<RNE,

T Kobe University Repository : Kernel

S
4ope

PDF issue: 2025-12-05

The operator algebra at the Gaussian fixed-
point

Sonoda, H.

(Citation)
International Journal of Modern Physics A, 36(16):2150106

(Issue Date)
2021-06-10

(Resource Type)
journal article

(Version)
Accepted Manuscript

(Rights)

Electronic version of an article published as International Journal of Modern Physics
A, 36, 16, 2021, 2150106. DOI: 10.1142/S0217751X21501062 © World Scientific Publishing
Company. https://www.worldscientific.com/worldscinet/ijmpa

(URL)
https://hdl. handle. net/20.500. 14094/90008452

\IJ.\]\'I:IIM Y
AN



KOBE-TH-20-05

The Operator Algebra at the Gaussian Fixed-Point

H. Sonoda*
Physics Department, Kobe University, Kobe 657-8501, JAPAN
(Dated: April 7, 2021)

Abstract
We consider the multiple products of relevant and marginal scalar composite operators at the
Gaussian fixed-point in D = 4 dimensions. This amounts to perturbative construction of the ¢*
theory where the parameters of the theory are momentum dependent sources. Using the exact
renormalization group (ERG) formalism, we show how the scaling properties of the sources are

given by the short-distance singularities of the multiple products.
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I. INTRODUCTION

For a quantum field theory to have a well defined continuum limit, it must have an
ultraviolet (UV) fixed-point of the renormalization group. Conversely, given a fixed-point,
we can build a continuum limit with as many parameters as the number of relevant operators.
Modulo the important question of convergence, the continuum limit with parameters can
be constructed out of the multiple products of the relevant operators at the fixed-point. [1]

Following this idea, Cardy has considered a generic fixed-point action S* with relevant

operators O;. [2] Let the first order action of the theory be

S*—l—Zgz/dDyc(’) ). (1)

The short-distance singularity of the operator products are given as

0i()0i(y) =4 30 1 i Oule), (2)
k

where z; is the scale dimension of O; in D-dimensional coordinate space. When x;4+x; —x;, >
D, the product is unintegrable, and the second order perturbation needs regularization.
Consequently, the parameter g; acquires a mixing term proportional to ik Cik,i93 9k under
the renormalization group. (This result has been reviewed in Appendix C of [3] using the
exact renormalization group formalism.)

Even before this observation, we all had been familiar with the idea that the short-
distance singularities are the source of renormalization and the associated renormalization
group. Consider the perturbative construction of ¢* theory in D = 4 — € dimensions. The

bare parameters and field are given by
mE = Zyn(e; Nm? (32)
Xo = Zx(e; N)Auc, (3b)

¢0: \/Z<€J)‘)¢7 (3C)

where the renormalization constants are given in the MS prescription. The renormalization
constants, which cancel the UV divergences, are determined by the beta functions and the

anomalous dimension as [4]

Zy(&:\) = exp (/0A dx (m - é)) : (4a)
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Zn(e:\) = exp (— /0 pr - +(;()I)> (4b)
Z(&\) = exp (— /0A de—"2 +(;gx)) (4c)

(Note that we have chosen the sign of beta functions to give the change of parameters toward

the IR.)

In this paper we take the Gaussian fixed-point in D = 4 dimensions as the simplest
example, and study how to construct the multiple products of three scalar composite oper-
ators ¢?, ¢*, 0,¢0,¢ which are either relevant or marginal. (These operators will be called
Os, 04, N in the main text.) Using the exact renormalization group (ERG) formalism, we
construct a theory with momentum dependent sources coupled to the three composite op-
erators. (There are many reviews of ERG. See [5] and references therein. We mostly follow
the conventions of [6] and [7] out of familiarity.) We will obtain a precise relation between
the short-distance singularities of the operator products and the mixing coefficients under

scaling of the sources.

Momentum dependent sources for composite operators, equivalent to space dependent pa-
rameters, have been considered before. In generalizing Zamolodchikov’s c-theorem, Jack and
Osborn have introduced space dependent parameters using the dimensional regularization.
[8-10] (See also [11] for more recent developments.) The correlation functions of the bare
composite operators have poles in € = 4 — D, which they have related to the beta functions
of the space dependent parameters, just as in (4). The poles result from the short-distance

singularities we discuss here.

This paper is organized as follows. In Sec. Il we briefly review the composite operators
in the ERG formalism. We introduce the three scalar composite operators the multiple
products of which constitute the main subject of this paper. In Sec. III we sketch how to
construct multiple products of composite operators in the ERG formalism. This section
is based upon the results of [12]. In Sec. IV we give concrete examples of the products
of two composite operators. We then give a general discussion of the number operator in
Sec. V. The number operator is an equation-of-motion operator, and the precise control we
gain over their products greatly simplifies our study of the multiple products. In Sec. VI
we introduce the generating functional W of the multiple products. The sources for W are

momentum dependent parameters of the ¢* theory. We show that the scaling property of



eV is given by the coefficients of short-distance singularities in the multiple products of

composite operators. The paper is concluded in Sec. VII. We sketch the calculations of
some integrals of cutoff functions in Appendix A, derive the asymptotic behavior of two
functions (F,G) in Appendix B, review quickly the equation-of-motion operators in the
ERG formalism in Appendix C, and construct some products of three composite operators
in Appendix D. In Appendix E we switch from momentum space to coordinate space to
discuss the scaling properties of the space dependent parameters.

Throughout the paper we work in D = 4 dimensional Euclidean space, and use the

following short-hand notation for the momentum space:

/ /27r 5 0(p) = (@2m)P8P(p), p-0 zipui

pn=1
II. COMPOSITE OPERATORS IN THE ERG FORMALISM

The Wilson action of the free massless scalar theory is given by

~ =5 oln et )

in the momentum space, where A is a momentum cutoff. The smooth and positive cutoff
function K(p/A) is 1 at p = 0, is of order 1 for p ~ A, and approaches zero rapidly as
p/A — 0co. An example is given by exp(—p?/A?). The corresponding propagator K (p/A)/p?
suppresses the high momentum modes. The cutoff dependence of the Wilson action is given
by the ERG differential equation®

A2 s / Alp/A)1 0° Salel
p

oA 250 - ©)

where we define

A(p/A) = A K(p/A) > g

To obtain the Gaussian fixed-point from Sj, we must rescale the momentum and field

using the cutoff A. We introduce dimensionless momentum p and field ¢(p) by

b= Aﬁ7 (8&)
D42

¢(p) = A2 6(p). (8b)

1 Strictly speaking, we must ignore the field independent part of the action for the validity of Eq. (6).



D-2
2

and that of its Fourier transform ¢(p) = [dPze ""¢(z) is —LE2. Writing (5) using the

Please note that the mass dimension of the scalar field ¢(z) in coordinate space is

dimensionless momentum and field, we obtain the Gaussian fixed-point action

81 = - [0

This satisfies the fixed-point equation

B D +2 d A(p) 1 62 e
0_/p[( y T a)m’) 5w 2 2sewean) ¢ WY

From now on we use this dimensionless convention by measuring all the dimensionful quan-

(D) (9)

tities in units of appropriate powers of the cutoff A. We omit the bars above momenta and

fields entirely for the sake of simplicity. Hence, we write the Gaussian fixed-point action as

o) =~ [ot-7%

The correlation functions defined by

(p)- (11)

{o(p1) - - ¢(Pn)>>
T Kp)(1-Kp)1 &
= 1;[ <eXp <—/p po 5 5¢(p)5¢<_p)) o(p1) ¢(Pn)>s (12)

satisfy the scaling relation

(@(pre") -+ o(pue') ) = ™5 (S(p1) -+ D)) - (13)

Here,
(g = /[dqg]es[aﬂ . (14)

is the standard correlation function with the Boltzmann weight e5l?! given by the Wilson
action. Let us explain the role of the exponentiated second order differential by considering

the example of n = 2. We obtain

(601000 = g7 ((0010(a) -

1 (K(p) K(p) (1 - K(p))
K(p)K(q) \ p? p?

