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Abstract

Recent wave-based room acoustic simulations in the time domain can incor-
porate frequency-dependent absorbing boundary conditions (BCs), by which
time responses including a broad frequency component are calculable with
a single computational run. However, their performance over the frequency-
domain method remains poorly understood. This paper presents a discus-
sion of the capabilities of a recently developed implicit time-domain finite
element method (TD-FEM) for room acoustics simulation by comparison
with a fourth-order accurate frequency-domain FEM (FD-FEM). First, the
implicit TD-FEM accuracy is examined via an impedance tube problem,
having frequency-dependent absorbing BCs at the tube end, where a spe-
cific acoustic admittance ratio of rigidly backed porous sound absorbers is
imposed. Results indicate that the implicit TD-FEM has the same solution
convergence rate as that of FD-FEM. The solution converges to the FD-FEM
solution when using a sufficiently small time interval. A performance com-
parison of both methods is then made using two real-scale 2D room acoustic
problems in an office room and a complexly shaped concert hall. Numerical
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results show that the implicit TD-FEM can be useful for acoustic simulation
in practical-sized rooms at broad frequency ranges with markedly smaller
computational costs than those of FD-FEM while maintaining similar accu-
racy.

Keywords:  Acoustic simulations, Finite element method,
Frequency-dependent impedance boundary, Porous sound absorber,
Wave-based room acoustic modeling

1. Introduction

Wave-based acoustic solvers, solving the Helmholtz equation or wave
equation with numerical methods, are physically reliable prediction methods
of room acoustics. With these solvers, one can accurately consider boundary
effects such as sound absorption and sound scattering. Although wave-based
simulations are still expensive as a room acoustic design tool, especially for
real-sized rooms at kilohertz frequency ranges, their applicability has contin-
ued to expand gradually in both frequency and time domains with the ad-
vance of recent computer technology, e.g., [1, 2,3, 4, 5|. In room acoustic sim-
ulations, calculating the room impulse responses is fundamentally important
to evaluate room acoustics using acoustical parameters such as reverberation
times and clarity [6]. Visualization of sound propagation inside rooms and
auralization of the sound field is also helpful for acoustic evaluation. There-
fore, time-domain wave-based solvers, which calculate an impulse response
straightforwardly in the time domain, are very attractive. Various solvers
have been developed to date. The representative solvers are the following:
The finite-difference time-domain (FDTD) method [1, 7, 8, 9, 10, 11, 12],
the time-domain finite element method (TD-FEM) [3, 13, 14, 15, 16, 17, 18],
the finite volume time-domain method [19, 20|, the pseudospectral time-
domain method [21, 22|, the discontinuous Galerkin FEM [23, 24, 25, 26],
the spectral element method [27], and the adaptive rectangular decompo-
sition method [28, 29]. Time-domain solvers have inherent difficulty in ac-
commodating frequency-dependent quantities such as the specific acoustic
impedance of sound absorbers, but recent developments have enabled us to
consider it for some sound absorbers such as porous absorbers [1, 18, 19, 25,
27, 29]. Therefore, recent time-domain solvers are becoming able to perform
acoustics simulations considering a frequency-dependent absorbing boundary
at wideband frequencies. The study described herein specifically addresses



such a recently developed room acoustic solver with TD-FEM, among oth-
ers, and presents discussion of its performance in comparison with frequency-
domain FEM (FD-FEM), which can exactly reflect the frequency-dependence
of an absorbing boundary.

The TD-FEM [15, 18] proposed by the authors discretizes the weak form
of the wave equation with dispersion-reduced finite elements [30] in the spa-
tial domain. The semi-discretized equation is solved by application of an
efficient direct time integration method: Fox-Goodwin method [31, 32]. The
resulting time-marching scheme uses a preconditioned iterative solver [33]
for the linear system solution at each time step. The inherent benefit of
TD-FEM is its capability of dealing with complex geometries. Despite its
simple implementation with low-order elements, by virtue of the use of the
dispersion reduction technique called the modified integration rules [30], the
authors’ formulation has fourth-order accuracy in an idealized case with re-
spect to dispersion error: the error in sound speed. Dispersion error reduc-
tion is based on minimization of the dispersion error via dispersion error
analysis assuming free field sound propagation. Furthermore, by virtue of
the rapid convergence of iterative solver, the computational costs are low in
spite of the implicit formulation. Its applicability to practical acoustic sim-
ulations has been demonstrated via acoustic simulation in a simple-shaped
3D concert hall and a full-scale simulation of reverberation absorption coef-
ficient measurement with frequency-independent boundary conditions (BCs)
and an extended-reaction model of permeable membranes [34, 3]. In very
recent years, frequency-dependent impedance BCs are implemented further
assisted by the auxiliary differential equation (ADE) method [35, 36] for
efficient computation of convolutions [18]. The validity of the implemen-
tation was demonstrated via an impedance tube problem in which sound
absorption characteristics of a rigid-backed glass-wool absorber calculated
using TD-FEM were compared with results obtained using the transfer ma-
trix method. Nevertheless, discretization error characteristics included in
TD-FEM and performance compared to FD-FEM remain unclear.

Acoustic simulations using FEM usually perform in the frequency do-
main [37, 38, 39]. Such simulations can calculate the room’s impulse re-
sponses with the inverse Fourier transform [40, 5]. However, for room acoustic
simulation dealing with a large-scale 3D sound field and wideband frequen-
cies, FD-FEM is quite time-consuming for computation of impulse responses
because of the inherent difficulty in solving a linear system of equations
efficiently with many degrees of freedom (DOF), especially for high frequen-
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cies [37, 38, 40]. However, TD-FEM can solve sizable linear systems quickly
at each time step with the iterative solver [3, 14, 15, 16]. Therefore, for
predicting sound fields with many DOF, TD-FEM has a possibility of ac-
complishing the task more rapidly than FD-FEM can. Further performance
improvement can be expected because TD-FEM can be formulated as an
explicit solver [17].

