer theory gives a valuable concept for the analogy between momentum and heat
transfer. The section of convective heat transfer in a circular pipe flow in Chapter 8 also gives the
same analogy relation Eq.(8.2-14).

18.3 Integral Equation of Boundary Layer Flow

18.3-1 Momentum integral equation of boundary layer flow over a flat plate
It is usually difficult to obtain an exact solution of the boundary layer equations.

An approximate method is available to overcome this difficulty.

The boundary layer equation for steady two-dimensional flow in the x-direction is

Ay vy d 9%vy
p(vx ; + v, %) = —£+ u ayvz (18.3-1)
The equation of motion for external flow (potential flow) is
proTe= — P (18.3-2)
Substituting Eq. (18 3-2) into Eq. (18.3-1)
”x% t vy aaiy = dv°° +v aayvz (18.3-3)

Integrating this equatlon Wlth respect toy fromy =0 (wall) to y = &§ (the outer edge of the
boundary layer)

) vy 0vy Adveo v, 6 _ Tw
fO (Uxa + vy E— Voo E) dy = u—= oy |, = — ? (183-4)
Substituting the equation of continuity: v, = — [ ‘2”;‘ dy

) vy 0vy Y vy Adveo _ Tw _
fo(xa_ fo o W WW) dy = - p (18:3-5)

The second term is integrated by parts

81 v, (¥ Ov, 5 9v, 5 9,
L(@Laﬁﬁw—%ﬂaW‘LWaW
Then Eq. (18.3-5) becomes

_[6(2 av, av, dvoo> gy = Tw
0 ox T " ax T Tax ) T
This equation can be contracted to

dVeo w
Jy 5 (0w = 2)) dy + B2 [0 (00 = v)dy = 2 (18.3-6)

The following two meaningful thicknesses can be introduced



5
VoOp = j (Voo — v)dy
0

5
PVeoVoo Oy = pf Uy (Voo — v )dy
0

where 8, and &, are the displacement thickness and momentum thickness.
The integral equation becomes

Tw d dvoo

wo_ 2 -
) = ax Veo Omt VeoOp - (18.3-7)

This is the boundary-layer equation in integral form, which is valid both for laminar and turbulent
flows.
Therefore this equation is useful for a macroscopic analysis of turbulent flows.

18.3-2 Energy integral equation of boundary layer flow
The thermal boundary layer equation is given by

oT aT _ 22T
Ux 55 + vy i a a2 (18.3-8)
Substitutlng the equation of continuity
aT yovs 4 92T
Vx o f ax - a ay? (18.3-9)

Integratlng from y =0 to y = 6y (the outer edge of the thermal boundary layer)
St

ff?T( oT anyavxd )d oT T

Vy =—— —=— =a —| = ——

0 ox oy Jy ax V)T %y 0 pCp
Usingatemperature difference ® = T, — T inplaceof T

6 6@ a X w

Iy (ve 52 fy “ dy)dy = - (18.3-10)

The second term is mtegrated by parts

ffsrae yavxd e 8 fTav"d fSTaav"d
anoaxyy_“’oaxyo ax

Since the first term becomes zero, the equation reduces to

o1 d0 0 v, Aw
J; (”"WJ’ o Bx)dy_ oCp

That is

a (or — _ 9w -
Il Tevedy = — 2 (18.3-11)

This is the boundary-layer energy equation in integral form, which is also valid both for laminar and
turbulent flows.

18.3-3 Turbulent boundary layer flow”

As shown in Fig. 18.3-1, in the initial section of laminar boundary layer, the boundary layer

thickness increases with the length Reynolds number Re,. Eventually its instabilities cause the

boundary layer to become turbulent. For the level of free-stream turbulence 0.5%, the critical length

Reynolds number for transition on a smooth flat plate with a sharp leading edge can be assumed as
3 X 10° < Re, < 5 x 10°

1. Schlichting, H., “Boundary Layer Theory,” 4™ ed., McGraw-Hill, New York (1960)
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Fig. 18.3-1. Transition to turbulent boundary layer on a flat plate

The transition region, which is unstable and oscillatory in nature, has a finite length. Owing to the
transverse exchange of fluid elements, the velocity distribution in the turbulent boundary layer is
much flatter than that in the laminar boundary layer.

If a thin wire (called “tripping wire”) is mounted near the leading edge of the flat plate, a
turbulent boundary layer starts to grow from the beginning.

The integral form of the boundary layer equation can be used as a simple tool for analyzing
difficult turbulent boundary layer flows. In addition, a simple solution can be obtained if a
one-seventh power law is assumed for the velocity profile in the turbulent boundary layer.

For moderately high Reynolds numbers, the one-seventh power law is of the form:
ut =874y
From the definition of u* and y*
w1/7
v, = 8.74v* (yv” ) (18.3-12)

where v* = /1, /p is called “friction velocity.”
At the outer edge of the boundary layer
ut =v,t at y=96
Applying Eq. (18.3-12) at the outer edge (y = 6), the wall shear stress is calculated as
-1/4
T, = 0.0225 p v,,2 (‘s :°°) (18.3-13)
Substituting the power law into the defining equations of displacement and momentum thicknesses,

8 1
Voo Og = f Woo — V) dy = = Vo0
0 8

P Vo2 O = P f06 (Voo — v)dy = 0.0972 p 1,2 &
For this case (uniform constant velocity free stream)

=0 (18.3-14)
Therefore the integral momentum equation becomes
w_ 4 2 .
= Ve Om (18.3-15)
Substituting Eq.(18.3-13) into Eq.(18.3-15)

1/4 48 _ v\ ,
51422 = 0231 (w) (18.3-16)

Integrating this with the boundary condition § =0 at x =0,
4 v\ 1/4
= §%/* =0.231 (—) X
5 Voo

From this equation, the following equation is obtained as a result:



> =0.37 Re,” /° (18.3-17)
It has been found that the dimensionless thickness of the turbulent boundary layer &6/x decreases
with Re,~'/°.

Combining the defining equation of local friction factor with Eq.(18.3-13),
fe = gprfwz =2 % 0.0225 (g“v’w) Yt _ 0058 Re,~ /% (18.3-18)
This is a very important result. As distinct from the laminar boundary layer, the local friction factor
is correlated well with Re, ™ /°.
This equation is in good agreement with experiments for Re, up to several millions.
For the case of turbulent heat transfer from a heated flat plate,

— Nux ~C Re -1/5

Jo = Re, Pr1/3 x
It should be kept in mind that the analogy between momentum and heat transfers still holds for
turbulent boundary layer flow. The empirical coefficient C is difficult to determine because of the
uncertainty in the location of the transition region.

18.4 Application of Stream Function (Impinging Flow)

Plane stagnation flow shown in Fig.18.4-1 can be solved using the stream function. Fluid
approaching from the positive y direction is turned aside by the plane y = 0. The free stream
outside the boundary layer has the following velocity parallel to the plane:

Uyp > CX AS y D@ (18.4-1)
This velocity can be obtained by the potential flow theory assuming non-viscous flow.

However the no-slip” condition should be satisfied at the surface of the plane.

.

A==

Fig.18.4-1 Stagnation flow impinging on a flat plane

The stream function is defined by Eq. (18.1-4):

] a
Uy = % and v, = —%
The equation to be solved is
2
_ T _ ) gy, (18.4-2)

2 (xy)



The boundary conditions are
oy

5, JCX asy-o® (18.4-3)
L=2L=0 at y=0 (18.4-4)
The first boundary condition suggests that the solution should be of the form

v=xs0) N . (18.4-5)
With this assumption, th(_e main differential equation reduces to

_fflu + flfll — Vfw (184-6)
where the primes denote differentiation with respect to y. This can be integrated once with respect
to y

P =ff"—vf" =K (18.4-7)

where K? is an integration constant. This equation can be simplified by a variable transformation.
Let us define

-t - |k -
=7 and n= /vy (18.4-8)
Then Eq.(18.3-7) becomes
(p”’ + ® (,0” _ ((p’)z +1=0 (184'9)

Here the primes denote differentiation with respect to .

The corresponding boundary conditions are

' -1 as n-o o (18.4-10)
p=¢" =0 at n=0 (18.4-11)
The solution numerically calculated from Eqg. (18.4-9) is shown in Fig.18.4-2.
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Fig.18.4-2. Numerically calculated solution of Eq.(18.4-9)

The x-component velocity ¢’ = v,/v,, becomes 0.99 when n = 2.4. This indicates that the
thickness of the boundary layer is given by

§ = nsyv/K =24,v/K (18.4-12)
It should be noted that the boundary layer thickness remains constant in the impingement region.
This velocity boundary layer thickness & also has a relation with the thermal boundary layer
thickness &;. The integration constant K depends on the flow condition such as the approach
velocity v)e.