= 1%5(1?—1‘61)- (15)




The exponentiated differential modifies the high momentum behavior a little so that the
correct propagator is recovered from the Wilson action. This simple modification works not
only for the free theory but also for the interacting theory.[7]

A composite operator O(p) with scale dimension —y satisfies the ERG differential equa-

tion
(p-9p+y—=D)O(p) =0, (16)
where
B D +2 5 1 52
o= [|(a+ 257 ) 0 s i) OO
f(p) is the derivative of the high-momentum propagator h(p):
F0) = 03, +2)h(p) = 22, (180)
h(p) = l_p—f(p). (18b)

Please note that —y is the scale dimension of the operator in momentum space. The scale
dimension of the corresponding operator in coordinate space is D — y, often denoted as z
(not to be confused with space coordinate). Eq. (16) implies that the correlation function

of the composite operator

(Op)e(p1) - - d(pn))

n

_ 1 o [~ [El@O-K@)l &
=gy (0w (- [ 25 oy ) oo ot} (19

=1 S

satisfies the scaling relation

D42

(Oped(pret) - d(paet)) = e~ F2) (O d(p1) -+~ 6(pn)) - (20)

Note the absence of the factor 1/K(p) for the composite operator in Eq. (19). A composite
operator acts like an infinitesimal variation of the action S, and Eq. (19) can be regarded
as the corresponding infinitesimal variation of Eq. (12).

We are particularly interested in the scalar composite operators which are even in ¢ and
relevant, i.e., the scale dimensions —y are either zero or negative. There are only three inde-
pendent operators: O, corresponding to ¢?, O, corresponding to ¢*, and N corresponding to
0,09,6. (We do not count 9¢?* separately.) The purpose of this paper is to understand the
multiple products of the three composite operators. Let us end this section by constructing

these composite operators by solving the respective ERG differential equations.
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A. Oy with y =2

We introduce O, by the ERG equation
(p-0,+2—D)Os(p) =0. (21)

This gives
Oa(p) = 5 ¢(p1)d(p2) 6 (p1 + p2 — p) + v20(p) (22)

p1,p2
1
Vg = 1 /f(Q> (23)
q
(f is defined by Eq. (18a).) We may graphically express O, as

:/'\ ’ O (24)

where each open solid line corresponds to a factor of ¢, and the loop denotes vy, correspond-

where

ing to an integral over the high-momentum propagator.? We give graphs merely to aid the

intuitive understanding of the results, and they should not be taken too seriously.

B. O4withy=0

We introduce Q4 by

(p- 9y — D) Ou(p) = 0. (25)
This gives
Ou(p) = %/ H¢(pi) 0 (sz —P>
+ 712%/ P(p1)¢(p2) 6(p1 +p2 —p) + 025( ) (26)
= A + 6 + ( Hé ) . (27)
In fact
POsp) =15 [ 06w 5on +p— ) (28)

p1,p2
satisfies the same ERG differential equation as O4(p).

2 The naive expression for v, is % fp h(p) which is quadratically divergent, but the ERG gives a perfectly
finite expression (23). A hand-waving derivation of this result is integration by parts, ignoring the divergent

surface integral: 0 = f (p-0p+4)h f f(p) + 2fp h(p) gives vy = %fp h(p) = —1 fp f(p)
7



C. N withy=0

The number operator N is an equation-of-motion operator, defined by

= ¢~ / K)o (6(q + p)e) . (29)

This is computed as

No =2 [ om)éws) (77 +12) (pr+p2—p) — / K(q) 6(p) (30)

P1,p2

We will give a general discussion of the number operator and its multiple products in Sec. V.

III. MULTIPLE PRODUCTS OF COMPOSITE OPERATORS

Multiple products of composite operators have been considered in [12]. Here we review
what is necessary for this paper. For more details we refer the reader to [12]. See [13] for a
recent application of the formalism.

Consider the product of a composite operator O;(p) of scale dimension —y; and another

O;(p) of scale dimension —y;.> Their product is given in the form

[0i(p)O;(q)] = Oi(p)O;(q) + Pij(p, q) - (31)

The counterterm P;; is necessary for the product to be a composite operator that satisfies

the ERG equation
(P Op+q- 0y +yi +y; — D) [Oi(p)Oj(q)] = 0. (32)
This is equivalent to the scaling law

([0i(pe")0;(qe")] d(pre!) - (pae')) = e~ WF= 52 ((04(p)O(q)] (1) -+ D(pn)) -

The ERG equation for the counterterm is obtained from (32) as

(p'8p+Q'8q+yi+yj ijv /f ((7")) (34>

3 We use an abstract notation in this section. Oy, O4, and A introduced in the previous section are examples

of O, discussed here. We will return to the concrete discussion of Os, O4, N in the next section.



The counterterm is induced by the short-distance singularity of the product of two com-
posite operators. The singularity may induce a mixing of the product with a local composite

operator Oy with scale dimension —yy, if
where d = 0,1,2,---. The ERG equation is then modified to

(p-0p+q-0y+yi +y; — D) [0:i(p)O;(q)] = Yije(p, )Or(p + q) , (36)

where 7;;x(p, ¢) is a degree 2d polynomial of p, g. Unless there is such y, there is no mixing.

We will give examples in the next section. Since we can rewrite (36) as

(p- 9 +q-9;+yi+y; — D) ([0i(p)O;(¢)] —Inp - Vijr(p, ) Ok(p +q)) =0, (37)

we find that the mixing causes the short-distance singularity

[0i(p)O;(q)] "5 Inp - Y34 (0, ) Ok(p + q) (38)

where p + ¢ is fixed. Note that the solution of (36) is ambiguous: [O;(p)O;(¢)] can be

redefined with an addition of
ijk(p.q) Oc(p + q) (39)
where 0;;%(p,q) is a polynomial of degree 2d. But this redefinition does not affect the
logarithmic singularity (38).
We can consider higher order products. The product of three composite operators is

given as

[0i(p)O;(q)Ok(r)] = Oi(p)O;(q)Ox(r) + Pij(p, ) Ok(r)
+ Pjr(q, ) Oi(p) + Pri(r, p)O;(q)
+ Pijk(]% q, T) ) (40)

where P;;i, takes care of the short-distance singularity that occurs when all the three opera-
tors come close together in space. Allowing for the possibility of mixing, we obtain the ERG

equation for the product as

(p-8p+q-0,+7 0 +yi +yj +yx — D) [0s(p) O (q) Ok(r)]