The present study was undertaken to elucidate the implicit TD-FEM
performance against fourth-order accurate FD-FEM [40] for room acoustic
simulation with frequency-dependent absorbing BCs. As the main result,
we can report whether or not TD-FEM can simulate acoustics in 2D real-
scale room accurately at wide frequencies, and with lower computational
costs than FD-FEM. The remainder of this study is organized as follows.
Section 2 presents the theory of TD-FEM for room acoustic simulations with
frequency-dependent absorbing boundaries. In Sec. 3, its discretization error
characteristics are examined with an impedance tube problem in comparison
with theory and FD-FEM. Section 4 demonstrates the TD-FEM performance
benefits over FD-FEM via acoustic simulations in a 2D real-scale office and
a concert hall. Section 5 concludes the discussion presented in this paper.

2. Room Acoustic Simulations with TD-FEM

This section presents a description of a room acoustic solver with im-
plicit TD-FEM, including frequency-dependent BCs [18]. The implicit TD-
FEM is based on the fourth-order accurate TD-FEM described in the litera-
ture [15]. The frequency-dependent boundary condition is incorporated with
ADE method [35, 36]. It is noteworthy that the TD-FEM uses eight-node
hexahedral elements for 3D analysis and four-node quadrilateral elements
for 2D analysis, respectively using modified integration rules [30] for reduc-
ing dispersion error. The present study uses the 2D solver for room acoustic
simulations. Although the present study uses specific elements for spatial
discretization, the formulation itself can apply to any type of finite element.

2.1. Wave equation and finite element discretization in space
We consider sound wave propagation in an interior domain €2 surrounded

by boundary I', which is described by the following acoustic wave equation

as
%p(r,t)

ot?

dq(r,t
— cgV?p(r,t) = pocy q<8t )

dr—mr,), in Q (1)



where p signifies the sound pressure, ¢y denotes the speed of sound, py stands
for the air density, ¢ expresses the volume velocity of a sound source, and
0 represents the delta function. Additionally, 7 is the position vector of an
arbitrary point in the domain; 7, is the position vector of a point source. For
the boundary I', we assume three BCs: The rigid boundary Iy, the vibration
boundary I'y, and the absorbing boundary I', as presented below.

0 on F()

Op(r,t) _ —potn (7, t) on I'y (2)
on - fjoo yn(r,t — 7)p(r,7)dT on I,

€0

In those equations, v, represents the vibration velocity, - is the first-order
derivative with respect to time; y, is the specific acoustic admittance ratio
in the time domain. The weak form of the wave equation for finite element
discretization is

/Q {@(r, t)% + Vo (r, t)Vp(r, t)] dQ — c; /r (7, t)MdF

on
_ pocgaqg; t) /Q O(r, )5 (r — 1,)dC,

(3)
where the @ is the arbitrary weight function. We apply finite element dis-

cretizations to Eq. (1) together with the three BCs in Eq. (2). The following
semi-discretized matrix equation is obtained [18]:

Mp + EKp + cC'(§ + p) = f. (4)

Here, M stands for the global mass matrix, K expresses the global stiffness
matrix, and C denotes the global dissipation matrix (not including the ad-
mittance term). Vector p is the sound pressure vector. Also, f is the external
force vector. The symbol -- signifies the second-order derivative with respect
to time. Details of the global matrices and the convolution in the third term

are given as
M=) m,= Z/ NTNdS., (5)

K= k=) 5 VNTVNS, (6)



C'=> ¢ =) [ N'Ndr,, (7)

e le

yep=[ ' alrt = p(r)dr, ®)

where m, k., and c'e respectively represent the element matrices with respect
to M, K and C'. The vector N is the shape function vector. In addition,
dS), and dI', respectively denote the domain and the boundary integrals in
terms of an element.

2.2. Implementation of frequency-dependent absorbing boundary condition

In ADE method [35, 36] the frequency-domain specific acoustic admit-
tance ratio y,(w) is approximated by the rational function defined as
ap + -+ -+ an(—jw)
T4+ by(—jw)N’

Yn(w) ~ (9)
where w represents the angular frequency, j denotes the imaginary unit, a;
and b; are the coefficients of the polynomials, and N stands for the order of
the polynomials. The equation above can be described by partial fraction
decomposition as

O~ A N~ Bi£iC
2 (W) A Yoo . wtif+iw) .

i=1

Here, ys, A;, B;, and C; are the real-valued coefficients, n,, denotes the
number of real poles \;, and n, stands for the number of the pair of complex
conjugate poles «; + j3;. Inserting the inverse Fourier transformed value of
Eq. (10) into Eq. (8) engenders the following equation.

Grp=ysp+ Y A +2> Byl + Cipl”)]. (11)
i=1 =1

Here, the auxiliary functions ¢;, 1/)1(1), and 1,02(2) are called accumulators.
Those functions are calculated by solving the following simultaneous first-

order ordinary differential equations (ODEs).

fﬁi + Xi¢p; = p, (12)



P + oM + gl = p, (13)
P + o - gyl =0, (14)

We solve the ODEs above using Crank—Nicolson method. Substituting Eq. (11)
into Eq. (4) engenders a semi-discretized equation considering frequency-
dependent absorbing BCs incorporated by the ADE method as

Nrp Tcp

Mp+EKp+coysC'p = f—coC’ [Z Aigi+2) (BapV+Ciap”) | (15)
i=1 i=1
2.3. Time discretization using For—Goodwin method

For time discretization, we use the conditionally stable Fox—Goodwin
method, a family of Newmark 5 method [31, 32], as a direct time integration
method. The resulting time-marching scheme is given as

Atye .. ,
(M+AGAPK + 2222 = 1~ K Pi—oC (y P+ Py), (16)
1
p"t =p" + Atp" + At2(§ — B)p" + A", (17)
et A
prt ="+ B ), (18)
with
T B LAt
P =p" + Atp" + AF(5 - P)F", Po=p"+ P, (19)
Py=Y Al 42 (B 4 CapP Y, (20)
=1 i=1