18.5 Impinging Jet Heat Transfer1.2)

This kind of impinging flows are very often practically applied for heating/cooling and drying
technologies such as the drying of paper or film. For example, a free air jet issuing from a
convergent nozzle is made striking normally onto a large flat plate, as shown in Fig.18.5-1.

D

Convergent
nozzle

Potential
core
_puUD

Reg .

Uy

Geometrical

Heat transfer surface stagnation point

(Flat plate)

Fig.18.5-1. Schematic picture of jet impingement on a flat plate with heat transfer

When the nozzle-to-plate spacing is small, the free jet impinges on the flat plate without loss of
its initial velocity before it becomes developed. The central jet impingement region around the
stagnation point resembles the central region of impinging flow above-mentioned. An important
question arises as to where the flat plane as a heat transfer surface should be placed to maximize the
stagnation-point heat flux. When the spacing is large, the free jet becomes fully developed before it
impinges. In the fully developed free jet region, the jet velocity decays in inverse proportional to the
axial distance from the nozzle exit. The following impingement jet heat transfer correlation at the
stagnation point is available as an example?:

AP (R Nu ) (18.4-13)

Re/2pri/2 es1/2pr1/2 TF

where the constant C was empirically obtained to be 0.88 for gas flow Pr < 1 in our research.

The Reynolds number Re; = pD ﬁ/u and the turbulence intensity Tu = \/ﬁ/ﬁ are defined as
the quantities of free jet at the position of the heat transfer plate.

The coefficient e gives a factor of heat transfer enhancement due to the turbulence effect, which
can be considered as a function of Tu \/R_es defined on the centerline of the approaching jet. The
subscript TF implies the turbulence-free condition (laminar flow solution).

We should know that it is one of the appropriate methods effective for the augmentation of
convective heat transfer to strike a turbulent stream on a heat transfer surface like the above
example.

For example, a shell-and-tube heat exchanger usually has the shell-side structure striking the
shell-side stream on the tube bundles perpendicularly by the installed baffle plates.

1. Kataoka, K., Sahara, R., Ase, H. and Harada, T., J. Chem. Eng. Japan, 20(1), 71 (1987)f
2. Kataoka, K., Suguro, M., Degawa, H., Maruo, K. and Mihata, 1., Int. J. Heat Mass Transfer, 30(3), 559 (1987)



18.6 Boundary-layer Analysis for Velocity-gradient Measurement

In Chapter 14.4 it was introduced that an electrochemical method can measure local
velocity-gradient on the wall of liquid flow. A rectangular test cathode has ionic mass transfer on its
surface under the diffusion-controlling condition, where the bulk concentration of reacting ion is Cy4
but the concentration at the wall (cathode surface) C,, becomes zero. Therefore the ionic mass
flux on the cathode is given by
N, = I;/Fa = kC,

The velocity gradient s on the wall is given by
s =1.90 (I;/Fa C4)3(L/Dyp*) = 1.90 k3(L/Dy5?) (14.4-1)
Let us study again how this equation can be obtained by using the boundary layer theory in this
section.
The two-dimensional boundary equation of laminar mass transfer can be written as
aC, aC, 92C,
Ux o T vy Dy _ AB 5y7
Using the equation of continuity

GCA 6CA y avx — aZCA
ng— E fO ady = Dyp a_yZ (186-1)

y

C4 :Concentration of
Liquid stream of areactant fon VUx® i

an electrolytic solution i ve(%,y)
1
* CAUO !

—

CA vs]

acy
fo= DAB@

y=0 [

Leading edge /

of test cathode

Ca(0) =Caw =0

Mass transfer surface(test cathode)

Fig.18.6-1 Velocity profile and concentration profile on an isolated cathode

As shown in Fig.18.6-1, the concentration boundary layer begins from the leading edge of the
cathode while the velocity boundary layer has been developing from far ahead. Therefore within the
concentration boundary layer on the test cathode the velocity profile can be assumed linear:
v, = sy, Where s is the velocity gradient on the wall. In addition, the velocity change over the
streamwise length of the test cathode is very small: dv,/dx = 0.

The boundary layer equation reduces to

ac a%c
Sy a_; - DAB ayZA (186'2)

Dividing the equation by y to define a new (mass flux) function f = D,5(0C,/0dy) and then
differentiating with respect to y:

of _ 9 (Lof i
s %= Dus 3 (y ay) (18.6-3)
By the following variable transformation



Y= f/foo n=y/8c, 2= Dapx/s 6. (18.6-4)
where 6. is the concentration boundary layer thickness
The above equation is made dimensionless:

] a (10
2= p (; %) (18.6-5)
With boundary conditions

B.C. 1: at 1=0, Y=0 (18.6-6)
B.C. 2: at n=0, yYv=1

B.C. 3: at n= oo, Y =0

This equation can be solved analytically by the combination of variables by using then following
independent variable:

_ _n
X= oz
Finally the mass flux equation becomes
xY"+ B3 -y =0 (18.6-8)
The boundary conditions become:
B.C. 1 at y=0, yv=1 (18.6-9)
B.C. 2: at y=o0, Yy=0
The primes mean differentiation with respectto : ¢’ = dy/dy
The solution is

I xe X dy _
Y=< (e ax F(2/3) f xe ¥ dy (18.6-10)
Here the calculation procedure for solving Eq.(18.6-8) by the method of combination of variables is
omitted owing to the limitation of page allocation.

The concentration profile can be obtained by integration:

(18.6-7)

Caco 1 co
i dCy = = 5= [T fdy = (Cao = Ca()) (18.6-11)
The dimensionless concentration is given by

— Ca—Caw _ 3 0 _
A= o V91 [, wdx (18.6-12)
where

aC4

fo= Dz o (18.6-13)
Substituting Eq.(18.6-10) into the integration of Eq.(18.6-12), the following equation is obtained:

Y | I P75
A= 392 [m ) x{l 0 (18.6-14)
where T'(p, x) is called “incomplete gamma function,” which is defined as
[(p,x) = [ tP~letdt (18.6-15)
Since the mass transfer wall lies at y =0, F(g,)ﬁ) becomes TI'(2/3) and the second term
disappears.
The gamma function is also defined as
I'(p) = fooo xP~te ™ dx (18.6-16)

, Which gives T'(2/3) = 1.35411.
Then Eq.(18.6-13) can be written at the wall y =0 as

1/3
o)
_ CAOO_CAW_ W _ StSC _ _
Ay=o0 = Scfo/Dap  T(2/3) T(@2/3) 1 (18.6-17)

because according to the film theory the following relation is valid at any position X



% — Cawo— Caw
Then from Eq.(18.6-14)
— % ’ Dyp _ 3\/6 3 Dap 3 x 3\/6 3 3 x
5= [F(Z/B) (SCB)X o [F(Z/B) (8C) Dag? [F(2/3) k e (18.6-18)

The velocity-gradient at the wall of the test cathode averaged over the electrode length from x =0 to
Xx=LIis,
3 3 L 3 3

s= [F(Z/i) K 5t fyxdx =3 [F(fg)] K iy = 18124 k3 5 (18.4-19)
This result coincides to Eq. (14.4-1) but the coefficient 1.8124 is slightly different from the
coefficient 1.90 of Eq. (14.4-1).

It is interesting that this electrochemical method can observe fluctuating velocity gradients in the
viscous sublayer of various turbulent flows.

Nomenclature

Cy molar concentration of reactant ion A, [kmol/m?]

Cp heat capacity, [J/kg K]

Dag diffusivity of component A, [m?/s]

Fa Faraday constant (96,500 C/kg-equiv.),

f mass-flux function, [kmol/m?s]

fx local friction factor, [ - ]

Iy limiting current density, [A/m?]