=% (P; @) [O1(p + Q) Ok(r)] + Yir1(q,7) [Oi(q + 1) Oi(p)]
+ Vi (1, ) [O1(r 4+ 0)Oi(q)] + Yijrea(p, ¢, 7)Oi(p +q + 1), (41)

where the mixing coefficient 7;;.(p, ¢, ) can be nonvanishing only if
—yi— vy —yp+y =2d =0,2,4,---. (42)

Then it is a polynomial of degree 2d’. When all the three operators have large momenta, we

find

[0i(p)O;(q) Ok (1)

4T ]‘
i 3 (Inp)*- {%j,z(p, OMem(® + ¢ 1) + Yika(q ) Vim(q + 7, D)

+ Vit (7, P)Vijm (7 + D, Q)} Onp+q+7)

+Inp- (Vijra(p,q,7) +-) Olp+q+7), (43)

where p + ¢ + r is fixed. Note that ~;;,; is not the only source of the term proportional
to Inp. For example, the short-distance expansion of [O;(p + q)Ok(r)] contains a term
Tikom (P + ¢, 7) O (p + g + 1) free of In p, which contributes a log term

Inp - Yijm (P, @) Tonka (0 + ¢, 7) (44)

as part of the dots in (43). (7yk,; is a polynomial of degree —y,, — yr + y;.) It is impor-
tant to note that the mixing coefficient ~;;,; depends on the definition of the products of
two composite operators. If we redefine the products of two composite operators as (39),
Yijki(p, q,7) changes accordingly. We will derive the changes shortly.

The ERG equation for P;;;, corresponding to (41), is given by

(p-0p+q-0y+7-0r+yi+y; +yr — D) Pisr(p, q,7)

OPij(p,q) 00k(r)  6Pjr(q,7) 00;(p)  Pri(r,p) 60;(q)
/ s ( 50(s) 60(—s) T o6(s) 0o(-s) | bo(s) 5¢<—s>>

+ %51 (0, Q) Pie(p + @, 7) + vira(q, ) Pru(q + 7, p)

+ Vi (7, P) Py (7 + 0, @) + Yijra (0, ¢, 7)Or(p+q+ 1) . (45)

We will calculate products of three composite operators in Appendix D.
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Changes of 7;j;,; induced by (39)

Let us redefine the products of two composite operators as

[0i(p)O;(q)] = Oi(p)O;(q) + Pi;(p, q) , (46)

where

as given by (39). We must then define the products of three composite operators as

[0:(p)O;(0)Ok(1)] = Oi(p)O;(q) Ok () + Pi(p, ) O ()
+ Pju(q,7)0i(p) + Ppi(r, ) O;(q)
+ Pk, a.r), (48)

/

where P;;, must be defined so that the product is a composite operator of scale dimension

—y;i — Y; — Yi. To find P{jk, we write the original product of three as

[0i(p)O;(a)Ok(r)] = Oi(p)O;(a)Ok(r) + Pij(p, 4) Or(r)
+ Piy(q,7)Oi(p) + Pri(r,p)O;(q)
+ Pije(p: ¢:7) = Oijm (0, 1) Om(p + ) Ok(r)
= (¢, 7)Om(q + 1) Oi(p) = Okign (1, 9)Om(r + p)Os(q) . (49)

/

The last two lines cannot be the desired ijk(p, q,r) since it is nonlocal, involving products

of independent pieces. To make it local, we define the new product as

[0i(0)O;(0) Ok (1)) = [Oi(p)O;(0)Ok(r)] + Tijm(p: @) [Om(p + @) Or(r)]
+ 0jm(4,7) [Om(q + 1) Oi(P)] + O (1, ) [On (1 + ) O5(q)]
= 0i(p)O0;(9)Ox(r) + Pi;(p, ) O(r)
+ P, )Oi(p) + Pri(r,p)Os(q) + Pij(p, ¢, 7) (50)

where

Piie(0,4,7) = Pij(0, ¢;7) + im0 Q) Pk (p + ¢, 7)

+ Ujk,m(q7 T)sz(q + T, p) + O-k:i,m(rru p>7)mj (T + b, Q> (51)

11



is local as desired. The new product, being the sum of composite operators, is obviously a
composite operator of scale dimension —y; — y; — yx.

Now, the new product satisfies the ERG equation

(p-0y+q-0y+7-0 +yi +y; +yx — D) [Oi(p)O;(q) Ok(r)]
= %50, ) [O1(p + Q) O] + vjka(q, ) [Oulg + 1) Os(p)]
+ Vit (7 0) [O1(r + P) O3 (@) + Vi (0 4, 7)Oulp + g + 1), (52)
where the new mixing coefficient is given by
%{jk,z(p? q,7) = Vijka (D, ¢,7)
+ Cijm (D, D Vmkea (P + ¢ 7) = Vijm (D, Ot (P + ¢, 7)
+ k(¢ 7)Ymia(q +7,0) = Vikan (¢, 7)Omi (g + 7, D)

+ Okign (7 )Yt (7 + 21 @) = Veiom (7, D) Ot (7 + 0, q) - (53)
If there is an operator with scale dimension
—p=—yi—y—ye—2d (d'=0,12--), (54)
we can redefine the three-operator product further by adding
it (P, ¢ 7) Oulp +q + 1), (55)

where o4 is a polynomial of degree 2d’. But this redefinition does not affect v, ;.

IV. PRODUCTS OF TWO COMPOSITE OPERATORS

We consider the products of two composite operators, either Oy or O, defined in Sec. II,
in this section. The first two examples have been obtained in [12]. We include them here for
completeness and the convenience of the reader. Through these examples we wish to verify
the claim that the short-distance singularities are determined by the coefficients of mixing,

or vice versa.

A. [0:,0,)]

We compute

[0s(p)O2(q)] = O2(p)Oa(q) + Paa(p, q) (56)

12



where Pyy satisfies

(p-0p+q-0,+4—D)Paap,q) /f 5¢ 50(2())+722’05(p+q). (57)

Let

Polp.a) =5 | 6@)8E) 51+ —p— @) enalp. g1, p) + emalP)(p+a) . (58)

P1,p2
[O2(p)O2(q)] being a composite operator of scale dimension —4, it is ambiguous by a constant

multiple of §(p + ¢). We remove this ambiguity by adopting a convention
022’()(0) =0. (59)

22,2 satisfies the ERG equation
2
(p Oyt q- 0+ pi- Oy + 2) C222(p, @31, p2) = f(p1 —p) + f(p2—p).  (60)
i=1
The solution is given by

p 4 A q

022,2(297 q;p1;p2) = h(Pl - p) + h(p2 - p) = o o~ (61)

where the solid line connecting two vertices corresponds to a high-momentum propagator.