Here, At represents the time interval between time step n and n + 1. In
addition, (8 is a parameter for Newmark § method, which is set as = 1/12
for Fox—Goodwin method. With Crank-Nicolson method, the ODEs related
to the accumulators are solvable as

At

n+l _ T an+l X
d)z Dlp + 1
2 — NAt) QT + Atp”
x, = )¢} + Atp
Dy



,()bz(l)v”ﬂq _ Mt+—wpn+1 + X,
D,
s, _ A= (@2 + B)ALID" + (A1 + a,AP)p" — A5 A"
2 = D,
Dy = 4+ do; At + (o2 + B2 AL, (22)
" AL
¢§2), +1 _ 6 pn+1 + X,
D,
[4— (a2 + BHAL" + 48, Aty (V" + BiAEp"
X, = 5 , (23)
2

It is noteworthy that y., = ¢, and P; = 0 are used in Eq. (16) when using
frequency-independent absorbing BCs with real valued specific admittance
ratio y.. Furthermore, the linear system of equations Eq. (16), which is a real
symmetric matrix, is solved at each time step using an iterative solver, Con-
jugate Gradient (CG) method, with a diagonal scaling preconditioning [33].
The convergence tolerance is set to 107°. The matrices in Eq. (16) are stored
by sparse matrix storage formats [41], such as the compressed row storage
format to reduce the solver memory requirement.

2.4. Stability condition

We use the following stability condition [15], which is derived for acoustic
simulation with a frequency-independent BC, for all numerical experiments
performed in this study.

At < mi —1 24
< nin| ). (24)

Here, the natural frequency w; is calculated by solving a generalized eigen-
value problem [k.,; — (“:—O)Qmm]pm = 0 for all elements Q;(i = 1,...,n.),
where p, is the sound pressure vector in an element and n. is the element
number. For Fox-Goodwin method with rectangular elements of size d,, ; xd,, ;
where d,; and d,,; respectively denote the i-th element length in 2 and y di-

rections, the stability condition can be written simply as

1
Atgmm{}. (25)
o7+ 7
T, Y,
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Figure 1: Impedance tube problem including frequency-dependent absorbing BCs at the
tube end.

Normal incidence absorption coefficient

0.0
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Frequency, Hz

Figure 2: Normal incidence sound absorption coefficient of three GW absorbers.

Furthermore, for square elements, the stability condition is defined as At <

ﬁ% with element length h. For more detailed information including the

stability condition for 3D analysis, an earlier report [15] is available. The
present time-marching scheme must solve additional ODEs in Eqs. (12)-
(14) using the Crank-Nicolson method. Therefore the stability condition
might change from Eq. (24). However, we confirmed that Eq. (24) is valid
for all the numerical experiments in this work.

3. Discretization Error Characteristics

This section presents the discretization error characteristics of the im-
plicit TD-FEM using the impedance tube problem, as shown in Fig. 1. The
impedance tube has a frequency-dependent absorbing boundary I', at the
tube end, where specific acoustic admittance ratio of a porous absorbing
material, glass wool (GW), is imposed. Three GWs with different flow re-
sistivity are considered. The tube inlet has vibration boundary I',, where
the absorbing boundary with specific acoustic admittance of the air is also
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imposed. Other boundaries are rigid. The reflection coefficient at the ab-
sorbing surface is calculated with the implicit TD-FEM according to the
transfer function method [42] using two microphones. The results are com-
pared with theoretical results obtained using the transfer matrix method [43].
The implicit TD-FEM results are also compared with results obtained from
fourth-order accurate FD-FEM using the modified integration rule [40, 44].
We used a 2D version of the FD-FEM using four-node quadrilateral elements.
The implicit TD-FEM and the FD-FEM use the same dispersion-reduced fi-
nite elements for spatial discretization, meaning that both methods have an
equal magnitude of spatial discretization error. The speed of sound and the
density of air are set respectively as 343.7 m/s and 1.205 kg/m? throughout
the numerical experiments performed in the present paper.

3.1. Setup of FE analysis

We considered three spatial resolution meshes to show the convergence
rate of the solution. The three meshes, Mesh 1 - Mesh 3, were created with
square elements having different lengths A: 0.005 m for Mesh 1, 0.0025 m
for Mesh 2, and 0.00125 m for Mesh 3. Spatial resolutions for Mesh 1
Mesh 3 respectively show 6.9, 13.7 and 27.5 elements per wavelength at the
upper-limit frequency of 10 kHz. For the respective meshes, we set four time
intervals to elucidate the effects of time discretization error. The four time
intervals are At = Ateie, 0.5Atqi, 0.25A%4, and 0.125At.4, where At
represents the time interval at stability limit. A modulated Gaussian pulse
was given to the vibration boundary at the tube inlet with the upper-limit
frequency of 10 kHz. Two receivers were placed at (z,y)=(0.94, 0.005) and
(0.95, 0.005). From the sound pressure at the two receivers, we calculated
the reflection coefficient according to the transfer function method [42]. The
time response was calculated up to 1 s. However, for FD-FEM, frequency
responses were computed at frequencies of 100 Hz to 10 kHz with 1 Hz in-
terval. At the tube end, we gave specific acoustic admittance ratio of rigidly
backed GW absorber with different flow resistivity R: GW24K, R=6,900
Pa s/m? GW32K, R=13,900 Pa s/m?; and GW96K, R=55,000 Pa s/m?.
The absorber thickness is 25 mm. We used the Miki model [45] to describe
the fluid properties of GW, i.e., the characteristic impedance and the com-
plex wavenumber. As a reference, Figure 2 presents normal incidence sound
absorption coefficient of three GW absorbers.

For the ADE method, the three specific acoustic admittance ratios y,(w)
of rigidly backed GW absorbers using the transfer matrix method were ap-
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proximated at frequencies of 100 Hz to 10 kHz with the rational function
form of Eq. (10). The parameters yo, A4;, Bi, Ci, Ai, a;, and [; were ob-
tained using the vector-fitting method [46]. The quantities of real poles and
pairs of complex conjugate poles were n,, = 4, n., = 3 for GW24K, n,, = 3,
nep = 3, respectively, for GW32K, and n,, = 8, ne, = 3 for GWI6K. We
gave the fitted parameters in Appendix A.