Jpx local j-factor for mass transfer, [ - ]

JHx local j-factor for heat transfer, [ - ]

L length of rectangular electrode in flow direction, [m]
Nu, local Nusselt number, [ - ]

Pr Prandtl number, [ - ]

p pressure, [Pa]

Gx local heat flux, [J/m?s]

Re, local length Reynolds number, [ - ]

1,0,z cylindrical coordinates, [m, -, m]

Sc Schmidt number, [ -]

Sh, local Sherwood number, [ -]

s velocity gradient at wall, [1/5]

T temperature, [K]

ut dimensionless velocity = :Z/g

u* friction velocity, [m/s]

vy, Uy, v,  Velocity component in rectangular coordinates, [m/s]
Voo free-stream velocity, [m/s]

X,Y,Z rectangular coordinates, [m]

y* dimensionless distance from wall = @

a thermal diffusivity, [m%/s]

A thickness ratio of thermal to velocity boundary layer, [ - ]
8, Or thickness of velocity and temperature boundary layer, [m]
6 concentration boundary layer thickness, [m]

ép displacement thickness of boundary layer, [m]

Om momentum thickness of boundary layer, [m]

€ heat transfer enhancement factor, [ - ]

o temperature difference, [K]

A dimensionless concentration difference, [ - ]

v kinematic viscosity or diffusivity of momentum, [m?/s]:
p density, [kg/m’]

P stream function, [m?/s]

Subcripts

p potential flow

S stagnation point of impinging jet

w wall

e free stream



CHAPTER 19

FREE COVECTION

19.1 Boundary Layer Approach

Fluid motion caused by the gradients of the fluid density is called “natural or free convection.”

As a simple example we shall consider a natural laminar flow along a vertical flat plate which is
heated at a constant temperature T,, and surrounded by a large volume of the gas fluid at a constant
temperature T,. When T, > T,

in the neighborhood of the plate the fluid flows upward due to
the buoyancy force and has a boundary layer structure as shown in Fig.19.1-1. For simplicity the
physical properties are assumed constant except for the fluid density in the buoyancy term.
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Fig. 19.1-1. Natural flow along a vertical hot plate

(The following theoretical approach is not so easy to follow for this course. This section can be

engineering calculations.)

skipped, except for the heat transfer correlations given in the latter part, which are useful for

The following two-dimensional flow equations can be applied*?:
Doy, ) D (Lo, O
Uy o + v ay) = +

0x

a4 T = pg (19.1-1)
The pressure in each horizontal plane is equal to the gravitational pressure

P= —Pg X



where p,, is the density at T,,. The density p at T can be expanded in a Taylor series about
the reference temperature T,,:

]
p= po+ a—§|T (T—T)+ ———= po— pouf(T — To) (19.1-2)
where B = — 1% is the coefficient of volume expansion. For gases S = -

P OT Teo Teo

Therefore the buoyancy force is given by

0 T— Too
—52= P9 = PoB(T = Tu)g = Pod — (19.1-3)
Thus we get the following set of equations:
aUx avy
<} = =
ax ady
vy vy 0%y, | 0%uy T—Too
Ve oy T Uy ay (6x2+ 6y2)+ Teo
aT aT o*r | 9%t
Uy a + ‘Uy 5 = a (ﬁ 6_312) (191-4)

where v= u/p and a = k/p Cp.
By the boundary layer approximation
% ~ (0 and 62_’[‘ ~(
0x2 — ox2
Here in place of T, the dimensionless local temperature ©® = (T — T,)/(T,, — Ts) IS
introduced.
Thus the equations to be solved are
vy 6&

=+ oy = 0 (19.1-5)
0vy 0vy @ (Tw— Teo) -
Veor ¥ Wy oy =V op T 9 O (19.1-6)

90 90 d%0
Ux 5 + Uya =« 27 (19.1-7)

The boundary conditions are

vy =1,=0, =1 at y=0

v,=0 O06=0 aty= o (19.1-8)
Firstly we should consider what similarity transformation is appropriate for this problem.

The stream function is introduced

Yoy _ - Y -

o = S =15 (19.1-9)

This is a kind of the similarity transformation. Here {(n) is a dimensionless stream function
which is a function of n alone, n the dimensionless y-coordinate, L an unknown characteristic
length relating to the boundary layer thickness, and  f(x) the unknown function to be determined.

The velocity components are

9 '
= =@ ] (19.1-10)
] , , d

vy=— L= —f) )+ g 2L (19.1-11)

where {' = d{/dn and f'(x) = df/dx.

Substituting into the equation of motion,

! ’ " 2d ’ " Tw— Too
e -¢a-5a=de+ g0 (19.1-12)
Dividing through by f f'/L?

14 124 dL ! nr Tw_Too Lz
(@2 = ¢ = L @)= 50+ g =6 (19.1-13)
Each term should be dimensionless. Thus

dL Tw—Too L*
]%a: 1, LLf,: K, = Ks (19.1-14)

From the three equations of Eq. (19.1-14)
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13 dL _ KiKs v2
dx K2 gTw—Teo
27 g Too

The arbitrary constant K;Ks/K,* can be taken as unity without loss of generality. Integration
with the initial condition L =0 at x = 0 gives
4v2 Too
L= T T Vx = \/_ (19.1-16)
This suggests that the veI00|ty and temperature boundary layer thicknesses are proportional to
x1/*, For convenience K, is taken as 1/3 in the second equation of Eq.(19.1-14). Then

(19.1-15)

fx)=4vyx3/4 (19.1-17)
It has been found that the similarity transformation is of the form:
Yy

n=Y iz (19.1-18)
P(x,y) = 4vyx3* L) (19.1-19)
The velocity components become

= 4yy2xt/2y (19.1-20)
v, = vyx Yt =30 (19.1-21)
The boundary layer equations to be solved become a set of ordinary differential equation:
{"+307-2({)?+6=0 (19.1-22)
0" +3Pr{o =0 (19.1-23)

where primes denote differentiation with respect to 7.

The boundary conditions are

(=(0=0 0=1 atn=0 (19.1-24)

('=0 0=0 atn=ow (19.1-25)

This set of equations is very difficult to solve analytically. Owing to the limitation of this course,
the numerical solutions are not shown here. It is known that the numerical solutions are in good
agreement with the experimental distributions obtained by Schmidt and Beckmann®,

1. Schmidt, E. and Beckmann, W., Tech. Mech. U. Thermodynamik, 1, 341 and 391 (1930)
2. Schuh, H., Boundary Layers of Temperature, in W. Tollmien (ed.), “Boundary Layers,” British Ministry of Supply, German
Document Center, Ref. 3220T (1948)

19.2 Free Convection Heat Transfer

By using the numerical solutions, the wall heat-flux can be calculated as

_ a_T _ dT do on _ _ _
av =gl =G el = = T g (19.2-2)
For Pr = 0.73 (air) the dlmensmnless temperature gradient at the waII is given by the numerical

solution:

P = -0.508 (19.2-2)
anl . .
The heat transfer coefficient can be defined as

_ dw -
h, = —— (19.2-3)
Then the local Nusselt number becomes

Ry x 0.508 [g x3(T,y— Toy)] M/ *

Nu, = =% = 0,508y x%/* = 237 | o = 0.359 G, 1/ (19.2-4)

where Gr, is the local Grashof number.

The average Nusselt number can be determined by the following integration:

Ny, = "5 = 0508 y [TV dx = 0.677 Gry /* (19.2-5)



Here the Grashof number is the ratio of the buoyant to the viscous force:
3 -

Gry = W (19.2-6)

This result, Eq.(19.2-5) is very important to understand the empirical heat transfer correlations
for the laminar free convection. This suggests that the average Nusselt number is proportional to
one-fourth power of the Grashof number for laminar free convection.

The transition from laminar to turbulent flow occurs in the range 108 < Grg, Pr < 10%°,

The following empirical equations are recommended by Eckert and Jackson®:

Nu,, = 0.555 (GryPr)/*  Gry Pr < 10° (Laminar flow) (19.2-7)

Nu,, = 0.021 (GryPr)?/®>  GryPr > 10° (Turbulent flow) (19.2-8)

1. Eckert, E. R. G., and Jackson, T. W., NACA RFM 50 D25, July (1950)

These correlation equations Egs.(19.2-7) and (19.2-8) are also applicable to a vertical hot

cylinder.
For a long horizontal hot cylinder, experimental data have been correlated by McAdams®:
Ny, =22 = 0.525 (GrpPr)Y/*  Grp Pr> 10 (19.2-9)
_ gD3(Tw_ Too)
where Grp = EETT—

1.  McAdams, W. A, Heat Transmission, Second ed., McGraw-Hill, New York (1942)

[EXAMPLE 19.2-1]

Calculate the heat loss from the outside surface of a big cylindrical furnace, which consists of the
composite wall of three materials: fire-clay brick, insulating brick, and iron. As shown in Fig.
19.2-E1, the melted iron well mixed at a constant temperature T; keeps the inside surface of the
fire-clay brick at T;. The surrounding air is assumed to be stationary at a constant temperature T,.
In the neighborhood of the furnace, the air rises owing to the buoyancy force. The furnace is H in
height and D, in outside diameter. The heat loss from the top of the furnace is neglected only for
simplicity. For this case there exist four heat-transfer resistances in series.