Cco2,0 satisfies the ERG equation

P - OpCaz0(p) /f h(q+p) + Y220 - (62)

Now, c220(p) must be analytic at p = 0 since the fluctuations of momentum below the

momentum cutoff 1 have not been integrated. For the analyticity at p = 0, we must choose

o == [ (o) =~ (63)

(This is calculated in Appendix A.) Using the convention (59), we obtain

c0(p) = F(p) = ‘pQ """" >, (64)

where F(p) is defined by

F(p) = 5 [ hla) (h(a +1) = ha) (65)



Note that 7229 determines the asymptotic behavior of F(p) for large p. Since F'(p) satisfies

P90, F(p) =5 Y220, (66)
we obtain
F(p) =% yaolnp (67)

up to an additive constant. Hence, as p, ¢ become large with p 4 ¢ fixed, we find

[02(p)O2(q)] P Yoz,0Inpd(p +q). (68)

B. [0.0)]
[O4(p)O2(q)] satisfies the ERG equation

(p-0p+q-0y+2—D)[0s(p)O2(q)] = V42202(p + q) + Ya20(p)d(p + q) - (69)

Let
[O4(p)O02(q)] = Ou(p)Oa(q) + Paz(p, q) - (70)

P4o satisfies

5(9
(p-9p+q-03+2—D)Pu(p.q /f 5¢ A9 +712202(p+ @) +Ya2,0(p)0(p+ q) -

dp(—r)
(71)
To solve this, we expand
1 4 4
Paa(p.q) = I/ [Tow)o (Zpi —p- q) ca2a(p, G P, <+ pa)
P1,P2,P3,P4 ;—1 i=1
1
+ 3 P(p1)d(p2) 6(pr + P2 — P — q) Caz2(D, ¢ D1, P2) + Cazo(P)O(p + q) . (72)

2

p1,p2

We first obtain

4 4
(p Op+q- O+ Y piv Oy + 2) AP, i p1, - 1) = > fpi—q), (73)

i=1

which is solved by

Caoa(Dy @31, -+, D1) = Z h(pi —q) = >—F (74)



Let

ca22(p, ¢ p1, p2) = va2 (h(p1 — @) + h(p2 — @) + cis5(p. @)

where ¢ (p, q) satisfies

(p-0p+q-0,) ciss(p.q) /f h(r 4 q) + Y22 - (75)

For this to have a solution analytic at zero momenta, we must choose

1
V42,2 = /f = Y220 = _(47r)2 . (76)

The solution is ambiguous by a constant, i.e., we can change [O4(p)O2(q)] by a constant

multiple of Oy(p+¢q). Note Eq. (75) is the same as Eq. (62). Hence, by adopting a convention

ci55(0,0) =0, (77)
we obtain
civo(p ) = Flq), (78)

where F' is defined by (65).

Finally, we consider c420(p) that satisfies

(p-0p —2)cao(p /f p) + vy (/f h(r + p) +7422> + Ya2,0(p) (79)

where 742,0(p) is a constant multiple of p?. For cy0(p) to be analytic at p = 0, the rhs should

have no term proportional to p?. This determines

Yazo(p) = 0. (80)

The solution is ambiguous by a constant multiple of p?. A particular solution is given by

A p

For large p with p + q fixed, we find the asymptotic behavior

[O4(p)O2(q)] P YazzInp - Oa(p+q) . (82)

15



C. [0404]

This example is not given in [12], and we would like to give more details than for the

preceding examples. The ERG equation for the product is
(PO +q- 95 — D) [Ou(p)Oa(q)]
= Y14404(p + @) + Vs AN (P + @) + Y142(P, ) O2(p + @) + Yaa0(P)0(p + ),  (83)

where v442(p, ¢) is a degree 2 polynomial, and 7440(p) is proportional to (p?)%. The corre-

sponding ERG equation for the counterterm is
p 8 +q- 8 — ) 7)44( )

/f 504 5(9(4( )) + Y14404(p + @) + YaanN (P + q)

+ Ya42(p, q)02 (p+ q) + Yaa,0(p)0(p + q) - (84)

The solution is ambiguous by a linear combination of O4(p + ¢),N'(p+ q), (p- ¢)Oa2(p + q),
and p*d(p + ¢) with constant coefficients, and we will introduce particular conventions to
remove the ambiguities. We expand
3 2n 2n
Puaa(p, q nz:; on)! / . Hﬁb(pz‘) ) (;pz —DP— Q> Caaon(Ds @G P15 7+, Dan)

+0(p+ q) caao(p) - (85)

The calculations of c44 6 and cy4 4 are similar to what we have shown for the previous two

examples. We simply state the results:

AP g
C44,6(p7 q;P1," " 7p6> = >_.<
=h(pr+p2+ps—p) +---. (86)
Caaa(D, @31, 5 Pa) < >T ’é < )T_‘/T >‘©‘<
= Uy (h(p p) + h(pi —q)) + ciya (D, G P1, -+ Pa) (87)
=1
where
Cina(Ps:p1, -+ pa) = F(pyr+ p2 — p) + F(p1 + p2 — ¢) + (t, u)-channels.  (88)
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We have chosen

6
Vaa 4 = —6/f = 06Va22 = W (89)
1PI

for the analyticity of ;5 at zero momenta, and we have chosen a particular convention
¢144(0,050,0,0,0) = 0 (90)

to remove the ambiguity of 04514 by a constant. For large p,q with p 4 ¢ fixed, we find

P,q—0

Caaa(p, ¢ P1, P2, P3:P1)  — Yasalnp. (91)

We can write cy4q2 as

C142(D, @3 P1, D2) QT_@ Q‘Q‘< ‘@7

= v (h(p1 — p) + h(p2 = p)) + 02 (F(p) + F(q)) + cipn(p, ¢:p1,p2) » - (92)

where 0}141)}2 satisfies the ERG equation

2
(p ’ ap + q- aq + sz ) api o 2) 04115,12<p7 Q;plap2)

=1

2
= /f(r) (F(r+p1—p)+F(r+p,—p)) + 5744,402 + W44,N(P% + p%) + yaa2(prq) . (93)

yaan and the quadratic polynomial 744 2(p,q) are to be determined so that the rhs has

no term of quadratic order at zero momenta. This is required by the analyticity of

s (p. g p1.p2)-

To solve this we define G(p) by

1
(p-0,-2)G /f F(q+p) —1—374442)2—|—77p ) (94)
where
1 1
:—— = —— 95
/f q+p p=0 (471')26 ( )

removes the p? term from the rhs. See Appendix A for the calculation of 7. We also remove

the ambiguity of G(p) by the convention

d
d—pQG(p)

=0. (96)

p=0
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Since

(p'9p+q'3q+zpr3pi—2> (G(p1 —p) + G(p1 — q))

=1

= /f(?") (F(r+pi—p)+F(r+p —q)+ 2744,41)2 +n{(p —p)>+ (p2 —p)*}

3

= /f('r’) (Fir+pi—p)+F(r+p —q)+ 2%4,41}2 +n(pi+03) —20(p-q), (97

3
we obtain
Ciro(ps @i p1,p2) = G(pr — p) + G(p2 — p) | (98)
and
VaaN =115 (99a)
Yaap(p,q) = —2np-q. (99Db)

To summarize, we have obtained

caa2(p. ¢; 1, p2) = v3 (h(p1 — p) + h(p2 — p)) + v2 (F(p) + F(q))
+G(pr—p)+Gp2—p). (100)

Before computing c¢440(p), let us find the asymptotic behavior of cq42(p, ¢;p1,p2). The
asymptotic behavior of G(p) is obtained in Appendix B as (B4):

G(p) =5 p* Inp + 2740202 Inp, (101)

where we have dropped a constant multiple of p? and a constant. Hence, for large p, ¢ with

fixed p + ¢, we obtain the asymptotic behavior

Caaa(D, @ p1,p2) =5 p - [ (—=2p - g+ P+ p3) + Yagavs] - (102)

Finally, we consider

= v F(p) + H(p), (103)
where H(p) is defined by

1
(p-0,—4)H /f G(q+p) +0237444—7]/K(Q)+27IP2U2+744,0(]9)7 (104)

q
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and the convention

d2
WH(]?) =0 (105)

Y44,0(p) is determined so that the rhs has no term of order p* at p = 0:

where

Yaa0(P) = Yaso - D", (106)
1 1
= win (107)

- 1 d2 / fa
Tas0 = (47)0 144

This is calculated in Appendlx A. In Appendix B we derive the asymptotic behavior of
H(p) as

H(p) =3 Inp [Yaa0p* + 20 v2p® + 299003] (108)

where we have ignored constant multiples of p*, p?, 1.