3.2. Accuracy measure

To evaluate the accuracy of the implicit TD-FEM, we defined the relative
error norm from theoretical values with respect to the magnitude and phase
of the reflection coefficient r.

”5 ” o = \/Zz 1 |ramp w,) Tamp (WZ) |2
am bl
’ \/Z |Tan1p wl) |

Vit [Po(wi) — ro(wi)[?
> ity Ira(wi)[?
Therein, Fomp(w;) and 79(w;) respectively represent the amplitude and phase
of r calculated using FEM. In addition, 7amp(w;) and ry(w;) respectively repre-

sent the corresponding theoretical values calculated using the transfer matrix
method. Additionally, n; is the number of frequencies.

(26)

leall> = (27)

3.3. Results and discussion

Figures 3(a) and 3(b), respectively show a comparison of reflection coef-
ficients r calculated using TD-FEM with the four Ats, theory, and FD-FEM
for the case of GWI96K using Mesh 1. It is noteworthy that the presented
figures show the highest error case using the coarsest mesh. We selected
this case because of the ease of understanding the error behaviors of the two
methods. The left and right panels respectively portray the amplitude and
phase of r. The lower panel shows their enlarged view above 6 kHz. Re-
sults show that TD-FEM is the most accurate at the stability limit for both
the amplitude and phase of r. The discrepancies calculated based on theory
are larger for smaller At; the TD-FEM results finally converge to FD-FEM
results. As demonstrated later, the error behavior depends on the flow re-
sistivity R of GW. For GW24K and GW32K having lower R, the amplitude
of r by TD-FEM shows a better fit to theory at the stability limit, but the
discrepancy becomes large for smaller At. For the phase of r in terms of

11
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Figure 3: Reflection coefficient r of GW96K calculated using implicit TD-FEM (TD) with
four At, theory, and FD-FEM (FD): (a) amplitude of r and (b) phase of r; the lower
panels show the enlarged view above 6 kHz. The coarsest Mesh 1 is used in FEM analysis.

GW24K and GW32K, the TD-FEM shows an enormous discrepancy from
theory at the stability limit, but the discrepancy decreases for smaller At.
The TD-FEM results for GW24K and GW32K also converge to FD-FEM
results for sufficiently small At. That convergence to FD-FEM results is
explainable by the respective theoretical dispersion error characteristics in
an idealized case. In earlier works [15, 30, 40, 44|, which present theoreti-
cal dispersion error equations calculated using dispersion error analysis, the
magnitude of dispersion errors of the TD-FEM and FD-FEM becomes the
same in the limit At — 0. In two dimensions, the theoretically estimated
dispersion errors egis,tp for the TD-FEM, and egispp for the FD-FEM are
described respectively as

k4 . .
€dis, TD ~ 180 [d} cos® 0 + d; sin® 0 — (coAt)*] and (28)
k4 , i
€dis FD ~ 150 [d} cos® 0 + di sin® 6], (29)

where k is the wavenumber and where 6 is the propagation direction of plane
wave in two-dimensional polar coordinates system. In addition, the disper-
sion equations show that TD-FEM has a better accuracy than FD-FEM at
the stability limit. Although the theoretical estimation assumes plane wave
propagation in a free field, in the qualitative sense, it is apparently valid for

12



10%

— GW24K
10! — GW32K
— GW96K

%

I

10°

l Eamp

107!

Relative error in Amplitude

1072
10~

I\
™
A
A

=
=

10721073 10721073 10721073 1072
h, m h,m h,m

(@) Al (6)0.5A1,; (©)0.25A1,,, (d)0.125A1,;,

10?

10!

107!

Relative error in Phase
lell, , %
2
[N
= AARR

1072
1073 10721073 10721073 10721073 1072
h,m h,m h,m h,m

(e) At,

crit

(£)0.5A1, (2)0.25A1,; (h)0.125A1;,

Figure 4: Convergence of relative error norm |eamp |2 and |eg]2 in terms of element length h
at each At: (Upper) Amplitude (a) Ateyit, (b) 0.5A%crit, (¢) 0.25Atcrt, and (d) 0.125A%qit;
and (Lower) Phase (e) Ateit, (f) 0.5Atcit, (8) 0.25A%ct, and (h) 0.125Ates.

the numerical results presented here, considering the frequency-dependent
absorbing BC. We show that the convergence still holds for more practical
conditions, as described in the next section.

As quantitative evaluations in the error magnitude of the TD-FEM, Fig-
ures 4(a)—(h) show convergence of the relative error norm |eamp 2 and |eg2
in terms of element length h at each At. In terms of both the amplitude and
phase of r, the error magnitude depends on R of GW: it becomes smaller for
lower R at all At. It is noteworthy that the error behavior, i.e., smaller error
for lower R of GW, is the same for FD-FEM analysis in air-porous coupled
problems where the porous-domain modeled with an equivalent fluid absorp-
tion elements as an extended-reaction model [47]. The possible reason for
the error increase is attributable to the number of elements per wavelength
becoming smaller because of the slower sound speed in porous materials with
higher R. Furthermore, the convergence rates in |eamp|2 and |eg]2 approxi-
mate to 2 in all cases. As shown in Fig. 5(a) and 5(b), this convergence rate
is the same as the FD-FEM. The error magnitude of the TD-FEM and the
FD-FEM becomes equal for smaller At values. Furthermore, the TD-FEM
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Figure 5: Convergence of relative error norm |eamp|2 and |egf2 in terms of element length
h for FD-FEM: (a) amplitude and (b) phase.

and FD-FEM errors are lower for the meshes having higher spatial resolution,
meaning that the results of both methods finally converge to the theoreti-
cal values. Numerical results indicate that the implicit TD-FEM with the
frequency-dependent absorbing BCs can perform acoustic simulations having
a similar level of accuracy as the FD-FEM with the same convergence rate.
Although TD-FEM has fourth-order accuracy for an idealized condition, i.e.,
the plane wave propagation in a free field, the numerical results also re-
vealed that the convergence rate is reduced to second-order for the case with
frequency-dependent impedance boundaries. It is probably attributable to
dispersion minimization, not working well for elements on impedance bound-
aries. Its improvement is left as a subject for future study.