Insulating brick
/ Fire-clay brick
Kg J

lronwall — K2

K4 |

T, |

.I

air I
Melted iron

1

/| i

T, U |

D; |

|

R, Dy

D, I

[

Fig.19.2-E1. Heat loss from the outside vertical wall of a furnace
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The overall heat-transfer resistance is expressed as

i — L + (DD_DB)/Z Do _|_ (D3_D2)/2 D, _|_ (DZ_Di)/Z Dy (192'E1)
Uo ho K3 D3gp K2 D2ay K1 Digv
where

D, — Ds D3 — D, D, — Dy

Psar = 1,/Dg) " P T in05/D) " P T in(0,/D)

Here the outside heat-transfer coefficient h, can be obtained by calculating from Eq. (19.2-7) or
Eq.(19.2-8).

The temperature T, at the outside surface of the furnace is necessary to determine the Grashof
number.

The following heat-balance equation can be used:

U, D H (T; — T.,)

_ D H (T~ Teo)

~ (Do=D3)/2 Do + (D3-D3)/2 Do + P2-Dy/2 Dy

K3 D3av K2 Dzqp K1 Diav

The outside surface temperature T, can be calculated by the use of trial and error method in the
above equation.

Then the total heat-loss is given by

Q = Uy mDoH (T; — Too) (19.2-E3)

(19.2-E2)

[PROBLEM]

An LD converter is a furnace used for reduction of the carbon concentration in melted iron. A
supersonic oxygen gas jet impinges on the melted iron to remove carbon as CO from it. The wall
consists of three layers: refractory brick layer (k;= 6.1 W/m K), insulating brick layer (x,= 3.1
W/m K), and a steel plate (k3= 44 W/m K). Their thicknesses are 450 mm, 200 mm, and 50 mm,
respectively. The melted iron is kept at uniform temperature 1,800 K owing to the strong jet
agitation. The surrounding air isat T, = 313 K.

Calculate the heat loss from the vertical wall of this LD converter. What is the surface
temperature of the steel plate?

; lance
|
;": supersonic oxygen jet
[ pl :
steel plate !
insulatingbms 4 p i A
refractory brick N | _
W |~ melted iron
¥ 1|
o /
N =
313K 450 1,800 K rc:}
50 <«
g 3,000
200 y
\ /)

Fig. 19.2-P1. Heat Loss from an LD converter. Dimensions given are in mm
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Nomenclature

D cylinder diameter, [m]

g gravitational acceleration, [m/s’]

Gry Grashof number, [ - ]

Gy, local Grashof number, [ - ]

hy local heat transfer coefficient, [W/m?K]
L unknown characteristic length, [m]
Nu, local Nusselt number, [ - ]

Pr Prandtl number, [ - ]

p pressure, [Pa]

Q heat loss, [J/s]

qw wall heat flux, [J/ms]

Re, length Reynolds number, [ - ]

T temperature, [K]

U overall heat transfer coefficient, [W/m?K]
vy, Uy, v,  Vvelocity component in rectangular coordinates, [m/s]
X,Y,Z rectangular coordinates, [m]

a thermal diffusivity, [m?/s]

B coefficient of volume expansion, [1/K]
o dimensionless local temperature, [ - ]

K thermal conductivity, [W/m K]

1l viscosity, [kg/m s]

v kinematic viscosity, [m?/s]:

p density, [kg/m°]

P stream function, [m?/s]

Subcripts

D cylinder

h hot plate

m averaged

w wall

o) bulk fluid



CHAPTER 20
AGITATION

20.1 Agitation and Mixing of Liquids

Agitation technology is very often utilized for the following purposes:

(1) Suspending solid particles or dissolving solid into liquid, (2) blending miscible liquids, (3)
dispersing a second liquid, immiscible with the first one to form an emulsion, (4) dispersing a
gas as the bubbles through the liquid, and (5) promoting heat transfer or chemical reaction.

20.1-1 General structure of agitation equipment

A typical agitation vessel is shown in Fig.20.1-1. An impeller is mounted on an overhung shaft,
which is driven by a motor. The proportions of the tank vary widely, depending on various purposes.
For the case of a standardized practical design, accessories such as inlet and outlet nozzles, coils,
jackets, measuring-device wells are necessary.

Motor

Rotation controller

Inlet nozzle "
Steam in
Impeller
Jacket P
Drain out

Outlet nozzle

Fig.20.1-1. Standard structure of agitation vessel

The impeller agitators are classified into two types: the axial-flow impeller generates currents
parallel with the impeller shaft axis and the radial-flow impeller generates currents in a tangential or
radial direction.

Several propeller designs efficient in liquids of low viscosity are illustrated in Fig.20.1-2: (a)
standard screw-type, three blades, (b) open straight blade-type, four blades, (c) turbine bladed
disk-type, eight blades, (d) vertical curved blade-type, eight blades.



Two agitators employed for high viscosity or non-Newtonian liquids are shown in Fig.20.1-3: ()
anchor-type, (b) helical ribbon-type.

Flows in these kinds of agitating vessels are three-dimensional and very complicated. Therefore
to obtain theoretical solutions by using the equation of motion is very difficult, especially for
turbulent flows. In addition, the structure of agitated vessels is so complicated that it is also very
difficult to specify the boundary conditions. The commercial simulator packages based on the
CFD models (computational fluid dynamics) are available for very viscous or laminar Newtonian
fluid flows. Although the main flow caused by the rotation of an impeller is tangential, the
tangential velocity component is not so effective for mixing. The radial and longitudinal
components are important for the mixing action. In addition, the rotational fluid flow following a
circular path around the shaft creates an undesirable vortex at the surface of the liquid.

In addition, a ring doughnut-shaped isolated mixing region having independent circular motion
is formed in each central region above and below the impellers for unbaffled tanks. The effect of
mixing is not so good in the isolated mixing region. Generally the preferable method of suppressing

the vortex formation is to install baffles.
L §

Usually several vertical baffle plates are fixed to the inner wall of the tank.
|
OJ@ [ E—M—E I
\
P X &5
\
(@) (b) (©)

Fig.20.1-2. Impellers for low viscosity fluids: (a) marine-type propeller, three blades, (b) open
straight blade turbine, four blades, (c) bladed disk turbine, eight blades, (d) vertical curved blade
turbine, eight blades, (e) pitched-blade turbine, four blades

o

(@)

Fig.20.1-3. Impellors for high viscosity or non-Newtonian fluids: (a) anchor, (b) helical ribbon

20.1-2 Flow patterns in agitated vessels
Let us consider the flow pattern of a turbine-type agitated vessel as an example. It is necessary to



observe the radial and longitudinal velocity components. Figure 20.1-4 shows the flow currents
formed in a cylindrical, baffled agitated vessel equipped with a turbine agitator. The plane of
observation passes through the impeller shaft and in front of baffle plates. Fluid leaves the impeller
outward in a radial direction, separates into longitudinal streams flowing upward or downward over
the baffle, flows inward toward the rotation axis, and ultimately returns to the impeller intake. In the
bottom region below the agitator, similar circulating flow is formed.

I — Liquid level

/

.
:

| 1 — Turbine blade

Fig.20.1-4. Schematic picture of circulation flow pattern in a turbine agitator tank

20.2 Power Consumption in Agitated Vessels

20.2-1 Dimensional analysis

In the design of an agitated vessel, it is very important to consider the power required to drive the
impeller.

The power consumption P in agitation for a certain type of impeller can be obtained by the
following dimensional analysis. When the impeller of the lever length R is rotated at an angular
velocity w, the form drag acting on the blade is proportional to the kinetic energy per unit volume
(1/2)pvy? (i.e., akind of pressure) and the acting surface area A, where vy = Rw and A are the
characteristic (peripheral) velocity and area, respectively. The torque acting on the impeller can be
considered as (torque) = (force)-(lever length), i.e., (1/2)pvg2A X R. Therefore the power input
(work/time) should be a function of torque times angular velocity, i.e., (1/2)pvg?A X Rw.