To summarize, the asymptotic behavior of the operator product is given by

O4(p)O4(q)]

pP,q—0

— Inp (744,404(19 + q) + YN (p + q) + Yaa2(p, ) Oa2(p + q) + Yaa0 " 5(p + Q)) .
(109)

V. NUMBER OPERATOR AND ITS MULTIPLE PRODUCTS

The number operator defined by (29) is an equation-of-motion operator, and it has the

correlation function

n

N @) o) - dpa)) =D (b(p1) - b+ p) - $(pn)) - (110)

i=1
See Appendix C for a quick review of the equation-of-motion composite operators in the

ERG formalism.

Given a composite operator O, we can create an equation-of-motion operator by

-5 0 S
N(p)xO = —e /qK(Q)W ([o(g+p)O]e”) , (111)
where
[¢(q +p)O] = [0d(q + p)] = d(q +p)O + h(q +p)ﬁ (112)
is the product of ¢ and O with the correlation function
([0¢(@)] o(p1) - - 6(pn)) = (O D) (1) - - &(pn)) - (113)
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N (p) *x O has the correlation function

n

(N@) % Od(p1) -+~ dpa)) = Y (O S(p1) - d(pi +p) - d(pa)) -

i=1
where O is untouched by the number operator.

By definition the star product is commuting:
N(p) *N(g) » O =N(q) *N(p) x O.

This is easy to prove from the correlation functions:

n

(N(p)x N (@) x O b(p1) -+ d(pn)) = D (N (@) O - dp; +p)---)

i=1
n

=3 (O b Apta) )+ > (O Bpi+p) s+ )

i=1 i#]
This is obviously symmetric under the interchange of p and q.

Given
0= [02(p1> s 02(pk)04(q1) T O4(Ql)] )

we define its product with a multiple number of N’s as

N (p1) -+ N(pr) O2(p1) - - - O2(pk)Oalqr) - - - Oalqr)]
= N(p1) - x N(pr) % [O2(p1) - - O2(pr) Oa(qr) - - - Ou(@1)] -

(114)

(115)

(116)

(117)

According to this definition, we find that the product with A/ does not produce any new

short-distance singularity. Suppose the product [O(p)O’(q)] satisfies the ERG equation

(p-0p+q-0g+yi+y; — D) [0:i(p)O;(q)] = Yije(p, ) Or(p + q) -

(118)

The rhs is due to the short-distance singularity. Taking the star product with N (r), we

obtain

(p-0p+q-0g+7-0. +yi+y; — D) N(r)Oi(p)O;(0)] = Vijr (0, @) IN(r)Ok(p + q)] -

(119)

N itself has no short-distance singularity with any composite operator. Thus, the only

mixing coefficient involving N is of the type

V44, N -

20
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Let us consider two examples. The first example is

WV (p)Oa(q)] = N(p) * Oa(q)

s be 0040 Y s
= [ K05 | (0 + pOu0) + 1455 220 5]
= N(p)O:2(q) + Prn2(p,q) , (121)

where

_ [N, 502(Q)

—20:(p+q) + (21)2 /K h(r +p ) dp+q). (122)

The second example is

WV (p)Oa(q)] = N(p) x Oa(q)

= [k | (0 + pOu0) + 140520 o]

= N(p)Oa(q) + Prna(p,q) . (123)
where
Pl = [ % By ot
404(p+ g + (4U2 /K r—l—p)(’)g(p—i—q)
—v% G(P1)d(p2)0(p1 +p2 —p—q) (1= K(p1 —p) +1— K(p> — p))
- 2@55(];7]—3: q)- (124)

VI. GENERATING FUNCTIONAL

So far we have shown how to construct the multiple products of Oy and O, by solving
the respective ERG differential equations. Their products with the number operator N are
given by star products as discussed in the previous section.

To better understand the relation among the multiple products, we couple momentum

dependent sources to Oy, Oy, N and introduce a generating functional W[Js, Jy, Jy| by

Wida, Ju, ] = / (Jo(=p)Oa(p) + Ji(—p)Os(p) + Jx(—p)N (1))
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> klllml/ . Jo(=p1) -+ Jo(—pr)
k+l4+m>2 '

1,7 5Pk3q1, 5491571, s Tm

X Ju(=aq1) - Ja(=q) In(=r1) - - In (=)

X P24N(p17 yPksd1y, - 541,71 7rm>-

(125)
Its exponential e"[/>/+/x] is the sum of composite operators:
1
€W[J2,J4,JN} — 1 _|_ Z k' l‘ m_! / | . JQ(_pl) e JQ(_pk)
ktltm>1 DLy DL QT T
X Ju(=q1) - Ja(=q) In(=11) - In(=7m)
X [O2(p1) -+ O2(pr) Oa(q1) - - - Oa(@)N (r1) - - N(rm)] - (126)

We call W the generating functional because the multiple products are obtained as its
differentials:

[Oa(p1) -+ O2(pr) Oalqr) - - Oalq)N (r1) - N(r)]

§k+l+m

- 5J2(—P1) s 5J2(—pk)5J4(—q1) ce 5J4(—Ql)JN(—7"1) :

eW[J27J47JN]

.. JN(—’]“m) Jo=Ja=J =0 .

(127)
By giving the scale dimensions —2, —4, —4 to Jo(—p), J4(—p), Ja(—p), respectively, we
can make e"1/274,

Il a composite operator of scale dimension 0. We can then write the ERG
differential equation compactly as

[]r-0 -2 000 - o 57—

{8, = 4) o) = Bal-)} 70— (12)

p
4]
A0y ) () = Bl ) gy = D] ] = Bl

where

=1
J27<]4 = Zk_ V4. 422,0/ J4(—p1)"'J4(—Pk>
k=0 P1

» Pk
1

X 5/ Jo(—q1)Jo(—q2) 6 (p1 + - + Pk + @1 + q2)
q1,92

— 1
Z Tl / Vaa2,0(P15 3 Prs @) Ja(=p1) - -+ Ja(=pr) J2(—q)(p1 + - + P + q)
k=1 Pk
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1
+ Z ] Yaao(D1s - Pk) Ja(=p1) - - Ja(=pr) O(p1 + - - + o), (129)
)

k=2 " P

=1
Bsy(—p) = Z 574---42,2/ Jo(=p1) - Ja(=pr) 2(=q) 6(pr + -+ Pe + ¢ — p)
: P1,PE9q

k=1
= 1
+ H/ Yaea2(Pr, -+ pk)Ja(=p1) -+ Ja(=pr) 0(pr + -+ - pe — p), (130)
k=2 Y Pl Pk
— 1
By(—p) =) | 574---4,4/ Jo(=p1) -+ Ja(=pr) 6(p1 + -+ + Pk — p), (131)
o P1y Pk
= 1
By(-p) =) 71 VAN Ja(=p1) -+ Ja(=pr) 0(pr + -+ + pr — D). (132)
k:2 . p17”. 7pk