4. Performance Comparison in Real-scale 2D Room Acoustic Prob-
lems

This section presents the implicit TD-FEM performance compared to
the FD-FEM via real-scale 2D room acoustic problems, including frequency-
dependent absorbing BCs. Comparison was made in both frequency and
time domains. First, we show a performance comparison in an office model
(39.92 m? area) discretized with uniform-sized square elements. Then, the
implicit TD-FEM performance is demonstrated using a larger and more com-
plicated concert hall model (296 m? area) discretized by variously sized ir-
regular shaped elements. Both models were used in earlier studies [17, 48],

14



Reciever location, (x, y)

R1 (1.0,2.0) RO (2.0,8.0)
R2 (1.0, 4.0) RI0 (2.0, 10.0)
R3 (1.0, 6.0) R11 (3.0,2.0)
R4 (1.0, 8.0) RI2 (3.0,4.0)
R5 (1.0, 10.0) RI3 (3.0, 6.0)
R6 (2.0,2.0) R14 (3.0,8.0)
R7 (2.0,4.0) RI5 (3.0, 10.0)
RS (2.0, 6.0)

10.6 82 7.4 AN T 0.0
a,2

Figure 6: Office model.

for which different boundary conditions were assumed to examine the perfor-
mance of other wave-based room acoustic solvers. For frequency-dependent
absorbing BCs in both office and hall models, we assumed the same three
absorption characteristics of GW, i.e., GW24K, GW32K, and GW96K, used
in an earlier section. The rational function form in ADE method is also
identical. Additionally, we applied a highly efficient sparse direct solver,
PARDISO (included in Intel Math Kernel Library), with the FD-FEM for
solving the linear system of equations at each frequency. Because the coef-
ficient matrix of FD-FEM becomes complex symmetric matrix, we selected
”complex and structurally symmetric” matrix type in the PARDISO setup.
All computations were performed using a computer (Mac Pro 2020; Apple
Inc., Xeon CPU W 2.7 GHz, 24 cores; Intel Corp.) with a Fortran compiler
(ver. 2020; Intel Corp.). We used the sparse direct solver to the FD-FEM
instead of iterative solvers because a preliminary test, as shown in Appendix
B, showed higher efficiency of using the sparse direct solver than an iterative
solver, CSQMOR method [49] with diagonal scaling, which was an efficient
solver for solving real sized 3D room acoustics problems in the authors’ ear-
lier work [40] where performance of the four iterative solvers, COCG [50],
COCR [51], CSQMR [52], and CSQMOR, for complex-symmetric matrices

were examined.

4.1. Office model

4.1.1. Problem description and numerical setup

Figure 6 presents the office model. We calculated sound fields generated
by sound radiation from a loudspeaker, which is treated by the vibration
boundary I'y,. The room’s boundary has a weakly absorbing frequency-
independent boundary I'y; and frequency-dependent absorbing boundary

15



:& 0.1 =

g m OI_

£ ] =

S 0.05 =

© 0 5} E

S 2

& = E

_§—0.05- 2 1

s

e}

; —0.1 T T T T > T 3 "
0 0.001 0.002 0.003 0.004 0.005 10 10 10

Time, s Frequency, Hz
(a)Waveform (b)Frequency characteristics

Figure 7: Sound source for office problem: (a) waveform and (b) frequency characteristics.

La2. ['ai has a real-valued specific acoustic admittance ratio y,= 1/37.97
corresponding to the normal incidence sound absorption coefficient aq of 0.1.
For I'y 5, we assumed the three absorbing conditions for which the specific
acoustic admittance ratios of GW24K, GW32K, and GW96K were given,
respectively. Receiving points were placed at 15 positions: R1-R15. The
upper-limit frequency was assumed as 4.5 kHz.

Regarding spatial discretization, the domain was discretized with square
elements of 0.01 m length. The resulting mesh has 400,720 DOF. The spatial
resolution is 7.6 elements per wavelength at the upper-limit frequency of 4.5
kHz. As an initial condition of TD-FEM, we gave the modulated Gaussian
pulse waveform having frequency characteristics in Fig. 7 to the vibration
boundary. Source function s(t) is given as [15]

4 )2
s(t) = 2704 — cot)e S (30)
Po

where 7 is the circular constant, and the parameter d is defined as d =
%";ﬁ with the upper-limit frequency fi.x. The TD-FEM calculation was
performed up to 1 s with the two time intervals At = At and 0.25At 4 to
show convergence to FD-FEM results. The stability limit is At.;=1/48,607
s. However, for FD-FEM calculations, vibration acceleration of 1 m?/s? was
given to the vibration boundary. The analyzed frequency range is 100 Hz to
4.5 kHz with a 1 Hz interval.

4.1.2. Measure of accuracy
Two accuracy measures were defined from practical points of view in
room acoustic applications. First, to evaluate the differences in frequency re-

16



sponses calculated using the TD-FEM and FD-FEM, we defined the following
absolute difference in terms of sound pressure level (SPL) distributions.

N,
Dabs(fm) - ]\1[ Z ’Lf(.fm-/ ri) - Lt(fma ri)‘- (31)
P =1

In that equation, L¢(fm, ;) and Li(fu, ;) respectively denote the 1/N oc-
tave band SPL at center frequency f,, calculated using the FD-FEM and
TD-FEM. In addition, N, stands for the number of receiving points. Here,
we set N = 3 and 192, i.e., D,s(fn) was evaluated by 1/3 and 1/192 octave
band SPLs. We used the 1/192 octave band SPL to permit a slight shift of
frequency at which peaks and dips occur at high frequencies because of the
dispersion error. However, the evaluation is still strict because the bandwidth
is only 16 Hz at the highest 4491 Hz.