Rotation axis

Angular
velocity

Torque = (force)x(lever length)
Work = (force)x(moving distance)

Power input = (work/time) = (torque)x(angular velocity)

Fig.20.2-1. Relation of torque with rotating impeller
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Fig.20.2-2. Dimensions of rotating turbine impeller in a tank

Since the peripheral speed of the tip of the impeller is given by 2w (d/2)N, the Reynolds
number of agitators is defined as
d’Np

Re = T (202-1)

where d is the impeller diameter and N the rotation number. Thus the power consumption
should have the following functional form:

P=C1/2)pvgdA

In the dimensional analysis, the common variables are: the length (blade diameter), d; the
velocity (peripheral velocity), d N; the fluid viscosity, u; the density, p; the acceleration of gravity,
g;the area, A ~d?;

Here the power consumption is made dimensionless as

— P -
Np = PEPE (20.2-2)
This is called “the power number,” which can be considered to be analogous in physical meaning

to the friction factor in a circular pipe flow.

(Dimensional analysis)

Many chemical engineering problems cannot be solved theoretically unless enough is known
about the physical situations. The physics of mixing in an agitated tank is also so difficult that we
cannot help relying on the following dimensional analysis. It may be expected that the power
consumption depends on the following variables:

Np — al db,NC,pd’ﬂe,gf,
=a'LlPt="(M/L)¥(M/Lt)¢ (L/t?>)T’ (20.2-3)
where M, L,t are the dimensions of mass, length, and time, respectively.

Buckingham’s theorem states: if an equation is dimensionally homogeneous, it can be reduced to
a relationship among a complete set of dimensionless products.

In order for the above equation to be dimensionally homogeneous, the following conditions
should hold:

M: 0=d +¢€'

L: 0=b"-3d" —¢e'+ f'

tt 0= —c' —e' —2f

From these equations, the three of the five unknowns can be expressed in terms of the remaining
two unknowns:

¢ =2b" —3d

e = _dr

f'=-b"+2d



Finally it has been found that the power number equation should have the following functional
form:

Np = aldblNZb'—Bdlpdl‘u—drg—bl+2d'

L rparn\ Y ranz@'-2d) ]
- (o) (1) @0z
The first term is the Reynolds number and the second term is called “Froude number.” These
. . 2
dimensionless groups have the physical meanings: the Reynolds number Re = "_lemal force _ 4 Np
viscous force u
. . 2 2
and the Froude number Fr = nertalforce V2 _ dN7 (20.2-5)

gravity force - Lg - g
The effect of the Froude number is usually very small if baffles are installed.
The unknowns a’, d’, b' — 2d’' should be determined by experiment.
Except for the Reynolds number and the power number, the pumping number sometimes called
the flow number used as one more dimensionless key variable is defined as

Ng = N‘; - (20.2-6)
The volumetric flow rate g through the impeller can be assumed proportional to the peripheral
velocity md N times the area md b swept out by the tips of the impeller blades: g ~ N d3
because of b~d. As the pumping number is increased, the time required for one round of the
circulating stream is decreased. Therefore the pumping number is also very important for promoting
the mixing effect.
The pumping number tends to increase with the Reynolds number, and becomes almost constant

in the turbulent flow, where it depends on the ratio of impeller diameter to tank diameter d/D.

20.2-2 Power correlations

In the last section (20.2-1), we have learnt that the power number is a function of the Reynolds
number and the Froude number. However if baffle plates are installed in a tank, almost flat
horizontal liquid level is kept. In this condition, the power number does not depend on the Froude
number. Only for simplicity, Fig.20.2-3 shows the empirical correlations of the power number for
some different impellers given for the case of baffled tanks.

100
------ bladed disk turbine (6 blades)
—— marine-type propeller (3 blades)
2-;\ - - - vertical curved blade turbine (6 blades)
“}b ----- pitched-turbine (4 blades)
~ 10
1
—
S
.
S
=0
0-1 1 1 1 1 1 1
1 10 100 1000 10000 100000 1000000

Re (-)

Fig. 20.2-3. Correlations of Impeller power number with Reynolds number for agitator tanks.
(Np for baffled, @ for unbaffled.)



In the range of high Reynolds numbers Re > 10,000, the power number becomes almost
constant and independent of the Reynolds number. This effect due to baffles may be similar to the
constant friction factor in the range of high Reynolds numbers for circular rough pipes. For the
radial-flow type impellers, at low Reynolds numbers Re < 500, the lines of Np vs.Re for both
baffled and unbaffled tanks coincide, and the slope of the line on logarithmic coordinates is — 1.
This implies the laminar flow range. When the power requirement is calculated, we should consider
the effect of system geometry in the terms of shape factors such as
S.=D/d, S, = Hp/d, S3=1/d, S, = b/d, Ss= H/d. These dimensions are given in
Fig.20.2-2.

Usually typical proportions of agitated tanks are given to dimensions of the agitated tank and
location and dimensions of the impeller for standardization.

For vigorous agitation in a baffled tank, the liquid surface is slightly disturbed but usually kept
flat, so that the effect of the Froude number on the power number is not necessary to consider.

For the case of low-viscosity liquid in an unbaffled agitated tank, there is vortex formation on the
liquid surface owing to centrifugal force. The effect of radially-varying liquid depth is related with
the Froude number. Therefore the effect of the Froude number on the power number should be
taken into account by the following modified power number:

® = Np Fr™ (20.2-7)
Here m is a function of the Reynolds number.
m = 2logke (20.2-8)

b
For example, for propellers (d/D = 1/3), a=2.1 and b =18.0 and for disk turbine

(d/D = 1/3), a=1.0 and b = 40.0.

20.3 Heat Transfer in an Agitated Tank

Generally a chemical tank reactor has complicated structures of not only the heating jacket but
also the tube coils shown in Fig.20.3-1. The tube coils are often used for the heat input into or
removal from the central region of reacting fluids. In the engineering book specialized for agitation
and mixing, various heat transfer correlations are available. Owing to the limitation of this book
scope, many heat transfer correlations cannot be treated.

-""'"-—'_._-___‘__-_"‘-.
% LIqL“d IEVEI
Steam in:(_,_ _e;”_,‘ s Baffle
// Turbine blade
// Jacket
1
pe| "
| —+— Tubecoil
Hp
\...-\ ) “/
u
d Drain out

Fig.20.3-1 Ordinary chemical batch reactor



In this section, let us consider a simple flow reactor of jacketed agitated vessel without coils and
baffle plates shown in Fig.20.3-2. No chemical reaction is assumed to take place in the vessel only
for simplicity and convenience. There is neither endothermic nor exothermic reaction within the
vessel.

Liquid level
Liquid in (vortex)
—
5t i |_— Turbine blade
camin | Jacket
4
b | "
Hp
Liquid out T "{\ Drain out
—
' ™ Thermalinsulator

Fig.20.3-2 Heat transfer in a continuous flow reactor of jacketed tank unbaffled

A liquid is being continuously heated by the steam jacket of an agitated tank. Heat is supplied by
condensation of steam from the outside jacket (i.e. from the inside wall of the vessel.). Usually the
thermal resistance of the condensate film and tank wall can be assumed small compared to that of
the liquid in the tank. Therefore the main resistance lies in the convective heat transfer on the inside
wall of the reactor. The unjacketed portion of the tank is also assumed to be well insulated.

One example of heat correlation for constant physical properties is given by the following
equation® ?:

_ 0.14
Nu = h‘TD = a Re?/3prt/3 (#L) (20.3-1)

Depending on various agitators and arrangements of the vessels, the coefficient a varies
considerably. For the case of pitched-blade turbine agitator tank unbaffled , @ = 0.44 can be used
in the above equation.

1. Uhl, V. W, and Gray, J. B., “Mixing,” vol.1, p.284, Academic, New York (1966)
2. Chilton, T. H., Drew, T. B., and Jebens, R.H., Ind. Eng. Chem., 36, 510 (1944)

20.4 Scale-up of Agitated Tank Design

The performance characteristics are generally determined empirically by correlating measured
data as a function of dimensionless numbers. Those correlation equations consisting of
dimensionless groups are employed for scale-up design. Under the condition of geometric similarity,
appropriate correlations or rules should be selected depending on the physical purpose of the
chemical equipment to be scaled-up. We know that the power given by an impeller is
continuously dissipated in the form of irreversible degradation of mechanical energy to thermal
energy of the liquid in a tank. Therefore the amount of power consumed by the specified impeller
per unit volume of liquid can be considered as a measure of mixing effectiveness. Usually many
power correlations are available for scale-up of various agitators and vessels.