Our notation for the mixing coefficients may be clear. For example, the product of kK number

of O, satisfies the ERG equation

k
<Z bi - api - D) [04(]91) T O4(pk)]

= Y40t 4Ou(p1 + - - - + i) + ’)/4..‘47/\/./\/’(291 + -+ pr)

+ Yaa2(p1, o k) O2(pr + -+ + i) + Yaa 01y pE) 0L+ F o)+, (133)

where the mixing of less than & number of O,’s is suppressed. As we have discussed in
Sec. III, the mixing coefficients determine the short-distance singularity of the operator
product. When all the momenta become large with the sum Zlf p; fixed, the short-distance

singularity is given by

[Oa(p1) - - - Ou(pr)]

P1, P00 k' (hlp)kfl k—2

o S V14404 (Zpl> + Yaan N (ZZ%) +
+ % ;:’744,2 (sz _p”’p”> ©: (sz)
+%gw4,0 (Zpi_p"’p“)(S(Zpi)]

4.

+1Inp [74.--4,404 (sz) + Yaea, v N <sz>
+ Yaoa,2(p1, - Dk) O (sz) + Yaa,0(p1, -+ DK) 6 (sz) + - ] , (134)
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where p is any of the momenta p;. The dotted parts, proportional to the powers of Inp less
than k£ — 1, are determined by the lower order mixing coefficients.

To convince ourselves that (128) is correct, it may suffice to check three terms. The term
first order in Jy gives

/[(—p - 0p — 2) Jo(—p) — Jo(—p)D] Oa(p) = /Jz(—p) (p-0p+2—=D)Os(p) =0, (135)

p p

which is correct. Similarly, the term first order in J, gives

/[(—p -0y — 4) Jy(—p) — Js(—=p)D] O4(p) = /J4(—p) (p-0,—D)Ou(p) =0,  (136)

p p

which is correct again. The term proportional to J4J; gives

/p'7q

(=p -0y —2) J2(=p) - Ja(—q) [O2(p)O4(q)]

+ Jo(=p) (—q - Oy — 4) Ju(—q) - [O2(p)O4(q)] — V2,2 Jo(—p) Ja(—q) O2(p + q)

— [ ala. ) (-pli(-0) 3o+ ). (137)
p,q
This gives the correct equation
(P Op+q-9g+2—D)[02(p)O0s(q)] = 7142202(p + ) +Va20(q,0) 6(p +q) - (138)

We now recall that the multiple product of the number operator is given by

[Os(p1) - Oulqr) - - N (1) - N ()]
= N (r1) %+ % N () % [Oa(p1) - Oulqn) -] - (139)

This is equivalent to

—5 W(Jz,J4,Jn] W J,Ja,J
e 2,J4, — N % e 2,J4,J ]
6Jn (=) )
J 4]
= —e_S/K q)——~ (65 (gb q+p) +h(g+p —) eW[‘b’J“"]N}) ) 140
B AN ¥ ey i
To show this, it suffices to derive (139) from (140). Using (140) m times, we obtain
J J

VU2 TudN] = N (py) % -+ N (pyn) 5 eV 12 TaIN] (141)

0T (=pm)  SIn(=p1)

Differentiating this further with respect to Jo and J;, a number of times and setting the

sources to zero, we obtain (139). We have thus verified (140).
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A. Constant parameters

Let us consider a special case where the sources are constants:

Jo(—p) = —m*d(p) , (142a)
Ji(=p) = =Ad(p), (142D)
In(=p) = z0(p). (142¢)

We then write W[Jy, Jy, Jy] as W(m?2 A, 2). S+ W(m?, \, z) is the Wilson action of the
perturbative ¢* theory. The parameter z changes the normalization of the field.

(128) gives the ERG equation
(24 Bn(N) M2Dp2 + BNy — 7(N)D, — D] VA2 = By(m? \) V542 - (143)

where the beta functions and the anomalous dimension are given by

5m()\) = — Z %’74...4272(—/\)k = —(4%)2 —+ (4)\7)42 + .. , (144)
B(A) = Z %74-..4,4(—)\)k = - <i};)2 + (4)7\r)3g +e, (145)
1) = 3 an N = (473—12 . (146)

b
||

2

The correlation functions are given by

(8(01) -+ 0@ i = (6 (p1) - 6(00))) (147)
Differentiating this with respect to z, we obtain
O ((p1) -+ 6(Pu)) e = (M) % 2D (p1) - 4(pn) )
=n(d(p1) - d(Pn) )2 rz - (148)

Hence, we obtain the z-dependence as

(D(p1) - 0P ) o n. = € {DP1) - G(Pn) )2 1m0 - (149)

B. Source for the identity operator

We find it handy to introduce a source Jy(p) that couples to the identity operator d(p):

W[J(), <]2, J4, J_/\/’] == /JO(—p)5(p) + W[JQ, J4, J/\/‘] = J()(O) + W[JQ.J4, JN] . (150)

p
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We can then rewrite the ERG equation (128) as

/

)
5J0(_p)

{=p - 0pJo(=p) — BolJ2, Ju]}

+{(=p- 8, — 2) Jo(—p) — Ba(—p)} ﬁ
5

+{(=p- 0, — 4) Js(=p) — Bs(—p)}

6J4(—p)

1
+{(=p- 0y, —4) Jv(—p) — Bxy(—p)} Sin(—p) D| eVl = . (151)

C. Change of parameters

In Sec. IV we have constructed the products of two composite operators by solving the
respective ERG differential equations. Some of the equations do not have unique solutions,
and we have made arbitrary choices. For example, we have found [Os(p)O2(q)] is ambiguous
by a constant multiple of 6(p + q).

This ambiguity is related to our freedom of changing parameters (or sources) as long as
we preserve scale dimensions and respect locality. In general we can introduce the following

change of parameters:

oo k
1 1
+3 Ll / Jo(—=) (D) Js(=p1) - Ja(=pe) 6 [ S pita+1-p
ke k! 2 D1y 5Pkl i=1
) k
1 /
+ o Jo(=q)Ja(=p1) -~ Ja(=pe) Coplaipr,- -+ pi) 0 (Z +q— p)
k=0 = Y P1,Pk.9q i=1
o0 k
1 1
+ Z 7l Ja(=p1) - Ja(=pr) Cop(pr,- -+ pr) 0 (sz - p) ’ (152)
k=1 ' YD1 Pk i=1

where Cf ., C{/ . are quadratic, quartic in momenta, respectively.