Another accuracy measure was defined in the time domain to quantify the
similarity of two waveforms calculated using the TD-FEM and FD-FEM. We
quantified the similarity with cross-correlation coefficient CC' defined below
as

NE €
OC = Zn t1p pfpt
VI 2y S o

where p} and py' respectively denote the sound pressure at time step n cal-
culated using FD-FEM and TD-FEM. For FD-FEM, the time-domain sound
pressure was calculated using the inverse Fourier transform of frequency re-
sponse. In addition, Ngp is the number of time steps.

(32)

4.2. Results and Discussion

We present a comparison of sound propagation in the office at time steps
n= 500, 1,250, and 2,500, as calculated using TD-FEM for the two wall
absorption cases in Figure 8. It is apparent that sound waves attenuate
more for the absorption wall I', o with GW96K at n= 1,250 and 2,500, by
the higher sound absorption capability, as Figure 2 shows. Figure 9 presents
a comparison of SPLs at a receiver R1 calculated using FD-FEM and TD-
FEM with At in the case with GW24K. The TD-FEM result is the transfer
function value removing the sound source characteristics, i.e., the following
calculation was made as

Pr )|

\[ 2po

SPL(r,w) = 201og,,

[dB], (33)
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Figure 8: Comparison of SPL distributions in the office at 500, 1250, and 2500 time
steps for different wall absorption settings calculated using TD-FEM: (a) GW24K and (b)
GWI6K.
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Figure 9: Comparison of SPLs at R1 calculated using FD-FEM (FD) and TD-FEM (TD)
at stability limit for the case with GW24K.

where p;(7r,w) and ps(w) are, respectively, the Fourier transformed values
of the time responses by TD-FEM and the source function. In addition,
po is the referenced value of 20 pPa. Overall, the agreement of the two
frequency responses is good at all frequencies, but slight discrepancies are
observed at dips. Figures 10(a) and 10(b) show an SPL comparison at R1
between FD-FEM and TD-FEM with the two time intervals (a)Atq; and
(b)0.25At., which is enlarged at frequencies of 4.2-4.5 kHz. The result
illustrates clearly that the TD-FEM results converge to the FD-FEM result
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Figure 10: SPL comparison of R1 between FD-FEM (FD) and TD-FEM (TD) with (a)
At and (b) 0.25At.:. The figures are enlarged at frequencies of 4.2-4.5 kHz.
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Figure 11: Absolute difference in 1/3 octave band SPL and 1/192 octave band SPL at
At = Ateyy and 0.25At,4 for (a) GW24K, (b) GW32K, and (¢) GWI6K.

for a smaller time interval of 0.25At.;. This point was also demonstrated by
the impedance tube results presented earlier. As a reference, the frequency
difference at which peaks and dips occur is only 1 Hz between the TD-FEM
at the stability limit and the FD-FEM, showing that the two simulations
agree well. Those results are true for all receiving points and for the cases
with GW32K and GW96K.

For quantitative evaluations, Figs. 11(a)—(c) present the absolute differ-
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Figure 12: Comparison of SPL at R5 in frequencies of 100-200 Hz calculated using FD-
FEM and TD-FEM at the stability limit for the case with GW24K. A large difference is
apparent at 112 Hz.
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Figure 13: Comparison of time responses at R1 for the case with GW24K calculated using
FD-FEM and TD-FEM with At = Atcps.

ence D,ps in 1/3 octave band SPL and 1/192 octave band SPL at At = At
and 0.25At.; for the cases with (a) GW24K, (b) GW32K, and (¢) GWI6K.
Although the D, in 1/192 octave band SPL shows large differences at some
frequencies below 200 Hz for all GW cases, the values become less than 1 dB
at all frequencies. Figure 12 presents an SPL comparison at R5 at frequen-
cies below 200 Hz, showing the cause of the large difference. The difference
apparently occurs at dips of SPL, which is true also for other receivers and
GW cases. The number of frequencies included in a band becomes one at a
frequency below 200 Hz. Therefore, large D.,s occurs for the evaluation in
such a narrow band SPL. However, we neglect the large difference at dips
from practical aspects because for more practical 1/3 octave band SPL, the
D,y is less than 0.1 dB at all frequencies and cases. We can find similar
discussion in the literature [53, 54| where the accuracy of the phased ge-
ometrical acoustics methods was discussed. Furthermore, it is noteworthy
that the large difference at dips might derive from the difference of used
linear system solvers in FD-FEM and TD-FEM. Earlier work [38] showed
that the difference of SPL calculated using a direct solver and an iterative
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solver appears at dips in SPL. As Figure 11 shows, D, becomes smaller at
frequencies higher than 1 kHz when using 0.25At.;; for all GW cases.

Figure 13 presents a comparison of time responses up to 0.2 s at R1
for the case with GW24K calculated using FD-FEM and TD-FEM with
At = Aty It is noteworthy that the frequency characteristics of Gaussian
pulse were considered in the FD-FEM result for comparison. Subsequently,
we re-calculated the frequency response at frequencies of 1 Hz to 9 kHz with 1
Hz interval to guarantee spectrum continuity in the inverse Fourier transform.
Overall, the fine structure of time responses calculated using both methods
agrees excellently. This agreement can be found for all receiving point results
and the other GW cases. The C'C value averaged at all receiving points
results exceeds 0.999 and exhibits high similarity of both waveforms.

Regarding the computational costs of the respective methods, the com-
putational times of the TD-FEM in serial computation are 1,880-1,966 s.
The computational times are 6.7—7.0 times shorter than the 13,203 s for the
FD-FEM calculation at frequencies of 100 Hz to 4.5 kHz. The slight differ-
ences in the computational times of TD-FEM derive from the slight change
of the convergence characteristics of the CG method for different GW cases.
Particularly, the CG solver converges rapidly for the linear system solution at
each time step with the mean iteration number of 5.2-5.3 per time step. The
rapid convergence shows the same trend as that for the case using frequency-
independent absorbing BCs [3, 15] because the coefficient matrix structure in
the linear system of equations of TD-FEM with frequency-dependent absorb-
ing BC becomes the same as that in the case using frequency-independent
absorbing BCs. Furthermore, TD-FEM uses much less memory than FD-
FEM does. The memory requirement of TD-FEM is 109 MBytes, which is
a 1/8 smaller value than 903 MBytes of FD-FEM. It can be said that the
TD-FEM can calculate a time response including broad frequency compo-
nents having equal accuracy with much lower computational costs than those
imposed by FD-FEM.