Let us consider the scale-up design of low-viscosity liquid mixing. The subscript of variables 1
denotes the smaller-scale system such as laboratory and/or pilot-plant tanks and 2 denotes the
larger-scale system to be scaled-up.

The following three conditions should be considered as the fundamental rule of scale-up from the
smaller-scale to the larger-scale system, i.e. (1) to (2):
The power numbers and flow numbers of the system 1 and 2 should be equal to each other
Np; = Np; (20.4-1)
Ng; = Ng; (20.4-2)

(1) Low-viscosity homogeneous liquid solution:

The power consumption per unit volume B, (W/m3) should be equal to each other:

P,y = Py, (20.4-3)

This scale-up condition implies that the rate of the mechanical energy dissipated per unit

volume of liquid should be equal to each other between the smaller-scale and larger-scale systems.
In other words, the flow condition in a unit volume should be the same in the both systems.
However strictly speaking, even in this condition, it is too difficult to make the flow structure same
between the two systems because the rotation number obtained by the scale-up rules is usually
much smaller in the larger-scale system than in the smaller-scale system.
The liquid level is assumed equal to the tank diameter: H/D = 1. If the ratio of the impeller
diameter to the tank diameter is given by k = d/D, the power consumption per unit volume can be
expressed as

P, = P/[(n/4)D*H] = pN*d°Np/[(n/4)(d/k)*(d/k)] ~ N*d*Np (20.4-4)
Therefore the rotation number of the larger-scale system is given by
N, = (d1/d;)¥*(Npy/Np)Y/3N, (20.4-5)

As can be seen in Fig.20.2-3, the power number becomes almost constant in the wide range of the
Reynolds number in the turbulent flow condition. Therefore even if the Reynolds numbers of the
two systems are different, the power numbers can be assumed to be equal to each other: Np, =

Np,

By using this relation, the Reynolds number and power consumption become

Re, = dzzsz/li = (dz/d1)2(Nz/N1) Re; = (dz/d1)4/3Re1 (20.4-6)
p, = NPZPN23d25 = (Nz/N1)3(d2/d1)5P1 = (dz/d1)3p1 (20.4-7)

According to these results, when the impeller diameter is scale-upped by eight times, i.e.,
d, = 8 x d,with the tank diameter D, = 8 x D,, the rotation number reducesto N, = (1/4) X Nj;.
However the Reynolds number and power consumption should become very large as Re, = 16 X
Re; and P, =512 X P;.

In scale-up of tanks assuming equal power consumption per unit volume (sometimes called
agitation intensity), there is a possibility of forming the weak mixing regions here and there in the
larger-scale system owing to  small rotation number of the agitator of the larger-scale system.

(2) Mixing of liquid-liquid dispersion:

The gradient of the peripheral velocity near the tips of the impeller is important to break liquid
lumps into small droplets. Therefore the scale-up rule for this purpose is given by

N, = (dy/d3)N; (20.4-8)
In the turbulent flow region, we can assume Np, = Np;

Therefore the power consumption is given by

P, = (N2/Ny)3(dy/d,)°Py = (dp/dy)*P, (20.4-9)
The Reynolds number also becomes
Re, = (d,/d1)*(N,/N;) Re; = (d;/d;)Re, (20.4-10)

Emulsified polymerization reactors belong to this case. However the reactor tank should be
unbaffled because a baffled reactor has a problem of undesirable polymer deposition in the concave



stagnant region between the baffle plates.

(3) Heat transfer of jacketed vessels
Firstly we should consider the power consumption per unit volume to be equal between the
systems 1 and 2.
The flow condition will be fully turbulent. Therefore Np, = Np;.
The rotation number for the larger-scale system is given by using Eq. (20.4-5):
N,/N; = (d1/d2)2/3 (20.4-5)
In usual scale-up of jacketed vessels with heating or cooling jackets, the heat exchange rate
requirement can be expressed as
Q2/Q1 = hy DoHy(Ty, — T1)2/hy D1Hi (T, — Tp)s (20.4-11)
where h,, h, are the heat transfer coefficients of the two systems, respectively.
From the purpose of scale-up, the temperature difference AT = T,, — T, should be equal to
each other between the smaller-scale and the larger-scale systems.
The geometric similarity is adopted for standardization of system design: d ~D and H ~ d.
The new length ratio of scale-up is given by
A= D,/D; = dy/d4
(20.4-12)
Therefore
Qz/Q1 = thzz/h1D12 (20.4-13)
According to the heat transfer correlation equation Eq. (20.3-1),
= h.D = a Re?/3prl/3 (i>0.14
K Hw
In these two systems, Pr, = Pr; and (u/u,), = (u/u,,), . Then from the above equation, the
heat transfer coefficient is
h Dy\ (Re;\2/3
= (D—z) (R—el) (20.4-14)
From Eq. (20.4-5), N,/N; = (d;/d,)?/® under the condition of Np, = Np,. Then Eq.(20.4-6)
becomes
Bey _ () (M) = ()7 2 qus (20.4-15)
Req dq Ny dq
The Reynolds number becomes large but the rotation number of the agitator is made small.
Finally

Nu

oo ()= (B9 (3 = (" (3) = - et
From EQ.(20.4-14), the heat transfer coefficient is given by

hy D1\ (Rey\2/3 p,\ [(d.\*/3 23 -1/9

P= M) =@ @] = (20.4-17)

It has been found that the heat transfer coefficient for the larger-scale system becomes a little bit
smaller than that for the smaller-scale system.

Nomenclature

agitated tank/vessel diameter, [m]

Froude number, [ - ]

gravitational acceleration, [m/s’]

impeller width, [m]

diameter of impeller, [m]

depth of liquid in vessel, [m]

height of impeller above vessel floor, [m]

heat transfer coefficient on the inside surface of vessel, [W/m2K]
width of baffles, [m]

TTmRTQ DO

~ >



Nomenclature

l length of impeller blades, [m]

N rotation number of agitator, [1/s]
Np power number, [ - ]

Nq flow number, [ - ]

Nu Nusselt number, [ - ]

P power consumption, [W]

Pr Prandtl number, [ - ]

B, power consumption per unit volume, [W/m®]
Q heat exchange rate, [W]

R length of rotating lever (= d/2), [m]
Re Reynolds number, [ - ]

T temperature, [K]

Vg peripheral velocity, [m/s]

K thermal conductivity, [W/m K]
1 scale-up length ratio, [ - ]

[ viscosity, [kg/m s]

p density, [kg/m°]

@ modified power number, [ - ]