00 k
Jy(—p) = kz kl /phm’pk’q Jo(=q) Ja(=p1) - - - Ja(—pr) 6 <q + 2]% - p)
/ Cop(prs-+ o) o <Q+Zpi_p> ; (153)
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where (Y, are quadratic in momenta, and

00 k
Ji(=p) = Ju(—p) + Z %04,16/ Jo(=p1) - Ja(=px) & (q + sz‘ - p) : (154)
2 P, Pk i=2

The above change of parameters should not change the generating functional in the sense

that

W2 Jadn] — JW'LJ5, T4 IN] (155)

The products of composite operators, defined as differentials of the generating functional,

change accordingly. For example,

52
O O = eW[JQ,J4,JN‘]
[02(p)O2(a)] 3To(—p)0Ja(—q) Tem s =0
_ 92 RGN 8*J5(0)
3 J5(=p)dJs(—q) Th=Ti=In=0  0Jo(—p)0Jo(—q) la=Js=Jn=0

= [02(p)O2(q)]' + Co,00(p +q) - (156)

As we saw in some details in Sec. III, redefined multi-operator products have different
mixing coefficients. This is easy to understand since the mixing coefficients define the beta
functions By, - - - , By of the parameters, and the redefined parameters obtain different beta
functions B{, B), and B). These beta functions are easier to think of in coordinate space, and

we give a general form of the beta functions and consider their simplest form in Appendix

E.

VII. CONCLUSIONS

In this paper we have used the exact renormalization group (ERG) formalism to con-
struct the multiple products of composite operators at the Gaussian fixed-point in D = 4
dimensions. We have considered only three scalar composite operators Oy, O4, N whose scale
dimensions in momentum space are —2,0, 0, respectively. Their products do not generate
any new operators, and the algebra is closed in this sense. We have shown, in Sec. III, that
the unintegrable short-distance singularities of their multiple products determine the mixing
coefficients under scaling. The mixing coefficients in turn determine the scaling properties of
the sources coupled to the three operators as given in (128) to (132). Though these results
are expected, we would like to emphasize the ease and clarity with which they are drawn

naturally out of the ERG formalism.
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On the technical side, our choice of the multiple products of the number operator (117)
greatly simplifies the dependence of the theory on the source Jy. The dependence is just as
what we expect naively from the change of field normalization, and the products with the
number operator do not generate any short-distance singularity.

It would be nice to apply the ERG formalism to study the operator algebra at a more

nontrivial fixed-point such as the Wilson-Fisher fixed-point in 2 < D < 4 dimensions.

Appendix A: Calculations of the mixing coefficients

For the calculations of the mixing coefficients, we need to compute the following integrals:

I = / F@)h(a), (A1)

I= dp/f
het Lo
= /f / (p+q+2/f VF(p). (A4)

All these integrals are universal, i.e., their values are independent of the choice of a cutoff

. (A2)

N (A3

function K (p) or equivalently h(p) = f(p Let us show the universality of the first two

integrals. Under an infinitesimal change 8h of h, we find
o= [ 640)- 1)+ Fla) - 0h(a)
= [0, +2100) - o) + Fl@)3h(0)
/M (q-0,+2) () + £()) = 0. (A5)
For I, we need
SF(p) = o /h<><h<q+p>—h<q>>
/ 5h(g) (h(a + p)h(a)) - (AG)
Hence, we obtain

/f F(qg+p) = /(5f( )- F(q+p)+ f(q)dF(q+p))
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~ [ |00~ 27+ -+ @) 500 i+ a-+.) - 10 )

T

— [oha)[(-a-0,~ p-8)F(a + )+ (00, ~ DF(a+p)

+ [ 160 0+ a9 = 1@
=-0,-2) [oh@)F(@ )+ [oha) [ £0) ) @), (A7)
where the first integral has no p? term, and the second integral is a constant. Hence,
0l, =0. (A8)

Since the integrals are independent of the choice of cutoff function, we can make any

appropriate choice such as

Kp)=e™, (A9a)
1 —sp? _ 1-— e,pZ

h(p) = /0 dse V" = pEa (A9b)

f(p) = (p- 05 +2) hlp) = 277" (A9c)

The advantage of this choice is that all the momentum integrals become Gaussian. The

results are as follows:

L= (A10)
e )
he a1
L= (4;4. (A13)

We only calculate I, here. We first calculate

F(p) = 1/h(q) (h(q+p) — h(q))

2 q
1 1
= 1// ds e_5q2/ dt <e_t(q+p)2 — e_tq2>
2 qJ0 0
1 1 1 1 1 st 2
S fefette) e
2 (47T) 0 0 (S + t)
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This gives

[ r@F(a+r) - (4;)4 /01 ds/ol dtm (=5 —1) . (A1)

Hence, we obtain

= d
/ I ° (s+t+ st)
1
= — 4 i ik (A16)
Appendix B: Asymptotic behavior of G(p), H(p)
G(p) satisfies the differential equation (94)
(p-0,—-2)G /f F(q+p) + 27s2202 + 19" . (B1)
Hence, using (62) satisfied by F, we obtain
(-0, =2 () ~2F0) = [ ) (Fla+9) = Fip) 40 (B2)
This gives
(p- 0y —2) (G(p) — 202F(p)) == np”. (B3)
Hence, we obtain the asymptotic behavior
G(p) == np*Inp + 2202 np, (B4)
where we have dropped constant multiples of p?, 1.
H (p) satisfies the differential equation (104):
1
(p-0p—4)H /f G(q+p) +v23’y444—77/K(q)+2np2vz+’y44,o~p4- (B5)

q

This gives

(p- 0, —4) (H(p) — 20:G(p) + 205 F (p))
/f G(q+p)— —2vz/f F(q+p)— +2v2/f h(q + p)

+ 744,0]? - U/K(Q)- (B6)

30



Hence, we obtain

(p- 8y —4) (H(p) — 202G(p) + 203F (p)) == yaa0p" — 1 / K(q). (B7)

q

This gives the asymptotic behavior
H(p) FInp- (744,0 p'+ 2npPus + 2’742,203) ; (B8)

where we have ignored constant multiples of p?, p?, 1.

Appendix C: Equation-of-motion composite operators

For a composite operator O(p) of momentum p, we define an equation-of-motion com-

posite operator by

%@ﬁaf”/K@&%ﬂ@@+m§% (c1)

By definition (19), we obtain, using functional integration by parts,
(€o(p) d(p1) - - d(pn))
o ! K(r)(1—K(r)1 52
ey (Bt e (- [ ) bt 0l0)

~ gy 0 {otoemem (- [FEH )

1)
XER5%¢@0-~¢@M»>S

K (p;) <O(pj +p)exp (_ / o (1r2_ = %M(r‘)g;(—?"))

S

XG(p1) -+ 6(py) - 6(pa))

=3 (0w +p) 6(pr) -+ 6(py) -+ 6(p))) (C2)

where ¢(p;) under the hat is omitted.
Since the elementary field ¢ is also a composite operator for the free theory?*, we can

choose O(p) = ¢(p) to obtain
Eo(p) = N(p), (C3)

4 This is not the case for interacting theories.
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which is Eq. (29), and
(N () o(p1) -+ dpn)) = Z {o(p1) - d(pi +p) -+ ¢(pn)) | (C4)

which is Eq. (110).

Appendix D: Products of three composite operators

In this appendix we sketch the calculations of the products of three composite operators.