4.8. Concert hall model

4.8.1. Problem description and numerical setup

Figure 14 portrays the concert model, where a point source S is placed
at a position (x,y) = (22,3.2) above the stage. We calculated acoustic fields
generated by sound radiation from the point source, respectively using TD-
FEM and FD-FEM. Sound receivers R1-R15 were placed uniformly at 15
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Figure 14: Concert hall model.

positions on the seat. The coordinates are presented in the figure. For TD-
FEM, the sound source is a modulated Gaussian pulse with the 2.5 kHz
frequency upper-limit. Time responses were calculated up to 2.0 s. How-
ever, FD-FEM calculations were performed at 100 Hz — 2.5 kHz with 0.5
Hz intervals, in which the volume acceleration of 1 m?3/s? was given to the
point source. The concert hall is bounded by frequency-independent absorb-
ing boundaries I'y ; and I', 2, and a frequency-dependent absorbing boundary
I', 3. We gave a frequency-independent specific acoustic admittance ratio yy,
for I';; and I'y5. The values for I'y; and I'yo are y,=1/71.52 and 1/7.14
respectively corresponding to ag of 0.054 and 0.43. Similarly to the office
problem, we assumed frequency-dependent specific acoustic admittance ra-
tios of three GWs, i.e., GW24K, GW32K, and GWI6K, to I', 3. The setting
which was used included virtual values, but the absorption of upholstered
chairs is similar to that of porous-type absorbers.

Regarding spatial discretization, we discretized the domain with variously
sized irregular shaped elements having maximum edge length of 0.02 m. The
resulting mesh has spatial resolution of 6.9 elements per wavelength at the
upper-limit frequency. The DOF was 806,748. The At used in TD-FEM is
set to the stability limit value of 1/49,600 s. The TD-FEM and FD-FEM
calculations were done with OpenMP parallel computation using 16 threads.
For TD-FEM, the time-marching schemes of Eqs. (16)—(20) were parallelized.
FD-FEM solved the linear system of equations at each frequency with parallel
sparse direct solver PARDISO. The parallelization parts are the hotspots of
calculation with the respective methods.
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(a) GW24K

(b) GW96K

Figure 15: Comparison of SPL distributions in the hall at 1,300 and 2,600 time steps for
different seat absorption settings calculated using TD-FEM: (a) GW24K and (b) GW96K.

4.83.2. Results and discussion

Figures 15(a) and 15(b) respectively show SPL distributions in the hall
at 1,300 and 2,600 time steps for the two seat absorption settings of GW24K
and GW96K. We can find isotropic sound propagations with low dispersion
error: the GW96K seat absorption case shows lower reflection SPL from the
seat than the GW24K case because of the higher sound-absorption capability.

Figures 16(a) and 16(b) present an SPL comparison at R1 calculated
respectively using FD-FEM and TD-FEM for GW96K seat absorption case.
The lower panel shows an enlarged view at 2.3-2.5 kHz. Overall, SPLs of
the two methods agree very well. The enlarged figure shows that the TD-
FEM result calculated with At converges to the FD-FEM result. We were
unable to find any frequency shift at which peaks and dips occur in the
concert hall results because the sound field was discretized with elements
of various sizes. Therefore, for most elements, Aty is a sufficiently small
value. Figure 17 shows the critical time intervals in respective elements

calculated from the eigenvalue problem [k, — (£)*me|p. = 0, in which the

values are normalized by the stability limit value At.;. For most elements,
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Figure 16: Comparison of SPLs at R1 calculated using FD-FEM (FD) and TD-FEM (TD)
for the case with GW96K: (a) frequency response at 100 Hz — 2.5 kHz and (b) enlarged
view at 2.3-2.5 kHz.
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Figure 17: Normalized time interval for all elements.
the normalized time intervals appear to be around 0.5, meaning that stable
computation is possible for the elements with a two times larger value of the

Ateic. The results are true for all other receiving point results and for other
GW cases.
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Figure 18: Absolute differences in 1/3 octave band SPL and 1/192 octave band SPL for
three seat absorption cases: (a) GW24K, (b) GW32K, and (¢) GW96K.
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Figure 19: Time responses at Rl in the early time region calculated using FD-FEM and
TD-FEM for different seat absorption cases: (a) GW24K and (b) GW32K.

Figures 18(a)- 18(c) show the absolute differences in 1/3 octave band
SPL and 1/192 octave band SPL for three seat absorption cases. Larger
differences are found, exceeding 1 dB in the 1/192 octave band SPL below
200 Hz. These larger differences are attributable to the same reasons as those
in the office model, i.e., large difference at dips. It is negligible for practical
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aspects of view. In addition, the absolute difference is less than 1 dB above
200 Hz, indicating that both methods have a similar level of accuracy. A
markedly small difference was found below 0.2 dB at all frequencies in the
1/3 octave band SPL comparison.

Figures 19(a) and 19(b) present comparisons of time responses in the
early time region up to 0.2 s for the GW24K and GW96K seat absorption
cases. For calculation of the time response in FD-FEM, we re-computed the
frequency response at frequencies of 0.5 Hz — 7 kHz with a 0.5 Hz interval.
In both figures, we can find excellent agreement in the fine structure of the
two waveforms. Regarding the waveform similarity, the averaged C'C' value
for all receiving points results exceeds 0.999 for all GW cases. It is further
visible that a higher sound absorption effect is obtained for GW96K case, as
shown in the visualization result portrayed in Fig. 15.