w angular velocity, [1/s]
Subscripts

w wall

1 small-scale system

2 large-scale system scaled up
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Absorption, 109, 110
Chemical absorption, 179~190,
Design (chemical absorber), 161,
Gas solubility in electrolytic solution, 187,
Higbie’s penetration theory, 67,
HTU, 114, 115,
Limiting liquid-gas ratio, 113,
in liquid jet, 65,
Mass transfer model, 110,
Mass transfer coefficient, 106, 109, 114,
Mass transfer correlations, 114~116,
NTU, 114,
Packed columns, 111, 114, Column diameter, 116,
Pressure drop, 116,
Packing, 110, (random, structured)
Reaction factor, 185,
with chemical reaction, 179~190,
Ackermann correction factor, 153,
(see Humidification)
Agitation/agitators, 232,
Agitators, 233,
Dimensional analysis, 235,
Flow pattern, 233, Froude number, 236,
Heat transfer correlation, 238,
Power consumption, 235, Power correlation, 236,,
Power number, 235, modified, 237,
Reynolds number, 235,
Scale-up, 238,
Analogy
between momentum and heat transfer, 216,
between heat and mass transfer, 150, 216,
in packed column distillation, 145, 150,
Chilton-Colburn, 217, Colburn, 156,
Length Reynolds number, 149, 213, 216,
Annulus/Annular flow passage
Double tube exchanger, 89, 93,
Heat transfer, 93,
Rotating cylinders, 9, 50,
Bend, 23, 79, (see Pipe fittings)
Bernoulli equation, 26, 77, (see Mechanical energy)
Bingham model, 14, (see non-Newtonian)
Bingham plastic, 14, 52,
Blasius formula, 76, (see Friction factor)
Boiling, 174,
Boiling curve, 175, Boiling heat transfer, 176,
Critical heat flux, 177,
Heat transfer correlation, 176,
Nucleate boiling, 175, Pool boiling, 175,
Boundary layer, 211,
Analogy theory, 216, Energy boundary layer, 213,
Energy integral equation, 218,
Free convection boundary layer, 226,
Friction factor, 216,
Integral boundary layer equation,217,
of Ionic mass transfer, 223, j-factor, 216,
Laminar flow over a flat plate, 212,
Length Reynolds number, 213,
Stream function, 211,
Thermal boundary layer, 213,
Turbulent boundary layer, 218,
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Buffer zone/layer, 206, (see Universal velocity profile)
Buoyancy forces, 226, (see Free convection)
in flow near heated plate, 226, 228,
Chemical reaction, 181~185,
Electrochemical reaction, 164~165,
Gas absorption, 179, Reaction factor, 181, 184, 185,
Condensation, 169,
Dropwise, 169, Filmwise, 169, 170,
Heat transfer, 169, 171,
Overhead condenser, 171,
Conduction
Conductivity, 9,
Steady, 60, Unsteady, 62,
Conservation law, 20, (see Macroscopic balance)
Control volume/control volume approach, 20,
Energy balance, 24, Mass balance, 20, Momentum
balance, 22,
Packed column model, 147,
Convective heat transfer
Circular pipe, 87, 93, Submerged objects, 102,
Cylinder, 102, sphere, 104,
Convergent nozzle, 24, 222,
Critical heat flux, 177, (see Boiling),
Cylinder
Coaxial rotating cylinder, 50,
Heat transfer in cross flow, 102,
Submerged cylinder, 102,
Differential balance, 37, (see Microscopic balance)
Diffusion
Diffusion-controlling, 165,
Equimolar counter, 145, Fick’s law, 12,
Limiting current, 165, Unsteady diffusion, 182,
with chemical reaction, 182,
Diffusivity (Fick’s law), 12,
Definition, 12, Ionic diffusion, 163, Mass flux, 13,
Molar flux, 13,
Dimensional analysis,
of Agitated tanks, 235,
of Channel/pipe flows, 75,
Dissipation, 203, (see Turbulence)
Distillation,
Analogy, mass and enthalpy, 150,
Boiling-point diagram, 125,
Column design 139, Condenser, 171,
Continuous distillation, 123,
Control volume approach, 147, 149, (packed column)
Design calculation, 139,
Efficiency
HETP, 147, 149, (packed column)
Murphree efficiency, 136, modified 141,
Enthalpy balance, 131, 143, 146,
F-factor, 137, 138,
Heat/enthalpy balance, 140, (plate), 149, (packed)
Ideal plate or stage, 125,
j-factor, 149,
Mass transfer model,
Plate column, 133, 136, Packed column, 145~148,
HTU, 146, NTU, 137,
McCabe-Thiele method, 128, 129,
Operating line, 127, 128,
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Overall transfer coefficient, 146,
Overhead condenser, 123, 171,
Packed column, 145,
Phase rule, 121,
Plate column, 123, 135,
Ponchon-Savarit method, 131,
q-line, 129,
Raoult’s law, 121, Reboiler 123,
Rectifying section, 127, Reflux ratio, 130,
Relative volatility, 122, 128,
Reynolds numbers, 137, (tray), 149, (packed)
Stripping factor, 135, 147, Stripping section, 127,
Tray model, 136, Two-film theory, 135, 146,
Vapor-liquid equilibrium constant, 121,
Downcomer, 124, (see Tray)
Eddy
Eddy diffusivity, 196,
Eddy scales, 204, Length scale, 204, Time scale, 206,
Elbow, 32, 79, (see Pipe fittings)
Electrolytic reaction, 164, 166,
Electrochemical reaction method, 165~168, 223,
Electrolytic cell, 164, Limiting current, 165,
Mass transfer measurement, 165,
Velocity-gradient measurement, 167,
Energy spectrum, 200, (see Turbulence)
Enthalpy balance, 156, 160, (see Humidification)
Equations of change
Differential balances (Microscopic balance), 37,
Continuity, 37 Energy, 42, Mass, 43,
Momentum, 38,
Application (momentum): Circular pipe flow, 46,
Rotating cylinders, 49, Non-Newtonian, 52, 53,
Application (energy): Circular pipe, 56, Hollow
cylinder, 60,
Application (mass): Liquid jet, 65,
Turbulent flows: motion, 194, energy, 194, mass, 194,
Equivalent diameter, 81,
Definition, 81, Hydraulic diameter, 81,
Non-circular channel, 81, Shell side 94,
Equivalent length, 77,
Eulerian viewpoint, 3, 204,
Evaporation 174, (see Boiling)
Evaporative cooling, 159,
Operating line, 161,
Wet-bulb temperature, 154,
F-factor, 137 (plate), 150 (packed), (see Distillation)
Fick’s law of diffusion, 12, 44, 106,
Flooding, 117, (see Packed column)
Flow work, 25, (see Macroscopic energy balance)
Fluid flows
Body force, 4, surface force, 4, static pressure, 4
Force balance, 23, 24, Tube flow, 23,
Bend, 23, Convergent nozzle, 24,
Reynolds number, 16, 18,
Laminar, Newtonian fluids, 17,
Non-Newtonian fluids, 52, 53,
Velocity profile in pipe flow, 16, 48,
Turbulent, Energy spectrum, 200,
Intensity, 71, 193,
Kinetic energy, 193, in pipe flow, 193,
Reynolds stress, 195,
Scale of turbulence, 203,
Transport flux, 195,
Turbulent fluctuations, 18, 70, 84, 192,
Velocity distribution, 205,

Flux 5, (cf. rate)
Definition, 5, Heat, 10, Mass, 11, Molar, 11,
Momentum, 8, Ionic mass flux, 166,
Turbulent: heat, 195, mass, 195, momentum, 195,
TFouling, 88, (see Heat exchanger)
Fourier’s law of heat conduction, 9,
Free convection, 226,
Boundary layer theory, 226,
Convective heat transfer, 228, Grashof number, 228,
Heat loss, 229, Heat transfer correlations, 228,
Nusselt number, 228,
Friction factor/Friction loss, 73,
Definition, 73, 74, Drag coefficient, 82,
Fanning, 49, 74, Friction loss, 26,
Friction loss factor, 77,
of laminar pipe flow,74, 75,
for noncircular channels, 81, 96,
for heat exchangers, 96,
for dry packed column, 118,
for turbulent boundary layer, 220,
Froude number, 236, (see Agitation)
Grashof number, 228, (see Free convection)
Hagen-Poiseuille equation, 48,
Heat conduction, 9,
Steady, 60, Unsteady, 62,
Heat exchangers, 92,
Engineering design, 96,
Double-pipe, 89, 93,
Design, 89, Heat transfer 93,
LMTD (logarithmic mean overall temperature
difference), 89,
Overall heat transfer, 87, 88,
Heat transfer pipe layout, 94,
Shell-and-Tube 92,
Baffles, 94, Correction factor, 96, Design, 96,
Overhead condenser, 171,
Shell-side heat transfer, 94,
Shell-side pressure drop, 96,
True temperature difference, 95,
Tube-side heat transfer, 93,
Heat transfer
in boiling, 174,
in circular pipe flow, 56, 93,
Circular cylinder in cross flow, 102,
Coefficient (definition), 59, 85, 86, Correlation, 171,
Pool boiling heat transfer, 176,
in condensation, 171, in distillation, 149,
Condensation heat transfer, 170,
Free convection, 226, Heat loss, 229,
Henry’s law, 68, 108,
Hot-wire anemometry, 71, 103, 193,
HETP (height equivalent to a theoretical plate),
147,149, (see Packed column distillation)
HTU (height of a transfer unit), 113, 146,
(see Packed column absorption & distillation)
Humidification, 152,
Adiabatic cooling line, 157, Enthalpy balance, 153,
Humidity, 157, Lewis relation, 156, Operating line,
160, Water-cooling, 159, Wet-bulb temperature,
154,
Hydrostatics, 4
Ideal plate/ideal stage, 125,
Impinging flow, 220,
Stream function analysis, 220,
Impinging jet flow, 222, Heat transfer, 222,