1. (02050
The counterterm Pags(p, ¢, 7) satisfies the ERG equation with no mixing:

(p-0p+q-0y+71-0.+6—D)Paxn(p.q,r)

:/ f(s) (57)22@’ q) 00s(r) | 0Pxn(qr) 002(p) | 0P(r.p) 5(92(q))

The solution is given by

(D1)

Ap

Pana(pa.r) = [ Bh(s +h(s +a+7) = @ . (D)

»
2. [040202]
The ERG equation is given by

(p-0p+q-0g+1-0. +4—D)Pusp,q,r)

_ o) ((0Pe2(p, @) 005(r) | 0Pu(p,7) 005(q) |, 0P2(a,7) 0O4(p)
‘/sf“( 5o(s) 50(—s) T da(s) Sbl—s) T Sa(s) w(—s))

+ 2.2 (Po2(p + ¢,7) + Paa(p +7,q)) + Yaz206(p+q+7) . (D3)
Let
1 2n
Paza(p,q,7) = ?/ [Tew)s D pi—p—a—7r) cimon(piq. 7501+ 2n) -
n=0,1,2 ( n) P1,P2n j—1 7
(D4)
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We obtain

p g r P r g r p g
A 448 A
Ca224(P, @, 751, D2, D3, Pa) = >—0—F * >—0—07 * —070(0—7 (D5)
P g P q r p q

Ca222(P, ¢, 75 1, D2) 60—0— 60—0— 4@0— (D6)

Ty

><}“><}5@.

and
cano(P,4,7) = vs / h(s)h(s + Q)h(s +q -+ p) + F(@)F(r) (D7)
with

Vaz20 = 0. (D9)

Note that the final result depends on our choice of Pay; if we changed Paa(p, q) by ad(p+q),

where a is a constant, we would obtain 74220 = —27422 a.

3. [040402]

The ERG equation is given by

(p-0p+q-0y+7-0r+2—D)Pus(p,q,r)

(57344 p, ) 5(/)2(7") (57342(]?, T’) 5(94((]) (57344((], T’) 5(’)4(p)
/ Us ( 56(s) 0o(—s) T d(s) o(—s) T da(s) 6¢<—s>>

+ Ya1,4Pa2(D + ¢, 7) + YaanPa2(p + ¢, 7) + Yaa2(0, @) Pa2(p + ¢, 7)

+ Y22 (Pa2(q,p +7) + Paa(p, g+ 1))

+ V1222020 + ¢+ 1) + Yaa20(p, ¢, 7)0(p+ g+ 7) , (D10)

where yu420(p, ¢, ) is quadratic. Before we calculate, let us remark that 74422 depends on

our choice of Py. If we changed Pua(p,q) by aOs(p + ¢), where a is a constant, Yoo
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would change by — (Y444 + Ya2.2) a. Similarly, v4420 would change if we changed Pja, Pag in
proportion to the identity operator.

We only consider the 1PI part of cs49 4, caa2 here.

Chisa (P, €, 75 D1, D2, D3, Ps) = : (D11)

011141)21,2(]97 q, T;plap2) =

:
<

(D12)
where the last graph satisfies the ERG equation
p
“'»
<p.ap+q.aq+r.ar+ Zpi.api) 1
i=1,2
= [16)( [ rOhpn = p=s = Ohn —p—r =5 =)
+h(s—r)F(p, — —s)—l—h(s—l—T)F(pl—p—s—r))
1 1
+ 5744,417(7”) — YaaN T 54422 - (D13)
V4422 is determined so that rhs vanishes at zero momenta:
1
/f / h(s +t) —i—2/f 744N+2’Y4422—0- (D14)
Using the integral I, in Appendix A and yyynr = i 4ﬂ)4 6, we obtain
1 5
—. (D15)

V442,2 = — (47r)4 3
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4. [040404]

The ERG equation is

(p-0p+q-0y+7-0. —D)Pua(p,q,7)
/f (57344 P, q ) 504(7“) 1 (57344(([7 7“) (504(}?) 4 57344(7’,]9) 504((]))
6g(s)  dp(—s) 0¢(s)  d¢(—s) 0¢(s)  d¢(—s)

+ Yaaa (Paa(p + q,7) + Paa(q + 7,p) + Pua(r + p,q))

+ Yaan (Pna(p +q,7) + Pnalg + 1r,p) + Pna(r + p, q))

+ Yaa2(p, )Poa(p + @, 7) + Vaa2(q, 7)P2a(q + 7, 0) + Yaa2(r, p) Pos(r + p, q)
+714404(p + ¢ +7) + YaanN(p +q+7)

+ Ya4a2(P, ¢, 7)O2(p + ¢ + 1) + Yaaa0(p, ¢, 7) , (D16)

where 7444 9 is quadratic, and 4440 quartic in momenta.

Here we only compute part of the 1PI part 0}14}24(17, q,7; D1, D2, D3, P4) satisfying the ERG

equation

/f / hpm—p—s—thpr+pstps—p—s—t—r)
F(pr—p— )h(3+P3+p4—T)+F(p2—q—s)h(s+p3+p+4_7~)>

1 1 1
+ §744,4F(p1 +p2—p—q+ D (—47447/\/ + 57444,4) : (D17)

This is the same equation (and graph) as (D14). 4444 is determined so that the rhs vanishes

at zero momenta:

112 (4744N - %7444 4> /f / (s+1)°+ 2/f (471r)4 . (D18)

Hence, using yun = C 4ﬂ)4 6, we obtain

_ 34
V444,4 = (47r)4 }

It turns out that even if we changed Pu4(p, q) by a O4(p+ q), Ya4a.4 would remain intact. (If

(D19)

we substitute o444 = @ into (53), we get zero.)
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Appendix E: In coordinate space

Following [8-10], we consider space dependent parameters which are simply the Fourier

transforms of the momentum dependent parameters:

AMz)=— /pe_isz4(—p), (Ela)
m(z) = /,, P Ty(—p), (E1b)
ofa) == [ (-p). (E10
The RG equations of the parameters are givepn by
%)\(:v) = 2, O\ (x) + Ba(x), (E2a)
Cm(a) = (1 0+ 2) m(x) + Bala), (E2D)
< 0(a) = (a0 +4) g(x) + Bola), (E20)
where
Bi@) = [ By =5 () (E3)
B = [ B
= M) (@) + Bra(A#)FA) + B N)) 50 MR)OA(), (E3b)
Bolw) = [ B
= Bon (M) (7(0)” + Boma A@)PAE) + ora (A1) 3N )0A ()
F B (A@)@PA) + fin(A@) GPA@)PAE) + 505(M)) 30 A)0,0A ().
(E30)
For By(z), we have given the most general form up to total derivatives.
We can introduce a new parameter
N(z) = Az) + 0 (Az)?) (E4)

so that its beta function is two-loop exact:

Bl(z) = —3?45:;2 + ?;(:))3 %7 . (E5)
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Similarly, we can introduce m¥(z) so that

~—

N(x 1
+

Bé((lf) = —m2,((L’) 471')2 (477')4

éaﬂxf(x)aﬂx(x) (E6)

—~

exactly. We should also be able to introduce ¢'(z) with a simple B{(z). With such a choice
of parameters, we have no higher order mixing coefficients. This is possible only if we make a
judicious choice of solutions to the ERG differential equations. Suppose we have constructed

products of up to k operators. The ERG equations leave

[Oi,(p1) - - O, (pr)] (E7)
ambiguous up to
Tiywig,i (P15 s PE) O (P14 -+ - + i) (E8)

where o is a polynomial of degree — Zle Y;, +y;. We choose 0;,...;, j so that the mixing
coefficients of the (k + 1)-operator products cancel. Only with this contrived choice of lower

order products, we can eliminate the mixing coefficients.
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