Finally, we can present higher efficiency of TD-FEM for the acoustic
simulation in a large-scale complicated concert hall model. The iterative
solver convergence is quite good, with the mean iteration number of 6.0—
6.2 per time step. The computational times of TD-FEM are 1,022-1,041 s,
which is 17.9-18.2 times faster than 18,592 s for the FD-FEM calculations at
100 Hz — 2.5 kHz with a 0.5 Hz interval. This finding marked hastening of
TD-FEM compared to FD-FEM derives from the difference in the scalability
of the linear system solver. The diagonally scaled CG solver which was used
is inherently more suitable for parallel computations than the direct solver.
Furthermore, the required memory in TD-FEM is 220 MBytes, which is much
less than 2,455 MBytes of the FD-FEM. However, we must also mention
that FD-FEM can be highly efficient when a highly efficient preconditioned
iterative solver for solving the linear systems with complex symmetric matrix
appeared in large-scale room acoustic problems, which converges rapidly with
small iteration numbers and with high parallel scalability while maintaining
small non-zero components of coefficient matrix per row, is developed.

5. Conclusions

This paper presented discussion of the effectiveness of the implicit TD-
FEM for room acoustic simulations, including frequency-dependent absorb-
ing BCs. For that purpose, we compared the TD-FEM performance with the
fourth-order accurate FD-FEM via impedance tube problems and real-scale
2D room acoustic problems. For both problems, we assumed a rigidly backed
glass wool sound absorber with three flow resistivity values for frequency-
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dependent absorbing BCs. First, the impedance tube problem reveals that
the solution convergence rate of TD-FEM approximates to 2, which is the
same as in FD-FEM; the TD-FEM solution converges to the FD-FEM so-
lution in the limit At — 0. Results also show that the error magnitude is
dependent on the flow resistivity values of absorbing materials. It becomes
larger for higher flow-resistant materials.

A performance comparison in the real-scale 2D acoustic simulations in
the office and the concert hall revealed high potential of implicit TD-FEM
on room acoustic simulations. Consequently, this study demonstrated that
the implicit TD-FEM can predict a broadband time response with consid-
erably lower computational costs than those of FD-FEM while maintaining
similar accuracy. Although the presented TD-FEM has an implicit algo-
rithm, the linear system of equations at each time step is solvable easily
using the simple diagonal scaled CG solver, which is suitable for parallel
computations. Additionally, results demonstrated that the stability condi-
tion for frequency-independent absorbing BCs performed well for all numer-
ical experiments undertaken for this study. Therefore, TD-FEM is useful
from a stability perspective. Finally, it can be concluded that the TD-FEM
including the frequency-dependent impedance BCs has favorable properties
for large-scale room acoustic simulations at broad frequencies. The results
are expected to be beneficial for FD-FEM users who encounter the difficul-
ties of solving large-scale room acoustic problems in the frequency domain
because the presented TD-FEM can be coded directly from FD-FEM with
the same spatial discretization mesh.

Future work will be undertaken to present an explicit TD-FEM for room
acoustic simulation with frequency-dependent absorbing BCs. Additionally,
performance of the implicit TD-FEM including extended-reactive porous
sound absorbing model reported in the literature [55] will be demonstrated in
comparison with the frequency-domain FEM to demonstrate its effectiveness
further.

Appendix A. Rational function parameters of GW

In this appendix, for readers’ convenience, parameters ¥y, A;, B;, Ci, A,
a;, and G; for three GWs, which are required for the rational function form
of Eq. (10) are given in tabulated form in Table A.1- A.3.
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Table A.1: Parameters y.., 4;, B;, C;, \i, a;, and (; for GW24K.

Yo | 0.62

i 1 2 3 4
A | -74T -37.64 -120.13 421.14
B; | 11221.70  12483.62  27406.57

C; | 335326  1685.22  43162.67

Ai | 104538 2589.19  6032.82  19531.12
a; | 4636.42  7549.83  36049.39

Bi | -17724.28 -59081.77 -112968.21

Table A.2: Parameters 4., 4;, B;, C;, \i, a;, and 3; for GW32K.

Yo | 0.73
i 1 2 3

A; | -16.35 -139.97 58199
B; | 9641.96  11894.52  9455.47
Ci | 4965.00  2505.03  39776.29
Ai | 1567.58  4772.52  18858.42
o; | 658117  11218.74  40312.52
Bi | -15446.90 -55867.28 -97435.95

Table A.3: Parameters yo., A;, B;, Ci, \i, «;, and §; for GW9I6K.

Yoo | 092

i |1 2 3 4 5 6 7 8
A; | 2298 -34.33 52.81 -99.12 1136 -13.02 755110 -35762.49
B; | 144238  6695.05  -4725.50

Ci | 7936.79  7012.75  3140.68

Ai | 737.82  856.35  1868.09  2523.72 3709.72 8270.16 21302.86 71992.07
a; | 1009320 2225228  26736.45

Bi | -6219.29 -41722.56  -63692.70
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Figure B.20: Comparison of CPU times between PARDISO and CSQMOR, where Single
and 16threads respectively represent serial computation and parallel computation with 16
threads.

Appendix B. Selection of linear system solver for FD-FEM

The preliminary study results obtained for the selection of linear system
solver for the FD-FEM are shown briefly here. We used the office model
with GW32K wall absorber for the selection, in which the performance of
the sparse direct solver and CSQMOR iterative solver with a diagonal scal-
ing preconditioning was examined at frequencies of 100 Hz to 500 Hz with
1 Hz interval. The CSQMOR is a recently developed QMR method based
on coupled two-term biconjugate A-orthonormalization procedure. The con-
vergence tolerance of CSQMOR was set to 1075, The computations were
performed by serial computation for PARDISO, whereas we performed both
serial and parallel computations with 16threads for CSQMOR. Figure B.20
presents a comparison of CPU times among them. Results showed that
PARDISO outperforms CSQMOR with less CPU time. Although CSQMOR
shows a significant speedup by the parallel computation, PARDISO shows
higher performance. For reference, CSQMOR method required 4382-23306
iterations for convergence where the iteration numbers increase at higher fre-
quencies. From the result and because we have available memory sufficient
for 2D problems, we chose the sparse direct solver for FD-FEM.
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