Instability

Boundary layer, 218, Circular pipe flow, 17,

Rotating coaxial cylinders, 51,

Integral equation, 2117, (see Boundary layer)
Interphase transfer

Momentum transfer, 70, 73,

Heat or enthalpy transfer, 85, 143, 145,

Mass transfer, 106, 146, 155,

Tonic mass transfer, 163,

Electrode reaction, 163, 164,

Electric double layer, 165,

Limiting current, 165,

Molar-flux of ions, 163,

Supporting electrolyte, 165,

Jet

Impinging jet, 222, Liquid, 65,
j-factor

j-factor for heat transfer, 87, 93, 108, 149, 216,

j-factor for mass transfer, 108, 149, 156, 217, 220,

in boundary layer, 217, 220,

Lagrangian viewpoint, 3, 205,
Laminar flow, 16,

in boundary layer, 212,

in circular pipe, 16, 47,

in rotating coaxial cylinders, 50,

Length Reynolds number, 216,, (see Boundary layer)

Lewis number, 13, 156, (see Humidification)

Limiting current, 165, (see Ionic mass transfer)

LMTD (Logarithmic Mean Temperature Difference),
89, 90, (see Heat exchangers)

Macroscopic balance

of mass, 20, of momentum, 22, of thermal energy, 24,

31, of mechanical energy, 26, of individual component,

34,

Mass-averaged, 11, (cf. Molar-averaged)
Mass balance

in humidification, 152, 153,

in packed column, 111,

in plate column, 133,

Mass transfer

Coefficient (definition),106, 109, 114,

correlations, 114~116,

interphase transfer, 106,

Model for gas absorption, 110, 113,

Penetration theory, 67,

Model for distillation, 133 (plate), 145~147) (packed),
McCabe-Thiele method, 128, (see Distillation)
Mechanical energy

Balance, 26, Bernoulli equation, 26, 77,

Mechanical energy loss, 26, 77, Pipe fittings, 77,
Microscopic balance (Differential balance), 32,

of energy, 42, of mass, 37, 43, of momentum 38,
Mixing length theory, 196, 197,

Eddy diffusivity, 196,

Molecular or molar

Diffusion, 12, Fick’s law, 12, 44, 106,

Flux, 5, Molar-average velocity, 11,

Natural convection (see Free convection)
Navier-Stokes equation, 38, 41,
Newton’s law of viscosity, 6,
Non-Newtonian fluid, 14,

Bingham model, 14, 52,

For circular pipe flow, 52,

Power law model, 14, 53, (Ostwald-de Waele Model)

Yield stress, 14, 52,
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NTU (number of transfer unit),

114, (see Packed column), 117, (see Plate column)
Nucleate boiling, 175,
Nusselt number

of laminar pipe flow, 56, 93,

of turbulent pipe flow, 87, 93,

of free convection, 228,

One-seventh power law, 18, 219,

in boundary layer, 219, in tube flow, 18,
Operating line

in gas absorption, 112, (see Absorption)

in distillation, 127, 128, (see Distillation)

in water cooling, 161,

Overall heat-transfer coefficient, 88, 90, 149,
Overall mass-transfer coefficient
of absorption, 110,
of distillation, 146,
Packed column
Absorption, 109,
Design, column diameter,116,
Pressure drop, 116 (wet), 118 (dry),
Column height, 113, HTU,114, 115,

Distillation, 145, Flooding, 117,

Heat or enthalpy transfer, 146,

Limiting liquid-gas ratio, 113,

Mass transfer, 114, correlations, 114~116,
Packings, 110,

Random packings, 110, Structured packings, 111,
Penetration theory, 67,

Piping

Equivalent length, 77,

Fittings, 77, Friction loss factor, 77,

Pipeline, 32, 79, Valves, 78,

Pitot tube, 29,
Plate column

Bubble-cap plate, 124, Sieve plate, 124,

Downcomer, 124,

Reboiler, 123, Overhead condenser, 171,
Ponchon-Savarit method, 131,

Power law model, 14, (see non-Newtonian)

Ostwald-de Waele model, 53,

Power number, 235, (see Agitation)
Prandt] number, 13, (definition)
Pressure

Static pressure, 4,

Pressure drop

Circular pipe, 49 (laminar), 74 (turbulent),

Packed column, 116 (wet), 118 (dry),

Shell-and-tube exchanger, 96,

Pumps (see Mechanical energy balance)

Power requirement, 26, 33,

Raoult’s law, 121, (see Distillation)
Rate (cf. flux)

Definition, 4,

Rate of momentum,22, energy, 25, mass, 21,
Rectifying section, 127, (see Distillation)
Reflux and reflux ratio, 130, (see Distillation)
Relative volatility, 122,

Resistance

Thermal resistance, 62

Mass transfer resistance, 67, 110,
Reynolds number

Definition, 16, 18,

in agitation, 235,

in boundary-layer flow, 213,
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(Length Reynolds number)
in circular pipe flow, 16,
in coaxial rotating cylinder, 51,
in heat exchangers(tube-side, 93, shell-side, 94, 96,
double-tube, 93)
in packed column flow, 149, in plate column, 137,
Length Reynolds number, 149, 213, 216, 218,
Reynolds stresses, 195, (cf. turbulent momentum flux)
Roughness
Relative roughness in pipes, 76,
Schmidt number, 13, (definition)
Shaft work, 25, (see Macroscopic energy balance)
Shear stress, 6, 7,
Shells
Shell-and-tube exchangers, 92,
Shell-side heat transfer, 94,
Shell-side pressure drop, 96,
True temperature difference, 95,
Sherwood number, 115, (definition)
SI units (Systeme International), 3,
Similarity
among molecular transports of momentum,
energy, and mass, 13,
Simultaneous transfer,
143 (distillation), 152 (humidification),
Chilton-Colburn analogy, 217,
Mass and enthalpy, 143, 152,
Sphere
Drag force, 82, Heat transfer, 104,
Stage-by-stage calculation, 128,
( see McCabe-Thiele method)
Stagnation point,
Heat transfer, 222, Impinging jet, 222,
Stanton number, 59, (definition)
Stream function, 211, application, 226,
Stripping factor, 135, 148, ( see Distillation)
Stripping section, 127, (see Distillation)
Superficial velocity, 118, 137, 149, (see Packed column)
Taylor vortex flow, 51, Taylor number, 51,
Tensor, 3,
Thermal
Conductivity (Fourier’s law), 8,
Diffusivity, 8,
Resistance 62,
Time-averaged, 84, 192,
Torque
Rotating cylinder, 51, Agitator, 234,
Transfer Units (see HTU, packed column)
Transition
Laminar to turbulent flow, 17,
Boundary layer flow, 218,
Transport intensity, flux and rate, 4
Tray, 124, (see Distillation)
Crossflow tray, 124, Dual-flow tray, 124,
Bubble-cap, 124, Sieve, 124,
Downcomer, 124,
Plate efficiency/ Murphree efficiency, 136,
Turbine impeller, 233,
Turbulence
Correlation functions, spatial/temporal, 203,
Energy spectrum, 200, Intensity, 71, 193,
Generation, 17, Kinetic energy, 193,
Length/time scale, 203, Scale of turbulence, 203,
Sizes of eddies, 203, Structure, 200,
Viscous dissipation, 203,

Turbulent flow
Boundary-layer flow, 211,
Circular tube flow, 17,
Fluctuation, 18, 70, Intensity, 71, 193,
Turbulent core, 206,
Turbulent flux of heat and mass, 195,
Turbulent transport, 194,
Two-film theory, 67,
Vapor-liquid equilibrium constant,
(see Distillation)
Valves, 78,
Check, 79, Diaphragm, 78,
Gate, 78, Globe, 28, 79,
Vector, 3,
Unit vector, 21, Vector equation, 38, 41, 43, 44,
Velocity
F-factor, 137, 150, (see Distillation)
Friction velocity, 206,
Velocity fluctuation, 18, 70, 84, 192,
Velocity profile: 1/7th power law, 18, 219,
Mass-average velocity, 11 (see Diffusivity)
Molar-average velocity, 11 (see Diffusivity)
Non-Newtonian, 53, 54,
Superficial velocity, 118, 137, 149,
Universal velocity profile, 207,
Viscous sublayer, 206, buffer layer, 206, turbulent
core, 206,
Viewpoints
Eulerian, 3, 204, Lagrangian, 3, 205,
Viscosity
Definition (Newton’s law), 7, Kinematic, 8,
Volumetric transfer coefficient
Absorption, 113, Distillation, 146~149,
Vortex
Cellular vortex, 51, (Taylor vortex)
Water-cooling, 159, (Packed bed)
Enthalpy balance, 161,
Operating line, 161, Tie line, 161,
Wet-bulb temperature, 154, (see Humidification),
Yield stress, 14, 52, (see non-Newtonian fluid)



